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ABSTRACT

The Kolmogorov flow, a shear flow driven by a con-
stant inhomogeneous body force in a periodic do-
main, has not been widely used for turbulence mod-
eling despite its potential benefits. Commonly used
Reynolds-averaged turbulence models (e.g., standard
k — &, RNG k — ¢, standard k — w, k — w SST, GEKO)
give incorrect results for this flow. Similar issues
arise in applications with sustained turbulence in a
closed container, like pump shut-off head modeling.
In the current paper a novel eddy viscosity model, the
geometry-informed (GI) model, is proposed, which
constrains the turbulent length scale by accounting
for wall distance, even in dissipative flow regimes.
The GI model is implemented in Ansys Fluent as a
user-defined formula for the standard k — & model, and
it is validated against Direct Numerical Simulation
(DNS) and experimental data. In addition, the results
are compared with the kK — w SST model. The test
cases encompass channel flow, flow over a backward-
facing step (BFS), and Kolmogorov flow. Results
show that the GI model better predicts the near-wall
peak of turbulent kinetic energy compared to k — w
SST in channel flow, and offers improved reattach-
ment length predictions for high Reynolds number
flow over a BFS. In Kolmogorov flow, the GI model
produces qualitatively correct results, but with lower
velocity amplitudes than DNS due to the shortcomings
of the & transport equation. Further improvements to
the turbulent kinetic energy dissipation equation are
planned.

Keywords: CFD, DNS, Kolmogorov flow, RANS,
turbulence modeling, turbulent viscosity

NOMENCLATURE

Re [-] Reynolds number

Reyx [-] filter size-based Reynolds
number

H [m] step size

P [m? - s3] turbulent production

S [s71] shear modulus

U [m-s7']  x-wise velocity

U, [m-s'] friction velocity

f [m-s~2] force amplitude

f [m-s72]  driving force

k [m?-s72] turbulent kinetic energy

t [s] time

y* [-] dimensionless wall distance
Vi [m] distance from the wall

A [m] filter size

K1 [m~!] fundamental wave number
v [m?-s7'] kinematic viscosity

Ve [m?-s7'] turbulent viscosity

w [s71 eddy frequency

€ [m? - s3] turbulent dissipation
1.INTRODUCTION

The main aim of the current study is to develop
better models near production-dissipation equilibrium
using results from DNS models of Kolmogorov flow
and channel flow. The most widely used eddy viscos-
ity formula — Stress and Production (SP) model — was
introduced by Jones and Launder [1]] as an element
of the model, currently known as the standard k — &
turbulence model:

k2
Vie = Cy = 1
where k is the turbulent kinetic energy, ¢ is the turbu-
lent dissipation, and C,, = 0.09 is an empiric constant.

Eq. assumes a time step proportional to the
k/e ratio at all points in the flow field. However, it
can be suspected that at locations where turbulent
production exceeds dissipation (i.e., k increases along
the trajectory of the fluid particle), the turbulent time
scale relevant to eddy viscosity is determined by the
large scales associated with production rather than the
small scales associated with dissipation, and therefore
Eq. () may be a reasonable alternative to Eq. (T)):
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where P is the turbulent production. The turbulent
production can be determined with the following equa-
tion:

P=vS? 3)

where S is the shear modulus of the bulk flow. Based
on these equations a production-based eddy viscosity
formula can be constructed as follows:

k
Vip = \/C_,JE. 4)

Eq. (@) - first proposed by Chou [2] — seems to
be consistent with Bradshaw’s observation that the
primary turbulent stress is proportional to the turbu-
lent kinetic energy at the outer boundary layer. The
obvious drawback of Eq. (@) is that it results in a
turbulent viscosity approaching infinity, where S ap-
proaches zero. The need to combine the turbulent
viscosity formulae — Egs. (I) and @) — was recog-
nized by Menter [3]. In his k — w SST model the
following eddy viscosity formula was proposed:

alk

max(ala),SFz)’

®)

Vi,SST =

where a; = 0.31 is a constant, w is the eddy frequency,
and F; is given by (F, is a function that is one for
boundary layer flows and zero for free shear layers):

F, = tanh (®3), (6)
where:
vk 500v
D, = 22—\ —, 7
2 = max ( 0.09wy,,~ y2w ) ™
where y,, is the distance from the wall.
The eddy frequency can be expressed as:
&
= —, 8
“T Gk ©

By substituting Eq. (8) into Eq. (3), and utilizing
that a; = /C, one can obtain the following formula:

£, G

8’SF2

ViSST = miﬂ( )

Based on Eq. (9) it can be seen that the k—w SST
model basically chooses the smaller value from Eqs.
(1) and @). A possible physical explanation is that
the eddy viscosity can be considered as proportional
to the turbulent kinetic energy multiplied by a time
scale (k/& or 4/C,./S), and that the smaller time scale,
which is characteristic of the faster process, dominates
among the possible time scales. The model described
by Egs. (3)-(7) thus distinguishes two main regimes,
production and dissipation regimes, based on time
scales.

The k — w SST model also constrains the dis-
sipation-based formula for low (essentially less than
100) turbulent viscosity ratios using the viscosity ra-
tio, and the production-based formula near the wall
using the wall distance. The model does not use the
wall distance to constrain the turbulent length scale in
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the dissipation regime. The k — w SST model there-
fore describes the eddy viscosity as a five-variable
function: v, sst(S, k, w, v, y).

Out of the widely used eddy viscosity models,
the realizable k — £ model of Shih et al. [4] assumes
a C,, value dependent on the ratio of the time scales
of turbulence and the main flow, which leads to more
accurate results for free jets and boundary layer sep-
aration. However, this model is not compatible with
models involving rotating coordinate systems or ro-
tating numerical grids [S]]. Overall, the development
of turbulent viscosity formulae has received relatively
little attention in the last three decades.

2. INVESTIGATIONAL METHOD
2.1. Kolmogorov flow

The Kolmogorov flow is a flow induced by a
sinusoidally varying force field in space in a periodic
flow domain. The driving force can be written in the
following way:

f=—fcos(kiy), (10)

where f is the force amplitude, and «; is the wave
number.

The driving force can be seen in Figure[T| where
2A is the side length of the cube corresponding to the
simulation domain:

Figure 1. Spatial distribution of the driving force.

The x-wise velocity averaged in the x — z planes
varies with 7 and y as shown in Figure[2]

The A half side length (filter size) of the domain
determines the wavenumber of the fundamental mode
of the velocity field in turbulent flows, for instance,
flow excited in the first mode: x| = n/A.

The reference velocity can be defined as the max-
imum value of the friction velocity:

~

UT = i’
K1

(1)

and the Reynolds number being characteristic of the
flow is defined in terms of the filter size:
U.A

RCA = .
v

(12)
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Figure 2. Dimensionless x-wise velocity profiles
of the time-varying main flow. The different lines
correspond to the different time steps.

Based on these equations the reference length
and time are A and A/U,. We observed that for the
quasi-stationary Kolmogorov flow, the various extens-
ively applied Reynolds-averaged turbulence models
(standard k — &, RNG k — g, standard k — w, k — w
SST, GEKO) lead to qualitatively incorrect results:
the flow velocity amplitude decreases in time, result-
ing in a decrease in the spatial averages of hydraulic
power, production and dissipation. On the other hand,
the average value of the turbulent kinetic energy is
close to the DNS results. A decreasing ¢ at a nearly
constant k leads to an increasing turbulent viscosity,
which supports the decrease in velocity amplitude at
constant driving force. During this process, the turbu-
lent length scale increases indefinitely, and this will
be called herein as turbulent inflation.

2.2. DNS database

For the development of the eddy viscosity model,
DNS model results for channel flow and Kolmogorov
flow are used, which are the authors’ own results in
the latter case, and published data from the Johns
Hopkins Turbulent Database (JHTDB) in the case of
channel flow [6]].

The spatially averaged characteristics of the
Kolmogorov flow are strongly time-varying: Coef-
ficient of Variation (COV) values of around 15% for
S and around 20% for k are observed over the range
of Reynolds numbers considered, which allows the
authors to obtain data on the time variation of turbu-
lence.

Both flow types have a layered symmetry, and
therefore turbulent characteristics are derived from
layer averages. The periodic lengths of the layers are
2AX2A for Kolmogorov flow, and 87Ax X37mA .« for
channel flow, where A, is the distance of the chan-
nel midplane from the solid wall (y-wise distance).
The Reynolds averages of the physical characteristics
are approximated by the two-step averaging procedure
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detailed below.

The value of the characteristics averaged over
the x and z coordinates varies as a function of the y
coordinate and time ¢. In the case of Kolmogorov
flow, the time variation of the layer-averaged velo-
city results in a significant variance, which, according
to the authors’ interpretation, is not part of turbu-
lence. The transient main flow forms an energy stor-
age between the hydraulic power and the turbulent
production, so there is no need for an instantaneous
equilibrium between them. Although layer averaging
in a periodic domain occurs in planes of infinite size,
the limited period length of the domain means that
the instantaneous energy spectrum of the layer aver-
ages can differ significantly from the time-averaged
turbulent spectrum. Therefore, the results of mod-
els based on simplified descriptions of the turbulence
state (e.g., parameters k and & only) are subject to
significant noise. The noise in the turbulent char-
acteristics and eddy viscosity model results can be
reduced by a secondary averaging. Secondary aver-
aging can be performed 7-wise or y-wise, resulting
in y-direction profiles or time series. The accuracy
of the different eddy viscosity models can thus be
tested in either spatial or temporal projection, which
is an advantage for model fitting compared to clas-
sical time-averaged methods. In the case of channel
flow, only time-averaged y-dependent characteristics
were determined because the large size of the model
domain meant that the layer averages did not show
significant temporal variation.

2.3. The method of model fitting

In the case of isotropic turbulence, the maximum
wavelength of turbulent structures corresponds to
the height of the model domain, which is 2A for
Kolmogorov flow, and 2A,,x for channel flow. For
Kolmogorov flow, the filter size A is independent
of the y coordinate. For channel flow, the turbulent
length scale is proportional to the wall distance y,,,
which is Ap,x in the median plane of the channel, so
the filter size A for channel flow is taken to be equal
to the wall distance, i.e., y,, = A. By generalizing the
notion of filter size, the optimal eddy viscosity model
can be searched for in a wall bounded domain, and in
a periodic domain open in the y direction as a function
of the same physical parameters. Thus, a common
platform can be used to fit the model parameters, and
a common optimum can be found for both wall bound-
ary layer and free shear flow. From this it follows that
the filter size can be determined in the case of more
complex geometries as well.

3. DISCUSSION OF THE RESULTS
3.1. Geometry-informed (Gl) model

In order to control the turbulent inflation in
Kolmogorov flow, it is useful to consider the geomet-
ric constraints in the dissipation regime, and therefore
the optimal eddy viscosity model is sought in the
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Figure 3. Comparison of dimensionless eddy viscosity (left) and turbulent shear stress (right) obtained from
the proposed GI model with the DNS reference data for channel flow. The GI model uses the minimum of
formulae v, p- (green), and v, 5 (orange) indicated by the circular symbols.
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Figure 4. Streamwise velocity component (left), turbulent Kinetic energy (middle), and turbulent Kinetic
energy dissipation (right) profiles in steady-state channel flow.

following form:

ViGl = min(vy pr, Vi), (13)
where:
k 1
Vt,pl = Clg—\/ﬂ, (14)
1+ e(_czT)
and:
K VA
via =C . 15
A= Ca Nz (15)

The model constants were optimized based on
channel flow, and quasi-stationary and decaying
Kolmogorov flows. The minimum fitting error was
observed for parameters C; = 0.2535, C, = 0.1118,
and C; = 0.0147.

Figure [3|shows the GI model in equilibrium chan-
nel flow as a function of the y* dimensionless wall
distance. It can be seen that only the production-
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based formula gives realistic results in the near-wall
buffer layer and only the filter-based formula gives
realistic results in the centerline of the channel (near
y* = 1000). In the large part of the wall boundary
layer the two formulae give nearly identical results.
The GI model, which selects the smaller value out of
the two alternative formulae, shows good agreement
with the DNS reference data over the entire profile.

3.2. Implementation of the GI model

The in-situ testing of the GI model was performed
in the ANSYS Fluent 2023 R1 software, using the
standard k — € model. The model was implemented
as a user-defined function (UDF). The eddy viscosity
formula of the standard k — ¢ turbulence model was
replaced by the GI model, and the model constant
value of C;, was changed from the standard 1.44 to
1.55 to better fit the boundary layer flow. In other
aspects, the standard model parameters were used,
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Figure 6. The value of the v, p /v, 5 ratio calculated with the GI k — £ model in the flow above a BFS. Dashed
line: position of the tested profiles, and H denotes the step size.

i.e., Coe = 1.92, and the turbulent Prandtl coefficients
of oy = 1, and o, = 1.3 were utilized. Therefore, the
constructed model is referred to as the GI k — € model
herein.

3.3. Validation of the Gl k — £ model

Thanks to the good fit of the GI k — & eddy vis-
cosity formula, the new turbulence model can be in-
tegrated in the turbulent boundary layer without the
use of a wall function, and in addition, it can be used
with a wall function if the y* value necessitates it.

In the case of channel flow, the mesh consisted
of 1040 quadrilateral elements, with refined mesh
near the wall, and a wall resolution of y* = 4.3,
Periodic boundary conditions were set for the in-
let, and the outlet boundaries, and the boundaries
in the y-direction were specified as stationary walls.
Coupled pressure-velocity coupling was used, and the
following spatial discretization schemes were applied:
second order for pressure, second order upwind for
momentum, first order upwind for turbulent kinetic
energy, and first order upwind for turbulent dissipa-
tion rate. Figure d]shows the simulation results for the
channel flow corresponding to the JHTDB test case
(Re = 40000,Res = 1000). It can be seen that for
steady-state channel flow, the GI k — & model provides
more accurate results for the near-wall peak value of
the turbulent kinetic energy than the k — w SST model.

In the case of Kolmogorov flow, the mesh con-
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sisted of 512 hexahedral elements, and periodic
boundary conditions were applied. The body force
was applied as an x momentum source term. The ap-
plied numerical schemes were the same as in the case
of the channel flow. Figure [5|shows the simulation
results of the Rey = 997 quasi-stationary Kolmogorov
flow which was excited in the first mode. The turbu-
lent inflation observed for the known Reynolds aver-
aged models (these could not even be fitted into Fig.
E[) did not occur for the GI k — &£ model, so the model
leads to a qualitatively different result: a convergent
solution satisfying the turbulent energy balance and
the discrete base equations is obtained. The model
results show a high sensitivity to the value of the para-
meter C,. With an optimal C, = 1.55 setting for the
channel flow, the Kolmogorov flow yields a velocity
amplitude one order of magnitude lower than the DNS
reference data. Based on the analysis of the DNS data,
it was observed that the transport equation for dissip-
ation only correctly describes the Kolmogorov flow
around Cy, = C,.. For the choice of C;, with the
same value as C,,, the results of the GI k — &£ model
are remarkably closer to the DNS reference data than
with the parametrization optimized for channel flow.
The adaptation of the transport equation for dissipa-
tion requires further investigation.

The results of the GI k — £ model (Cy, = 1.55,
Cy. = 1.92) were tested against measurement data
and against the widely used £k — w SST model
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Figure 7. Normalized velocity profiles calculated from the GI k — £ model (blue) compared to k — w SST model
results (orange) and measurement data (black) in flow over a BFS along different x/H profiles.

for a backward-facing step (BFS) flow. In the model
domain shown in Figure[6] the fluid flows from left
to right. At the edge of the step, the boundary layer
separates and then reattaches to the bottom surface of
the channel. The simulations were performed using a
non-equidistant structured mesh with 76 180 hexahed-
ral cells, and the grid had a y* = 3 wall resolution. For
the inlet and the outlet, a velocity inlet (based on [7]])
and a pressure outlet boundary condition were pre-
scribed, respectively. For the lower and upper bound-
aries, wall boundary conditions were prescribed, and
for the other boundaries a symmetry boundary con-
dition was set. Coupled pressure-velocity coupling
was used, and second order numerical schemes were
utilized.

In Figure [6] the coloring shows the value of the
Vi.p[Vea ratio. For values less than 1 the Gl k — ¢
model applies the production-based formula (v, p)
and for values greater than 1 the filter-based formula
(V). In the intermediate (green) regions, local pro-
duction and dissipation are approximately in equilib-
rium, therefore the two formulae give similar results.
Figures[7]and[§] (Re = 36 000) show that the velocity
and turbulent stress profiles calculated with the GI
k — € model show a good overall agreement with the
measurement data, similar to the £ — w SST model.
In the boundary layer before the step (x/H = —4), the
results of the kK — w SST model are in perfect agree-
ment with the measurement results, while the G k — ¢
model produces a slightly thicker boundary layer with
stronger turbulence. The GI k — € model, however,
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more accurately produces velocity profiles near the
wall in the x/H = 6 and x/H = 10 sections — which
defines the boundary layer reattachment length — as
well as peak turbulent stresses in the first two sections
after the step.

4. CONCLUSION

Although the Kolmogorov flow has been known
for more than 70 years and has beneficial proper-
ties for the development of turbulence models, it has
not been widely used in such areas. Several known
Reynolds-averaged turbulence models (e.g., standard
k — &, RNG k — ¢, standard k — w, k — w SST, GEKO)
lead to qualitatively incorrect results for Kolmogorov
flow. The numerical solution leads to increasing tur-
bulent length scale and decreasing flow velocity at
nearly constant Reynolds stress. In the current study,
it was proposed to eliminate this anomaly by modify-
ing the eddy viscosity formula used in the turbulence
model.

The maximum wavelength of the turbulent struc-
tures, that can be interpreted in a given model domain,
is limited by the size of the domain and the distance
from walls. These are taken into account in the mod-
els under study by a generalized A geometric filter
size. The proposed GI eddy viscosity model approx-
imates the eddy viscosity in the dissipation domain
by a power function proportional to the square root
of the filter size. The dependence of the model on
the filter size makes it suitable for avoiding turbulent
inflation in Kolmogorov flow.

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



x/H=-4 x/H=1 x/H=4
0.5 X
04 L X KX XX 0.0 x‘}.gxxxx
0.0 1 XX X X xs'f& &ﬁ". 25 4%
L] (]
24 %% %
A « A [ N 5.0+ ¢
= 0.5 = oo = G
L oxet S 20 N
\Y ° Vo4 ¥ v -7.51 R 4
-1.0 &% 8 o % y
R e Glk-¢ P e Glk—¢ 21004 > ° e Glk-¢
) k—wSST 6 X k—wSST X2 k—wSST
L5 0/' X Exp. o X Exp. 125 x.', X Exp.
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
y/H y/H y/H
x/H=6 x/H=10
0.0 X Yo% XX X X 0 o X XX X X
k o®
-2.5 ¢ ) §
© -
% X
A A
L 5.0 % < '}( Xe
< % < 4 Xs
VoTs g X v B
° ¢ °
q00d T e e CGlk—¢ 64 e I I.'is
e e k—wSST o8 k—wSST
1125 4 v' X Exp. 3 .i X Exp.
0 1 2 3 4 5 0 1 2 3 4 5
y/H y/H

Figure 8. Principal Reynolds stresses calculated from the GI k — £ model (blue) compared to k — w SST model
results (orange) and measurement data (black) in flow over a BFS along different x/H profiles.

The GI eddy viscosity model was tested in-situ
coupled to the standard k — ¢ transport equation in
three different flows. In the transport equation of
g, Ci, was modified from the standard 1.44 to 1.55,
to better fit the steady-state channel flow. All other
model constants were chosen based on the stand-
ard k — £ model. The resulting GI k — £ model at
Rep = 1000 channel flow showed excellent agree-
ment with the DNS data and reproduced the peak
turbulent kinetic energy near the wall more accurately
than the k£ — w SST model.

In Kolmogorov flow, the GI k — & model did not
exhibit the turbulent inflation typical of known RANS
models, but the model produced velocity amplitudes
significantly lower than the DNS results. From the
DNS analysis of the Kolmogorov flow it was found
that the transport equation of € is consistent with the
DNS data when the parameter Cj. is close to the
parameter Cp.. With Cj, = Cy, the GI k — £ model
produced results close to the DNS results.

In the high Reynolds number (Re = 36 000) flow
above the BFS, the GI k& — &£ model showed similar
agreement with the k—w SST model. A more accurate
agreement with the measurement data was observed
for the length of the separation bubble.

The further validation of the GI k& — & model,
the addition of Kolmogorov flows excited by time-
varying driving force to the DNS database, and the
search for models to describe equilibrium shear flow
are the planned future directions of the current re-
search.
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