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ABSTRACT

Concentric coaxial (annular) pipe flows are
numerically investigated using a stochastic one-
dimensional turbulence (ODT) model. ODT offers
full-scale resolution of the radial boundary layers and
their dynamical variability. Based on the latter, it
is demonstrated for various Reynolds numbers that
spanwise wall-curvature affects low-order and de-
tailed velocity statistics. Wall curvature leads to ra-
dial asymmetry in the flow statistics, limiting the ap-
plicability of conventional wall-function models that
assume a universal von Kdrmdan constant and a loc-
ally flat surface. Resolving the near-wall turbulence
is essential for predictive capabilities, but a computa-
tional burden that is addressed by the dimensionally
reduced modeling within ODT. The model is able to
reproduce and predict consistent low-order and de-
tailed turbulence statistics. By utilizing boundary-
layer theory, it is shown how the model can be used to
obtain curvature-aware velocity wall function, which
is of broader relevance for modeling engineering ap-
plications such as coaxial heat exchangers.

Keywords: annular pipe flow, spanwise wall
curvature, stochastic modeling, turbulence stat-
istics, turbulent boundary layer

NOMENCLATURE
& [-] Eddy event
D* [-] Parametrization coeflicient
P [Pa] Pressure
Ri, R, [m] Radius of inner and outer cyl-
inders, respectively
Rey, [-] Bulk Reynolds number:
417[,(5 / 4
Re;, Re;, [—] Friction Reynolds number at
inner and outer walls: u;;0/v,
Ur0/v
B* [—] Parametrization coefficient

1

0 [m] Half width of the gap between
inner and outer pipe walls:
Ry — Ry /2

0() [-] Dirac distribution function

0, [-] Viscous length scale: v/u,

n [-] Radius ratio: R;/R,

y [m?/s] Kinematic viscosity

o [kg/m?]  Mass density of fluid

T [m] Radial location of maximum
mean axial velocity occurs

t [s] Time

te [s] Sampled times of eddy event

Uup [m/s] Bulk mean velocity

Twis Two [N/ %] Mean wall shear stress on the
inner and outer walls, respect-
ively

Ugiy Urp M/ 5] Wall friction velocity at in-

ner and outer walls : +/7,i/p0,
VTwolP

Subscripts and Superscripts

DNS Direct numerical simulation

ODT One-dimensional turbulence

PDF Probability density function

RSS Reynolds shear stress

u,v,w  Velocity component in the x, r, 6 direc-
tion, respectively

x, 1,0 Coordinates of the axial, radial, and azi-
muthal directions, respectively

®) Temporal mean

0N Wall coordinate

¢y Fluctuating component

(*);»(-), Values at the inner and outer walls, re-
spectively

imax Maximum value

(D rams Root-mean-square value

1.INTRODUCTION

Annular pipe flow is found in various engineer-
ing applications, such as coaxial geothermal heat ex-
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changers, photochemical reactors, and gas-cleaning
devices. The investigation of turbulent annular pipe
flow is a canonical problem that provides detailed in-
sights into radial transport processes and boundary
layers over both convex and concave walls. Unlike
turbulent channel flow, the presence of curved sur-
faces leads to a closure problem, as the inner and
outer pipe wall contributions to skin friction drag
and pressure loss are undetermined and differ from
each other, resulting in a simulation result [1]]. This
circumstance needs to be addressed with predictive
modeling capabilities.

In recent decades, numerous numerical and ex-
perimental studies have been carried out to bet-
ter understand the characteristics of pressure-driven
(Poiseuille) turbulent flow in concentric annular
pipes. In the last century, a major debate centered
on whether the location of maximum radial velo-
city coincides with the point of zero shear stress.
Several experimental studies were conducted on this
topic [2, 3]. Chung et al. [4] performed the first com-
prehensive DNS study of turbulent annular pipe flow
at a fixed bulk Reynolds number Re;, = 8900, analyz-
ing the effect of spanwise curvature in turbulent prop-
erties for two radius ratios, n = R;/R, = 0.1 and 0.5,
where R; (R,) denotes the radius of the inner (outer)
pipe as sketched in Fig. [] below. Here, the bulk
Reynolds number is defined as Rej, = 4ud/v, with uy,
representing the bulk mean velocity, § = (R, — R;)/2,
and v being the kinematic viscosity of the fluid. Bo-
ersma and Breugem [1]] studied turbulent flow in
an annular pipe using DNS at a small radius ratio
(n < 0.1) over a moderate range of Reynolds num-
bers. More recently, Bagheri and Wang [5] conduc-
ted a DNS study to examine the effects of radius ratio
on turbulent statistics and structures in both physical
and spectral spaces across multiple radius ratio cases
(eta = 0.1,0.3,0.5, and 0.7). As an extension, tur-
bulent heat transfer in the annular pipe flow, coupled
with passive scalar, has also been discussed [6} [7]].

Despite the efforts described above, a theoret-
ical justification of empirical pressure loss properties
has remained elusive, as the boundary layer near the
curved inner wall is virtually inaccessible to meas-
urement. Furthermore, high-fidelity numerical sim-
ulations have high-resolution requirements [1] such
that high Reynolds numbers have not been assessed
until recently for wide annular gaps [I8, 9]. Klein et
al. [9]] conducted annular pipe flow simulations us-
ing the conventional LES-WALE model and found
that this approach may not be ideal for accurately
capturing small-scale flow physics near curved walls.
The objective of this study is to pave the way toward
the development of improved wall functions applic-
able to spanwise curved walls for utilization in clas-
sical large-eddy and Reynolds-averaged simulations.
This is achieved by adopting an alternative approach
that utilizes Kerstein’s one-dimensional turbulence
(ODT) model [10, [11]], which evolves instantaneous
boundary layer profiles. The model extension to cyl-
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indrical geometry [12f], calibrated for annular pipe
flow [13]], is utilized here as a stand-alone tool. The
model formulation and mesh-adaptive implementa-
tion provide full-scale resolution of the instantaneous
radial profiles of the velocity vector across the annu-
lar gap. Dimensional model reduction offers major
cost reduction, making high Reynolds number cases
feasible.

The rest of this paper is organized as follows.
Section[2] gives some details of the annular pipe flow
setup investigated. Section[3|provides an overview of
the ODT model formulation and the governing equa-
tions. Section[]discusses the main results in terms of
velocity statistics, focusing on examining the impact
of spanwise curvature on some turbulence properties.
Last, section [6] summarizes the key findings of this
work.

2. ANNULAR PIPE FLOW

An incompressible, constant-property Poiseuille
flow confined between two concentric coaxial cyl-
inders is considered, as sketched in Fig. E} No-
slip boundary conditions are prescribed at the pipe
walls, and an axial mean pressure gradient force is
applied to drive the flow. The numerical domain of
the stochastic ODT simulations (ODT domain) rep-
resents a single radial coordinate spanning the entire
gap between the cylinders.

R .
o no-slip wall

( Rib& .

Figure 1. Schematic of the annular pipe flow con-
figuration investigated. The wedge-shaped, radi-
ally oriented ODT domain is exaggerated. No-slip
boundary conditions are prescribed at the walls
as indicated.

3. NUMERICAL MODEL
3.1. ODT Model Formulation

In the ODT model, the conservation equations
are dimensionally reduced and solved numerically by
representing turbulent advection as a stochastic pro-
cess. The flow in axial and azimuthal directions is as-
sumed to be statistically homogeneous. This process
employs instantaneous spatial mapping events that
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intermittently modify the deterministic flow evol-
ution. Following [12] and applying the notation
from [14], the dimensionally reduced ODT equations
for temporally evolving flow are given by

E +t28i(5(l—le) = ;E(VVE)—/) dx 61)( .

ey

Here, u;, i = x,r,6, represents the model-resolved
instantaneous velocity vector with cylindrical com-
ponents u, = u, u, = v, ug = w, corresponding to the
axial, radial, and azimuthal directions, respectively. ¢
indicates the time, 7. the stochastically sampled times
of eddy event & (i = x,r,6) occurrences, 6(f) the
Dirac distribution function. dP/dx denotes the pre-
scribed mean pressure-gradient force in the axial dir-
ection, ¢;; the Kronecker delta, v the kinematic vis-
cosity, and p the mass density of the fluid.

ODT utilizes map-based advection model-
ing [10] to represent instantaneous modifications to
the flow profile associated with the turnover of a no-
tional eddy. In this study, the generalized baker’s
map denoted “triplet map B” (TMB) [12] is spe-
cifically used, as it ensures scale-locality, equidistant
fluid parcel displacement, and adheres to physical
conservation principles for radial transport. Fur-
ther details on the formulation of the eddy events &;
and the cylindrical mapping techniques can be found
in [[12} [14]. The calibration of ODT model paramet-
ers for turbulent annular pipe flow is thoroughly dis-
cussed in [13} 18] and is not repeated here.

3.2. Grid Sensitivity Analysis

The radially oriented ODT domain is discretized
using an adaptive grid, capable of resolving all rel-
evant scales of the flow locally. The grid must be
fine enough to resolve the viscous sublayer and the
smallest emerging features at and off the wall in the
evolving transient solution. To ensure that the res-
ults are independent of the grid resolution and that
numerically, mesh-adaptive transport is negligible, a
grid sensitivity study was conducted.

Table [I] presents the ODT test cases with vary-
ing grid resolutions. Case A represents the resolu-
tion used throughout this study. Case B uses a finer
grid, with half the grid size of Case A; Case C em-
ploys a medium resolution with double the grid size
of Case A; and Case D corresponds to a coarser res-
olution, with four times the grid size of Case A.
The parameters Ary;, and Arp,, denote the minimum
and maximum grid cell sizes in the ODT model, re-
spectively, keeping the adaptivity range constant at
Armax/Armin = 20. The difference in friction Reyn-
olds number between Case A and the finer Case B
is found to be less than 0.1%. Compared to the
reference DNS data from [4]], where Re; = 179
and Re;, = 141, Case A achieves excellent agree-
ment, with deviations of less than 0.1% at both the
inner and outer walls. This confirms that Case A
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provides a sufficiently effective resolution to ensure
accurate predictions of near-wall small-scale phys-
ics. Additionally, since ODT does not involve multi-
dimensional mesh geometry, traditional grid quality
metrics, such as skewness and aspect ratio, are not
applicable in this modeling framework.

Table 1. Friction Reynolds numbers at the in-
ner and outer walls for different grid resolutions.
Case A corresponds to the resolution used for all
simulations in this study, while the other three
cases (B, C, and D) are included for grid resolu-
tion testing and comparison.

Cases AV pin AFppax Re; Re.,

A 6/1000 | 6/24 179.12 | 144.46
B 6/2000 | 6/48 179.24 | 144.69
C 6/500 | 6/12 182.73 | 144.56
D 6/250 | 6/6 206.01 | 149.15

3.3. Statistical Convergence

The ODT model presents the simulation res-
ults in ensemble-averaged form over long simulation
times. To ensure statistical stationarity, the data col-
lection began after a warm-up phase that was estim-
ated by short presimulations.

To assess statistical convergence, mean axial ve-
locity profiles from two test cases with different num-
bers of generated eddy events (Neqay) are shown in
Fig. 2] On average, the model generates approx-
imately three eddy events per second of wall-clock
time. The case with 4400 eddy events is shown to
be sufficiently qualified to reproduce the mean pro-
file of the reference DNS. In practice, all simulations
used in this study were run for a sufficient duration
to generate an adequate number of eddy events such
that second-order statistical moments converged in a
similar manner. These results confirm the robustness
of the reported statistics with respect to both ran-
dom initialization and simulation duration, indicating
that the simulations have achieved statistical conver-
gence.

4. RESULTS AND DISCUSSION
4.1. Mean Velocity Profile

Fig. [3] compares the mean axial velocity profiles
with the DNS data [4]]. Mean velocity is normalized
by bulk mean velocity u;,. An excellent agreement is
observed between the ODT results and DNS data for
radius ratio n = 0.1 and 0.5 with fixed bulk Reyn-
olds number Re;, = 8900, that the boundary layer ra-
dial asymmetry is correctly represented. The asym-
metry results in the development of a thicker bound-
ary layer over the outer cylinder surface compared to
the inner cylinder surface. This is more pronounced
in the radius ratio 7 = 0.1 case than = 0.5 case.

The influence of wall curvature is noticeably
stronger near the inner pipe wall than at the outer
pipe wall. This effect becomes even more significant
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Figure 2. Comparison of two ODT axial mean ve-
locity profiles, normalized by u;, at n = 0.1 and
Re, = 8900, after accumulation of Negqy = 700
and 4400 implemented stochastic eddy events, re-
spectively. Reference DNS data is from [4]].

in smaller radius ratios, where the velocity gradient
at the inner pipe wall is steeper. The dotted vertical
lines in Fig. [3|represent the calculated location of the
maximum mean axial velocity u,,,, determined us-
ing the Kays—Leung relation, which has been exper-
imentally validated [3]. The location r,,, where the
maximum mean axial velocity occurred, depends on
the radius ratio of the inner and outer pipes and is
parameterized as

rm-R: ( R; )0.343

Ry —rm

% @)

A quantitative comparison of r,, as predicted by
ODT to the Kays—Leung relation yields an error of
less than 0.5. This is remarkable, considering the
simplicity of the ODT model, and demonstrates that
the map-based stochastic modeling approach effect-
ively captures large-scale mixing-length effects.
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Figure 3. Radial profiles of the mean velocity u
normalized with the bulk velocity u;, for radius ra-
tio n = 0.1 and 0.5, respectively. The bulk Reyn-
olds number is Re;, = 8900. Reference DNS data
is from [4].

4.2. Velocity Boundary Layer

Fig. @] extends the comparison from mean velo-
city profiles to the logarithmic velocity profiles. For
the normalization purpose, the local friction velocit-
ies at the inner and outer walls are defined as

du
dr

du
Ti = T0 = - 3
u v u v O 3)

9 9
wall i wall,o

where u;; and u,, denote the friction velocity on the
inner and outer pipe walls, respectively. The normal-
ized mean velocity is defined as u* = u/u.,; and
the corresponding radius as r* = |r — Ry/il ttro)i/v.
The friction Reynolds numbers are defined as Re,; =
u0/v and Re;, = u.,0/v at the inner and outer walls,
respectively.

Fig. f{top) shows the velocity boundary layer
profiles at the inner and outer pipe walls for radius
ratio n = 0.5. It is found that wall curvature does
not significantly impact the inner and outer velocity
boundary layer profiles in the radius ratio n = 0.5
case. Both normalized profiles align with the mas-
ter profile, corresponding to the classical law-of-the-
wall for pipe flow [15)]. The linear viscous sublayer
and logarithmic-law region are captured for radius
ratio n = 0.5. However, this is not the case for ra-
dius ratio = 0.1.

Fig. f[(bottom) exhibits the velocity boundary
layer profiles at both sides of the pipe walls for ra-
dius ratio n = 0.1 compared with DNS data [4]]. It is
seen that the deviation between the inner and outer
boundary layers is significant, and the law-of-the-
wall profile cannot capture the behavior of the inner
profile. This deviation is attributed to the effect of
wall curvature, which results from the decrease in the
inner cylinder radius. To quantify the effect, velocity
boundary layer analysis is applied to the model res-
ults, using a similar approach as previously employed
in [1f]. Consequently, the boundary layer over the in-
ner pipe wall is divided into a viscous-dominated re-
gion and a mixing-length-dominated region.

4.2.1. The viscous-dominated region

Assuming that the flow is fully developed, all
flow statistics are invariant in the axial and azi-
muthal direction, so that only steady balance equa-
tions for the radial dependence of the statistical mo-
ments of the flow variables remain. Application
of the Reynolds-averaging procedure to Eq. (I), re-
arranging, and integrating once over the radial co-
ordinate r yields the shear stress balance equation as

W_va_u:_zld_P_’_g 4)
or 2pdx  r
1 TOR,' - T,’Ro
PRi/R,—Ro[R;
Here, C; is an integration constant determined
by the flow solution and the wall-shear stresses. The

Ci = &)
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Figure 4. Velocity boundary layer at the inner
u;" and outer u," pipe wall, respectively, normal-
ized by the local friction velocity for radius ratio
n = 0.1 and 0.5 with fixed bulk Reynolds number
Re;, = 8900.

term '’ represents the ensemble effect of turbulent
eddy events and serves as the model analog of the
Reynolds stress [[10, [14]. In the region very close
to the wall, where r < ¢, ( with the viscous length
scale defined as 6, = v/u,), it is assumed that the vis-
cous stress dominates, meaning u’v’ < v(du/dr). For
asymptotically small radius ratios, as  — 0, Eq. (@)
simplifies to

(6)

+
i

r"+ R
u; r') = Rf ln(—’) ,

where R = R; u.;/v is not a constant but a parameter
influenced by the wall geometry and the turbulent
flow state. Specifically, it depends on the curvature
radius and the wall-shear stress acting on the cyl-
indrical inner wall. It is noted that, in this expres-
sion, the near-wall region deviates from the purely
linear behavior described by the classical law of the
wall and instead transitions to a logarithmic behavior.

4.2.2. The mixing-length-dominated region

In the mixing-length-dominated region, it is as-
sumed that the total stress is primarily carried by the
turbulent stress, such that v(du/dr) < w’v'. The
influence of the radius is not negligible. For small
asymptotic values of n — 0, C; is simplified by as-
suming R, > R;, which retains radial information.
Next, following [[1], a conventional turbulent eddy
viscosity v, parameterization is adopted. As sugges-
ted by [1], turbulent eddy viscosity can be expressed

as v, = B+/ti/p (r — R;), where  is an unknown pro-
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portionality factor that has to be estimated with data.
Eq. (@) reduces to

by o ( rt ) N
u; "y~ —In|————|+D" , @)

! Bt r*+Rf
where 8 and D* are parametrization coefficients that
need to be determined with flow profile data.

Figure [5] presents the velocity boundary layer
profiles at the inner pipe wall for three bulk Reyn-
olds numbers (Re;, = 8900, 10°, and 10°), with the
radius ratio fixed at n = 0.1. The profiles are valid-
ated using boundary layer theory. The corresponding
values of the coefficients g* and D* for each case
are summarized in Table 2l Based on these three
test cases, empirical correlations for the coefficients
B+ and D* as functions of Re, (at fixed n = 0.1)
are proposed as: 8*(Rep) = 0.021n(Re,) — 0.02 and
D*(Rep) = 6.92Rej)!. These correlations serve as
a preliminary model for characterizing the boundary
layer behavior in annular pipe flow.

In the viscous-dominated region, Eq. ()
provides an accurate prediction of near-wall velocity
profile, with a slightly extended validated length up
to r* < 10, compared to the conventional linear wall
expression. In the mixing-length-dominated region,
Eq. effectively captures the dominant statistical
features of the turbulent boundary layer on the cyl-
indrical inner wall across a range of Reynolds num-
bers. It is found that as the Reynolds number in-
creases, a thicker boundary layer is found, and the
curvature effect remains noticeable up to Re, = 10°.

30 .
n=0.1 !
251 — Re,=8900 | o
— = 5 II .............
20 Rep =10 /
Rep=10°/
.
1> 15
10
5 --- Viscous-dominated region
~~~~~~~~~~ Mixing-length-dominated region
o
10° 10! 102 103 104
r+
Figure 5. Velocity boundary layer at the in-

ner pipe wall for various bulk Reynolds num-
bers Re, = 8900, 10°, 10° keeping the radius ratio
n = 0.1 fixed.

Table 2. Coefficients in Eq. (7) for three test cases
with fixed = 0.1 varying the bulk Reynolds num-
ber.

Re, 8900 103 10
B 0.1756 0.2617 0.2841
D* 17.34 22.21 27.99
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4.3. Reynolds Stress Components

Fig. [] shows the Reynolds shear stress (RSS)
—u'v" as a function of the wall-normal distance
(r — R;)/6 for radius ratio n = 0.1 and 0.5. The res-
ults show good agreement with the reference DNS
data [5]. It is notable that the zero-crossing point
for Reynolds shear stress (where v = 0) aligns
with the location of the maximum mean axial velo-
city upyax. This position is closer to the inner pipe
wall for the minor radius ratio case, and the RSS pro-
file becomes more symmetrical as the radius ratio in-
creases. The difference in boundary layer thickness
on the inner and outer pipe walls can also be clearly
compared in this plot, as it is determined by the point
where —wv'" = 0. This finding has already been
discussed in Fig.[3] It is also observed that the mag-
nitude of the RSS —u'v'" is higher on the outer pipe
wall than on the inner pipe wall, and this difference
is more pronounced as the radius ratio decreases.
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0.75 DNS | 05
fﬁif%%
— n=0.1
05074 Ne " oot __ "
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+ 025 A, R
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Figure 6. Radial profile of the Reynolds shear
stress —/v' for radius ratio n = 0.1 and 0.5, re-
spectively, and fixed bulk Reynolds number Re;, =
8900. Reference DNS data is from [5]].

Fig. [7| shows radial profiles of the axial com-
ponent, Wi of the normal Reynolds stresses in
the vicinity of the inner and outer pipe walls with
fixed radius ratio n = 0.1 and bulk Reynolds num-
ber Re, = 8900 compared with reference DNS data
[5]. Recall that W = (u,m;’)2 is the variance or
squared root-mean-square (RMS) axial velocity fluc-
tuation. The axial velocity variance is a proxy for
the turbulence intensity. The objective is to asses the
model’s capabilities to capture the radial asymmetry
of velocity fluctuations across the gap. High W
value indicates the intense turbulence region. It is
found that the maximum value of wu’ " appears in
the buffer layer, within the interval 5 < r* < 30,
which is in accord with the boundary layer over a flat
surface. Compared to the profile of Wi’ on the inner
pipe wall, it is evident that the turbulence intensity on
the outer pipe wall is stronger than on the inner pipe
wall.

6

In contrast to the reference DNS data [5], ODT
significantly underestimates the near-wall turbulent
fluctuation peak at r* =~ 15, but it does capture
the trend for the curvature influence. This beha-
vior is consistent with the mean profiles discussed
earlier, while underestimating turbulent fluctuations
is a known modeling artifact [16, (12| [14]. The
magnitude deficit of fluctuation and the underestim-
ation of turbulence intensity do not necessarily im-
ply incorrect radial fluxes. In fact, accurately captur-
ing radial asymmetry requires a physical represent-
ation of radial fluxes in the dimensionally reduced
model. As already shown in Fig.[6] this is achieved
through map-based turbulence modeling within the
eddy events, which are responsible for the advec-
tion of the radial velocity fluctuations, denoted as
v'. It is also suggested that the ODT model may not
be ideal for the low Reynolds number investigated.
The model is primarily designed for highly turbu-
lent flows, where no reference DNS data is available
for turbulent annular pipe flow to support its applic-
ation in this context. Therefore, the weaker turbu-
lent fluctuations observed, in comparison to the DN'S
data, can be attributed to the effects of a finite Reyn-
olds number. According to other ODT model stud-
ies [14], this type of modeling error tends to van-
ish for fluxes at high asymptotic Reynolds numbers.
Therefore, based on the current model validation, the
ODT model can be applied with greater confidence to
heat exchangers, chemical reactors, and gas-cleaning
devices that involve concentric pipe flows.

8
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Figure 7. Radial profiles of the axial component of
the Reynolds normal stresses in the vicinity of the
inner and outer pipe wall, respectively, for bulk
Reynolds number Re, = 8900 and radius ratio =
0.1.

4.4. Detailed Velocity Statistics

To better understand the variation in axial velo-
city fluctuation statistics with distance from the wall,
the probability density function (PDF) of the fluctu-
ating axial velocity is analyzed over the simulation
time. Two distinct locations from both sides of the
walls are selected: r* = 5 in the viscous-dominated
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region and r* = 30 in the mixing-length-dominated
region. From Fig. [7} it is known that at r* = 30,
the difference of turbulent intensity between the outer
and inner profiles is more extensive than at " = 5.

Fig.[8]compares the PDF of the normalized fluc-
tuating axial velocity u/u,,s, on the inner and outer
pipe walls for two selected r* locations, with a ra-
dius ratio = 0.1 and a bulk Reynolds number
Re;, = 8900. The results indicate that the PDF curves
generally exhibit a Gaussian-like distribution. How-
ever, as the location of r* changes, the peak of the
PDF shifts toward higher magnitudes of u/u,,,, lead-
ing to a modification in the shape of the distribution
profiles. It is seen that the shape of the profiles on
the inner and outer pipe walls remains similar. Not-
ably, at ¥ = 30, the difference in the magnitudes
of u/u,,s between the inner and outer PDF profiles
is more pronounced than at ¥* = 5. This indicates
that the curvature effect on the fluctuating axial ve-
locity is more significant at * = 30 than at r* = 5.
It is also observed that, compared to the PDF profile
on the outer pipe wall, the magnitude of u/u,,; on
the inner wall is generally higher, with the difference
between each other becoming more pronounced as
the distance from the pipe wall increases.

10° . :
r+ =5 =—- innerwall +_ —-= inner wall
r*=30
-\.\ — outer wall — outer wall
B 101 i
o !
!
!
!
!
!
1072 |
0 12 14

Figure 8. Probability density functions (PDFs) of
the axial velocity fluctuations # normalized by the
RMS u,,,; at r¥* = 5 in the viscous sublayer and
r* = 100 in the turbulent log layer on the inner
and outer pipe walls for fixed radius ratio 7 = 0.1
and bulk Reynolds number Re;, = 8§900.

5. UTILIZATION OF THE CURVATURE-
AWARE WALL FUNCTION IN RANS

The application of the modified law-of-the-wall
to predictive RANS-based modeling is demonstrated
next. Equation [6] is applied as a wall function for
the turbulent eddy viscosity in a 1-D finite-volume
RANS solver using cylindrical coordinates (infin-
itesimal wedge). A mixing-length turbulence model
with van Driest damping is used as a starting point,
with the model coeflicients obtained via fitting to
DNS data from [4].
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Figure [9] shows the mean velocity profile pre-
dicted by RANS using the modified wall function on
the inner pipe wall in comparison to the reference
DNS solution for = 0.1 and Re, = 8900. The two
profiles are in close agreement, although the mean
velocity on the inner pipe wall appears to be under-
estimated. Forthcoming research is devoted to eval-
uating the effectiveness of the spanwise curvature-
aware wall function when utilized in multi-purpose
CFD software.
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Figure 9. Comparison of RANS coupled with
wall function from equation |6 with reference DNS
data [4].

6. CONCLUSIONS

In the present study, stochastic one-dimensional
turbulence (ODT) modeling of the pressure-driven
flow in a concentric annular pipe has been presen-
ted and validated with available reference DNS.The
stochastic model is formulated using the boundary-
layer approximation. It can capture radial trans-
port processes with full-scale resolution, even at high
Reynolds numbers. The results demonstrate that the
standalone ODT model offers a cost-effective ap-
proach to investigate statistical and dynamical fea-
tures of fluctuating boundary layer flows.

For model validation, the profiles of mean ve-
locity, law-of-the-wall on the inner and outer pipe
walls, Reynolds shear stress, and axial Reynolds
stress components are compared with reference DNS
data [4, 5] at a fixed bulk Reynolds number of Re;, =
8900. Overall, the calibrated model reasonably re-
produces low-order flow statistics. However, the
model tends to underestimate axial velocity fluctu-
ations, especially in the buffer layer, which is a well-
known modeling artifact [16]) that persists here at low
radius ratios and high Reynolds numbers. Neverthe-
less, the model is able to capture fairly accurately the
radial asymmetry and Reynolds shear stress distribu-
tion, which is a key asset for the present application.

It is observed that spanwise curvature affects the
asymmetry of the mean velocity profile and, con-
sequently, the thickness of the boundary layers on
the inner and outer pipe walls. A lower radius ra-
tio results in a thinner boundary layer on the inner
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pipe wall. To enhance the wall-function-based pre-
diction for the velocity boundary layer on the in-
ner pipe wall, a theoretical analysis has been con-
ducted, separately examining the viscous-dominated
and mixing-length-dominated regions. By applying
boundary-layer and mixing-length theories, the ana-
lysis successfully predicts the exact boundary layer
profiles close to and farther away from the walls.
This provides a reasonable basis for the development
of curvature-aware wall functions as demonstrated
by preliminary results for a low-Reynolds-number
formulation.
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