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ABSTRACT
It has been shown both numerically [1] and

experimentally [2] that employing miniature vortex
generators (MVGs) to create spanwise mean velocity
gradients (SVGs), which in turn attenuate the growth
of Tollmien–Schlichting (TS) waves, can delay the
transition from laminar to turbulent flow in a low-
turbulence boundary layer over a flat plate.

Recently, a parametric study was carried out by
Szabó et al. [3] which showed that the measure-
ments carried out by Sattarzadeh et al. [4] utilised
non-optimal vortex generators. Consequently, my
aim was to find the optimal geometric parameters of
MVGs for a given far-field velocity and streamwise
position.

Finally, a Bayesian approach, following Ament
et al. [5], is used to optimise the geometric properties
of the MVGs.

Keywords: boundary layer, CFD, flow stability,
MVG, optimization, transition delay

1. INTRODUCTION
Delaying laminar-turbulent transition is crucial

for reducing friction drag on streamlined bodies.
Transition occurs via boundary layer instabilities
(natural transition) or bypass transition, determined
by free-stream turbulence levels [6]. Bypass trans-
ition, prevalent at high turbulence, is complex and
less suitable for control. Natural transition, occur-
ring at low turbulence, is better understood, driven
by the exponential growth of small disturbances like
Tollmien-Schlichting (TS) waves, describable by lin-
ear stability theory, followed by a non-linear second-
ary instability phase [7]. Dampening TS waves is
thus a key strategy for transition delay.

Various active (e.g., wall movement, suction)
and passive (e.g., shape optimisation, localised sur-
face modifications [8, 9]) techniques aim to delay
transition. While structures like riblets can inhibit
Görtler instabilities, they do not suppress TS waves

[10, 11]. An effective TS wave dampening method
involves introducing streamwise streaks (alternat-
ing slow/fast flow regions) into the boundary layer
[12, 13]. These streaks induce spanwise shear, dis-
rupting disturbance energy growth, a principle used
in spanwise mean velocity gradient (SVG) methods
[12, 14].

Generating boundary layer streaks is effective
for flow stabilisation [15]. Higher amplitude streaks
offer better stabilisation [12], but excessive amp-
litudes can trigger secondary sinuous instabilities and
premature transition [16]. Passive methods are pre-
ferred over active ones due to no external energy re-
quirement. Early passive attempts with cylindrical
roughness elements had limited success, as increased
height destabilised their wakes [13].

A promising passive approach involves winglet-
type miniature vortex generators (MVGs), which cre-
ate strong, stable streaks for effective boundary layer
stabilisation [17]. Extensive experimental studies
[18, 19, 20, 2, 21] explored MVG parameter influ-
ences, streak reinforcement, instability development,
and pressure gradient effects, confirming TS wave
[2] and oblique disturbance [22] stabilisation. Most
studies utilised triangular MVGs, with some invest-
igating rectangular designs [2, 4]. These findings es-
tablished MVGs’ efficacy in creating streaky bound-
ary layers that attenuate TS wave growth. Recently,
[23] applied MVGs to an aircraft fuselage, develop-
ing practical parameter selection guidelines.

Numerical investigations have further explored
MVG flow stability. Siconolfi et al. [1] used Bi-
Global stability analysis, finding reasonable agree-
ment with experiments [19] but noted challenges in
comparing disturbance growth near MVGs due to
instability scattering. Nobis et al. [24] optimised
MVG design using a direct-adjoint looping approach
to minimise downstream TS wave energy, signific-
antly improving performance but neglecting span-
wise spacing, a key parameter for streak evolution
[4, 25]. Most recently, Szabó et al. [3]conducted a
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parametric study of 225 rectangular MVG configur-
ations using steady-state simulations, Boundary Re-
gion Equations (BRE) for flow extension, and BiG-
lobal stability analysis. They varied MVG height,
inter-pair, and intra-pair distances, finding that taller,
more sparsely placed MVGs sustain stronger streaks.

Bayesian optimisation [26] is a technique for
optimising expensive-to-evaluate functions, with ap-
plications in areas like fluid dynamics [27]. First,
a probabilistic surrogate model (typically a Gaus-
sian Process, GP) of the objective function is ini-
tialised and built using available data points. Then,
an acquisition function determines the next sampling
point by balancing exploration and exploitation. Fi-
nally, the objective function is evaluated at the new
point(s), and the model is updated. The process iter-
ates until a stopping criterion is met.

1.1. Objectives of the study
In this study, the stability of the streaky bound-

ary layer generated by MVGs mounted on a zero-
pressure-gradient flat plate is analysed using local
modal linear stability analysis. As such, it is im-
portant to emphasise that the present study focuses
specifically on using MVGs to delay the growth of
TS waves. Therefore, the recommendations provided
here may not necessarily yield improvements in all
aspects of MVG design.

Unlike Pederson et al. [28] and Klauss et al.
[29], who used streak amplitude as an indirect meas-
ure of boundary layer stabilisation, this study directly
characterises the flow by solving local stability equa-
tions within the framework of the eN method. Two
N factors are computed, one for TS waves and an-
other for secondary instabilities. While using two N
factors to assess flow stability may seem unconven-
tional, it is not unprecedented: Scrauf [30] success-
fully employed this approach by separately evaluat-
ing stationary crossflow instability and TS waves to
correlate local stability calculations with in-flight test
data.

Although the eN method may appear simplistic
compared to more recently developed stability ana-
lysis tools, it remains widely used in industrial ap-
plications [31, 32] due to its simplicity, relatively low
computational cost, and ability to capture key aspects
of the transition process. Its continued success sug-
gests that it can provide valuable predictions.

This study focuses on rectangular MVGs, allow-
ing the investigation of key parameters such as span-
wise spacing, an aspect not considered in previous
topology optimisation studies [28, 29, 24].

A Bayesian optimisation was conducted where
three parameters were varied simultaneously: the
height (h), the distance between MVGs in each pair
(Λ), and the angle of the MVGs (θ). The aim of
this optimisation, consistent with [28] and [29], was
to attenuate primary instabilities while avoiding the
emergence of secondary instability modes. The res-
ults can be found in Section 3.

2. FLOW CONFIGURATION AND MOD-
ELLING

2.1. Flow configuration

A zero-pressure-gradient incompressible bound-
ary layer is considered. Dimensional quantities are
denoted with a hat (□̂), while non-dimensional quant-
ities are represented without it. The free-stream velo-
city is set to Û∞ = 6 m/s, and the kinematic viscosity
is ν̂ = 1.4607×10−5 m2/s. The problem setup is illus-
trated in Figure 1. The downstream distance from the
idealised leading edge to the MVG centre is denoted
as x̂MVG. The spanwise distance between two MVGs
is d̂, and the spanwise distance between MVG pairs
is Λ̂. The MVGs have a width ŵ, length L̂, and height
ĥ, and are oriented at an angle θ̂ relative to the free-
stream velocity. Recently, [3] found that an import-
ant metric for the distance between MVGs is its ratio
to the distance between different pairs, as such, this
ratio (d̂/Λ̂) was kept at a fixed value. The specific
constant parameter values are provided in Table 1,
along with their ratios to the boundary layer thick-
ness at the MVG location (δ̂99,MVG = 3.610 mm).
The parameters varied during the optimisation and
their bounds are provided in Table 2, along with the
same ratio as before.

2.2. Modelling

The stability of an incompressible boundary
layer over a flat plate is analysed using linear stabil-
ity theory. For a detailed description of the employed
method, the reader is referred to [3]. In summary, the
governing equations are non-dimensionalised with
the free-stream velocity Û∞ and boundary layer
length scale δ̂0 =

√
L̂0ν̂/Û∞. The length scale is

L̂0 = x̂st where x̂st is the start of the BRE cal-
culation, shown on Fig. 1. Because of these, the
Reynolds number used in this paper is defined as
Reδ = δ̂0Û∞/ν̂. The velocity field is decomposed
into a steady base flow and small perturbations. The
base flow is calculated in two steps. First, near the
MVGs, the complete NS equations are solved. Fur-
ther downstream, they can be simplified under ap-
propriate scaling assumptions. Introducing the small
parameter ε, the boundary region equations (BRE)
are derived, which extend the boundary layer equa-
tions and allow the efficient extension of the base
flow downstream during the second step.

The stability of the streaky boundary layer is
analysed using the BiGlobal stability framework
[33]. Since the base flow varies weakly in the stream-
wise direction, disturbances are assumed to take the
form of modal waves with a prescribed real fre-
quency, while the complex wavenumber is computed
as an eigenvalue. This leads to the BiGlobal stabil-
ity equations, widely used in flow stability studies.
The spatial growth rate is given by the imaginary part
of the wavenumber, and the eigenvalue problem is
solved using standard numerical methods. Finally,
the growth rates from each slice are used to calculate
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Figure 1. Flow configuration

Table 1. Constant parameters of the computational setup

d̂/Λ̂ (−) ŵ (mm) L̂ (mm) x̂MVG (mm) x̂0 (mm) x̂st (mm) x̂1,CFD (mm)
0.5 0.3 3.25 222 213 235 240

(0.083δ99,MVG) (0.90δ99,MVG)

Table 2. Varied parameters of the computational setup

Λ̂ (mm) ĥ (mm) Θ (◦)
[15, 100] [0.9, 2.5] [3, 15]
[4.15, 27.70] δ99,MVG [0.25, 0.69] δ99,MVG

the N factor to be used in the eN method.
The transition to turbulence is predicted using

the eN method, where the transition location correl-
ates with the growth of instability waves. The N
factor is computed for each eigenmode, with trans-
ition occurring when a critical N value is reached.
Two types of instabilities are considered: modified
TS waves and secondary instabilities. TS waves, the
primary instability in two-dimensional boundary lay-
ers, are weakened by streaks and dominate at low
frequencies. In contrast, secondary instabilities arise
due to streaks and exhibit a broader frequency range,
often accelerating transition.

For TS waves, a conservative transition threshold
of N = 7 is used. No established threshold exists
for secondary instabilities, so the maximum N value
among all unstable modes is tracked.

2.3. Numerical solution and parameters
The base flow computation consists of two steps:

first, the near-MVG flow is computed using 3D CFD,
followed by solving the BRE for the downstream
flow. BRE calculations start slightly upstream of the
CFD domain’s end to prevent any effects from the
boundary condition.

The CFD simulation employs ANSYS CFX 21
R2 [34], using a steady-state solver. To reduce the
computational cost, only half of the geometry (a
single MVG) was simulated, while the rest of the
computational domain was accounted for by pre-
scribing symmetry boundary conditions to the base
flow. A Blasius profile is imposed upstream, while
a free-outflow boundary is applied downstream to al-

low backflow into the domain. The mesh is generated
with GMSH [35]. As shown in the figure, the mesh is
finest near the MVG, with element size progressively
increasing further away. A typical mesh contains ap-
proximately 8−16 ·106 elements. Second-order spa-
tial discretisation is used, and mesh refinement tests
confirm negligible sensitivity in results.

The BRE and BiGlobal stability equations are
solved using a finite element method, implemented
in the parallel version of the open-source finite ele-
ment library FreeFem [36]. Taylor-Hood elements
are used, where the velocity and pressure fields are
discretised using P2 and P1 elements, respectively.
The mesh, consisting of triangular elements, is gen-
erated using BAMG [37], the built-in mesh generator
of FreeFem, which utilises Delaunay triangulation to
discretise the domain. It adapts element sizes for ef-
ficient wall-normal and spanwise resolution. Further
mesh refinement studies verified that increased resol-
ution has minimal effect on transition Reynolds num-
bers.

BRE equations are discretised with a second-
order backward Euler scheme, using PETSc [38] for
sparse linear algebra and SLEPc [39] for eigenvalue
computations. The non-linear system of equations
arising from the discretisation of the BRE is solved
using a second-order line search (Newton-Raphson)
method with the SNES library of PETSc. LU factor-
isation via MUMPS [40] ensures efficient Jacobian
inversion.

BiGlobal stability calculations employ the
Krylov-Schur algorithm with shift-invert techniques.
This approach enables the extraction of eigenvalues

3
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



near an initial guess, referred to as the shift. For each
MVG configuration, streamwise location, and fre-
quency, multiple eigenvalue calculations with vary-
ing shifts are performed to capture the relevant por-
tion of the spectrum. Shifts are adjusted dynamically
to ensure unstable modes are reliably tracked down-
stream. If an eigenvalue is lost, an additional shift is
introduced based on the most unstable mode, guar-
anteeing accurate instability detection.

Two sets of stability analyses are conducted: one
for the modified TS waves and another for the sec-
ondary instabilities.

2.4. Optimisation
In order to efficiently explore the parameter

space and identify optimal configurations, a multi-
objective Bayesian optimisation approach was im-
plemented using the BoTorch [41] package for Py-
thon. The logNEHVI (log-constrained Noisy Ex-
pected Hypervolume Improvement) [5] acquisition
function was employed to maximise two compet-
ing objectives. The first of these is the transitional
Reynolds number in the low-frequency TS wave do-
main, which should be maximised. The second is
the maximum growth rate of secondary instabilit-
ies, which should be minimised, but was multiplied
by -1 to reformulate it as a maximisation problem.
We assume that our results are exact, so the acquisi-
tion function was used in a noiseless setting, this in-
creases numerical stability compared to using the lo-
gEHVI (log-constrained Expected Hypervolume Im-
provement) formulation. The parameter space was
constrained using the non-linear constraint handling
capabilities of BoTorch to ensure physically relevant
configurations. These constraints ensured that two
MVGs in the same pair can not touch:

d̂ − 2 · L̂ · sin(Θ) >
ŵ
2

(1)

and that two MVGs in different pairs could not
touch:

d̂ + 2 · L̂ · sin(Θ) < Λ̂ −
ŵ
2

(2)

To accelerate convergence, four new points were
queried and evaluated in each iteration step. The goal
was to identify a Pareto frontier, balancing both ob-
jectives, and the optimisation process was terminated
once a sufficient number of Pareto-optimal points
were found.

During the optimisation three parameters were
varied to validate the viability of the optimisation
process, so that it can be used in the future for
broader sets of parameters. The constant parameters,
such as the streamwise velocity, streamwise position
of the MVGs, etc. are shown in Table 1. The bounds
of the varied parameters are shown in Table 2. In this
three-parameter run, relevant results from the afore-
mentioned parameter study [3] were used as initial

data to guide the optimization. This approach facil-
itated an accelerated convergence toward the Pareto-
optimal solutions.

3. RESULTS
In this section, the results obtained from the pre-

viously outlined modelling framework are presented.
A total of 87 points were evaluated in the model,
with 28 taken from the initial parameter study [3]
and 59 newly queried points. As demonstrated by
the Pareto frontier, Fig. 2a, previous results from
[3] and [4] were significantly improved. The best-
performing configuration reached the end of the com-
putational domain without triggering the laminar-
turbulent transition while maintaining low amplific-
ation of secondary instabilities. The convex hull
highlights theoretically ideal points, which slightly
outperform some of the Pareto-optimal configura-
tions, suggesting that further evaluations could lead
to Pareto-optimal points aligning more closely with
these theoretically ideal ones. All newly tested points
are shown in Fig. 2b, with MVG height and spacing
scaled by factors of 104 and 103, respectively, to em-
phasise trends rather than absolute values. Full mark-
ers indicate Pareto-optimal points, while opaque ones
represent suboptimal configurations. The x-axis de-
notes the transition Reynolds number. The figure
reveals distinct optimal ranges for both MVG angle
and spacing, while height remains maximised in all
optimal cases. The angle effect can be attributed to
the need for a sufficiently strong vortex to generate
a streaky boundary layer without excessively amp-
lifying secondary instabilities. The optimum MVG
spacing arises from the necessity of streak interac-
tions, if too close, they break down prematurely; if
too far apart, they fail to sustain each other. The con-
sistently maximal height suggests that vortices gen-
erated higher in the boundary layer have a stronger
influence on TS wave modulation. However, the up-
per bound was not extended further, as excessively
tall MVGs might trigger transition mechanisms bey-
ond the capabilities of the model.

Two points from the Pareto-frontier, the ones
with the highest transitional Reynolds-numbers were
further analysed, the parameters of these configura-
tions, along with the best points from [3] and [4] are
summarized in Table 3

The amount of drag reduction achieved can be
quantified using an averaged drag coefficient (cD)
which is calculated in the following way:

cD =

F̂MVG

Û2
∞·ρ̂·Λ̂/2

+
∫ x̂1

x̂st
c f (x̂) dx̂

x̂1 − x̂0
(3)

Where c f is the skin friction coefficient which
can be seen in Fig. 3 and FMVG is queried from the
laminar CFD of the first phase of the calculation. The
figure is shown as a function of Reδ to be consistent
with the other figures. For the turbulent part of the
function the Schultz-Grunow formula [42] was used.
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(a) Pareto frontier; the x-axis is the maximum N factor cal-
culated for the secondary instabilities, while the y-axis show
the transition Reynolds number. The points from [3] and [4]
are the best points from their studies according to our cri-
teria.

(b) The three varied parameters during the optimisation
scaled to fit in the same figure. The x-axis show the
transition Reynolds number. Full markers indicate Pareto-
optimal points, while opaque ones represent suboptimal
configurations.

Figure 2. Results of the three-variable optimisation.

Table 3. Results of the three-variable optimisation

Name Λ̂ (mm) d̂/Λ̂ (−) Θ̂ (◦) ĥ (mm) ReTr (−) eN
max (−)

Sz2024 26.5 0.5 9 1.9 1950 1.71
S2015 13 0.25 9 1.3 1793 3.93
Opt1 76.9 0.5 7.58 2.5 > 2781∗ 1.91
Opt2 61.1 0.5 6.15 2.5 2503 0.62
∗There was no transition detected within the computational domain.

The well-known phenomena of the transitional phase
overshooting the turbulent phase was neglected.

Due to this effect the results can vary based on
the length of the integration, thus the calculation was
executed for multiple streamwise coordinates shown
with grey dashed lines. In dimensional form, these
are the following: x|Reδ=1500 = 5.5(m), x|Reδ=2000 =

9.8(m), x|Reδ=2500 = 15(m), x|Reδ=2781 = 19(m). The
results can be seen in Table 4. In addition, the values
for natural transition of the Blasius boundary layer
are also included in Table 4.

This shows that, given a shorter body (L =

5.5(m)), the drag coefficient between that of a flat
plate and of a flow modulated by MVGs can increase
by as much as 78%. On the other hand, the strategy
works well on longer bodies (L = 19(m)), where
the same metric can be decreased by 89%. The ex-
planation for this large difference is twofold. In the
laminar regime, the vortices generated by the MVGs
increase the friction losses. However, by remaining
laminar for a much longer distance, the difference in
friction between the laminar and turbulent regimes
compensates for the higher initial loss.

4. SUMMARY

This paper presents an optimisation method for
the geometric properties MVGs, based on local linear
stability analysis. Building on prior studies, the base
flow near the MVG was computed using 3D CFD
simulations, while the downstream evolution of the
streaky boundary layer was predicted using the BRE.
The stability analysis was performed by solving the
BiGlobal stability equations, conducting two sets of
calculations for each MVG configuration: one for
the modified TS waves and another for identifying
potential secondary instabilities that could promote
transition. Transition location was estimated using
the eN method for the TS waves with a conservative
N = 7 value, while for secondary instabilities, the
maximum N factor was computed as a destabilisation
indicator in the absence of a specific N value. These
criteria were used as objectives in a multi-objective
Bayesian optimisation approach to find new MVG
configurations, which, based on our criteria, outper-
form previously investigated MVGs. The findings of
this study should be further examined through exper-
imental validation or high-fidelity direct numerical
simulations.
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Table 4. Drag results
Name cD|Reδ=1500 cD|Reδ=2000 cD|Reδ=2500 cD|Reδ=2781

Blasius 2.15 · 10−4 8.18 · 10−4 15.91 · 10−4 20.80 · 10−4

S2015 3.66 · 10−4 7.44 · 10−4 14.43 · 10−4 16.57 · 10−4

Sz2024 3.90 · 10−4 5.19 · 10−4 12.46 · 10−4 14.98 · 10−4

Opt1 3.83 · 10−4 3.01 · 10−4 2.50 · 10−4 2.29 · 10−4

Opt2 3.82 · 10−4 2.99 · 10−4 2.71 · 10−4 5.56 · 10−4

Figure 3. The skin friction coefficients for dif-
ferent configurations. The x-axis shows the non-
dimensional streamwise coordinate, Reδ and the y-
axis shows the local friction coefficient c f . Note that
the Opt1 configuration stayed laminar throughout the
computational domain (x1 = 19(m)).
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