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ABSTRACT 
The present paper presents an investigation on 

the settling time of a measurement setup with 
following components: multi-hole pressure probe, 
pressure scanning box, connection tubes, 
piezoresistive pressure transducer. First, an 
analytical model is presented to calculate the 
settling time of such a pressure measurement 
system. The generic model describes the response 
time of the pressure transducer due to a sudden 
jump of the pressure at the probe head. 
Furthermore, the model is extended to take into 
account the influence of the scanning box. Second, 
an experimental campaign is performed to verify 
the analytical model. For this purpose, a three-hole 
pressure probe is positioned in the open-jet wind 
tunnel at constant velocity and yaw angle, to 
generate large pressure differences between the 
individual sensing holes. Then, the pressure signals 
are switched by the scanning box in a sequential 
manner to the single pressure transducer. The 
results show that the extended analytical model 
describes the relaxation behaviour and settling time 
of the measurement system. The obtained time 
constant can be used to optimize the experimental 
process to reduce total measurement time. Finally, 
some conclusions drawn from the investigation of 
the sensitivity of the time constant on geometrical 
parameters are presented. 

Keywords: experiment, flow model, multi-hole 
pressure probe, pressure scanning box, pressure 
transducer, settling time 

NOMENCLATURE 
 

a [m/s] speed of sound 
c [m/s] flow velocity 
D [m] diameter of replacement tube 
d [m] diameter of tube 
l [m] length of tube 
m [kg] mass 

m  [kg/s] mass flow rate 
n [-] total number of tube sections 
p [Pa] static pressure 
Δp [Pa] static pressure difference 
R [J/kgK] specific gas constant 
Re [-] Reynolds number 
T [K] temperature 
t [s] time 
t99 [s] settling time 
V [m3] volume of plenum 
κ [-] specific heat ratio 
λ [-] friction coefficient 
ν [m2/s] kinematic viscosity 
ρ [kg/m3] density 
τ [s] time constant 
 
Subscripts 
 
i number of tube section 
A, B, C index of volume or pressure at plenum 
u ambient conditions 
1, 2, 3 probe hole number 

1. INTRODUCTION 
Multi-hole pressure probes are frequently used 

measuring instruments in the experimental field of 
turbomachinery to determine flow characteristics. 
Three-hole probes are used for two-dimensional 
flow fields whereas five-hole probes are able to 
capture three-dimensional flow fields. By 
measuring the individual hole pressures, it is 
possible to derive total pressure, static pressure and 
flow angles and to draw conclusions about the flow 
field, including total pressure losses. This is an 
important advantage of pneumatic measurement 
methods in relation to optical techniques (LDA, 
PIV) and hot-wire anemometry (CTA). To obtain a 
comprehensive overview of the flow, the probe is 
traversed across a measurement plane, comprising 
of at least one blade pitch and the blade span, 
resulting in a large number of measurement points. 
Figure 1 shows a linear cascade of turbine blades in 
the wind tunnel of the Institute of Energy Systems 
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and Thermodynamics. Downstream of the cascade, 
a three-hole pressure probe is arranged to measure 
the two-dimensional flow field at midspan. The 
three individual hole pressures are measured by one 
single pressure transducer. Therefore, a pressure 
scanning box is arranged between the three-hole 
probe and the pressure transducer. The purpose of 
the scanning box is to switch the pressure signals 
from the multi-hole pressure probe to one single 
measurement device. Due to the sequential 
behaviour of the pressure measurement, the whole 
process is rather time consuming. Another point to 
take into account is the individual settling time of 
the pressure probe, the connection tubes and the 
pressure transducer. 

 
Figure 1. Linear cascade of turbine blades in the 
wind tunnel 

 
For the planning of the experiment, it is 

important to know this settling time. On the one 
hand, the total measurement time should be kept as 
short as possible. On the other hand, systematic 
errors will arise, if the waiting time between 
switching from one pressure channel to the other is 
too low. This paper presents a combined analytical 
and experimental investigation on the settling time 
of multi-hole pressure probes operating with a 
pressure scanning box. 

2. LITERATURE REVIEW 
In the open literature, a number of papers can 

be found which are related to the investigation of 
the temporal behaviour of pressure measurement 
systems. From a mathematical point of view, these 
models can be categorized in first order and second 
order methods, respectively. If the pressure changes 
at the probe head appear with high frequency, a 
second order model is required. This is due to the 
fact that these models take into account the inertia 
of the fluid volume in the tubes. As has been 
pointed out in the introduction, the measurements of 
interest are steady throughout and a first order 
model is sufficient. Therefore, the literature review 
focuses mainly on this kind of models.      

An analytical model for the calculation of the 
response time of gas purged probes connected to a 

sensitive pressure transducer is presented by Xie 
and Geldart [1]. The first order model assumes 
laminar, incompressible flow in the tube and an 
isothermal change of state in the plenum. 

Weidemann [2] gives an analytical and 
experimental investigation on the inertia of dynamic 
pressure arrays. The method to calculate a 
“pneumatic time constant” is based on an electrical 
analogy. 

Sinclar and Robins [3] present an analytical 
method for the determination of the time lag in 
pressure measurement systems. The first order 
model can be categorized into laminar, 
compressible flow in the tube and an isothermal 
change of state in the plenum. The main parameters, 
influencing the response time are analysed. A 
further objective is to calculate an optimum tube 
size. Theoretical results are compared with data 
from systematic experiments. 

Lilley and Morton [4] present an analytical 
method for the calculation of the response time of 
wind tunnel pressure measurement systems. 
Additional experiments are performed to validate 
the analytical model. The detailed model shows that 
results from simpler methods with concentrated 
parameters are sufficient to calculate the response 
time of those systems. However, a prerequisite for 
sufficient accuracy is to take into account the inlet 
and exit pressure losses. 

A summary of the results from the 
investigations of [3] and [4] can also be found in the 
textbook of Wuest [5]. 

Davis [6] presents a theoretical investigation of 
the time lag in pressure systems at extremely low 
pressures. The motivation is that pressure from near 
vacuum to ambient pressure can appear in transonic 
and supersonic wind tunnels. Apart from continuous 
flow, slip flow in the tubes is investigated. This is 
motivated by the fact that at extremely low 
pressure, the mean free path is of the same order of 
magnitude as the diameter of the pressure 
measuring tube. An experimental check of the 
validity of the derivation is presented. 

Larcombe and Peto [7] provide an analytical 
method for the calculation of the response time of 
typical transducer-tube configurations for the 
measurement of pressure. Since they deal with 
transonic and supersonic wind tunnels, slip flow as 
well as continuous flow in the tubes is taken into 
account. Consideration is given to the special 
conditions that apply to the case in which the tube 
systems are connected to a pressure scanning 
switch. 

Bynum et al. [8] provide an overview on wind 
tunnel pressure measuring techniques. An important 
aspect is the time response of pressure measuring 
systems. The report also addresses different options 
to route tubes from different pressure measurement 
locations to one single transducer. The authors call 
this procedure “pneumatic switching”. Many 
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practical aspects as well as the influence of the 
pneumatic switching on the total response time are 
provided. 

Recently, the behaviour of pressure 
measurement systems working together with multi-
hole pressure probes is investigated by Grimshaw 
and Taylor [9] and Brüggemann et al. [10]. To 
improve the spatial resolution of the flow 
measurement in a blade wake, multi-hole pressure 
probes are more and more miniaturized. On the 
other hand, this increases the response time of the 
systems and, therefore, the total measurement time. 
This trade off is discussed and analysed in the 
papers. The objective is the accurate prediction of 
the response time and its minimisation. Both papers 
use the electrical analogy whereas Brüggemann et 
al. [10] make also a comparison with results from 
simpler analytical methods. 

3. GENERIC FLOW MODEL 
The geometry of the generic flow model, 

consisting of a tube and a plenum, is shown on top 
of Fig. 2. The rigid tube with length l has a constant 
circular cross section with diameter d   l. The 
volume of the plenum is denoted as V. The pressure 
measurement device (transducer) is positioned at 
the end of the plenum. The bottom of Fig. 2 shows 
spatial and temporal distribution of static pressure 
p. At time t ≤ 0, the constant static pressure in the 
whole system is pC (blue line). At time t = 0, a 
sudden jump of the pressure from pC to pA is 
assumed at the inlet of the tube. Due to the pressure 
difference between the inlet of the tube and the 
plenum, a flow with velocity c is driven in the tube. 
Due to the mass flow rate into the plenum, the static 
pressure in the plenum will increase. After an 
infinite long time (t = ∞), the constant static 
pressure in the whole system will be pA. 

 

 
Figure 2. Geometry of generic flow model (top), 
spatial and temporal pressure distributions 
(bottom) 

 
Since the pressure difference pA – pC is 

assumed to be small, the density in the tube does 
not change and the flow can be treated as 

incompressible. At an arbitrary time t, the pressure 
loss in the tube is 

 
2

.
2

=∆ λ ρl cp
d

 (1) 

 
If the flow is assumed to be laminar, the friction 

coefficient λ in the tube depends on the Reynolds 
number according to 

 
64 .=λ
Re

 (2) 

 
As can be seen later, / 1λl d . Therefore, 

the exit loss is neglected in Eq. (1). The mass flow 
rate driven by the pressure difference Δp is 

 
2 4

.
4 128
π π

= =

∆ρ
ν

d d pm c
l

 (3) 

 
A second equation can be derived, if the 

temporal behaviour of the pressure in the plenum is 
taken into account. For constant volume V, the 
change of the fluid mass over time in the plenum is 

 
d d( ) d d d .
d d d d d

= = + =
ρ ρ ρρm V V V V

t t t t t
 (4) 

 
If temperature is assumed as constant in the 

volume, the change of mass over time is 
 

2
d d ,
d d

=
κm V p

t a t
 (5) 

 
with the speed of sound for an ideal gas 
 

.= =κ κ
ρ
pa RT  (6) 

Since the mass flow rate in the tube (Eq. (3)) is 
equal to the change of mass over time in the plenum 
(Eq. (5)), it is 

 
4

2
d .

128 d
π

=
∆ κ
ν

d p V p
l a t

 (7) 

 
According to Fig. 2, the pressure loss in the 

tube is Δp = pA – p and Eq. (7) can be written as 
 
d( ) d ,= −
∆τ
∆

p t
p

 (8) 

 
with the time constant 
 

2 4
128 .=
π

κντ l V
a d

 (9) 
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This time constant can be found in a similar 
form in [1]. Equation (8) can be integrated for the 
initial condition Δp(t=0) = pA – pC and the result is 

 

C

A C

1 e .
−−

= −
−

tp p
p p

τ  (10) 

 
The distribution of the nondimensional pressure 

difference over nondimensional time according to 
Eq. (10) is plotted in Fig. 3 (red line). The settling 
time of the system can be defined as the time which 
is required for the pressure difference to reach 99% 
of the applied pressure difference (pA - pC). This 
nondimensional settling time 

 
99 4.6=
τ
t  (11) 

 
is indicated by the blue dot in Fig. 3. The green 

straight line in Fig. 3 gives an interpretation of the 
time constant τ, since it is the tangent on the red 
curve at t/τ = 0.  

 
Figure 3. Nondimensional pressure difference 
versus nondimensional time 

 
According to Fig. 2, the generic flow model is 

based on one single tube with diameter d and its 
corresponding length l. In a real measurement setup 
n tubes with individual diameters di and individual 
lengths li are connected in a serial manner. If the 
first tube with diameter d1 and length l1 is defined to 
set the reference velocity, an equivalent tube length 

 
4

1
e 1 i

1 i=

 
= +  

 
∑

n

i

dl l l
d

 (12) 

 
can be defined. This equivalent tube length is 

also introduced in [3]. It can be used for the 
calculation of the time constant, according to Eq. 
(9). Another difference between the generic flow 
model (Fig. 2) and the actual measurement setup is 
the fact that the pressure scanning box divides the 
volume V into two separate volumes. These are 
volume VA and volume VB respectively, with 

A B.= +V V V  (13) 
 
 If the valve of the scanning box is closed, both 

volumes are separated and different pressures will 
appear in the volumes. Assuming the ideal gas law, 
it is 

 

A A A ,=p V m RT  (14) 
 

B B B .=p V m RT  (15) 
 
A constant temperature T is assumed in both 

volumes and mA and mB are the fluid masses in the 
individual volumes. If the valve of the scanning box 
opens very quickly, a mixing process will appear 
and a pressure pC will be established in the volume 
V. If it is assumed that the mixing process is at 
constant temperature T, the pressure can be 
calculated according to 

 
C B A

A B A B

.−
=

− +
p p V
p p V V

 (16) 

4. EXPERIMENTAL APPARATUS AND 
PROCEDURE 

4.1. Open-Jet Wind Tunnel 
The open-jet wind tunnel (Fig. 4) consists of a 

radial blower, a diffuser, a turbulence grid, a 
settling chamber and a circular cross section nozzle. 
The radial blower sucks air from the laboratory hall. 
Therefore, the inlet air temperature is related to the 
ambient temperature in the laboratory, which is 
typically about 20 °C. The radial blower is driven 
by a DC motor with variable rotational speed to set 
the requested jet velocity at the nozzle. The nozzle 
with circular cross section (diameter 120 mm) is of 
Witoszynski type. The contraction ratio between 
settling chamber and nozzle is about 70:1. The 
three-hole probe is positioned about one nozzle 
diameter downstream of the nozzle exit plane. At 
this section streamwise turbulence intensity in the 
core of the jet is about 1%. 

 

 
Figure 4. Open-jet wind tunnel with three-hole 
pressure probe 
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4.2. Three-Hole Pressure Probe 
The present investigation has been performed 

for a total of five different multi-hole pressure 
probes. These are three three-hole probes and two 
five-hole probes, respectively. In this paper, results 
for one of the three-hole probes are presented. The 
probe was manufactured in 1994 by SVUSS a.s. 
[11]. It is a three-hole cobra probe with a 
characteristic head dimension of 0.8 by 2.4 mm 
(Fig. 5). The head of the probe consists of three 
parallel capillary tubes of 0.5 mm inner diameter 
and 0.8 mm outer diameter, respectively. Hole 
number “1” is positioned at the centre of the probe 
head, whereas hole number “2” is on the left hand 
side and hole number “3” on the right hand side, 
respectively. A total wedge angle of 60° makes the 
probe sensitive to variations of the yaw angle in a 
plane perpendicular to the probe stem. Usually, the 
probe is operated in the non-nulling mode. The 
probe stem has a diameter of 6 mm and a total 
length of 600 mm. Inside of the hollow stem, the 
capillary tubes of 0.5 mm inner diameter change to 
capillary tubes of 1.0 mm inner diameter. A 
stepwise increase of diameters of the capillary tubes 
inside the probe is a typical provision to reduce 
their pressure losses. The individual lengths of these 
capillary tubes are unknown. 

  

 
Figure 5. Three-hole pressure probe 

4.3. Pressure Scanning Box 
The pressure scanning box is of type FCO91, 

manufactured by Furnace Controls Limited [12]. A 
total of 20 pressure input channels are connected to 
one single pressure output channel by 20 individual 
solenoid valves. The solenoid valves can be 
switched by different operating modes. In the 
present case, the valves are switched by a current 
step, produced by the digital output of the data 
acquisition system. Figure 6 shows a photograph of 
the scanning box, where the top casing has been 
dismantled. Inside the casing, the solenoid valves, 
the internal connection tubes and the electronic 
equipment can be seen. The internal volumes of the 
solenoid valves as well as the connection tubes are 
unknown.     

 

 
Figure 6. Pressure scanning box (top of the 
casing dismantled) 

4.4. Pressure Transducer 
All pressure differences are measured with a 

HONEYWELL 143PC01D piezoresistive pressure 
transducer [13]. The operating range of the pressure 
transducer is ± 69 mbar. One port of the pressure 
transducer is connected to the output of the pressure 
scanning box, whereas the other port is open to the 
atmosphere. Therefore, pressure differences relative 
to the constant ambient pressure are measured. The 
pressure transducer is supplied by 8V DC and its 
output voltage is proportional to the applied 
pressure difference. A careful inspection of a 
damaged transducer of the same type has shown 
that the internal volume of the sensor can be 
neglected. This means that the transducer does not 
contribute to the volume V of the plenum. 

4.5. Connecting Tubes 
Figure 7 shows a schematic representation of 

the three-hole probe (one capillary tube), the 
pressure scanning box and the connecting tubes. 
Inner diameters and tube lengths are summarized in 
Tab. 1. One single line of the three-hole probe 
consists of two capillary tubes. Their diameters are 
0.5 mm and 1.0 mm, whereas their respective 
lengths are unknown. The connecting tubes between 
three-hole probe and pressure scanner, respectively 
pressure scanner and pressure transducer are of type 
FESTO. Inner diameter of these plastic tubes is 4.0 
mm. The internal volume of the pressure scanning 
box is approximated by a tube with 4.0 mm inner 
diameter and length of 0.8 m. On the right hand 
side, the system is terminated by the pressure 
transducer. A comparison of the diameters, lengths 
and volumes of the individual tubes leads to the 
conclusion that the capillary tubes of the three-hole 
probe will be responsible for the pressure losses in 
the system. Therefore, the connecting tubes and the 
pressure scanning box will contribute to the volume 
of the plenum. This volume is disconnected by a 
solenoid valve of the pressure scanning box. To 
vary the volume of the plenum in a systematic 
manner, connecting tubes of three different lengths 
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l5 have been used between scanning box and 
pressure transducer (Tab. 1). 

  

 
Figure 7. Schematic representation of three-hole 
probe (one capillary tube), pressure scanning 
box and connecting tubes  

Table 1. Inner diameters and lengths of 
individual tubes according to Fig. 7 

 i di (mm) li (m) 
three-hole probe 1 0.5 ? 
three-hole probe 2 1.0 ? 
connecting tube 3 4.0 2.0 
press. scanning box 4 4.0 0.8 
connecting tube 5 4.0 0.5 / 1.0 / 2.0 

4.6. Instrumentation 
In the settling chamber of the open-jet wind 

tunnel, total temperature and total pressure are 
measured my means of a Pt-100 resistor 
thermometer and wall pressure taps, respectively. 
The pressure scanning box switches all pressure 
signals to one single piezoresistive pressure 
transducer. Control of the scanning box as well as 
the conversion of the analogue voltages to digital 
signals is performed by a HP3852A data acquisition 
system. The system is controlled by a PC, running 
LabVIEW (National Instruments). 

4.7. Measurement Procedure 
After the blower of the open-jet wind tunnel has 

been started, its rotational speed is set to achieve a 
jet velocity of 48 m/s at the nozzle exit. This 
corresponds to a probe Reynolds number of about 
7500. Then, the three-hole probe is turned by a yaw 
angle of -30°. At this yaw angle, hole number “2” is 
at the leeward side and hole number “3” at the 
windward side, respectively. The objective is to 
generate large pressure differences between the 
individual sensing holes. The procedure starts with 
measurement of total pressure and total temperature 
in the settling chamber. Then, the pressure signals 
are switched by the scanning box in a sequential 
manner to the single pressure transducer, starting 
with hole number “1”. Sampling rate of the data 
acquisition system is about 6 Hz. Waiting time 
between switching is set to about 14 seconds. This 
time is sufficient for the measured pressure 
difference to reach the final constant value. The 
measurement procedure is finished when the 
pressure scanning box is switched from hole 
number “3” back to the ambient pressure. 

5. EXPERIMENTAL RESULTS 

5.1. Temporal Pressure Distribution 
As a first experimental result, Fig. 8 shows the 

distribution of the pressure difference, measured by 
the piezoresistive pressure transducer over time. 
The results are valid for a tube length l5 = 0.5 m. At 
the beginning of the procedure (t = 0 s), measured 
pressure difference is zero, since the port of the 
pressure transducer is connected to the ambient. 
When the pressure scanning box switches to hole 
number “1”, the pressure difference increases 
immediately. This pressure jump can be interpreted 
as the resulting pressure when the mixing process in 
the plenum is finished. Then, the pressure 
difference rises rather slowly. This can be 
interpreted as the pressure rise in the volume due to 
the mass flow rate through the connected line of the 
three-hole probe. Finally, a plateau is reached and 
the pressure difference stays constant. This 
behaviour is repeated when the scanning box 
switches from hole number “1” to hole number “2” 
and from hole number “2” to hole number “3”, 
respectively. The only difference is that holes 
number “1” and “3” see a positive pressure jump 
whereas hole number “2” experiences a negative 
pressure jump. The different final pressure levels of 
the individual holes are a result of the probe yaw 
angle. Finally, the measured pressure difference 
jumps to zero, since the port of the pressure 
transducer is again connected to the ambient.  

 

 
Figure 8. Measured pressure difference (pi – pu) 
versus time t (l5 = 0.5 m) 

 
A detailed pressure distribution for the 

individual holes and three different lube lengths (l5 
= 0.5 m, 1.0 m and 2.0 m, respectively) is plotted in 
Figs. 9 to 11. As can be seen, the tube length l5 has 
an influence on the mixing pressure. This can be 
interpreted by Eq. (16), since the Volume VB is 
directly linked to the variable tube length l5, 
whereas Volume VA is constant. 
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Figure 9. Measured pressure difference (p1 – pu) 
for hole number “1” versus time t 

 

 
Figure 10. Measured pressure difference (p2 – pu) 
for hole number “2” versus time t 

 

 
Figure 11. Measured pressure difference (p3 – pu) 
for hole number “3” versus time t 

 
Table 2 shows the relative mixing pressure 

differences (pC – pB)/(pA – pB) for three different 
tube lengths l5. A variation between the individual 
holes can be seen. Table 2 shows also the arithmetic 
mean values of the relative mixing pressure 
differences. As can be seen, the relative mixing 
pressure differences decrease with increasing tube 
length l5. This behaviour can be interpreted using 
Eq. (16). Since the volumes VA and VB are directly 
related to the tube lengths, it is 

    
C B A 3

A B A B 3 4 5

.−
= =

− + + +
p p V l
p p V V l l l

 (17) 

Table 2. Relative mixing pressure difference (pC 
– pB)/(pA – pB) from experimental data 

 l5 = 0.5 m l5 = 1.0 m l5 = 2.0 m 
hole “1” 0.536 0.497 0.433 
hole “2” 0.564 0.517 0.411 
hole “3” 0.570 0.526 0.438 
mean value 0.557 0.513 0.427 

 
Results from Eq. (17) are summarized in Tab. 

3. For an ideal geometry, there is no influence of 
individual holes and the relative mixing pressure 
difference depends on the tube length l5 only. 
According to Eq. (17), the relative mixing pressure 
difference decreases with tube length l5. A 
comparison between Tab. 2 and Tab. 3 (grey lines) 
shows a good agreement between experimental and 
analytical results. Therefore, the analytical model 
can be used to describe the mixing process of the 
pressure measurement setup due to the scanning 
box.  

Table 3. Relative mixing pressure difference (pC 
– pB)/(pA – pB) from Eq. (17) 

 l5 = 0.5 m l5 = 1.0 m l5 = 2.0 m 
all holes 0.606 0.526 0.417 

5.2. Time Constant and Settling Time 
According to the experimental results presented 

in Figs. 9 to 11, the time constants and the settling 
time are extracted. In a first step, the temporal 
behaviour of the pressure difference according to 
Eq. (10) is fitted to the measurement data. As a 
result, time constants are extracted for the three 
different holes related to the tube length l5. These 
results are summarized in Tab. 4. As can be seen, 
there is a variation of the time constants between 
individual holes. Therefore, arithmetic mean values 
of the time constant are presented in Tab. 4, too 
(grey line). As can be seen, time constant increases 
with increasing tube length l5. Finally, settling times 
are calculated according to Eq. (11). For the present 
measurement setup, settling times are between 4.1 s 
and 5.5 s, depending on tube length l5. 

Table 4. Time constants τ and settling times t99 
from experimental data 

 l5 = 0.5 m l5 = 1.0 m l5 = 2.0 m 
τ1 (s) 0.90 1.05 1.10 
τ2 (s) 0.85 0.90 1.40 
τ3 (s) 0.90 1.00 1.10 
τ (s) 0.88 0.98 1.20 
t99 (s) 4.10 4.50 5.50 

 
According to Eqs. (9) and (12), the time 

constant of the analytical model is 
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21 2
3 4 52 4 4

1 2

32 ( ).
 

= + + + 
 

κντ l l D l l l
a d d

 (18) 

 
A direct application of Eq. (18) to calculate the 

time constant is not possible, since lengths l1 and l2 
of the capillary tubes are unknown. However, since 
it is known that l1 + l2 = 660 mm, the time constant 
can be calculated as a function of tube length l1. The 
result can be seen in Fig. 12 (lines). For constant 
tube length l5, there is a linear relationship between 
time constant τ and tube length l1. Also plotted in 
Fig. 12 are the experimental values for the time 
constants according to Tab. 4 (dots). A good 
correlation between analytical and experimental 
time constants can be obtained for l1 ≈ 180 mm. 
According to the geometry of the three-hole probe, 
this is a realistic position for the transition of the 
capillary tubes from d1 = 0.5 mm to d2 = 1.0 mm. 

 
Figure 12. Time constant τ as a function of tube 
lengths l1 and l5 

6. FINAL REMARKS 

6.1. Reynolds Numbers 
The analytical model is based on the 

assumption that the flow in the capillary tubes is 
laminar. To justify this assumption, Reynolds 
numbers which appear in the experiment are 
calculated. According to Eq. (10), the Reynolds 
number in the tube with diameter d1 is 

   

A C
1

2 1 1 2
3 3

1 2 2

e .
32

−−
=

 
+ 

 

τ

ρν

tp pRe
l d l

d d d

 
(19) 

 
This is the larger Reynolds number in both 

capillary tubes, since 
 

1
2 1 1

2

.= <
dRe Re Re
d

 (20) 

 

Figure 13 shows the distribution of Reynolds 
number Re1 over nondimensional time t/τ for a 
driving pressure difference pA – pC = 1000 Pa. This 
pressure difference is representative for hole 
number “3” and l5 = 2.0 m (Fig. 11). Reynolds 
number over time behaves like the mass flow rate or 
the flow velocity in the capillary tubes. At the 
beginning of the flow process, Reynolds number 
shows its maximum value which is still much lower 
than the critical value Recrit ≈ 2300. Therefore, the 
assumption of laminar flow in the analytical model 
is justified. 

 
Figure 13. Reynolds number Re1 versus 
nondimensional time t/τ  

6.2. Uncertainty and Sensitivity 
As can be seen from Eqs. (9) or (18), the 

analytical calculation of the time constant requires 
the knowledge of the geometry of the pressure 
measurement system. This means the internal 
geometry of the multi-hole pressure probe, 
diameters and lengths of the connecting tubes, the 
internal volume of the scanning box and, if 
applicable, the internal volume of the pressure 
transducer. For a commercial pressure probe, the 
internal geometry is usually not known. The same is 
true for a pressure scanning box and a pressure 
transducer. Therefore, for most practical 
implementations, it is not possible to calculate the 
time constant and, therefore, the settling time of the 
pressure measurement system. 

Another aspect is the sensitivity of the time 
constant on the geometrical parameters of the 
pressure measurement system. From Eq. (9) it can 
be derived that the relative sensitivity of the time 
constant τ to the geometrical parameters l, d and V 
is   

 

4 .= − +
∆τ ∆ ∆ ∆
τ

l d V
l d V

 (21) 

 
This means that the time constant is very 

sensitive to the inner diameter d of the capillary 
tube, which is responsible for the pressure loss. 
Grimshaw and Taylor [9] state that the inner 
diameters of tubes for pressure probes (hypodermic 
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tubes) show typical manufacturing variations of ± 
15%. According to Eq. (21), this would result in a 
variation of the time constant of ± 60%. This high 
sensitivity can explain the variation of the time 
constants between different holes of the three-hole 
pressure probe (Tab. 4). Furthermore, the pressure 
losses in a multi-hole pressure probe can be 
influenced by fouling or even clogging due to 
particles in a non-deterministic manner.  

7. SUMMARY 
Time constants and settling times for a pressure 

measurement system, consisting of multi-hole 
pressure probe, pressure scanning box, connection 
tubes and a piezoresistive pressure transducer have 
been investigated experimentally. Detailed results 
are presented for a configuration with a three-hole 
cobra probe. The temporal behaviour of the system 
can be explained by an analytical model. It 
describes the sudden mixing process of two 
volumes with different pressure but constant 
temperature and the response of a tube-plenum 
system to a sudden pressure jump. Due to the lack 
of detailed geometrical details of the multi-hole 
pressure probe and the scanning box, it is usually 
not possible to calculate time constants and settling 
times with high accuracy. Therefore, it will still be 
necessary to determine these parameters for an 
individual configuration by means of experiments.  
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ABSTRACT 

The safety of the battery cells, module and the 

pack is very important for the overall safety of an 

electric vehicle. In this context, "thermal runaway" 

and "arcing" are two phenomena that require special 

focus. The current study focuses on predictive 

modelling of flammability, ignition and arcing in 

battery module and packs by considering several 

vent gas species and particles ejected during the 

battery thermal runaway. Considering the wide range 

of vent gas species and their compositions, a 

methodology is developed to incorporate these 

species in the evaluation of the overall flammability, 

breakdown voltage and arc-generating capability. 

Furthermore, a method is presented for modelling the 

“particle ignited vent gas” and “influence of particles 

on arcing”. The vent gas combustion (with particles 

as an ignition source) is modelled using two different 

skeleton mechanisms consisting of various 

flammable vent gas species. These models are 

incorporated in a 3D CFD solver (AVL FIRE™ M). 

The simulations are first performed on simple 

geometries and later expanded to a full battery pack 

(consisting of several modules) providing significant 

insights into the safety of the overall battery system. 

Keywords: Arc-generating capability, 

Breakdown voltage, Hazard prediction, 

Flammability, Particle ignited vent gas 

NOMENCLATURE 

 

A [1/(Pa m)]     saturation ionization 

B [V/(Pa m)]    ionization energy  

D [m^2/s]        effective diffusivity  

E [V/m]        electrical field strength 

F [N]        force 

LFL [-]        lower flammability limit 

LOC [N]        limiting oxygen concentration 

Q [C]        electrical charge 

UFL [-] upper flammability limit 

V [V] voltage 

 

d [m] distance 

h [J] enthalpy 

p [Pa] pressure 

r [m] radius 

t [s] time 

x [m] cartesian point  

y [-] vent gas species mass fraction 

 

γ [W/(mK)] thermal conductivity 

γ [-]  emission coef. 

ε [F/m]  dielectric coef. 

ρ [kg/m^3]  density 

τ [N/m^2]  stress tensor 

ω [kg/s]  species source 

 

 

Subscripts and Superscripts 

 

B breakdown 

i cartesian coordinate or species 

j cartesian coordinate or species 

l species 

mix mixture 

p particle 

se secondary electron 

1. INTRODUCTION AND LITERATURE 

REVIEW 

The safety of the battery module and the battery 

pack is of utmost importance for the overall safety of 

an electric vehicle. In this context, "flammability" 

and "arcing" are two important phenomena that 

require a special research focus. 

The exact determination of the flammability 

limits in the battery packs is very important in 

connection with the venting of one or more battery 

cells, which poses the risk of destruction of the 
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battery pack and vehicle. In the past, the 

flammability prediction models are solely based on 

the pure components of the flammable gases. 

However, the vent gas from a battery cell consists of 

a mixture of flammable gases such as CH4, C2H4, 

CO, and H2 [1,2]. Depending on the battery material, 

the molar or the mass fractions of these gases may 

vary from moderate to high level. Some of these 

gases have a narrow flammability range, e.g., CH4, 

while others have a wide flammability range, e.g., H2 

[2,3]. Therefore, in addition to pure component 

flammability limits, it is necessary to consider the 

mixture flammability limits in the battery domain. 

The mixture based flammable limits change spatially 

in the battery packs as the gas composition changes. 

These mixture limits are estimated efficiently in the 

computational domain while satisfying the 

thermodynamic principles of mixing [4,5] 

Arcing involves the ionization and the electric 

discharge from the gas medium caused by a high 

voltage difference between the electrodes where the 

gas medium acts as the electrical conductor [6][7] . 

The temperatures in the low-current arcing are 

around 6500 K and can go up to 20000 K for high-

current arcing. Such high temperatures can ignite an 

ignitable gas mixture and cause damage to battery 

cells and surrounding materials [8]. In battery packs 

there are several parts with different electrical 

potentials. The distances between the parts in 

modern batteries are very small, down to mm, to get 

high power density of the battery pack. For 

modelling the arcing between small gaps Paschen’s 

law is commonly used [9,10], which defines that the 

gap distance and the pressure in the gap both 

influence the arcing possibility and must be 

considered together for getting the breakdown 

voltage. However, the parameters in the Paschen’s 

law (Townsend constants) depend on the gas 

medium [10]. The aim of the current work is to 

accurately model the arc-related properties of battery 

modules and packs, taking real-world conditions into 

account (vent gas composition and the real electrode 

distances). The measured breakdown voltage and 

critical distances provide the user with the hazard 

limits to avoid potential arcing in the battery modules 

and packs. During thermal runaway and destruction 

of battery, particles can be generated. If particles are 

emitted into gaps between electrodes, they influence 

the arc-generating capability. In the gap particles can 

lead to micro discharge arcs and significantly reduce 

breakdown voltage [11]. Hence, if particles are in the 

gap, they should be considered in the computation of 

the breakdown voltage  [12,13]. 

Furthermore, particles exerted from the venting 

process often have high temperatures and can ignite 

the combustible vent gas [14]. In the presence of 

oxygen and an ignition source this vent gas may 

ignite and cause rapid fires in the battery pack [15]. 

Therefore, in this study a model is implemented to 

incorporate the “particles as ignition source” and 

subsequent combustion of venting gas is presented. 

2. GOVERNING EQUATIONS AND MODEL 

DESCRIPTION 

 The governing equations of the 3D CFD and 

thermal runaway kinetic solvers [16] along with the 

flammability, breakdown voltage and arcing related 

models. 

 
3D-CFD Solver governing equations 

Continuity, momentum and the enthalpy 

transport equations which are integral part of the 

CFD solver are described below.  

 

  
𝜕𝜌

𝜕𝑡
+

𝜕𝜌 𝑣𝑗

𝜕𝑥𝑗

= 0  (1) 

 

 
𝜕𝜌 𝑣𝑖

𝜕𝑡
+

𝜕𝜌 𝑣𝑖  
𝑣𝑗

𝜕𝑥𝑗

=  −  
𝜕𝑃

𝜕𝑥𝑖

+
𝜕𝜏𝑖𝑗

𝜕𝑥𝑗

+ 𝐹  

(2) 

 

 
𝜕ℎ

𝜕𝑡
+

𝜕𝜌 𝑣𝑗  ℎ

𝜕𝑥𝑗

=
𝜕2𝛾 ℎ

𝜕𝑥𝑗
2 + 𝑞̇  

 (3) 

 
𝜕𝑦𝑖

𝜕𝑡
+

𝜕𝜌 𝑣𝑗 𝑦𝑖

𝜕𝑥𝑗

=
𝜕2Ð 𝑦𝑖

𝜕𝑥𝑗
2 + 𝜔𝑖̇   

 (4) 

 
Where, 𝜌 is density, v is velocity, P is pressure, 

𝜏𝑖𝑗  is stress tensor and F is additional forces (e.g., 

body force). Furthermore, h is the enthalpy of the 

system, 𝑥𝑗  is cartesian component and 𝛾 is thermal 

conductivity. The second term in (3) represents the 

enthalpy transfer due to convection (𝜌 𝑣𝑗) and is not 

applicable when applied to the solid domains. 𝑦𝑖  is 

the vent gas species mass fraction in the fluid domain 

and 𝜔𝑖̇   
is the species source generated from the 

reaction due combustion of vent gas species. Here, Ð 

is the effective diffusivity of the vent gas species i 

with respect to all other species in the mixture of the 

venting gas. Effective diffusivity is evaluated as the 

averaged value based on the molar fractions of the 

species in the mixture.  

The particles are modelled with the Lagrangian 

approach following [17] and literature cited therein. 

For particle-wall interaction the solid particle wall 

contact model including heat-transfer exchange 

between particles and walls is used.  

 

Flammability 

As the vent gas consists of several flammable 

gases, in this study a mixture flammability index is 

evaluated based on Le Chatelier’s principle and the 

limiting oxygen concentration (LOC) as shown 

below [3,4].  
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 𝐿𝐹𝐿𝑚𝑖𝑥 =
∑𝑦𝑖

∑ 𝐿𝐹𝐿𝑖  𝑦𝑖

 (5) 

 

𝑈𝐹𝐿𝑚𝑖𝑥 =
∑𝑦𝑖

∑ 𝑈𝐹𝐿𝑖  𝑦𝑖

 (6) 

 

𝐿𝑂𝐶𝑚𝑖𝑥 =
∑𝑦𝑖 𝑅𝑖

∑ 𝐿𝑂𝐶𝑖  𝑦𝑖

 
(7) 

 
Where, i is flammable gases considered in the 

evaluation, LFLi, UFLi are the lower and upper 

flammable limits (LFL and UFL) of the pure 

components. LFLmix, UFLmix are the lower and upper 

flammability limits of the mixture. LOCmix is the 

mixture limiting oxygen concentration and Ri is the 

stoichiometric molar ratio of oxygen to fuel. These 

flammability limits are determined experimentally 

for pure component fuels for e.g., Zlochower and 

Green [3] 

 

The mixture flammability is evaluated in the 

similar lines as the pure component flammability is 

evaluated. Where, a parabolic function 

(flammability) generated from the molar fractions 

and the flammability limits of the respective 

components is used to predict the instantaneous 

values. In case of mixture, the parabolic function is 

generated based on the mixture molar mass and the 

mixture flammability limits (low and upper), 

described from Eqs. (5)-(6). Equation (7) provides an 

additional condition for the flammability index 

accounting the minimum oxygen requirement. 

Below this oxygen available limit the flammability 

index is set to 0. In the evaluation of the flammability 

limits several flammable gases produced during the 

battery thermal runaway such as CH4, C2H4, C2H6, 

C3H8, C4H10, CO, and H2 are included in this study.  

 

Particle ignited vent gas  

Several of FIRE M CFD solver modelling 

capabilities are combined for this application, such 

as spray (solid particles) and general gas phase 

reactions, where particle temperature in a cell acts as 

an ignition source. This model combination has been 

proved helpful in understanding the combustion of 

the vent gas.  For modelling the combustion of vent 

gas mixture, a few reaction mechanisms are reduced 

from the GRI mechanism [18] by including all the 

important vent gas species. These reduced skeleton 

mechanisms (for e.g., consisting of 19 species and 41 

reactions or consisting of 25 species and 100 

reactions) can predict the initiation and propagation 

of the combustion in the battery packs in much faster 

simulation times than compared with the original 

mechanism. No turbulence chemistry interactions 

are considered in this study as the effects are not that 

significant due to the fact that the system is closed, 

non-moving, and limited in the oxygen 

concentration. The simulation results provide 

significant insights into understanding the hazard 

posed by the vent gas mixture in the presence of hot 

particles in the battery pack as shown latter in the 

results and discussion.  

 

 

Breakdown voltage and Arcing 

The prediction of breakdown voltage for pure 

component gases is straight forward from Paschen’s 

law. The breakdown voltage depends on several 

factors such as electrode surfaces, terminal voltage, 

distance and the pressure of the gas medium between 

the electrodes.  

 

 𝑉𝐵

=
𝐵 𝑝 𝑑

(ln(𝐴 𝑝 𝑑) − ln (ln (1 +
1

𝛾𝑠𝑒
)))

 
(8) 

 

Where, 𝑉𝐵 is the breakdown voltage p is pressure 

and d is distance between the electrodes and 𝛾𝑠𝑒 is 

the secondary electron emission coefficient and A, B 

are Townsend’s coefficients. A mixture rule based 

on the molar composition of the species is employed 

in this work to incorporate the most significant gas 

components.  The parameters A, B and secondary 

electron emission coefficient ((𝛾𝑠𝑒) are obtained 

from literature, following [10] [6]. 

Particularly, in the presence of particles, the 

breakdown voltage significantly decreases. 

Therefore, the aim of this modelling study is to 

evaluate the breakdown voltage of the mixture gas, 

particles and finally deduce the arc-generating 

capability criteria. The modelling of particles as 

arcing source in the battery module or packs is not 

well researched as of now. Therefore, in this study 

we extracted the relevant modelling information 

from gas insulation systems of electronic 

components. The arcing behaviour in these devises 

are developed from quite some time. The potential 

and breakdown voltage of the particles are modelled 

from [11]. 

 

𝑉0 = 𝐸0(𝑑 + 𝑟) +
𝑄

(4 𝜋 𝜀 𝑟)
 (9) 

 
Where, 𝑉0 is the potential of the particle and 𝐸0 

is the electrical field strength in the gas field, r is the 

radius of the particles and d is the distance to the 

electrode surface (earthed cathode, low voltage side) 

and Q is the electrical charge of the particle. 

 

The breakdown field strength of the particles 

(𝐸𝐵𝑝) is evaluated from experimentally fitted 

correlation [11].  

 

𝐸𝐵𝑝 = 7.38 𝑝 {1 +
0.952

√𝑝 𝑟
} (10) 
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Where, p is the pressure and r is the radius of the 

particles. As per Eq. (10), as the particle radius 

increases electrical field strength decreases.  

 

The breakdown voltage of the particle (𝑉𝐵𝑝) is 

evaluated from:  

 

𝑉𝐵𝑝 =  𝐸𝐵𝑝  . 𝑑 (11) 

To summarise, the breakdown voltage in the gas 

medium is predicted using Eq. (8) and the 

breakdown voltage of the particles are predicted 

using Eq. (11). It is evident from these equations, 

that the break-down voltage depends on distance 

between the electrodes and pressure. Since the 

distance and pressure can change at every 

computational cell, the breakdown voltage may 

change accordingly. For e.g., in the case of venting 

gas ejection temperature and pressure field can 

be different from one computational cell to other 

computational cell and therefore breakdown 

voltage may vary accordingly. 

3. RESULTS AND DISCUSSION 

 

The results are first presented for simplified 

geometries and simplified battery modules as 

validation studies. Later, the evaluations are made on 

a real-world battery pack, and the corresponding 

results are presented at the end of this section. The 

results are arranged in the following order: 

flammability index of the gases, breakdown voltage 

of air, breakdown and arcing index with air and vent 

gas, breakdown voltage and arcing index with and 

without particles, particles ignited vent gas and 

finally the analysis of above models on real world 

battery pack. 
Flammability of the vent gas mixture is 

simulated first in a simplified model where a vent gas 

mixture enters a domain filled with air. The vent gas 

mixture usually consists of some flammable 

hydrocarbons and inorganic components. Two 

different variants of the gaseous mixture are 

considered as the inlet boundary condition. The 

model conditions of these two simulations are shown 

in Figure 1.  
 

 
Figure 1: The geometry and the model 

conditions used for prediction of flammability 

limits of vent gas mixture. 

 

Figure 2 describes the mixture flammability 

index and the pure component flammability index 

(for species CH4) respectively. As seen the 

flammable region is different for the two scenarios. 

The mixture flammability index takes into account 

all the flammable gases in the system according to 

Le Chatelier’s principle as described in the previous 

Section 3. The flammable region in this case is 

slightly narrower but much wider making it as the 

bigger flammable region. In the case of pure 

component flammability, the fat region where CH4 

cannot burn is shown with 2.0 magnitude in the scale 

(see Figure 2 (c)) 

 
(a) Vent gas mixture flammability 

 

  
(b) Pure component flammability 

Figure 2: Flammability index [-] evaluated based 

on  

(a) mixture composition and  

(b) pure component, the magnitude 2 in this case 

is a fat region representing no flammability. 

   

(a)                                    (b) 

Figure 3: (a) Breakdown voltage (V) between 

two parallel plate electrodes and  

(b) validation of Paschen’s curve for air 
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(a)                                    (b)             (c) 

Figure 4: Breakdown voltage (V) evaluation 

in  

(a) a simplified battery module with 3 prismatic 

cells (5 cm x 5 cm x 3 cm) placed in a cylindrical 

box (17 cm x 17 cm) at atmospheric pressure  

(b) breakdown voltage venting gas mixture as 

medium 

(c) breakdown voltage with air as medium 

 

The quantitative evaluations are provided for 

electrode distances, breakdown voltage, critical 

distances and thus finally estimate the arc-generating 

capability. The implementation is first validated 

within a simple geometry where two electrodes are 

placed 1 cm apart within air medium. The contours 

of breakdown voltage and the comparisons with the 

experimental data of the Paschen’s curve is shown in 

Figure 3 (a) and (b) respectively. The simulation data 

and the published data match well as seen in this 

figure. The current work also considers the original 

gas medium with its constituent species surrounding 

the module and pack instead of assuming air, shown 

in Figure 4.  Considering the wide range of possible 

vent gases and their compositions, a methodology is 

developed to incorporate these mixtures in the 

evaluation of the overall breakdown voltage. This 

brings a more accurate description of the battery 

systems as the gas composition changes during a 

venting event which further brings down the 

breakdown voltage. Any decision made solely 

considering air as working medium poses serious 

consequences on the safety as seen in Figure 4. The 

breakdown voltage is approximately 30% lower with 

vent gas composition (see Figure 4 (b)) compared to 

air (see Figure 4 (c)) as the working medium. The 

breakdown voltage is lower near to the electrode 

surfaces (battery module) and increases away from 

the surfaces. 

 

In addition, the effect of particles on the 

breakdown voltage is studied first in a simplified 

model and later in with the complete battery pack. 

For this purpose, as depicted in Figure 5, a setup with 

two electrodes separated by few mm of distance and 

as medium air is used. Conductive particles (copper 

particles) are introduced in varying size ranges, 

diameter 10 μm - 1000 μm. The total accumulated 

mass of the introduced particles is around 10 g. The 

voltage drop between these two electrodes is fixed 

for all the simulations at 1500 V. Electrical field 

strength, potential of the particle (Vo), breakdown 

field strength (Eb), breakdown voltage (Vb), and the 

arc generating capability (arc index) is presented in 

the following paragraph. 

 

 

Figure 5: Two parallel electrodes separated by 

3mm, 1.5 mm and 0.5 mm 

 

     
                   (a)                      (b)                       (c) 

(i). for 1000 μm Particles & Gap Size 3 mm 

 

   
                   (a)                      (b)                       (c) 

(ii). for 60 μm Particles & Gap Size 3 mm 

 

 
                   (a)                      (b)                       (c) 

 

(iii). for 60 μm Particles & Gap Size 0.5 mm 
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Figure 6:  For three different cases, 

(i) Contour plots of potential of particles [V], 

electrical field strength in the gas medium [V/m],  

(ii) Breakdown voltage [V] of both particles 

and gas medium,  

(iii) Arc index [-] in the gas and as well as with 

the particles  

 

Figure 6 presents the contour plots of potential 

of the particles (a), electrical field strength in the gas 

medium (a), breakdown voltage (b), and (c) arc index 

in gas medium as well as with the particles. The 

simulations are performed with a wide range of 

particle diameters and varying distances between the 

electrodes as depicted in Fig. 5 & 6 (i)-(iii). The 

results are presented only for the three test cases for 

the brevity of the manuscript. As seen in this figure, 

the breakdown voltage is greatly reduced with 

particles to a few hundred volts from few thousand 

volts when compared to the vent gas mixture. As 

depicted, the particle size and the distance between 

the electrodes greatly influences the breakdown 

voltage and the arcing probability. At a given 

distance of 3 mm particles with 1000 μm, few 

particles are prone to cause arcing (see Figure 6 (i)). 

Keeping the distance intact at 3 mm particles but 

reducing the particle diameter to 60 μm does not 

cause arcing (see Figure 6 (ii)). Keeping the particle 

diameter intact, i.e., at 60 μm, reducing the distance 

between the electrodes to 0.5 mm also increased the 

arc formation risks (see Fig. 6 (iii)). As the distance 

is reduced to 0.5 mm, the breakdown voltage greatly 

reduces, and some particles are prone to arcing. In 

these figures,  arc-generating capability is shown in 

Fig. 6 (c) for cases (i)-(iii). For particles and gas with 

arc-generating capability one are prone to cause 

arcing and arc-generating capability zero does not 

cause arcing. 

Particle ignited vent gas models are studied in a 

simplified battery module as shown in Figure 7. Two 

prismatic cells are placed in a casing containing air. 

A methane skeleton mechanism containing 19 

species is considered for modelling the combustion 

in this case. Vent gas with CH4, CO, H2 and CO2 

enters the module domain in the molar ratios 0.35, 

0.3, 0.2 and 0.1 respectively where pure air is filled. 

Hot aluminum particles (900°C) ignite the vent gas 

released from the battery due to the presence of 

available O2 in the battery module. 

 

 
Figure 7: (a) Simplified battery module with two 

prismatic cells and surrounded by air medium. 

 

The composition of the exerted methane, hot 

ejected particles, and subsequent ignition of the vent 

gas in the presence of hot particles is shown in Figure 

8 and Figure 9 at two different time steps. The 

combustion starts at the periphery of the vent gas jet 

and propagates through the domain as the oxygen 

availability is present. As seen in Figure 9 (a), as the 

particles are ejected from the battery cell, the 

temperature immediately rises due to combustion 

reaction in the presence of hot particles. These 

particles act as sparks for starting the combustion 

process. The combustion further progresses in the 

domain as seen in  Figure 9 (b). 

 

 
 

(a) Time = 0.52 s 

 

 
(b) Time = 0.75 s 

 

Figure 8:  Mass fraction of methane (-) at two 

different time steps in the battery module. The 

ignition starts as soon as the hot particles are 

ejected from the battery material 

 

 
(a) Time = 0.52 s 

 

 
 (b) Time = 0.75 s 
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Figure 9:  Temperature (K) contours at two 

different time steps in the battery module. The 

ignition starts as soon as the hot particles are 

ejected from the battery material. 

 

3.1 Description of battery pack under 
consideration 

To evaluate the effects introduced in the 

previous chapter in a combined manner, a generic 

battery pack layout was used. The overall 

dimensions are 170 mm x 1270 mm x 830 mm. 

Separate details like screws, connector parts, as well 

as overall irrelevant super components (e.g.: the 

power converters) have been removed from the CAD 

model. Usually, battery packs used in the automotive 

industry do have some sort of liquid cooling. This 

has also been removed in this specific case.  

 Figure 10 shows an isometric view of the 

battery pack to the left  and one selected battery 

module to the right. The whole battery pack consists 

of 12 battery modules assembled in a double-T-

structure. Each battery module consists of 12 

prismatic cells connected in series as can be seen in 

the figure. 

 

Figure 10: Battery Pack under investigation 

(left) and one battery module (right) 

 

Components for a conjugate heat transfer 

simulation that have been retained in the pack are 

stated in Annex 1. Conductive and Convective heat 

transfer between all participating domains and media 

is considered. Radiative heat transfer is not 

considered. The inner cell material consisting of 

anode, cathode and electrolyte and the separator has 

been modelled as a lumped, single material. For 

thermal runaway considerations this is usually 

enough. The most important material property when 

it comes to thermal propagation (the heat spread 

from battery cell to battery cell in the case of thermal 

runaway) is the thermal conductivity. For the lumped 

battery cell, it has been assumed with anisotropic 

behavior. A list of the material properties can be seen 

in the table provided in Annex-I.  

 

3.2 Description of thermal runaway 
modelling  

A three-dimensional mesh of roughly 50 million 

polyhedral cells with sizes between 0.5 and 6 mm is 

used. The CFD simulation that is carried out is a fully 

coupled conjugate heat transfer simulation between 

all the domains mentioned in the previous chapter. 

Thermal runaway is a multi-phenomenon problem 

and therefore needs different aspects to be covered. 

The crucial to be evaluated modelling parts are 

described in the previous chapters. However, the 

other important effects are described here therefore 

the following sectors provide an overview of the 

model defects during thermal runaway. For the sake 

of simplicity, the chapters are kept short further 

information can be found in other papers of the 

authors [19, 20]. 

 

Battery cell heat release 

The heat release in the battery cell is mainly 

characterized by electrochemical reactions, both 

endothermal (e.g., electrolyte vaporization) and 

exothermal (decomposition of cathode and anode). It 

can either be gathered from experiments in ARC 

reactors, as described by [21], or using chemical 

modelling, as described in [22–24]. For the sake of 

simplicity, a curve from AVL’s benchmark data, that 

is appropriate for the battery cells under 

consideration is taken.  

 

Venting 

As the battery active materials undergo physico-

chemical transformation (for e.g., SEI 

decomposition or the hot electrolyte vaporization), 

the pressure in the battery cell rises and is released 

either by ripping open the shell (pouch cells), or by 

exiting through a defined venting port (prismatic and 

cylindrical cells). The venting mass flow, 

temperature and species composition can either be 

gained from testbed data, as described by Golubkov 

et al. [25], or using a modelling approach like [26]. 

Within the context of this study, AVL’s benchmark 

data, that is appropriate for the considered cell type, 

is taken. 

 

Melting 

The material properties of meltable parts, as well as 

the enthalpy of fusion, are taken into consideration 

for the melting of the material. If the enthalpy of 

fusion, in combination with start and end 

temperatures for melting, matches the energy in the 

meltable part, the solid part is removed, and airflow 

can pass through. 

 

Burst discs 

For the battery module under consideration one burst 

disc is used. A switchable boundary condition, 

turning from a wall when the burst disc is closed to a 

defined outlet pressure when the burst disc is opened, 

is used. The opening pressure difference is set to 300 

mbar. 

 

Particles 

Particles are modelled using a Lagrangian 

description for the particle motion. Coupling of 

energy, momentum and turbulence exchange with 
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the surrounding gas phase is considered. Specific 

submodels are used for the drag law and evaporation. 

The secondary breakup of particles is not modelled 

within this study.  The initial particle size distribution 

is constant.  

3.3 Description of use case and 
simulation setup  

A certain use case must be chosen to start the 

thermal runaway and observe its consequences on 

battery pack level. In this case the back of the pack, 

where these cells sit upright, has been considered one 

of the more dangerous use cases. This is due to the 

fact that the vent gas as well as the subsequent 

particles directly impinge on the battery pack 

housing. The following figure shows a top-down 

view of the battery pack and the initial cell being 

triggered for thermal runaway. The 12 battery 

modules are highlighted with respective numbers. 

This numbering system will be used throughout the 

paper especially in the interpretation of results. 

 

 

Figure 11: Top down view of the battery pack 

with triggered battery cell (cell 6 in module 11) 

To start the thermal runaway in the simulation cell 6 

in battery module 11 is set to an initial temperature 

of 160 [°C]. All other parts, including the 

surrounding air are set to 20 [°C]. Based on the cell’s 

local temperature, a certain amount of heat is 

introduced to heat up the battery cell.  

Once the average battery cell temperature reaches the 

venting temperature, vent gas with a time dependent 

venting volume, venting temperature and species 

composition is released in the defined “venting 

ports”. During the venting event, also particles are 

released at the venting ports. Solid particle matter is 

ejected together with vent gas at the two venting 

outlets at the back of the battery pack as indicated in 

figure 2. 

Total mass of solid particles and mass fractions of 

solid particle material is set to be similar to the 

results of the measurements from [27], where solid 

particles were analyzed after thermal runaway of a 

prismatic cell.  

The module covers are treated as meltable solid parts 

that start to melt at the melting temperature of the 

applied materials.  

Initial time step is set to 0.01 s with an adaptive time 

step control, adjusting time steps according to critical 

physical states like predefined critical gas mass flow 

or burst disc state (f.e. open/closed). Gas species 

considered for the vent gas are CH4, H2 and CO with 

mole fractions set to 0.3, 0.4, 0.3, respectively. The 

validity of the modelling approach has been 

demonstrated in [19] where thermal propagation 

times and burst disc opening timings have been 

compared to measurement data. Therefore, the 

following section will be used to analyze the results 

with respect to the risk of flammability and arcing.  

Figure 12 shows the venting of cell 6 in module 11 

after about 0.5 s after thermal runaway was triggered 

in the cell. The image is a zoomed in, isometric view 

on the battery cell. One can see the battery cells in 

grey, the busbars in orange. The meltable module 

covers are only shown in the left part of the image to 

not obscure the readers view – they are shown as 

golden, opaque surfaces.  

3.4 Evaluation of flammability and 
particle ignition 

The temperature is shown in the first image, the 

flammability index is shown in the second image. 

One can see that the gas jet exits with a quite high 

temperature. It impinges on the meltable covers as 

they are not molten yet.  Due to the fact the vent gas 

itself has no oxygen in it, the flammability index in 

the gas jet is zero. Only on the contour of the jet the 

flammable gases (H2, CH4, CO) mix with oxygen 

and form a combustible mixture. Here the 

flammability index has positive values. A correlation 

could now be made with the solid particles in the 

vicinity to evaluate possible ignition spots.  

3.5 Evaluation of arcing  

In the following figure the reader can see the 

breakdown voltage of the gas mixture – here the view 

is again an isometric view on battery module 11. The 

cut-plane shows the breakdown voltage of the gas 

mixture which is calculated using Paschen’s law as 

described in the earlier chapters. The corresponding 

values can be seen in the range on the top of the 

image. The values are still in the range of 10.000 V 

and more, which is too high for arc formation. This 

was also observed in the work of [8]. The flammable 

vent gases reduce the breakdown voltage, but it is 

still too high to cause arcing in battery packs where 

voltages of the High Voltage (HV) carriers are at 

about 800 V. However, in the image also the 

breakdown voltage of particles can be observed. The 

range is stated on the lower part of the image. The 

particles impinged on the meltable module covers 

and bounced back on the busbars as shown in the 

image. Here they are now close to the current 

carrying parts and their breakdown voltage is in the 

range 100-1000 V, which makes the probability for 

arcing very high.  
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Figure 12: Isometric view of battery cell 6 in 

module 11 during thermal runaway (top: 

Temperarture, bottom: Flammability Index) 

 

Figure 13: Breakdown Voltage of air 

(cutplane) and for particles (shown on particle 

spheres) for the thermal runaway of cell 6 

  

4. SUMMARY 

     Current study focuses on several predictive 

models for battery safety and hazard prediction. 

Flammability, breakdown voltage, arcing are 

modelled and simulated by considering several 

possible vent gas species and the solid particles. The 

developed models are first investigated on simple 

representative battery module and later, on real life 

battery pack. The simulation results on the simplified 

geometries verify the qualitative behaviour of 

flammability, breakdown voltage and arcing on the 

system variables. The pack level simulation 

highlights the applicability of the developed models 

on complex geometries and provides qualitative and 

quantitive analysis of the safety operating conditions 

in the battery packs. Finally, a methodology is 

presented for particle initiated combustion of the 

venting gas mixture by considering a reduced 

skeleton gaseous combustion mechanism (from 

GRI). The venting gas combustion with particles as  

ignition source and the flame propagation in the 

battery packs highlights the modelling capabilities in 

understanding the possible hazards in the battery 

packs. The new, advanced features like arcing related 

quantities for the vent gas and particles can give 

temporal and spatial view on possible hot spots 

related to arc formation in the battery pack. Further 

efforts will focus on correlations between the 

electrical circuit and breakdown voltage(s) to 

calculate the full electromagnetics in the battery pack 
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Annex-I 

 

Table 1: Used material properties for the 

battery pack CFD simulation 

 
Group Material Average 

Density 
[kg/m³] 

Specific 
heat 

capacity 
[J/kgK] 

Thermal 
Conductivity 

[W/mK] 

Inner Cells Cell Material 2400 1500 33 / 0.7 / 33 

Cell Shells Aluminium 2700 Table 236 

Spacer Plastic 1200 1800 0.3 

Endplates Aluminium 2700 Table 236 

Sidplates Aluminium 2700 Table 236 

Baseplates Aluminium 2700 Table 236 

Covers Plastic 1200 1800 0.3 

Busbars Copper 8960 Table 401 

Lower 
Housing 

Steel 7700 Table Table 

Upper 
Housing 

Steel 7700 Table Table 

Sealing Lip Plastic 1200 1800 0.3 

Inner Air 
Air 
(compressible) 

Table Table Table 
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ABSTRACT  
This study defines the design-point efficiency 

and the standard deviation between the maximum 
efficiencies under variable-pitch operating 
conditions as multi-objective functions for a 
variable-pitch axial flow fan rotor blade. A CFD 
modeling-based meta-model is developed and used 
as the simulation engine for this optimization. The 
CFD model for the variable-pitch fan rotor blade 
utilizes Reynolds-stress averaged Navier-Stokes 
equation solver and employed a fine mesh system 
with y+<2. The meta-model is constructed based on 
CFD simulation results obtained by changing the 
pitch angles at the hub, mid-span, and tip of the fan 
rotor blade, which serve as the design variables. 
Using the results of the meta-model, a Pareto front is 
derived, enabling the identification of an optimal 
design that maximizes design-point efficiency while 
minimizing the efficiency standard deviation. The 
CFD-predicted total pressure, efficiency, and power 
characteristics of the optimally designed variable-
pitch fan rotor blade are compared with those of the 
initial design. From the comparison results, the 
design-point efficiency of the optimal fan blade rotor 
is improved by 3.7 percentage points compared to the 
initial design, and the efficiency standard deviation 
is reduced to 0.76%. 

 
Keywords: Axial flow fan, CFD, Fan 
performance, Optimization, Variable-pitch 
fan operation 

 

NOMENCLATURE  
β            [deg.]   blade setting angle 
θ            [deg.]   tangential coordinate 
η            [-]        efficiency  
PT          [Pa]     total pressure 
Q           [m3/s]  volume flow rate 
y+          [-]        non-dimensional thickness 

1. INTRODUCTION  
Recent technical challenge for axial flow fans 

has been to improve fan performance and efficiency 
in response to global climate change and the trend 
toward carbon neutrality. Variable pitch axial flow 
fans offer the advantage of maintaining high 
efficiency across a wide range of airflow by 
adjusting the angle of the fan blades, resulting in a 
15-20% reduction in power consumption compared 
to conventional fans[1]. In high-efficiency axial flow 
fan design, the airflow over the fan blade surface 
significantly impacts the fan's aerodynamic 
performance and efficiency, making the optimization 
of the 3D fan blade geometry a critical task for fan 
designers[2]. For this reason, there has been 
extensive research into optimizing fan blade designs 
for the development of high-efficiency fans[3,4].  

Therefore, this paper conducts a new variable 
pitch axial flow fan design to maximize fan 
efficiency by applying optimization algorithms to the 
meta-model based on CFD (Computational Fluid 
Dynamics) calculation results. In this study, fan 
design variables are input, and a 3D fan blade shape 
is constructed through the design program. The 
designed fan undergoes CFD modelling to calculate 
key performance indicators such as total pressure, 
efficiency, and power. This design and analysis 
process constructs a meta-model which can be 
combined with the optimization algorithm to obtain 
the optimal fan design. The optimal fan designed by 
this method is verified through CFD simulation, and 
the performance, efficiency, and power 
characteristics of the fan are predicted based on 
variable pitch operation to evaluate the energy-
saving benefits of this optimal fan. 
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2. DESIGN AND CFD MODELLING-
BASED META-MODEL OF AXIAL FLOW 
FAN 

This study uses the fan blade design program, 
the FANDAS[5], which was developed and 
validated in the author's university laboratory. In this 
study, design variables such as setting angle and 
camber angle are considered to determine the blade 
cross-section, as shown in Fig. 1. Once the blade 
cross-section elements are determined from the 
camber and setting angles, the blade cross-section 
elements are stacked along the blade span height 
from hub to tip to form the 3D fan blade geometry. 
 

 
Fig. 1 Camber and setting angles of impeller blade 

 

 
Fig.2 Mesh system on fan impeller blade surface 

CFD modeling is performed on fan impeller 
blades designed by changing the camber angle and 
setting angle. The ANSYS CFX code[6] is used for 
the CFD modeling, steady-state RANS (Reynolds-
stress Averaged Navier-Stokes equation) solver is 
used as a numerical analysis method for 
incompressible and viscous flow, and a k-ω SST 
model is also used as a turbulence model. For precise 
calculation of the viscous boundary layer on the 
impeller blade surface, the wall mesh size is set to y+ 
< 2 (refer to Fig. 2). The structured mesh is generated 
using the TurboGrid.The mesh consists of a total of 
576,206 cells, with 463,016 cells allocated to the 

impeller region, where the main viscous flow is 
generated. The interface between the impeller and 
stator is treated using the Frozen Rotor approach, 
aligned with the impeller blade. For the boundary 
surfaces with repeating conditions, a Rotational 
Periodic Condition is applied. 
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Fig. 3 Grid dependency test of mesh system 

 
 

 
 

Fig. 4 Meta-model construction processes 

In addition, as shown in Fig. 3, the mesh system 
with the most efficient and highest calculation 
accuracy is selected through the grid dependency test. 
Based on the fan performance and efficiency analysis 
results calculated according to the change in the 
camber angle and setting angle, a meta-model for fan 
total pressure, efficiency, and power prediction is 
constructed. For the meta-model construction, 
various mathematical techniques [7,8,9] are 
combined, as shown in Fig. 4. There are two main 
methods for obtaining data to construct a meta model: 
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using only pre-existing data and acquiring new data 
specifically for model construction. The former 
approach may suffer from data bias or insufficient 
data volume, but it does not require additional 
resources, making it a viable option when acquiring 
new data is difficult. The latter method allows for 
more balanced data distribution to mitigate potential 
bias and can produce accurate predictive models 
even with relatively small datasets; however, it 
demands additional resources and is typically 
employed when a new design is introduced or when 
high prediction accuracy is required. In this study, 
the former method is chosen due to the substantial 
resources required for each individual experiment. 
To mitigate the prediction error caused by the limited 
amount of available data, six different predictive 
models are constructed using the same dataset: 
Kriging (KRG), Radial Basis Function interpolation 
(RBFi), Polynomial Regression (PR), Radial Basis 
Function regression (RBFr), Multi-Layer Perceptron 
(MLP), and Ensemble Decision Tree (EDT). Kriging 
combines a global model and residuals to accurately 
pass through the experimental points. RBFi 
determines performance values by assigning weights 
to the training data around the prediction point; if the 
model passes exactly through the experimental 
points, it is considered RBFi, otherwise it is referred 
to as RBFr. Polynomial regression is a traditional 
method that assumes a polynomial form of the data 
and estimates the coefficients using the least squares 
method. MLP is a type of artificial neural network 
with multiple hidden layers that receives inputs 
through several neurons, applies weights and 
activation functions, and outputs the prediction result. 
Lastly, EDT employs a random forest algorithm to 
train multiple decision trees and combines their 
outputs for prediction. 

Comparing the prediction results by meta-model 
with the CFD calculation results, the prediction 
differences are within 0.2%p, indicating that the 
meta-model shows very accurate prediction results, 
and furthermore, it is suitable for using the meta-
model as a simulation engine for the fan design 
optimization process for maximizing efficiency. 

 

 
Fig.5 Comparisons between the 3-D CFD 

simulation (real) and the meta model (predicted) 

3. MULTI-OBJECTIVE DESIGN 
OPTIMIZATION OF A VARIABLE-PITCH 
FAN  

Before performing the optimal design by 
combining the aforementioned meta-model and an 
optimization algorithm, it is necessary to define the 
multi-objective function of the variable-pitch axial 
fan in this study. Fig. 6 shows the change in the 
performance and efficiency of the fan under variable-
pitch operation conditions. As can be seen in Fig. 6, 
the variable-pitch axial fan is important in efficiency 
at the design point, but also requires the 
characteristic that the efficiency does not decrease 
rapidly under variable pitch conditions (change in 
setting angle, β). Therefore, this study defines the 
efficiency of the design point and the deviation 
between the maximum efficiencies under different 
variable pitch conditions as the objective functions 
of the optimization problem (refer to equations 1 and 
2), and optimization (maximization of design point 
efficiency and minimization of efficiency deviation) 
of these two objective functions is performed. 

 
𝜂𝜂𝑑𝑑𝑑𝑑𝑑𝑑 = Δ𝑃𝑃𝑇𝑇𝑄𝑄

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 ×𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
                          (1) 

 
Δη =  𝜂𝜂𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝛽𝛽 − 𝜂𝜂𝑑𝑑𝑑𝑑𝑑𝑑                                       (2) 
 

 
Fig. 6 Performance and efficiency  
characteristics of variable-pitch axial flow fan 
 

 
Fig. 7 Pareto front for optimal axial flow fan design 
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For the design optimization, the camber angles 
and setting angles are considered as design variables 
at the impeller blade hub, mid-span and tip locations, 
so six design variables are dealt with in this study. 
Table 1 presents the design conditions used in this 
study, and the variation in blade setting angle (or 
pitch angle) ranges from -5 degrees to +5 degrees. 

 
Table 1 Design specifications of axial flow fan 

Q [m3/s] PT [Pa] RPM Power[kW] 
90 2000 1200 200 

 
 The Pareto front is created by combining the 

previously constructed meta-model and the 
optimization algorithm. Fig. 7 shows the Pareto front 
for the design point efficiency and efficiency 
deviation, and a region in which the improvement of 
the design point efficiency and the reduction of the 
efficiency deviation are satisfied at the same time is 
found, and the middle point of this region is selected 
as an optimal point for this optimization.  

Regarding the design optimization results, the 
optimal camber angle of hub and tip is greater than 
the initial design by free vortex design concept, while 
the optimal camber angle in mid-span is lower than 
the initial design. The tip setting angle of the  optimal 
model is slightly larger than the initial design by 2 
deg (refer to Figs. 8 and 9). 

 
Fig. 8 Spanwise distributions of camber angle 

 
Fig. 9 Spanwise distributions of setting angle 

 
Fig. 10 Total pressure curves of the optimal 

and the initial fan models 

 
Fig. 11 Efficiency curves of the optimal 

and the initial fan models 
 
Total pressure curves of the optimal and the 

initial fan models are predicted by CFD simulations 
at different variable-pitch conditions and compared 
in Fig. 10. As shown in Fig. 10, the total pressure 
curves of the optimal fan model show higher total 
pressure and more stable performance characteristics 
without surge up to the low flow rate range when 
compared with the initial design. . On the other hand, 
the initial design shows inferior performance 
characteristics in which the total pressure low 
compared to the optimal fan model and the pressure 
decreases rapidly under low flow conditions. 

Fig. 11 compares the efficiency characteristics 
between the optimal design and the initial design. 
The design point efficiency of the optimal model is 
91.5%, which improved by 3.7% compared to the 
initial design model, 87.8%, Through this design 
optimization, the deviation of the efficiency change 
due to variable-pitch operation is reduced from    
1.10 % to  0.76%.  
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4. CONCLUSIONS 
The present study proposes an optimization 

method for the multi-objective design optimization 
problem of variable-pitch axial flow fan. CFD 
modelling and simulation are used to construct a 
meta-model of axial flow fan design, and the meta-
model is verified by comparing with precise CFD 
simulations. The meta-model is used as simulation 
engine of multi-objective optimization problem. 
Using the meta-model, a Pareto front is created to 
maximize design-point fan efficiency as well as to 
minimize fan efficiency deviation at variable-pitch 
operation conditions. Through the selection of an 
optimum design solution from the Pareto front, the 
optimal fan model shows the design-point efficiency 
improvement by 3.7% and reduces the efficiency 
deviation down to 0.76% when compared with the 
initial design. 
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ABSTRACT
Parametric resonance is a dynamic instability

that causes exponential growth in the amplitude of
an oscillating system. This study presents a nonlin-
ear Mathieu-type equation model for floating bod-
ies excited by waves, developed to capture para-
metric resonance in both the heave and pitch de-
grees of freedom. The model includes nonlinear hy-
drostatic restoring forces and incorporates position-
dependency of the wave excitation forces. Through a
nondimensional analysis, a previous model is simpli-
fied. A non-cylindrical axisymmetric spar-buoy was
used as a test case. The wave excitation forces were
calculated for various heave and pitch positions, and
interpolated with a third-order polynomial. Simula-
tions showed parametric resonance when the wave
frequency is twice the natural frequency of the struc-
ture. The results compared favourably to those from
a benchmark model with nonlinear Froude-Krylov
forces, but achieving a 1000-fold speed increase.
On top of this increased computational efficiency,
the presented model facilitates analytical approaches,
such as perturbation analysis or harmonic balance.

Keywords: Mathieu equation, nonlinear hydro-
dynamic modelling, parametric resonance, spar
buoy, wave-structure interaction

NOMENCLATURE
Fhr [N] hydrostatic restoring force
H [m] wave amplitude
I [Nm] inertia moment
Ia [Nm] added inertia
Mhr [Nm] hydrostatic restoring mo-

mentum
R [m] buoy radius
T [s] time scale
V [m3] submerged volume
Z [m] length scale for the heave
g [m/s2] gravitational acceleration
ai, j [−] nondimensional coefficient for

force amplitude

bi, j [−] nondimensional coefficient for
moment amplitude

ca [kg] radiation damping
cg [m] center of gravity
di, j [−] nondimensional coefficient for

heave phase
fe [N] excitation force amplitude
fi, j [−] nondimensional coefficient for

pitch phase
h0 [m] height of the truncated cone
h1 [m] height of the cylinder
m [kg] mass of the floating body
ma [kg] added mass
me [Nm] excitation moment amplitude
xcb [m] center of buoyancy horizontal

position
xcg [m] center of gravity horizontal

position
z [m] heave position
α [m] buoy angle
η [m] wave elevation
ω [rad/s] wave frequency
ω0 [rad/s] natural frequency
Φ [rad] length scale for the pitch
ρ [kg3] water density
θe [rad] phase angle
φ [rad] pitch position
ζ [m] buoy height position

1. INTRODUCTION
Parametric resonance is a dynamic instability

that causes exponential growth in the amplitude of an
oscillating system. It occurs in differential equations
with time-varying coefficients [1]. The most well-
known example of such equations is the Mathieu
equation, a second-order ordinary differential equa-
tion (ODE) with no external forcing and a harmonic-
ally time-varying parameter.

Various phenomena, such as the oscillations of
floating vessels [2] are described by the Mathieu
equation or variants of it [3]. A floating body excited
by waves is often described by a Mathieu equation,
with an external excitation and damping added. The

1
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time-varying parameter, normally represents a part of
the hydrostatic stiffness, and leads to heave-to-pitch
instability.

Heave-to-heave instabilities on the other hand,
caused by a non constant cross-sectional area in the
body, are rarely found in the literature. This type of
instability was studied numerically by Jang and Kim
in [4] for the case of an Arctic Spar. Lelkes et al.
in [5] developed an analytical model to capture the
heave-to-heave parametric instability. In the model-
ling presented in [5], the occurrence of parametric
resonance in the heave was not induced by the non-
linear hydrostatic stiffness term, but rather derived
from the wave excitation force being dependent on
the heave position. This dependency was obtained
through the interpolation of the wave excitation force
calculated at various positions. Even though posi-
tional dependence of hydrodynamic forces was also
considered by Rodriguez and Neves in [6], the ap-
proach was different: in [6] a Taylor series expan-
sion was applied to a simplified approximation of the
force near the equilibrium point. In [7], the model
developed in [5] was expanded to also include the
pitch. In this paper, an evaluation of the significance
of the parameters by a nondimensionalization will
be made in the model presented in [7], and simpli-
fications will be made in the interpolations, making
the model simper and faster. A model with nonlinear
Froude-Krylov forces [8] will be used as the bench-
mark.

2. ANALYTICAL MODEL FOR PARA-
METRIC RESONANCE

In this Section the same procedure that was used
in [5] and [7] to model the movement of a spar-buoy
excited by harmonic waves will be applied.

In Figure 1, a floating body is shown along with
the world coordinate system i j. The origin of this
system is horizontally aligned with the body’s center
of gravity (cg) and vertically at the still water level
(SWL), which represents the water surface elevation
without wave effects. The motion of the body is con-
strained to the heave DoF z, i.e vertical motion in the
j axis, and the pitch DoF φ, i.e rotation around the
cg. The wave elevation η is measured relative to the
SWL. By convention, the wave propagation direction
follows the direction of the i axis.

Only harmonic wave elevations, defined as

η(t) = H · cos(ωt), (1)

where H is the wave amplitude and ω is the wave
frequency, are considered.

The model proposed by Lelkes et al. and presen-
ted in [5] is

(m + ma(ω)) z̈ + ca(ω)ż + Fhr(z)
= fe(z, ω)H cos(ωt − θe(z, ω)).

(2)

where m is the mass of the floating body, ma is the
added mass, ca is the radiation damping, Fhr is the
hydrostatic restoring force, fe and θe are the wave

j

cg

η(t) SWL

i

Figure 1. Floating body, wave elevation, and the
world coordinate system for two DoFs

excitation amplitude coefficient and the phase angle.
By expanding Eq. (2) to also include include the
pitch degree of freedom, the following coupled sys-
tem presented in [7] is obtained

(m + ma(ω)) z̈ + ma2(ω)φ̈ + ca(ω)ż + ca3(ω)φ̇
+ Fhr(z, φ) = fe(z, φ, ω)H cos(ωt − θe(z, φ, ω)),

(3)

(I + Ia(ω)) φ̈ + Ia2(ω)z̈ + ca2(ω)φ̇ + ca4(ω)ż
+ Mhr(z, φ) = me(z, φ, ω)H cos(ωt − θe2(z, φ, ω)),

(4)

where I is the rotational inertia, Ia is the added ro-
tational inertia, Mhr is the hydrostatic restoring mo-
ment, and me is the wave excitation amplitude mo-
ment coefficient.

3. CASE STUDY
In this Section, a test case is presented to eval-

uate the performance of the parametric excitation
model (Eqs. 3 and 4). The test case is generic, not
containing a mooring system, as the primary focus of
the model is the wave excitation force. Additionally,
conditions of infinite water depth are considered.

3.1. The floating body

The floating body considered in the test case is
an axisymmetric spar-buoy, similar to the one ex-
amined in [5] and [7]. It consists of a truncated cone
and a cylindrical extension, as illustrated in Figure 2.
The exact shape of the spar-buoy is defined by:

f (ζ) =


R1 if − h0

2 + h1 ≤ ζ ≤
h0
2 ,

R0 + ζ tan(α) if − h0
2 ≤ ζ ≤

h0
2 ,

0 otherwise.
(5)

The physical parameters of the spar-buoy shown
in Fig. 2 and their corresponding values are α =
0.197 [rad], R0 = 3 [m], h0 = 10 [m], h1 = 15
[m], R1 = 2 [m], zcg = 16 [m], m = 2.95 · 105 [kg],
and I = 1.18 · 107 [kg · m2]. The water density is
ρ = 1025 [kg/m3] and the gravitational acceleration
is g = 9.806 [m/s2].
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R0

α-h0/2

h0/2

R1

-(h0/2+h1)

ζ

f(ζ)

0

cg

Figure 2. Section of the spar-buoy geometry

3.2. Modelling the test case
With g and ρ given in Subsection 3.1, the hy-

drostatic restoring terms Fhr and Mhr are calculated
based on the body geometry with

Fhr(z, φ) = ρwaterg∆V(z, φ), (6)

where∆V(z) = V(z)−V(0), V(z) being the submerged
volume, and

Mhr(z, φ) = ρg∆V(z, φ) · (xcb(z, φ) − xcg), (7)

where xcb is the horizontal position of the center of
buoyancy, and xcg is the horizontal position of the
center of gravity.

In this case Fhr(z, φ) and Mhr(z, φ) are calculated
numerically with the CAD software FreeCAD [9].
The values for Fhr and Mhr are determined for a set
of discrete pitch angles ranging from −0.21 [rad] to
0.21 [rad], with a step size of 0.07 [rad], and for
heave displacements from −4 [m] to 4 [m], with a
step size of 1 [m].

An interpolation is then performed on the gen-
erated dataset to describe Fhr and Mhr continuously,
employing polynomial functions of the heave z and
pitch φ displacement. The resulting polynomial ex-
pressions are

Fhr(z, φ) = ρg∆V(z, φ) ≈
∑

1≤i+ j≤3

ri, jziφ j, (8)

Mhr(z, φ) = ρg∆V(z, φ)(xcb(z, φ) − xcg)

≈
∑

1≤i+ j≤3

si, jziφ j, (9)

where ri, j are the hydrostatic restoring coefficients for
the heave obtained from the polynomial interpola-
tion, and si, j are the hydrostatic restoring coefficients
for the pitch obtained from the polynomial interpol-
ation.

The calculation of the wave excitation coeffi-
cients fe, me, θe, and θe2 is done with the open-source
boundary element solver NEMOH [10], which com-

putes first-order hydrodynamic coefficients, such as
added mass, radiation and excitation forces in the fre-
quency domain.

A model with nonlinear Froude-Krylov forces
that does not consider the diffraction force [8] will
be used as the benchmark, so this component will
also be neglected in the present study. This approach
is common for bodies that are small relative to the
wavelength [11], and it can be easily configured with
NEMOH.

In this test case, the wave excitation coefficients
are computed for the same discrete displacements
used in the hydrostatic restoring terms. The wave ex-
citation terms are also interpolated with polynomial
functions, yielding the following expressions

fe =
∑

0≤i+ j≤3

ai, j(ω)ziφ j, θe =
∑

0≤i+ j≤1

di, j(ω)ziφ j,

(10)

me =
∑

0≤i+ j≤3

bi, j(ω)ziφ j, θe2 =
∑

0≤i+ j≤2

fi, j(ω)ziφ j

(11)

where ai, j, di, j, bi, j, and fi, j are the coefficients ob-
tained from the polynomial interpolation.

The radiation and added mass coefficients ma,
ma2, Ia, Ia2, ca, ca2, ca3 and ca4, in Eqs. (3) and (4),
are also computed using NEMOH.

The cross terms ma2(ω), ca3(ω), Ia2(ω) and
ca4(ω), calculated for NEMOH were negligible, be-
ing over four orders of magnitude smaller than the
other coefficients. This outcome is expected for an
axisymmetric body, so they were neglected from the
model in this test case.

The radiation damping coefficients depend on
the frequency of the body motion. In a linear model,
a body oscillates at the same frequency as the excita-
tion. In a nonlinear model, such as the parametric ex-
citation model, this is not always the case. However,
in the present test case, following Lelkes et al. in [5],
the radiation damping considered will be with the ex-
citation frequency. Even though this simplification
introduces error, the wave excitation forces, which
are the primary focus of the model, are not affected.
Simplifications of this kind are not uncommon in lit-
erature, as seen in works such as [12, 13, 14], where
the radiation damping was similarly simplified to fo-
cus on other specific aspects of the analysis.

4. NONDIMENSIONALIZATION
In order to better understand the significance of

the parameters in the model, and remove terms that
do not alter the results, the 2-DoF model is nondi-
mensionalized. The nondimensional variables are
defined as follows

t̃ =
t
T

, z̃ =
z
Z

, φ̃ =
φ

Φ
. (12)
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The length and angle scales Z and Φ are defined so
that z̃ and φ̃ have a validity region between −1 and
1. As the validity region of the model is defined as
|z| ≤ 4 [m] and |φ| ≤ 0.21 [rad] (as stated in Section
3),

Z = 4 [m], Φ = 0.21 [rad]. (13)

The time scale T is defined as

T =

√
m + ma(ω)

r1,0
. (14)

The nondimensional equations become

¨̃z + α3(ω)˙̃z +
∑

1≤i+ j≤3

γi, j(ω)z̃iφ̃ j

= cos

νt̃ − ∑
0≤i+ j≤1

ξi, j(ω)z̃iφ̃ j

 ∑
0≤i+ j≤3

βi, j(ω)z̃iφ̃ j,

(15)

¨̃φ + α5(ω) ˙̃φ +
∑

1≤i+ j≤3

ζi, j(ω)z̃iφ̃ j

= cos

νt̃ − ∑
0≤i+ j≤2

χi, j(ω)z̃iφ̃ j

 ∑
0≤i+ j≤3

µi, j(ω)z̃iφ̃ j,

(16)

where the nondimensional parameters are

α3(ω) =
c3√

(m + ma(ω))r1,0
,

α5(ω) =
c5
√

m + ma(ω)
(I + Ia(ω))

√
r1,0

,

γi, j(ω) =
1

r1,0
ri, jZi−1Φi, βi, j(ω) =

H
r1,0

ai, jZi−1Φi,

ζi, j(ω) =
T 2

I + Ia(ω)
si, jZiΦi−1,

µi, j(ω) =
HT 2

I + Ia(ω)
bi, jZiΦi−1,

ν(ω) = ω

√
m + ma(ω)

r1,0
,

ξi, j = di, jZiΦ j, χi, j = fi, jZiΦ j.

(17)

The restoring parameters are now functions ofω.
To estimate their orders of magnitude, their values
for ω = 1.9 [rad/s] are provided in Eq. 18 and Table
1

α3 = 0.03, α5 = 0.83, ν = 2. (18)

The nondimensional coefficients γi, j and ζi, j cor-
respond to the hydrostatic restoring coefficients ri, j
and si, j. The coefficients βi, j, µi, j, ξi, j and χi, j relate to
the wave excitation coefficients ai, j, bi, j, di, j and fi, j,
while α3 and α5 correspond to the radiation damping
terms c3 and c5.

i,j 0, 0 1, 0 2, 0 3, 0 1, 0
γi, j 0 0.21 −0.012 2.26 · 10−4 4.67 · 10−6

ζi, j 0 −4.42 · 10−9 −2.41 · 10−9 1.8 · 10−10 3.61
βi, j 0.051 −0.02 −0.01 −0.002 7.93 · 10−6

µi, j 0.01 −0.004 −0.002 −3.84 · 10−4 1.56 · 10−6

ξi, j 2.6 · 10−5 7.06 · 10−4 0 0 1.84
χi, j −1.57 9.16 · 10−5 −1.56 · 10−4 0 1.05
i,j 0, 2 0, 3 1, 1 2, 1 1, 2
γi, j −2.28 1.08 · 10−5 −8.43 · 10−7 4.63 · 10−8 0.36
ζi, j −8.76 · 10−6 7.65 −0.77 0.061 2.21 · 10−6

βi, j 0.017 −8.54 · 10−6 6.66 · 10−6 −1.23 · 10−5 −0.001
µi, j 0.003 −1.68 · 10−6 1.31 · 10−6 −2.43 · 10−6 −2.38 · 10−4

ξi, j 0 0 0 0 0
χi, j −1.49 · 10−4 0 −0.34 0 0

Table 1. Nondimensional polynomial approxim-
ation coefficients for hydrostatic restoring terms
(γi, j and ζi, j), and wave excitation terms (βi, j and
µi, j)

The nondimensional coefficients γ0,1, γ1,1, γ2,1,
ζ1,0, ζ2,0, ζ3,0, ζ0,2, and ζ1,2 in Table 1 have small
values. So a polynomial interpolation for the hy-
drostatic restoring forces was conducted by setting
the coefficients corresponding to these small-valued
nondimensional coefficients to zero. The threshold
for a coefficient to be deemed small was chosen as
2.26 · 10−4. This choice was made because it was ob-
served that the term γ3,0 was the smallest coefficient
that still significantly affected the interpolation.

With these small terms set to zero, we recalculate
the dimensional parameters ri, j and si, j in this simpli-
fied manner. The results are shown in Table 2.

i,j 1, 0 2, 0 3, 0 0, 1
ri, j (SI) 2.83 · 105 −1.93 · 104 434 0
si, j (SI) 0 0 0 −2.08 · 107

i,j 0, 2 0, 3 1, 1 2, 1
ri, j (SI) −2.59 · 106 0 0 0
si, j (SI) 0 −4.42 · 107 5.29 · 107 −4.97 · 105

i,j 1, 2
ri, j (SI) 4.92 · 105

si, j (SI) 0

Table 2. Hydrostatic restoring coefficients ob-
tained from the polynomial interpolation that set
small terms to zero

By comparing the results of the interpolation
with the values from Table 2 to the one with the ori-
ginal ones, the difference between the two interpola-
tions across the considered range of |z| ≤ 4 [m] and
|φ| ≤ 0.21 [rad] was never bigger than 10−10. This is
negligible, considering that ¯|Fhr | = 5.9 · 105 [N] and

¯|Mhr | = 2.57 · 106 [Nm].
The same procedure was applied to the wave ex-

citation coefficients and led to the values in Table 3.

5. RESULTS
In this Section, the results from the test case de-

tailed in Section 3 with the simplifications from Sec-
tion 4 are presented and compared to a model with
NLFK forces.

The equations for the presented model Eqs. (3)
and (4) are solved numerically using the NDSolve
function in Wolfram Mathematica 14.1 with its de-
fault settings, and the equations for the model with
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i,j 0, 0 1, 0 2, 0 3, 0
ai, j (SI) 5.89 · 104 −5897 −722 −34.2
bi, j (SI) 2.61 · 106 −519 · 105 3.23 · 104 1322
i,j 0, 2 1, 2
ai, j (SI) 4.27 · 105 −7481
bi, j (SI) 5.84 · 106 6.15 · 105

i,j 0, 0 0, 1 1, 1
di, j (SI) −2.54 · 10−5 8.7 0
fi, j (SI) −1.57 4.94 −0.41

Table 3. Wave excitation coefficients obtained
from the polynomial interpolation that set small
terms to zero

NLFK forces, were solved in Matlab R2021a, using
the toolbox developed by Giorgi et al. in [8].

The natural frequency ω0 is also found numer-
ically, by running a simulation without the external
excitation. It is critical to note that the validity re-
gion of this parametric excitation model is limited
to the range over which the excitation and restoring
force coefficients were computed, |z| ≤ 4 [m], and
|φ| ≤ 0.21 [rad].

By numerically solving Eqs. (3) and (4) with
these simplified interpolations and comparing to their
solution with the initial interpolation, the difference
was of the order of 10−4. However, with the simpli-
fied interpolations, the running time to obtain the in-
terpolation and perform a simulation of 1000 periods
went from 1.94 seconds to 0.27 seconds . So neglect-
ing the small terms does not affect the results signific-
antly, while making the code run faster. As for each
simulated frequency, a new interpolation for the wave
excitation coefficients is necessary, when evaluating
multiple frequencies, the difference in time becomes
more significant.

The plots in Figures 3 and 4 show the oscilla-
tion amplitude in response to a range of input wave
frequencies and amplitudes. The RMS of the dis-
placement time series, scaled by the square root of
2 serves as the measure of amplitude for both heave
and pitch motions. This RMS is computed over the
last 64 wave periods of the simulation to ensure that
motions have reached steady-state.

In Fig. 3 these are shown for the region where
heave parametric resonance occurs, while in Fig. 4
for the region where the pitch parametric resonance
occurs. At a first view, the contour plots indicate a
good match between the models.

In Figures 5 and 6, the time series for Point C in
Fig. 3 and Point D in Fig. 4 are plotted. For the para-
metric excitation model, the amplitude grows faster
and larger than for the model with NLFK forces, with
a difference of around 20% in the amplitudes. The
results also appear slightly off-phase. These differ-
ences were also noted for the 1-DoF results in [5].
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(a) RMS amplitudes for heave from the
parametric excitation force model
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Figure 3. Contour plots of steady-state amp-
litudes of the buoy’s oscillations in the heave para-
metric resonance region
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Figure 4. Contour plots of steady-state amp-
litudes of the buoy’s oscillations in the pitch para-
metric resonance region
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Figure 5. Comparison of time series between the
parametric excitation model and the model with
NLFK forces for the input wave conditions at
Point C in Fig. 3: ω

ω0heave
= 2.02 and H = 1.3 [m]
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(b) Steady state pitch oscillations

Figure 6. Comparison of time series between the
parametric excitation model and the model with
NLFK forces for the input wave conditions at
Point D in Fig. 4: ω

ω0pitch
= 2.14 and H = 1.4 [m]

6. CONCLUSION
In this study, a nondimensional analysis was ap-

plied to a previously presented model for a floating
body that was able to capture parametric resonance,
while being computationally efficient. This model-
ling approach, with an interpolated parametric ex-
citation is much more computationally efficient than
models where the excitation forces are calculated by
numerical integration at each step.

By nondimensionalising the system of equa-
tions, it was possible to have a better understanding
on the significance of the parameters of the model. It
was observed that some parameters were negligible,
which allowed for the model to be simplified by neg-
lecting them in the interpolation. This simplification
did not alter the results, but made the model run much
faster.

One important consideration for further studies
is that the models presented in this article, calculate
the radiation forces as linearly proportional to the
body velocity, with the radiation force coefficient de-
rived considering that the body oscillates at the same
frequency as the waves. This is a common approach
used for single-frequency waves, which is a sim-
plification of the more general convolution integral
required in multi-frequency wave spectra [15] [16].
However, as explained in Section 5, in the regions
where the parametric resonance occurs, the body os-
cillates at half of the wave frequency, thus the applied
radiation coefficient considers the wrong oscillation
frequency. This is something that shall be corrected
in an extension of the model to work with polychro-
matic waves, as the complete convolution integral for
the radiation forces must be used for that case.
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ABSTRACT 

Helically coiled reactors (HCRs) are widely used 

in process engineering and biochemistry, especially 

in micro-reactor applications, to enhance heat and 

mass transfer. Their design promotes excellent radial 

mixing with minimal axial back-mixing. At 

moderate Reynolds numbers, characteristic Dean 

vortices form within HCRs. Increasing flow 

velocities lead to more complex vortex structures. 

The transition from laminar to turbulent flow 

significantly impacts reactor performance. 

Various experimental and numerical studies have 

attempted to characterize this transition, often using 

a critical Reynolds number based on the curvature 

ratio δ = d/D. Although it is generally accepted that 

HCRs have higher critical Reynolds numbers than 

straight tubes, reported values differ widely, possibly 

due to variations in experimental setups and inlet 

conditions.  

We propose a novel experimental setup designed 

to minimize the influence of inlet and outlet 

conditions. Reynolds numbers from 460 to 9,650 

were examined. Initial Laser Doppler Anemometry 

(LDA) measurements reveal that velocity 

fluctuations are weaker near the inner wall and 

stronger near the outer wall. High-speed Particle 

Image Velocimetry (PIV) measurements corroborate 

these findings. Additionally, we demonstrate how 

inlet conditions influence the transition point and 

introduce different markers for the laminar-turbulent 

transition in HCRs through pseudo-3D 

visualizations, frequency analysis, and qualitative 

flow analysis. 

Keywords: Helically coiled reactor, PIV, spectral 

entropy, transition, turbulence 

NOMENCLATURE 

d  [mm] inner tube diameter 

D  [mm] coil diameter 

𝛿 = 𝑑/𝐷 [-] curvature ratio 

𝜂  [
𝑘𝑔

𝑚𝑠
] dyn. viscosity 

𝜌  [kg/m³] density 

Q  [-] Q-criterion 

𝑉̇  [l/min] volume flow rate 

ur  [m/s] radial velocity 

ua  [m/s] axial velocity 

f  [s-1] frequency 

frec  [s-1] recording frequency 

𝑅𝑒 = 𝜌𝑢𝑑/η [-] Reynolds number 

FEP  Fluorethylenepropylene 

LDA  Laser Doppler Anemometry 

PIV  Particle Image Velocimetry 

PMMA  Polymethylmethacrylate 

 

1. INTRODUCTION 

The laminar-turbulent transition in helically 

coiled reactors is widely researched with different 

approaches since first studies done by Taylor [1] and 

White [2] in 1927. Figure 1 shows the most 

important literature findings regarding the transition 

in HCRs. 

The black curves represent studies measuring the 

pressure drop over HCRs or curved tubes, where the 

transition is marked by the critical Reynolds number 

in function of the curvature ratio δ = d/D being the 

ratio of the inner diameter of the tube and to coiling 

diameter [3-7]. The red curves represent studies 

measuring the velocity field in the HCRs by using 

hot wire anemometry [8], LDA or (stereo-) PIV [9, 

10]. The transition in those studies is determined by 

the velocity fluctuations in function of time with a 

threshold or qualitative analysis. More modern 

approaches use the frequency spectrum or energy 

dissipation rate. Outstanding here is the work of 

Sreenivasan and Strykowski [8] suggesting a 

transition region with a low Reynolds number for a 

first occurrence of fluctuations and a higher 

boundary where the flow becomes completely 

turbulent in the whole cross-section of the reactor 

tube. 

As Figure 1 represents, the transition point to 

turbulence in HCRs is a broad range. The differences 

between researchers lay in different measurement 
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techniques and the definition of a turbulent flow 

itself. Recent numerical studies [11, 12] promote the 

lower boundary for the transition. 

However, all of those studies lack a detailed 

visualization of the flow structures in the whole tube, 

often just using single points in the reactors for the 

analysis. These can most definitely mark a certain 

state of turbulence, but not the full behaviour of the 

transition process in HCRs with its more complex 

vortex structures like Lyne vortices [13] and the 

geometrical differences of their appearance. 

Moreover, the deformed pipe flow in HCRs caused 

by the radial forces leads to an asymmetric problem 

that seems to be overlooked. 

 

Figure 1. Laminar-turbulent transition in HCRs from literature marked by the critical Reynolds number 

in function of the curvature ratio δ = d/D. 

This work establishes a measuring setup with a 

very high temporal and spatial resolution, paired 

with modern visualization approaches and analysis 

aiming for a highly resulted data base which is used 

to clarify the transition behaviour and pinpoint the 

actual transition point. Therefore, the measured 

Reynolds numbers cover the whole range of possible 

transitions as suggested by literature (Figure 1). 

2. EXPERIMENTAL SETUP 

The helix reactor is made of FEP-tube with an 

inner diameter of 10 mm and a coil diameter of 

118 mm resulting in a curvature ratio of δ=0.0848. In 

total 50 coils are realized resulting in a tube length of 

18.53 metres with additional one metre straight inlet 

and outlet tube. For the high speed PIV setup, the 

HCR is placed in an acrylic glass tank filled with a 

5.25%vol. Glycerol and de-ionised water solution, 

which is also used as the working fluid. The solution 

matches the refractive index of the FEP tube 

(n = 1.3405) [14]. The solution has a density of 

1004.045 kg/m³ and a dynamic viscosity of 

0.001246 kg m-1 s-1 (measured with Netzsch 

Kinexus Pro+). Vestosint PMMA particles with 

50 µm diameter are added to the working fluid as 

tracer particles. 

 

Figure 2. Flow sketch of the experimental setup. 

A feeding tank is placed 12 m above the main 

setup creating a completely gravity driven and so 

pulsation free flow (Figure 2). The flow rate is 

measured with an ultrasonic flow metre and 

controlled with a needle valve at the outlet. Since the 
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measurements are run as a batch process and the flow 

rate has to stay stable, the level in the feeding tank 

has been controlled with a ultrasonic level sensor and 

a pressure level sensor. 

A Phantom VEO L640 high-speed camera 

(2560x1600 pixels) is set in front of the tank with a 

100 mm camera lens (Tokina, AT-X Pro Macro 100 

F2.8D) to face the tank as shown in Figure 3 below. 

 

Figure 3. Optical high-speed PIV setup of the cw-

laser (1), mirror (2), light sheet optics (3), 

aquarium with refractive index matched solution, 

helix reactor (4) and HS-camera (5). 

The light source is a continuous-wave laser from 

Coherent (Model: Genesis MX488-1000 STM) with 

488 nm wavelength operated at 120 mW power. The 

geometrical calibration results in a ~55 pixel/mm 

resolution. For selected Reynolds numbers in a range 

of 460 < Re < 9650, flow rates are set and the pixel 

shift is kept around 2 pixels between snapshots. The 

relatively small pixel shift is necessary due to the 

strong out-of-plane movement, since the axial 

velocity is 10 times higher compared to the radial 

velocities. For all measurements at least 2 seconds 

are recorded with different recording frequencies 

depending on the Reynolds number and listed in 

Table 1. Also, the axial velocity was measured with 

PIV, by measuring in the front section of the coil. 

The light sheet was therefore set in the centre of the 

tube and the camera was adjusted accordingly. 

Figure 4 shows a sketch of the setups for the radial 

measurements in the cross-section of the tube and for 

the axial measurements in the centre of the front of 

the coil. 

 

     

 
 

Figure 4. Sketch of the PIV set-ups. Top: radial 

velocity components. Bottom: axial component is 

measured in the centre of the tube. 

The images are then processed with DaVis 10.2 

(LaVision) and visualized with ParaView 5.10. 

All measurements are taken at the 40th coil of the 

HCR where the influence of inlet and outlet vanish. 

This was proven in previous tests with LDA 

measurements [15] and will also be validated here 

with the axial PIV measurements (see Figure 6). 

Table 1. Recording parameters of radial and axial 

PIV measurements 

  Radial Axial 

𝑹𝒆 𝑽̇ 𝒇𝒓𝒆𝒄 𝒇𝒓𝒆𝒄 

[−] [𝑙/𝑚𝑖𝑛] [𝑘𝐻𝑧] [𝑘𝐻𝑧] 

460 0.27 0.4 1.0 

920 0.54 0.6 2.0 

1370 0.80 0.8 3.0 

2100 1.23 1.1 4.6 

2750 1.61 1.4 6.0 

3660 2.14 1.8 8.0 

4580 2.68 2.2 10.0 

5510 3.22 2.6 12.0 

6410 3.75 3.0 12.0 

7340 4.29 3.4 12.0 

8240 4.82 3.8 12.0 

9170 5.36 4.2 12.0 

9650 5.64 4.5 12.0 
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3. POSTPROCESSING 

The postprocessing is done in DaVis and consists 

of an image calibration, a subtraction of a median 

Gauss filter to enhance the particle images and the 

PIV processing followed by a vector postprocessing 

step as clean-up of erroneous vectors. The resulting 

vector fields are further treated to identify the 

transition point to turbulence. 

 

 

Figure 5. Instantaneous flow fields of the radial 

velocity (top) and the axial velocity (bottom) with 

the extraction points of the velocity over time 

marked in yellow. 

First, the local velocity is extracted at 5 points in 

the cross-section, marked with yellow boxes in 

Figure 5, and plotted in function of time (Figure 7). 

In addition, the centre velocity from the axial 

velocity field (Figure 5 bottom) is extracted and 

plotted over time to visualise the fluctuations 

(Figure 8). 

Second, the frequency spectrum is analysed from 

the axial velocity over time plots using FFT (Table 2 

and Figure 10). 

Third, pseudo-3D vortex structures are 

reconstructed (Figure 11) from the vector fields. 

Therefore, the vector fields of the tube cross-section 

(radial velocity) are stacked in a third plane 

representing time. This third axis is normalized by 

dividing the superficial velocity with the recording 

frequency resulting in the third dimension being in 

metres. A detailed description of those pseudo 3D-

visualizations is found in Müller, Kováts [16]. From 

these 3D-fields vortices are represented with the Q-

Criterion as isosurface coloured by the Z-vorticity 

for a qualitative analysis. 

4. RESULTS 

In order to test the independency of the 

measurement position from the inlet and outlet 

conditions, the axial velocity was measured in each 

coil. It is then extracted as velocity over time plot at 

the centre position (yellow square in Figure 5 bottom 

image) and its standard deviation normalized by the 

average velocity is plotted in function of the coil 

number in Figure 6. 

 

 

Figure 6. Normalized standard deviation of all 

Reynolds numbers in function of the coil number. 

After the first 3 coils where the initial straight 

tube flow gets forced into the radial flow structure 

the standard deviation stabilizes due to the re-

laminarizing effects of the coiled flow. However, 

only after 30-40 coils a full stabilization is realized. 

Especially at moderate Reynolds numbers (Re = 

2100, 2750, 3660) the flow needs at least 30 coils to 

stabilize. Also noticeable is the impact of the outlet 

with a sudden increase of the standard deviation for 

the last 2 coils. 

The normalized standard deviation (also known 

as turbulence intensity) of the axial velocities sorts 

itself into two regions. Low Reynolds numbers up to 

Re = 2200 have a σ/AVG of 0.01. Reynolds 

numbers higher than Re = 3830 have a σ/AVG value 

of 0.03 to 0.04, so four times higher. Kühnen, 

Braunshier [9] described that increase in standard 

deviation also as indicator for the laminar turbulent 

transition. A transition area can be noticed for 

Reynolds numbers between 2200 < Re < 3830 

where the curves do not fit to the above mentioned 

groups. 
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Figure 7. Extracted radial velocity over time of 

different Reynolds numbers. Locations from top 

to bottom: Top, Centre, Bottom, Left, Right. 

Figure 7 above shows the velocity in function of 

time from the 5 points shown in Figure 5. From these 

plots it is obvious, that with rising Reynolds number 

the fluctuations of the flow become stronger, there 

are also clear differences depending on the location 

in the cross-section of the coil. While the fluctuations 

start to become strong at Re = 4500 in the top, as well 

as left and right where the Dean vortices are situated, 

they are much less pronounced in the centre and 

almost neglectable in the bottom. 

 

 

Figure 8. Extracted axial velocity over time of 

different Reynolds numbers. 

The axial velocities over time in Figure 8 have a 

similar trend with an increase of fluctuations with 

rising Reynolds number. When taking a look onto a 

full measurement period (Figure 9) not only high 

frequency fluctuations but also oscillation waves 

with lower frequencies become visible. 

 

 

Figure 9. Extracted axial velocity over time of 

Reynolds number 2880 for the whole 

measurement time of 2 seconds. 

The following Figure 10 shows the frequency 

spectra of some Reynolds numbers for the axial 

measurements. As expected, in a completely laminar 

flow (Re=480) no frequencies could be detected. At 

medium Reynolds numbers some frequencies are 

more pronounced. With rising Reynolds number, the 

frequency spectrum broadens until no frequencies 

stand out anymore. The two highest detected 

frequencies are listed in Table 2 below. 
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Table 2. Highest detected frequencies from FFT 

for selected Reynolds numbers. 

Re f1 f2 

460 - - 

2750 1 Hz 3 Hz 

3660 6 Hz 36 Hz 

5510 7 Hz 22 Hz 

9650 Spectrum 

 

 

Figure 10. Frequency spectra of selected 

Reynolds numbers from the FFT analysis of 

extracted axial velocities. 

For a more detailed analysis of the flow it seemed 

reasonable to visualize the flow as a whole. The 

instantaneous flow fields are therefore extended to 

pseudo-3D-visualizations. Figure 11 below shows a 

selection of Reynolds numbers in an unrolled top-

down view of the helix tube. The flow goes from left 

to right, visualized is the vortex occurrence by the Q-

Criterion, coloured with the Z-Vorticity. The 

represented pseudo distance of 100 mm contains 

around 500 images depending on the recording 

frequency and superficial velocity. At low Reynolds 

number the counter rotating Dean vortices are clearly 

visible as horizontal stripes near the tube walls 

indicating a stable and laminar flow. With increasing 

Reynolds number, Lyne vortices near the centre of 

the cross-section occur. They merge with the Dean 

vortices on either side and finally disappear, 

indicating first instabilities and transition to 

turbulence (Figure 11, Re = 2750). With even faster 

flows the Lyne vortices appear with higher frequency 

and are more unstable (Re=3660). At a certain point 

the Lyne vortices are no longer distinguishable and 

the whole flow becomes turbulent. Even the Dean 

vortices become smeared indicating a completely 

turbulent flow behaviour (Figure 11, Re = 5510). At 

the highest measured flow rate with a Reynolds 

number of Re = 9650, the additional vortex 

structures have even the same intensity and size as 

the Dean vortices. It has to be noted, that with 

increasing Reynolds number the overall vorticity 

also rises steadily. 
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Re  

 

 

460 

 
 

2750 

 
 

3660 

 
 

5510 

 
 

9650 

 

 

 

Pseudo distance Z in [mm] 

 

Figure 11. Pseudo-3D-visualizations of the radial velocity fields. Q = 0.0035 to 0.05; Z-Vorticity = - 0.125 to 

0.125 (for Re = 460; Q = 0.00035 to 0.05). 

5. CONCLUSIONS 

In this study, the laminar-turbulent transition of 

helical coils is examined by LDA and PIV 

measurements. The independence of inlet and outlet 

conditions was proven for the set-up with a HCR of 

50 coils in a range of coil numbers 30 to 40. 

The qualitative analysis of the velocities, 

measured in the 40th coil, confirms the findings of 

Sreenivasan and Strykowski [8]. Depending on the 

location in the cross-section of the helix the flow 

behaves differently. While in the outer region of the 

HCR, or here in the top of the cross-section, 

fluctuations indicate turbulence at lower Reynolds 

numbers (Re = 5700), the turbulent behaviour in the 

inner region, here the bottom of the cross-section, is 

only pronounced at the highest measured Reynolds 

number of Re = 9650. 

The FFT analysis of the axial velocities did not 

show detectable frequencies for laminar flow 

conditions. In the transition area some characteristic 

frequency peaks appear, and a broadening of the 

frequency spectrum in the completely turbulent 

region can be recognized. 

The pseudo-3D-visualizations of the radial 

velocities showed the first instabilities as Lyne 

vortices at Reynolds number Re = 2750 and a fully 

turbulent flow behaviour at Re = 5510. 

OUTLOOK 

While searching for the laminar-turbulent 

transition point in HCRs it becomes clear, that in the 

asymmetric flow a high dependency on the location 

is given. The here presented markers for the 

transition point are either focused on one point in the 

flow or are just of qualitative nature. For quantitative 

analysis, measurements of high spatial and temporal 

resolution are necessary to capture the occurring 

vortex structures with low experimental noise. A 

multitude of markers can help to capture all flavours 

of turbulence making a difference between stable or 

frequent structures like Lyne vortices and fully 

turbulent flow with a high vortex dissipation rate. A 

holistic view of all markers is necessary as validation 

but also to make a final decision on the transition 

point. 
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ABSTRACT 

Currently, the energy market requires the use of 

renewable energy sources, especially photovoltaic 

and wind. During the year, these energy sources have 

large fluctuations. The machines that can 

compensate for the energy fluctuations given by 

fluctuating sources are hydraulic turbines. Thus, they 

end up operating at points other than those for which 

they were designed, with negative consequences for 

the operation of the machine. One of the 

consequences of operating hydraulic turbines at 

discharges other than the nominal one (for example, 

the Francis turbine) is the pressure pulsations that 

appear due to the self-induced instability generated 

by the swirling flow, in the conical diffuser. One of 

the modern techniques for mitigating the pressure 

pulsations that appear at partial discharges in 

hydraulic turbines (especially those with fixed 

blades) is the adjustable diaphragm introduced 

downstream of the conical diffuser. It has previously 

been shown that this technique can mitigate the 

swirling flow and the associated pressure 

fluctuations but can lead to an increase in hydraulic 

losses. Thus, the present work shows that by 

redesigning this diaphragm, a compromise can be 

found between the mitigation of pressure pulsations 

(dynamic component) and hydraulic losses, 

respectively the pressure recovery in the conical 

diffuser (energy component). The results obtained 

through 3D numerical simulation show that the 

pressure pulsations have a significant decrease, and 

the hydraulic losses are minimal when the turbine 

operates at 70% of the nominal flow.  

Keyword: adjustable diaphragm; conical 

diffuser; hydraulic losses; hydraulic turbine; 

pressure pulsation; swirling flow 

NOMENCLATURE 

Ad         [m2] diaphragm interior area 

Ao         [m2] test section outlet area 

Dt            [m]  reference diameter from the throat  

of the test section,   

Vt [m/s] reference velocity from the throat 

of convergent-divergent test section 

d [m] diaphragm interior diameter 

f [Hz] dominant frequency 

ρ [kg/m3] density 

shr [%] diaphragm device shutter area 

cp [-] pressure recovery coefficient 

𝑝
L0

 [kPa] mean pressure from the test section 

throat 

𝑝 [kPa] mean pressure 

Q [l/s] nominal flow 

hp [m] hydraulic losses 

pin [kPa] pressure from the inlet test section 

pout [kPa] pressure from the outlet of the test 

section  

1. INTRODUCTION  

The acute problem faced by hydraulic turbines 

(especially those with fixed blades such as the 

Francis turbine), which are imposed by the energy 

market to operate at operating points far from the 

optimal one, is due to fluctuating energies such as 

photovoltaic and wind [1, 2]. This type of operation 

(at part load) leads to the appearance of the helical 

vortex or vortex rope phenomenon, in the conical 

diffuser of the turbine [3]. Vortex rope is the main 

phenomenon that produces severe pressure 

fluctuations in the conical diffuser leading over time 

to cracks or breaks of the runner blades, cracks in the 

bearings or shaft, tearing of the ogive, etc [4].   
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To eliminate or to mitigate the instabilities from 

the conical diffuser, different techniques have been 

implemented in hydraulic turbines [5-8]. These 

methods lead to reducing the pressure pulsations 

over a narrow regime, but they are not effective or 

even increase the unwanted effects [9-11]. 

The present paper is focusing on the modern 

adjustable diaphragm passive control technique, to 

mitigate the instabilities associated to the vortex rope 

from the conical diffuser of hydraulic turbines (e.g., 

Francis turbine), operated at part load conditions. It 

is mentioned that the proof of concept of the 

adjustable diaphragm control technique was 

presented previously [12, 13]. The results obtained 

previously clearly show that the mitigation of the 

swirling flow instabilities is directly proportional to 

the narrowing of the diaphragm surface towards the 

centre of the conical diffuser axis (the diaphragm is 

mounted at the outlet of the conical diffuser). 

Anyway, it is shown that the hydraulic losses have 

an increase since the shutter area of the diaphragm is 

close to the diffuser centre and exist a small area 

where the diaphragm can work without increasing 

the hydraulic losses but still mitigate the amplitudes 

associated to the instabilities of the vortex rope.  

This paper presents a 3D numerical analysis of 

pressure filed from dynamic and energetic point of 

view using a redesigned adjustable diaphragm called 

IRiS device (Fig. 1). The second section presents the 

problem setup for numerical analysis, including the 

computational domain and boundary conditions. 

Section 3 analyzes the flow field quantifying the 

hydraulic losses and the unsteady pressure field with 

and without IRiS device. The conclusions are 

summarized in last section.  

 
 

 

Figure 1. Sketch of the IRiS device. 

2. COMPUTATIONAL DOMAIN AND 
BOUNDARY CONDITIONS 

The computational domain corresponds to 

convergent-divergent part of the swirling flow 

apparatus developed at Politehnica University 

Timisoara (UPT) [14]. The convergent section is 

bordered by the annular inlet section and the throat 

(Fig. 2). The annular inlet section is considered just 

downstream to the runner blades. The divergent 

section includes a discharge cone with semi-angle of 

8.5° similar to FLINDT project [15] and a pipe. 

Three values of the IRiS interior diameter of   d = 

0.143, 0.134, 0.124 m are considered in this 

numerical study. According to Figure 2 the IRiS 

device is located at the outlet of the conical diffuser. 

Table 1, shows the areas ratio between IRiS interior 

area and outlet test section area. 

Table 1.  

IRiS 

interior 

diameter  

d [m] 

IRiS 

interior area 

Ad [m2] 

Test 

section 

outlet 

area 

Ao [m2] 

Shutter 

ratio  

shr [%] 

0.143 0.016 0.02 20 

0.134 0.014 0.02 30 

0.124 0.012 0.02 40 

 

The computational domain previously presented 

in [12] is presented in Fig. 2. A mixed mesh with 

approximately 2.8M cells is generated on each 

computational domain with and without IRiS, Fig. 3. 

The most distorted element has an Equisize skew 

value of 0.87.  

Boundary conditions imposed for each case uses 

a velocity profile at the inlet, and the outflow 

condition on the outlet section. The inflow boundary 

conditions are obtained computing the flow upstream 

of the numerical domain in our previous research 

work. As a result, the inlet velocity profiles (axial, 

radial and circumferential velocity components) as 

well as the turbulent quantities (kinetic energy and 

turbulence dissipation rate) corresponding to a 

runner speed of 920 rpm are imposed on annular inlet 

section. Figure 4, shows the velocity profiles from 

the inlet test section [12]. 3D unsteady numerical 

simulations with and without IRiS were performed 

using the Ansys FLUENT 2023 R2 software in order 

to assess the new approach. 

For the numerical setup it was used k-ω GEKO 

turbulence model. This turbulence model is 

relatively new introduced to Ansys FLUENT and 

captures more accurate the flow specifics to 

hydraulic machines, [17]. The advantage of this 

turbulence model is that it has enough flexibility to 

cover a wide range of applications. The model 

provides free parameters that you can adjust for 

specific types of applications, without negative 

impact on the basic calibration of the model.  
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Figure 2. 3D computational domain of the case 

with diaphragm. 

 

 

Figure 3. Detail of mesh domain. Inlet of the 

domain (up) and outlet (down). 

 

This is a tool for model optimization but requires 

a proper understanding of the impact of these 

coefficients to avoid mistuning. It is important to 

emphasize that the model has strong defaults, so one 

can also apply the model without any fine-tuning, 

and one should make sure that any tuning is 

supported by high-quality experimental data.  

For this study the default value of the turbulence 

parameters was applied. The time step applied for the 

unsteady simulation for all the investigated cases was 

t = 0.002 s. For our investigation, 5000 time steps 

were employed for each case, corresponding to a 

flow time of 10 seconds, for obtaining a stable flow 

structure. All numerical solutions were converged 

down to residuals as low as 10-4. Pressure monitors 

denoted L0…L3 have been placed on 4 levels. The 

axial distance between two consecutive pressure taps 

located on the cone wall is 50 mm. 

 

 

Figure 4. Velocity profiles from the inlet test 

section [12]. 

3. NUMERICAL RESULTS 

3.1. Unsteady pressure analysis 

Numerical simulations for turbulent swirling 

flow in the test section from UPT, have been 
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performed for 3 cases of the IRiS device and for the 

case without IRiS. Figures 5 to 8, shows a first set of 

numerical results of pressure iso-surface for each 

case. One can clearly observe that the helical vortex 

structure still evolves during the IRiS shuttering for 

all cases, but the corresponding pressure pulsations 

are mitigated due to the eccentricity is significantly 

reduced. The above statement is supported by 

unsteady analysis of pressure signals from the 

pressure monitors of the domain (Fig. 9).  

 

 

Figure 5. Pressure iso-surface for the case 

without diaphragm, t=10 s, p=37.700 Pa. 

 

 

Figure 6.  Pressure iso-surface for the case 

with diaphragm diameter of d = 0. 143 m, t=10 

s, p=37.700 Pa. 

 

Figure 7. Pressure iso-surface for the case with 

diaphragm diameter of d = 0.134 m, t=10 s, 

p=37.700 Pa 

 

 

Figure 8. Pressure iso-surface for the case with 

diaphragm diameter of d = 0.124 m, t=10 s, 

p=37.700 Pa 

For the investigated technique, in this paper, it is 

obviously that the IRiS device provides a significant 

drop in amplitude, while the frequency remains 

constant (f~14 Hz) for all cases. The shutter ratio shr 

= 20% and 40% provides the largest amplitude 

reduction (up to 60%), compared to the case without 

IRiS device. The shr = 30% has a smaller decrease 

(up to 32%), because at that configuration the vortex 

sheet occurs – the flow region formed between 

stagnant region and the main swirling flow [3]. 
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We conclude that the passive method presented 

in this paper, has the potential to effectively mitigate 

the pressure fluctuations in decelerated swirling flow 

with precessing helical vortex.  

 

 

Figure 9. Pressure amplitudes corresponding 

to pressure taps from the test section domain.  

3.2. Mean pressure analysis 

The main purpose of the conical diffuser of 

hydraulic turbines is to convert as much as possible 

the kinetic energy at the runner outlet into pressure 

potential energy with minimum hydraulic losses.  

This energy conversion is expressed by the wall 

pressure recovery coefficient cp, which it is given in 

dimensionless form by Eq. (2), 

𝑐𝑝 =
𝑝 − 𝑝

L0

𝜌
𝑉𝑡
2

2

𝑤ℎ𝑒𝑟𝑒𝑉𝑡 =
𝑄

𝜋
𝐷𝑡
2

4

 
(1) 

where 𝑝
L0

 is the mean pressure on the wall at L0 

level,𝑝 is the mean pressure measured downstream 

on the cone wall, ρ = 998 kg/m3 is the water density, 

Vt is the bulk velocity in the throat and Dt = 2Rt = 0.1 

[m] is the throat diameter corresponding to L0 level, 

Q is the nominal flow. The distribution of the 

pressure coefficient cp [-] along the cone wall is 

plotted in Figure 10. The wall pressure recovery in 

the first part of the cone up to L1 level is negligible 

if it uses the diaphragm. In contrast, a significant 

improvement of the wall pressure recovery is 

obtained downstream to L1 level delaying the 

separation flow on the wall. For instance, the 

pressure recovery coefficient (at the wall) is 

increased up to 30% in the middle of the conical 

diffuser (on L2 level). For real turbines, this 

improved pressure recovery in the discharge cone is 

reflected in an increase of the overall turbine 

efficiency far from the best efficiency point, 

especially for low-head hydraulic turbines, since the 

main fraction of the hydraulic losses at such 

operating points are associated with the swirl in the 

draft tube cone. It is expected when the pressure 

recovery on the cone wall is improved it will have 

diminished additional hydraulic losses associated to 

the vortex rope.  

However, the hydraulic losses increase on the 

cone once the diaphragm obstructs the flow more and 

more. The hydraulic losses cannot be correctly 

quantified based on experimental data available.  

Tănasă et al. [16], reveal that the hydraulic 

losses are less than half of the value got for the case 

with vortex rope up to the relative shutter area of 

50% and no larger than twice up to the relative 

shutter area ratio of 70%, respectively. 

 

 

Figure 10. Pressure recovery coefficients vs. 

axial coordinate. 

 

Figure 11. Hydraulic losses versus shutter 

ratio 

Figure 11 shows the loss coefficient defined as: 

[ ]


=
−

in outhp m
g

p p
     (2) 

We examine the hydraulic losses variation 

with respect to the diaphragm shutter ratio. One 

can see from Fig. 11 that the hydraulic losses 

reach the maximum values for the highest 

shutter ratio of 40%. The evolution of the losses 

in the cone emphasizes the rapid increase in the 

hydraulic losses at partial discharge. This is also 

associated with an increase in the overall 

performance of the cone as shown in the 

variation of the pressure recovery coefficient at 

the wall. It is obvious when throttling the flow 

at the outlet of the cone, using the IRiS device, 

the hydraulic losses increase, but also the 

pressure recovery increase.  

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors
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4. CONCLUSIONS 

The paper reintroduces the concept with 

adjustable diaphragm (as IRiS device), for mitigating 

the swirling flow instabilities from the conical 

diffuser of hydraulic turbines operated at part load 

conditions. Full 3D unsteady numerical simulations 

with and without IRiS were performed in order to 

assess the dynamic and energy recovery 

performances of the concept. The numerical results 

clearly show that the helical vortex evolves in a 

weaker structure when the IRiS is switched on. As a 

result, the amplitude of the unsteady pressure signals 

associated to the helical vortex are mitigated up to 

60% in the amplitude with constant frequency in all 

cases. The evolution of the losses in the cone 

emphasizes the rapid increase in the hydraulic losses 

at partial discharge. This is also associated with an 

increase in the overall performance of the cone as 

shown in the variation of the pressure recovery 

coefficient at the wall. It is obvious when throttling 

the flow at the outlet of the cone, using the IRiS 

device, the hydraulic losses increase but also the 

pressure recovery increase. It is recommended to 

operate the IRiS device when the turbine operates 

over a wide range, far from the best efficiency point 

(BEP), so that hydraulic losses are minimal with high 

energy recovery and small pressure pulsations.  

Consequently, in our opinion, the above 

conclusions recommend the IRiS device to be 

considered for either new or refurbished hydraulic 

turbines to improve both efficiency and safety of the 

operation far from the best efficiency point. 
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ABSTRACT 

Oil-water (o/w) mixtures are found in numerous 

applications, mainly for processes, chemical and 

environmental engineering. Whenever oil-

containing phases are utilized, the wastewater is 

often contaminated with oil, and these emulsions can 

cause significant environmental problems even at 

low concentrations e.g., polluting water bodies and 

damaging aquatic ecosystems.  

The use of water treatment systems (e.g., the PTJ 

separating pump described below) is therefore 

essential in order to reliably remove the oil from the 

wastewater. In order to improve oil-water separation 

systems in a reliable manner, concentration 

measurements must also be accurate. The current 

study investigates the improvement of accuracy and 

reliability of o/w concentration measurements. A 

fluorescence-based imaging method has been 

developed to quantify the o/w concentration, 

especially in the relevant, low concentration ranges 

(5 mg/l to 200 mg/l). This method uses the 

fluorescent dye Nile red (CAS-Number: 7385-67-3), 

acquires high-resolution images and analyses the 

droplet size and fluorescence intensity. 

Using these concentration measurements, an 

existing laboratory test rig is improved in terms of 

pressure increase, and the control unit is miniaturized 

in order to convert the lab system into a mobile unit 

that can be used on-site in case of disasters. 

 

NOMENCLATURE 

Latin letters 

FS  [-] flow-split 

g  [m s-2] gravitational acceleration 

HHPO  [m] pressure head 

𝑚̇  [kg s-1] mass flow rate 

p  [Pa] static pressure 

n  [rpm] rotational speed 

m  [-] Gradient 

k [-] Intersection 

T [°C] Temperature 

Greek letters 

𝛼  [-] oil concentration 

𝜌  [kg m-3] mixture density 

Abbreviations 

CF Coriolis mass flowmeter 

HPO High-Pressure Outlet 

LPO Low-Pressure Outlet 

o/w oil-water 

ppm parts per million (=mg/l) 

rpm revolutions per minute 

PTJ Pitot-Tube Jet (pump) 

RoI  Region of Interest 

1. ENVIRONMENTAL CHALLENGES OF 
OIL SPILLS 

Water pollution, especially caused by oil spills, 

remains a significant challenge for society. Given the 

increasing shortage of drinking water and the rising 

frequency of environmental disasters, finding 

effective clean-up solutions is more important than 

ever [1]. 

Although the Deepwater Horizon spill in 2010, 

which released 800 million litres of crude oil into the 

Gulf of Mexico, is the most well-known case, there 

are numerous other examples of oil pollution in daily 

life [2,3]. Industrial processes, shipping, and the 

uncontrolled discharge of bilge oil at ports or through 

accidents at sea significantly contribute to oil 

pollution [4]. However, this issue is not limited to 

oceans — inland waters such as lakes, rivers, and 

even groundwater can also be polluted. Heavy rain 

events like floods and high tides destroy houses, 

vehicles, and machinery containing oils, fuels, and 

other pollutants, thus threatening groundwater 

through contamination [4,5]. 

Standard oil spill control methods, such as 

barrier systems, chemical dispersants, and 
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(controlled) burning, often have limited 

effectiveness and can even worsen environmental 

damage [6]. Therefore, innovative approaches are 

urgently needed to quickly and effectively separate 

oil from contaminated water, enabling the rapid 

return of cleaned water to water bodies [7]. 

2. THE LABORATORY PITOT-TUBE JET 
PUMP FOR OIL-WATER SEPARATION  

To deal with environmental problems and 

remove oil spills quickly and cost-effectively on site 

the Chair of Fluid Mechanics and Technical Flows 

has developed a mechanical separation method based 

on a rotating pump system. The modified Pitot-Tube 

Jet (PTJ) pump is an innovative solution for oil-water 

separation while simultaneously transporting the two 

separated phases [8–11]. With the PTJ pump it is 

possible to achieve significant success in the 

separation of oil-contaminated water. Laboratory 

analyses demonstrated a water purity below 2 to 5 

ppm, which is a sufficient level to allow the purified 

water to be discharged directly into the environment. 

The name of the Pitot pump comes from Henri 

Pitot. The Pitot tube extends in radial direction from 

the rotation axis almost up to the inner wall of the 

rotor. At this point, the liquid reaches its highest 

velocity and enters the Pitot tube. As a standard 

pump system, the Pitot tube has one inlet and one 

outlet. To adapt the system for separating oil-water 

mixtures, the Pitot tube was modified to involve one 

inlet for the oil-water mixture, and two outlets for the 

separately discharged liquids.  

Figure 1 shows the modified Pitot tube inside the 

small-scale laboratory centrifuge. In first 

experiments, the system operates without blades and 

functions purely as a centrifuge. In this setup, the 

pressure increase results only from rotation and from 

the pressure build-up inside the Pitot tube, working 

as a diffusor. Within the Pitot tube, the high kinetic 

energy of the accelerated fluid is converted into 

usable pressure energy. In this way, the Pitot tube 

functions similarly to a volute casing in a classical 

centrifugal pump. 

The incoming o/w mixture is separated in the 

rotor by centrifugal forces. The heavier phase (water) 

is pushed towards the outer rotor walls, while the 

lighter phase (oil) collects in the core, close to the 

axis of rotation. As a result, the water exits through 

the head of the Pitot tube, where it experiences a 

pressure increase before being expelled through the 

High-Pressure Outlet (HPO), while the oil exits 

through the second, central outlet, the Low-Pressure 

Outlet (LPO). 

 

 

 

Figure 1: Schematic image of the modified Pitot 

tube in the lab-scale PTJ. 

While combining pumping and separation, the 

PTJ pump achieves efficient oil-water purification at 

high flow rates, making it suitable for wastewater 

treatment in natural environments. 

3. EVALUATION OF O/W 
CONCENTRATION AND PRESSURE  

To investigate and optimize the PTJ pump, a 

laboratory-scale experimental setup was developed 

and constructed. Connected pipelines and valves 

ensure that the incoming liquids can be tested under 

various inflow conditions. The system allows the 

analysis of different oils and contaminants. For 

standard tests, sunflower oil is used first for safety 

reasons. In advanced tests, mineral or synthetic oils 

and fuels can also be examined. A selection of the 

tested substances is listed in Table 1. Water is always 

present as a component, while the oil phases vary. 

Table 1: Densities of different fluids tested in 

the laboratory test rig [12–15] 

 Density at ~ 20°C [kg·m−3] 

Water 998  

Sunflower Oil 918 – 923 

Olive Oil 910 

Rapeseed Oil 907 

Engine Oil 855 – 907 

Gasoline 720 – 767 

Diesel fuel 802 – 886 

Heating Oil 815 

 

Due to differences in density, the separation 

process varies depending on the type of oil. Mineral 

and synthetic oils have a greater density difference 

from water, making them easier to separate. In 

contrast, vegetable oils such as sunflower oil have a 

much smaller density difference, which makes their 

separation more difficult from a physical 

perspective. While sunflower oil is preferred to limit 

safety concerns and facilitate handling, it presents a 
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more challenging separation scenario compared to 

mineral oils. 

Using the schematic experimental setup shown 

in Figure 2, the key parameters – o/w concentration 

at the HPO (𝛼𝐻𝑃𝑂) and pressure buildup (HHPO) - can 

be analysed and evaluated. This allows the 

identification of relevant parameter ranges and the 

optimization of the system in order to improve 

performance. 

The mass flow (𝑚̇), density (ρ), and temperature 

(T) are measured during the tests using Coriolis flow 

meters (CF). The operating principle is based on the 

controlled generation of Coriolis forces, which occur 

when translational and rotational movements are 

superimposed in a system. For pressure 

measurements, Cerabar T PMP131 pressure sensors 

from Endress & Hauser are used. The process 

pressure influences the metal membrane of the 

sensor. The signal is transmitted to the resistance 

bridge through a filling liquid. The pressure is 

determined based on the pressure change, which is 

proportional to the bridge output voltage. The 

configuration of the measuring devices is shown in 

the schematic test setup. 

 

Figure 2: Experimental test setup of the PTJ 

pump on pilot scale. 

The oil concentrations at the HPO and LPO are 

calculated using the corresponding densities. The 

correlation can be derived from equations (1a) and 

(1b). An oil concentration of 0.1 means that oil 

constitutes 10% of the mass of the mixture.  

αHPO  =  
ρHPO  −  ρWater

ρOil  −  ρWater

 (1a) 

αLPO =
ρLPO − ρWater

ρOil − ρWater

 (1b) 

The measured pressure is converted into the 

pressure head using equation (2). This represents the 

height that the pump may have to overcome in order 

to pump the separated mixture at the accident site if 

there are barriers to deal with. 

𝐻HPO =
Δ𝑝

ρHDA𝑔
 (2) 

4. EXPERIMENTAL OPERATION 

In previous tests, the operating parameters were 

adjusted to define the optimum separation ranges. 

However, due to measurement inaccuracies in the 

Coriolis flow meters, these parameter limits need 

further refinement to ensure consistent and optimal 

separation performance across the full operating 

range. 

The operating parameters include the rotational 

speed, the mass flow rate at the inlet, the oil 

concentration at the inlet and the flow split. These 

parameters define a specific operating point, and 

variations in these parameters have a direct effect on 

the two main objectives. Depending on the geometric 

configuration, the effect of each parameter on these 

targets varies, resulting in shifts of the operating 

limits of the system. 

In the first tests, a rotor without blades was used, 

operating as a pure centrifuge, as seen in Figure 3a. 

Later on, the rotor was modified with a blade 

geometry that only rotates in the water phase (Figure 

3b). This modification was intended to increase the 

pressure within the system and at the same time 

prevent the formation of emulsions inside the rotor, 

which would otherwise affect an efficient separation. 

        

Figure 3: (a) Front of the rotor without blade 

geometry and (b) with adapted blades that only 

rotate in the water phase (close to periphery). 

A comparison of the pressure increase as a 

function of the speed shows that a plate with blades 

generates a higher pressure build-up than the pure 

centrifuge configuration. As can be seen in Figure 4, 

the pressure head increases with rotational  speed for 

both geometries. In the configuration with blades, 

however, the oil concentration, given in the 

respective boxes in the curves, also increases, which 

corresponds to a decrease in separation efficiency.   
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Figure 4: Pressure build-up as a function of 

rotational speed without blades (orange) and with 

adapted blades (green). The final oil 

concentration for each case is given in the 

respective boxes. 

As a result, the parameter limits must be 

redefined and tightened. Another possibility is that 

the geometric configuration needs to be further 

optimized. As the oil concentrations in this system 

are so low that they cannot be accurately measured 

by the Coriolis flow meters, samples of the purified 

water were taken directly from the system and sent 

to the laboratory for analysis using the TOC (Total 

Organic Carbon) method. 

Although this method is very accurate, it is also 

very time-consuming. Only a limited number of 

samples can be analysed, which makes it difficult to 

vary the parameters and leads to a slow and costly 

optimization process. 

Since the mass balance method is no longer 

suitable for accurately determining the operating 

limits and optimizing the system due to the very low 

permissible oil concentrations in the treated water, a 

faster and more precise method must be developed to 

support system optimization. 

5. MEASURING THE OIL-WATER 
CONCENTRATION USING A 
FLUORESCENT DYE 

A better approach for reliably measuring oil 

concentrations in the range of 5 to 500 ppm has thus 

been developed. The measurement principle relies on 

fluorescence imaging of the dyed emulsion. 

A requirement for this method is the ability to 

detect fluorescence signals from the mixture. 

Aromatic molecules show fluorescent properties. 

Each substance has a characteristic range of 

wavelengths at which absorption and fluorescence 

emission occur. 

The oils listed in Table 2 have different 

fluorescence properties. While vegetable oils 

generally require excitation in the UV range, mineral 

oils show an emission peak with excitation in the 

wavelength range of around 420-490 nm. The 

sunflower oil used as a standard in the experiments 

has very weak fluorescence signals. Therefore, the 

sunflower oil is inoculated with a selective 

fluorescent dye tracer - Nile red (CAS No. 7385-67-

3) - at a concentration of 1 mg/l in the oil. This tracer 

is insoluble in water and serves as an effective 

marker for the oil droplets. The typical absorption 

and fluorescence spectra of Nile red are shown in 

Figure 5. 

 

Figure 5: Absorption and fluorescence spectra of 

Nile red [16] 

To simplify further processing, a stock solution 

of oil and the fluorescent dye Nile red was prepared. 

For 1 litre of sunflower oil, a mass of 1 mg Nile red 

was used. The dye, initially in powder form, was 

thoroughly mixed with the oil until fully dissolved. 

To ensure a consistent signal, the oil-dye mixture 

was filtered before being mixed with water to 

remove any residual solids. 

Both, the pure sunflower oil and the oil solution 

with added Nile Red were analysed using a Horiba 

Duetta spectrometer. A 3D fluorescence spectrum 

was generated, as shown in Figures 6 and 7. The 

signals from pure sunflower oil are very weak and 

may not be strong enough for a calibration curve to 

highlight differences between different 

concentrations. On the other hand, for the dyed 

sunflower oil, excitation at a wavelength of 535 nm 

shows an emission peak at 570 nm. 

To set up the experimental system, the excitation 

wavelength was selected based on the fluorescence 

spectra, with a green LED chosen as the excitation 

source. The LED used is a multicolor LED that can 

emit green, blue, or red light depending on the 

voltage applied. The blue LED is particularly 

suitable for further experiments with mineral oils, as 

these oils do not require the addition of a fluorescent 

dye. Non-toxic olive oil can also be excited in the red 

wavelength range and, therefore, can be used for 

further investigations. 
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Figure 6: Excitation and emission wavelengths of 

pure sunflower oil, showing the fluorescence 

signal. 

 

Figure 7: Excitation and emission wavelengths of 

sunflower oil seeded with 1 mg/l Nile red, showing 

the fluorescence signal.  

6. EXPERIMENTAL SETUP FOR 
FLUORESCENCE MEASUREMENTS  

The fluorescence-based methodology for oil-

water (o/w) measurements relies on the presence of 

a stable and reproducible emulsion. 

Generating a stable oil-water mixture without 

emulsifiers requires high-energy mixing to create 

fine, dispersed oil droplets. A stable emulsion is 

essential because fluorescence imaging depends on 

homogeneously distributed oil droplets for reliable 

quantification. In this study, a Polytron PT3100 

homogenizer was used, capable of handling up to 2 

liters of total volume at a maximum rotational speed 

of 12,000 rpm. However, even at this speed, the 

emulsion remained stable for only about three 

minutes, requiring rapid measurements before phase 

separation begins. The preparation process was 

standardized for all experiments.  

A volume of 200 ml of deionized water was 

mixed with a controlled amount of dyed sunflower 

oil to obtain the desired o/w concentration. The 

mixtures were dispersed at a rotational speed of 

12,000 rpm for 120 seconds. 

After the emulsification process, the samples 

were transferred into disposable cuvettes. These 

samples were positioned in front of a CMOS camera 

(FLIR Blackfly S, 5 MP), equipped with a Nikon F60 

objective lens (f-number: 2.8, scale factor: 59.7 

pixels/mm). All measurements were performed with 

a constant exposure time of 5000 μs. 

For fluorescence excitation, two LEDs 

(emission peak: 535 nm) were positioned on either 

side of the cuvette. This setup ensured intense and 

continuous illumination, crucial for uniform 

fluorescence excitation. Additionally, black 

shielding was used to minimize the entry of ambient 

light, as shown in Figure 8. The images were saved 

and later used for image processing. 

 

Figure 8: Schematic setup of the fluorescence 

imaging methodology for o/w concentration 

measurements [17] 

Table 2: Components of experimental setup 

1 CMOS camera (Mono, 5MP, 16 bit) 

2 Objective lens  

3 High-pass filter 

4 Cuvette (Oil in water emulsion with Nile red) 

5 LED illumination 

6 Housing to avoid disturbing light  

 

For image processing, a simple image-analysis 

algorithm was coded using Matlab (Version R2019, 

The MathWorks Inc.). The image processing 

sequence begins by reading the raw images, which 

are captured as grayscale images (Figure 9).  

The grayscale intensity is directly proportional 

to the fluorescence signal produced by the sample 

illuminated in the cuvette. Subsequently, a Region of 

Interest (RoI) is automatically set. This step is 

necessary to avoid regions with strong optical 

distortion near the edges of the cuvettes. 
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Figure 9: Image of the cuvette taken with the 

FLIR camera. RoI marked with a red rectangle. 

Since all cuvettes were placed in exactly the 

same position, the RoI always corresponds to 

identical pixel regions within the image: 400 pixels 

in the x-direction (horizontal) and 500 pixels in the 

y-direction (vertical), resulting in a total of 200,000 

pixels. Grayscale intensities (average pixel intensity) 

and distribution (standard deviation of pixel 

intensity) were evaluated for this area.  

Finally, the resulting intensity value is correlated 

with the known o/w concentration. 

7. RESULTS 

A concentration-dependent calibration curve 

was created based on the measurement setup 

described in Section 6. Figure 10 shows the 

correlation between the o/w concentration and the 

mean fluorescence intensity of the samples.  

It can be observed that each oil concentration 

corresponds to a specific fluorescence intensity 

value. This relationship allows for the determination 

of the oil content in the water based on the measured 

fluorescence intensity, provided that the dye 

concentration is known (here: 1 mg/l Nile red in oil). 

This linear correlation enables the fitting of a 

regression curve through the measured data points 

and facilitates the quantitative determination of the 

oil concentration in the water based on the 

fluorescence intensity. The following equation can 

be derived from this linear relationship: 

𝑦 =  𝑚 ⋅ 𝑥 +  𝑘  (3) 

Where y is the fluorescence intensity and x is the 

oil-water concentration. Matlab is used to determine 

the gradient m and the intersection k on the y-axis. 

The values obtained for the regression line are: 

• Intersection (k) = 403.56 

• Gradient (m) = 24.81 

  

 

Figure 10: Fluorescence intensity as function of 

o/w concentration.  

This results in the following equation: 

𝐼 = 24.81 ⋅ 𝑐o/w  [ppm] + 403.56 (4) 

This equation can be converted to solve c and 

calculate the oil concentration in the water based on 

the measured fluorescence intensity. Provided that 

the dye concentration of 1 mg/l Nile Red is known.  

co/w[ppm] =
I − 403.56

24.81
 (5) 

8. EXTENSION OF FLUORESCENCE 
IMAGING WITH MICROSCOPIC 
ANALYSIS 

While a correlation between fluorescence 

intensity and oil concentration has already been 

demonstrated, the next step is to investigate the 

behaviour of the oil droplets in the emulsion as the 

o/w concentration increases. For this purpose, a 

second FLIR camera was used, and the Questar QM-

1 Long Distance Microscope (7) was integrated into 

the experimental setup to investigate the microscopic 

properties of the emulsion. The extended 

experimental setup is shown in Figure 11. All other 

test parameters remained constant. 

 

Figure 11: Schematic setup of the fluorescence 

imaging methodology with microscope analysis 

With the long-range microscope, the oil droplets 

become visible through the fluorescent dye and 

enable a detailed examination. While the average 

fluorescence intensity can still be evaluated, the main 

focus is now on the formation of the droplets and 

their number as a function of the oil concentration. A 
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microscope image of the droplets can be seen in 

Figure 12. 

Matlab is used to analyse the number of droplets. 

A contrast threshold is defined in the script in order 

to consider only the droplets within a certain focus 

plane.

 

Figure 12: Droplet distribution for 50 ppm o/w 

The series of experiments described above was 

repeated. This time, however, fluorescnence images 

and microscopic images were taken simultaneously. 

The analysis of the number of droplets as a function 

of the oil concentration in water is shown in Figure 

13. 

While the fluorescence image analysis showed a 

linear correlation between oil concentration and 

fluorescence intensity, a correlation between droplet 

number and oil concentration can also be observed in 

the microscopic images. However, no linear 

correlation can yet be derived from the microscopic 

data. These results clearly show the potential of 

microscopic studies, but further optimization of both 

image quality and analysis script are required to 

accurately count and analyze the droplets. Such 

improvements could lead to a better understanding of 

the relationship between oil concentration and 

droplet behavior. 

 

 

Figure 13: Dependence of the number of particles 

on the oil concentration. 

 

8. CONCLUSIONS & FUTURE 
APPLICATIONS 

The separation of oil-water mixtures is still a 

major challenge, especially in environmental 

protection and industrial applications. The modified 

PTJ pump presented in this study offers a promising 

solution by combining centrifugal forces with a 

pumping mechanism to improve the efficiency of oil-

water separation systems. Laboratory tests have 

shown that this system can achieve a water purity 

level below 5 ppm, which meets the requirements for 

the discharge of water in the environment. 

One of the biggest challenges in optimizing the 

PTJ system is the accurate and rapid measurement of 

the oil-water concentration. While laboratory testing 

provides highly accurate results, it is time consuming 

and impractical for real-time testing under field 

operating conditions, especially given the variability 

of system parameters. While the in-line method (CF 

measurement/density mass balance) provides fast 

results, they lack the accuracy required for precise 

monitoring below 1000 ppm. Therefore, a 

fluorescence-based measurement technique using 

the dye Nile red was introduced in this study as a 

reliable and fast alternative. 

This fluorescence measurement method offers a 

sample-based evaluation that provides rapid results 

(a few minutes from sampling to oil concentration 

determination). A calibration curve for oil 

concentrations from 5 ppm to 500 ppm has been 

developed. Good correlations between droplet size 

and oil concentration have also been demonstrated. 

Nevertheless, there are still challenges and a need to 

optimize the microscopic analysis in order to 

increase accuracy, especially in the lower 

concentration ranges. 

Both methods need also to be further developed 

to obtain an in-line approach in the future, providing 

hopefully real-time response times. 

According to the results of the present study, it 

is possible to arrange all components of the set-up in 

such a way that in-line measurements are possible. 

However, the calibration function shown in Figure 

10 is only valid if all optical and system parameters 

are kept unchanged. This means that the camera and 

illumination settings as well as the distances between 

the individual components in the in-line setup must 

be identical to the offline setup. In addition, all the 

oil in the reservoir of the pilot plant must be 

inoculated at the same Nile red concentration (1 

mg/l) as before. 

In addition, the image processing algorithm, 

which currently runs in a sequential mode as post-

processing after image acquisition, needs to be 

modified to enable simultaneous image acquisition 

and processing as a real-time process. This will 

ultimately enable the development and 

implementation of a feedback control for the PTJ 

pump. Such a control is necessary in order to react to 
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transient process conditions resulting from a 

fluctuating oil concentration at the inlet, for example. 
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ABSTRACT  

The present work details the development, 

implementation and performance of a machine-

learning (ML) based predictive model for simulating 

particle-laden wall-bounded turbulent flows. 

Additionally, the technique is demonstrated with a 

particular focus on investigating the influence of 

Reynolds number on particle trajectory responses, 

comparing with equivalent high-fidelity simulations. 

Using a hybrid ML algorithm, the model is trained 

using data from direct numerical simulation (DNS) 

and Lagrangian particle tracking (LPT) in turbulent 

channel flows. Training trajectories are obtained 

from 𝑅𝑒𝜏 = 180 and 𝑅𝑒𝜏 = 300 DNS-LPT 

predictions across multiple particle Stokes numbers, 

however, the value of the technique is demonstrated 

at intermediate Reynolds numbers (𝑅𝑒𝜏 = 240), 

which offers strong agreement with DNS-LPT 

obtained first- and second-order velocity statistics, 

emphasising the accuracy at predicting particle 

dynamics at Reynolds numbers the ML model was 

never trained on. The techniques’ effectiveness 

demonstrates the ability to minimise the need for 

extensive DNS-LPT particle trajectory data which 

maintaining high accuracy in predicting dynamic 

properties and emergent phenomena across different 

Reynolds numbers. Beyond its immediate scope, this 

approach has broad applications in industrial and 

environmental processes where predictive models 

for turbulent multiphase flows are critical, such as 

aerosol transport and nuclear waste processing. 

 

Keywords: machine learning, artificial neural 

networks, direct numerical simulation, 

Lagrangian particle tracking, turbulent particle-

laden channel flows, Reynolds number  

 

 

 

NOMENCLATURE  

 

𝐶𝐷 [-] drag coefficient 

𝐼 [-] training input vector 

𝑁 [-] spectral element method 

(SEM) order 

𝑁𝑃 [#] number of simulated particles 

𝑅𝑒𝐵 [-] bulk Reynolds number 

𝑅𝑒𝜏 [-] shear Reynolds number 

𝑈𝐵 [ms-1] bulk velocity 

𝑑𝑃
∗  [-] particle diameter 

𝒇∗ [-] forcing function 

𝑝∗ [-] pressure field 

𝑡∗ [-] time 

𝑢𝜏 [ms-1] fluid shear velocity 

𝒖𝐹
∗  [-] fluid velocity vector 

𝑢′𝐹
∗  [-] fluid velocity fluctuation 

𝒖𝑃
∗  [-] particle velocity vector 

𝒖𝑆
∗ [-]  slip velocity vector 

𝒙∗ [-] position vector 

𝛿 [m] channel half-height 

𝜈𝐹 [m2s-1] fluid kinematic viscosity 

𝜌𝐹 [kgm-3] fluid density 

𝜌𝑃
∗  [-] particle-fluid density ratio 

Δ𝑡∗ [-] DNS timestep 

 

Subscripts and Superscripts 

 

P, F     particle, fluid 

B, 𝜏            bulk, shear 

∗                 bulk non-dimensional units 

RMS  root mean square 

1. INTRODUCTION  

Machine learning (ML) has emerged in recent 

years as a vital tool in enhancing analysis, research, 

predictive capabilities and decision-making across 

countless applications [1]. In essence, the term ML 

itself encompasses a wide variety of algorithms and 
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modelling tools used originally for data analysis, but 

which have been adopted across many scientific 

disciplines over the last few decades [2]. In such 

scenarios, ML applications have grown significantly. 

For instance, in healthcare, ML is capable of 

diagnosing and predicting diseases through analysis 

of medical data and imaging [3]. Its scope extends 

beyond that of scientific purposes into industries 

such as finance and automation of vehicles where it 

supports fraud detection [4] and navigation and 

decision-making in self-driving cars [5]. In such 

applications, the ability for ML to ‘learn’ is grounded 

in being able to obtain training data, from which 

insights and information can be extracted to develop 

intelligent models. 

Applications of ML further extend into the field 

of fluid dynamics, facilitated by the existence (and 

generation) of extensive data from both 

computational simulations and experiments. ML has 

been used to address challenges such as turbulence 

closure models, reduced-order modelling [6] and 

flow optimisation and control [7, 8]. Jain et al. [9] 

applied random forest regression in order to predict 

fluid flow in curved pipes using simulation-

generated training data. Aside from mispredictions 

of vortex positions, the technique was shown to 

accurately capture important characteristics of 

turbulent flow in non-trivial geometries. Li et al. [10] 

used k-nearest neighbour (KNN) techniques to learn 

the features of mixing tank systems obtained from 

limited experimental Lagrangian trajectories, 

demonstrating the effectiveness of ML algorithms 

applied in the context of experimentally obtained 

datasets. Yang et al. [11] expanded upon this by 

introducing the concept of a ‘hybrid’ ML model 

which combined preprocessors, noise generators and 

particle-wall collision algorithms to simulate 

turbulent single-phase and particle-liquid flows in 

pipes. This approach was shown to accurately predict 

local fluid and particle velocities, as well as spatial 

concentration distributions, having been trained on 

solely dynamic experimental data. 

As the complexity of the fluid dynamic system 

increases, due to the presence of complex geometries 

or additional phases, investigation into such 

scenarios poses greater challenges due to the 

intricacies of the additional interactions involved. In 

such systems, the fluid velocity field may fluctuate 

both due to the existence of turbulent eddies, as well 

as two-way coupling between particulate phases and 

the continuous flow field [12] which influences 

turbulence modulation, and four-way coupling 

wherein particles may interact with other particles 

via collision or agglomeration [13]. Being able to 

capture these phenomena in lower fidelity simulation 

techniques stands as an ongoing challenge in 

computational fluid dynamics, which for most 

purposes one must turn to high fidelity methods such 

as direct numerical simulation (DNS) and immersed 

boundary methods to holistically represent the 

system and extract knowledge from fully resolved 

simulations. These are often very computationally 

intensive and require high timeframes to perform the 

computations. The elucidation of such processes 

using high fidelity techniques is hence crucial for 

increasing the accuracy at which these processes are 

represented in lower order models, which in turn is 

vital for industrial applications such as the 

development of digital twins [14]. 

The present study aims to develop and 

demonstrate an enhanced predictive model which 

uses a hybrid ML approach to determine key fluid 

and particle behaviour in turbulent flows. An 

artificial neural network (ANN) is trained on 

dynamic particle databases generated from DNS and 

Lagrangian particle tracking (LPT) in channel flows. 

The model seeks to replicate similar trajectories and 

hence bulk flow observations such as velocity 

profiles of both phases and concentration profiles of 

the particulate phase, while reducing the amount of 

computational resources and time necessary to 

obtain similar degrees of accuracy. The study further 

aims to demonstrate the generalisability of the 

technique, applying the trained algorithm to 

parameter sets outside those trained upon, in this case 

considering a Reynolds number previously unseen 

by the ML algorithm. Finally, the technique builds 

upon previous attempts [11] by incorporation lagged 

particle velocities into the training input, manifesting 

the concept of particle momentum within the model, 

further generalising the technique to high Stokes 

number regimes, wherein particle motion is more 

decorrelated from the local fluid streamlines. 

2. METHODOLOGY  

2.1. Direct Numerical Simulation 

To obtain high accuracy predictions of the 

continuous flow field capable of capturing all 

relevant turbulence length and timescales, the DNS 

code Nek5000 [15] was employed in the context of a 

turbulent channel flow at various shear Reynolds 

numbers, 𝑅𝑒𝜏 = 𝑢𝜏𝛿/𝜈𝐹 = 180, 240 and 300. Here, 

𝑢𝜏 is the shear velocity, 𝛿 is the channel half-height 

and 𝜈𝐹 is the kinematic viscosity of the fluid phase. 

Nek5000 uses a spectral element method-based 

Eulerian solver at high order (𝑁 = 7) to model the 

temporal and spatial evolution of the flow field, and 

is applied on a hexahedral spectral element grid 

representing a standard channel flow geometry. 

The governing equations for the continuous 

phase are the Navier-Stokes (NS) equations, 

expressed in non-dimensional form using bulk flow 

properties to achieve the following: 

 
∇ ⋅ 𝒖𝐹

∗ = 0,  (1) 

  
𝐷𝒖𝐹

∗

𝐷𝑡∗
= −∇𝑝∗ +

1

𝑅𝑒𝐵
∇2𝒖𝐹

∗ + 𝒇𝑃𝐺
∗ + 𝒇2𝑊

∗ . 
(2) 
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Here, 𝒖𝐹
∗ (𝒙∗, 𝑡∗) represents the fluid velocity vector at 

position 𝒙∗ and time 𝑡∗, while 𝑝∗(𝒙∗, 𝑡∗) is the fluid 

pressure, 𝑅𝑒𝐵 = 𝑢𝐵𝛿/𝜈𝐹 is the bulk Reynolds 

number, 𝒇𝑃𝐺
∗  is a constant pressure gradient forcing 

term and 𝒇2𝑊
∗  is an arbitrary cell-dependent forcing 

term which accounts for two-way momentum 

exchange between particles and fluid (two-way 

coupling). In the above and subsequent equations, 

parameters which are marked with an asterisk (∗) 
imply non-dimensional variables achieved using 

bulk properties, (𝛿, 𝑈𝐵, 𝜌𝐹), with 𝜌𝐹 the fluid 

density. 

The NS equations are solved numerically on a 

structured Cartesian grid composed of 27 × 18 × 23 

spectral elements of 7th order, amounting to 

approximately 3.9 million equivalent ‘nodes’. The 

grid is refined in the wall-normal direction to capture 

near-wall flow structures more accurately, while a 

uniform distribution of elements is maintained in the 

streamwise and spanwise directions. The 

computational domain, defined as 12𝛿×2𝛿×6𝛿, 

represents a channel geometry. These dimensions are 

selected to capture all significant vortical structures, 

and the geometry is illustrated in Fig. 1. 

 

 

Figure 1: Schematic of the particle-laden 

turbulent channel flow at 𝑹𝒆𝝉 =180 used in DNS-

LPT simulations 

The solver uses a constant time step of Δ𝑡∗ =
0.005. Periodic conditions are imposed in the 

streamwise and spanwise directions to ensure that the 

flow remains cyclic. The extents of the wall-normal 

direction are located at 𝑦∗ = ±1 and are subject to no-

slip and impermeability conditions. The flow is 

driven by a constant pressure gradient applied in the 

streamwise (𝑥∗) direction, with the pressure gradient 

magnitude specified as follows: 

  

𝑑𝑝∗

𝑑𝑥∗
= (

𝑅𝑒𝜏
𝑅𝑒𝐵

)
2

. (3) 

2.2. Lagrangian Particle Tracking 

To track the trajectories of solid particles within 

the flow, a Lagrangian particle tracking routine was 

developed and integrated to run concurrently with 

the fluid phase solver within Nek5000. Each particle 

is modelled as a point-like, rigid, impenetrable 

computational sphere. After each time step of the 

continuous phase completes, the LPT routine solves 

the non-dimensional equations of motion for each 

particle considering a force-balance which acts on 

the particle’s inertia, as described by Maxey [16] and 

Patterson and Riley [17]. A key objective in 

developing the hybrid ML algorithm is to generalise 

the model across a range of Stokes numbers. As a 

result, forces such as lift, virtual mass, and pressure 

gradient, in addition to drag, are considered in the 

calculations since they may be significant under 

certain conditions, as noted in previous studies [18]. 

However, the Basset history force is excluded due to 

its high computational cost and earlier findings 

suggesting its negligible effect on particle motion 

[19]. The Newtonian equations governing each 

particle's motion are as follows: 
 

𝑑𝒙𝑃
∗

𝑑𝑡∗
= 𝒖𝑃

∗ , (4) 

MVM
∂𝒖𝑃

∗

∂𝑡∗
=
3𝐶𝐷|𝒖𝑠

∗|

4𝑑𝑝
∗𝜌𝑃

∗ 𝒖𝑠
∗

⏟      
𝐷𝑟𝑎𝑔

 +  
3

4

𝐶𝐿
𝜌𝑃
∗ (𝒖𝑠

∗ ×𝝎𝐹
∗ )

⏟          
𝐿𝑖𝑓𝑡

+
1

2𝜌𝑃
∗

𝐷𝒖𝐹
∗

𝐷𝑡∗⏟    
𝑉𝑖𝑟𝑡𝑢𝑎𝑙 𝑀𝑎𝑠𝑠

+
1

𝜌𝑃
∗

𝐷𝒖𝐹
∗

𝐷𝑡∗⏟    
.

𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡

 

(5) 

 

In Eqs. (4) and (5), 𝒙𝑃
∗   is the particle position 

vector, 𝒖𝑃
∗  the particle velocity vector, 𝒖𝐹

∗  the fluid 

velocity vector spectrally interpolated at the position 

of the particle, 𝒖𝑆
∗ = 𝒖𝐹

∗ − 𝒖𝑃
∗  the slip velocity 

between the fluid and the particle, 𝑑𝑃
∗  the particle 

diameter non-dimensionalised by the channel half-

height, 𝜌𝑃
∗  the density ratio between the fluid and the 

particle and 𝝎𝐹
∗  the vorticity of the fluid interpolated 

spectrally at the particle position, given by 𝝎𝐹
∗ =

𝛁 × 𝒖𝐹
∗ . 𝑀𝑉𝑀 is the virtual mass modification term 

given by 𝑀𝑉𝑀 = (1 +
1

2𝜌𝑃
∗). The drag coefficient, 

𝐶𝐷, is calculated dynamically using the correlations 

of Schiller and Naumann [13], where 𝐶𝐷 = 24𝑓𝐷/
𝑅𝑒𝑃, with 𝑓𝐷 = (1 + 0.15𝑅𝑒𝑃

0.687) when 𝑅𝑒𝑃 > 0.5 

and 𝑓𝐷 = 24/𝑅𝑒𝑃 otherwise (in the Stokes regime). 

Here, 𝑅𝑒𝑃 is the particle Reynolds number, given by 

𝑅𝑒𝑃 = 𝑅𝑒𝐵𝑑𝑃
∗ |𝒖𝑆

∗|. Further details on the calculation 

and origins of these terms are available in Mortimer 

et al. [18]. 

Particle translation during a time step is 

calculated after each fluid time step has completed. 

First, spectral interpolation is used to obtain the fluid 

velocity and its spatial derivatives at the particle 

positions. Then, Eqs. (4) and (5) are solved using a 

fourth-order Runge-Kutta scheme, with the time step 

equivalent to that of the fluid solver. 

Collisions between particles and the channel 

walls are handled as elastic impacts, reversing the 

wall-normal component of the particle's velocity 

upon contact. In the periodic directions (streamwise 

and spanwise), particles exiting the domain on one 
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side are reintroduced at the corresponding position 

on the opposite side, maintaining the periodic nature 

of the channel flow. The training dataset consisted of 

18 simulations, across two Reynolds numbers and 

multiple particle Stokes numbers based on shear 

scales, 𝑆𝑡+, obtained by varying both the particle 

diameter and the particle-fluid density ratio. The 

fluid and particle properties used to train and validate 

are summarised in Table 1. 

Table 1. Fluid and particle properties for each 

simulation considered. Simulation set names 

ending in T represent those used to train the ML 

algorithm, whereas V is used to indicate 

simulations performed for comparison purposes 

only 

Parameter SIM1T SIM2V SIM3T 

𝑅𝑒𝜏 180 240 300 

𝜌𝑃
∗  2.5, 1111, 2041 

𝑑𝑃
∗  0.0025, 0.005, 0.0075 

𝑆𝑡+ 0.028 → 574.03 

𝑁𝑃 10,000 

2.3. Hybrid ANN Algorithm 

Lagrangian trajectories obtained from the 

simulation methods described in Sections 2.1 and 2.2 

are first pre-processed into a data array containing 

their vertical positions within the channel and 

corresponding velocity components, 

𝑦∗, 𝑢𝑥,𝑡
∗ , 𝑢𝑦,𝑡

∗ , 𝑢𝑧,𝑡
∗ . These are then combined with the 

simulation conditions and the velocities from the 

previous time step to form the complete input feature 

set as follows: 

  

𝐼 = (
𝑅𝑒𝜏, 𝜌𝑃

∗ , 𝑑𝑃
∗ ,𝑦∗,

𝑢𝑥,𝑡−1
∗ , 𝑢𝑦,𝑡−1

∗ , 𝑢𝑦,𝑡−1
∗  

). (5) 

 

An artificial neural network was developed for 

this study due to its capacity to capture complex, 

non-linear relationships within the data and its 

proven accuracy in similar predictive modelling 

tasks. Previous studies have also demonstrated that 

ANNs can outperform other methods. The ANN 

model is configured with four hidden layers 

containing 256, 128, 64 and 32 configurable neurons 

and uses the rectified linear unit (ReLU) activation 

function. The number of layers and neurons, as well 

as the learning rate and batch size, were optimised 

beforehand through hyperparameter tuning. 

Before training, the input features are 

normalized between 0 and 1 based on the minimum 

and maximum values of each variable. The training 

dataset consists of data from 𝑁𝑃 = 10,000 particles 

with trajectories across 1000 instantaneous time 

states, sampled at intervals of 𝑡∗ = 0.005. The 

impact of varying the number of trajectories used for 

training on the model's performance was evaluated 

and chosen to ensure optimal training root mean 

square error. The ANN was trained over 100 epochs 

and optimised using the adam optimiser, minimising 

the root-mean-square-error (RMSE) loss function, 

with a batch size of 32 and a train-test validation split 

of 0.3. 

Once the model was adequately trained, 

synthetic particle trajectories are generated by first 

initialising each particle's position within the 

boundaries of the channel flow domain. The particles 

are then assigned velocities corresponding to the 

non-dimensional bulk velocity 𝑈𝐵
∗ = 1.0. During the 

hybrid ML-informed simulation, the ANN predicts 

the next particle velocity using the input feature set 

at the present time, as in Eq. (5). To account for local 

velocity fluctuations, a Gaussian noise model is also 

incorporated, defined as:  

 
𝑢𝐹
′ ∗~𝑁(𝜇, 𝜎2), 

 

(6) 

where the mean, 𝜇, and the standard deviation, 𝜎, 
were chosen to validate against fluid flow predictions 

from DNS-LPT simulations and differ for each 

Reynolds number and parameter set. Furthermore, 

the wall-normal proximity, |1 − 𝑦∗|, is taken into 

account as an additional factor such that 𝜇 and 𝜎 are 

both functions of 𝑦∗. The predicted subsequent 

velocity may then be calculated using: 

 
𝑢𝑝,𝑡
∗ = 𝑢̅𝑃

∗ + 𝑢𝐹
′ ∗, 

 

(7) 

where is 𝑢̅𝑃
∗  predicted by the trained ANN using the 

particle/fluid properties, previous velocities, and 

wall-normal positions within the channel. The 

particle positions are subsequently updated using a 

standard Euler time-stepping scheme using a time 

step identical to that employed in the DNS-LPT. 

To handle particle-wall collisions, a collision 

detection and response mechanism is implemented, 

identical to that used in the LPT method. 

Specifically, in the vertical direction, the particle's 

velocity is reversed upon collision with the channel 

wall. In the streamwise and spanwise directions, 

particles exiting one boundary are reintroduced at the 

corresponding position on the opposite side, 

preserving the periodic flow characteristics of the 

channel. 

3. RESULTS AND DISCUSSION  

Initially, three simulations of unladen turbulent 

channel flows at SEM order 𝑁 = 7 were conducted, 

using a constant pressure gradient driving force to 

establish a statistically stationary turbulence field for 

𝑅𝑒𝜏 = 180, 240 and 300. The simulations were 

initialised with a condition featuring a mean velocity 

profile containing minor perturbations to promote 

the transition to turbulence. The simulations ran for 

𝑇𝑆
∗ = 100 non-dimensional time units, with statistics 

collected during the final 50 ≤ 𝑡∗ ≤ 100. 

Additionally, statistics were measured at 𝑡∗ = 10 
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intervals to ensure no temporal variations in the 

results. The 𝑅𝑒𝜏 = 180 and 300 single-phase 

channel flows have been validated in previous 

publications [18, 20]. 

To facilitate the Gaussian noise generation 

function, velocity fluctuation statistics were 

collected from the validated channel flows over new 

simulations with a temporal duration of 𝑡∗ = 100. 

Figure 2 presents the probability density functions 

(p.d.f.s) for all three components of the velocity 

fluctuations, demonstrated in the 𝑅𝑒𝜏 = 180 

simulation, and sampled from uniformly distributed 

locations throughout the channel domain over the 

entire simulation period. To validate the Gaussian 

noise model used for predicting local fluctuations on 

the particles, the sampled velocity fluctuations were 

compared against the model’s predictions. In all 

three component directions, the noise model is 

shown to accurately capture the range and 

distribution of the fluctuating fluid velocities. 

Similar observations were made for the 𝑅𝑒𝜏 = 240 

and 300 flows. 

 

   

Figure 2: Gaussian noise model validation of 

velocity fluctuation components for single-phase 

DNS at 𝑹𝒆𝝉 = 180 

 

In order to improve the accuracy of the Gaussian 

noise model when representing the true nature of 

velocity fluctuation distributions, the hybrid ML 

technique was enhanced to consider a wall proximity 

based standard deviation for the Gaussian profiles. 

Figure 3 demonstrates the functional relationship 

between wall distance and each component of the 

profile’s standard deviation, 𝜎. This was digitised as 

a look-up table, with points interpolated linearly 

between each measured region when calculating Eqs. 

(6) and (7). Because a major focus of the present 

work is to reduce runtimes while preserving DNS-

like accuracy for particle trajectories, the resolution 

was chosen to resolve the important peaks. However, 

it should be noted that interpolation of the 

streamwise component may play a role in reducing 

accuracy in the hybrid ML model, since the actual 

peak is fairly sharp, and hence standard deviations 

are not as likely to be predicted with the same 

accuracy as in the bulk flow region. 

 

 

Figure 3: Gaussian noise standard deviation 

calculation based on velocity fluctuation 

components for single-phase DNS at 𝑹𝒆𝝉 = 180 

 

The ANN was trained on 10,000 particle 

trajectories for each simulation dataset over 100 

epochs. Training beyond this point led to overfitting, 

as indicated by an increase in RMSE for the 

validation dataset compared to the training dataset. 

After approximately 100 epochs, the validation MSE 

stabilised at around 4-5%. After training, the model 

was utilised to simulate particle-laden flows and the 

results were compared with those from DNS-LPT for 

corresponding simulations. 

Figure 4 compares the predicted mean 

streamwise velocities of the hybrid ML particles with 

the DNS-LPT results for 𝑅𝑒𝜏 = 180 and 𝜌𝑃
∗ =

2.5, 𝑑𝑃
∗ = 0.0025. The predictions show excellent 

agreement across the wall-normal direction of the 

channel, with some slight overprediction in the bulk 

flow region. Similar comparisons for the RMS 

velocity fluctuations and the shear stress are shown 

in Fig. 5, revealing close alignment of the two 

predictions close to the wall but noticeable 

discrepancies in the channel's core. These deviations 

are more significant for the wall-normal and 

spanwise components. It is evident that the hybrid 

ML algorithm tends to overestimate the velocity 

fluctuations for these two components, likely due to 

the inability to fully capture emergent behaviour 

such as particle entrainment in low-speed streaks in 

the buffer layer, at which the accuracy is weakest. 

The algorithm also captures the general trends in the 

shear stress profile, though its accuracy is lower both 

within the buffer layer region as well as within the 

bulk flow region. 
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Figure 4: Comparison of mean particle 

streamwise velocity predictions between the 

present DNS results and the hybrid ML-predicted 

trajectories for 𝑹𝒆𝝉 = 𝟏𝟖𝟎 and 𝝆𝑷
∗ = 𝟐. 𝟓, 𝒅𝑷

∗ =
𝟎. 𝟎𝟎𝟐𝟓 

 

 

Figure 5: Comparison of and root-mean-square 

velocity fluctuations and shear stress predictions 

between the present DNS results and the hybrid 

ML-predicted trajectories for 𝑹𝒆𝝉 = 𝟏𝟖𝟎 and 

𝝆𝑷
∗ = 𝟐. 𝟓, 𝒅𝑷

∗ = 𝟎. 𝟎𝟎𝟐𝟓 

 

To determine the extent to which the hybrid ML 

algorithm can handle parameter sets outside those 

originally trained upon, an additional DNS-LPT 

simulation was performed at 𝑅𝑒𝜏 = 240, which lies 

halfway between those considered for the training 

datasets. 

Figures 6 and 7 present the comparison of mean 

streamwise velocities and RMS velocity fluctuations 

for the untrained parameter set at 𝑅𝑒𝜏 = 240, in 

order to assess the generalisation capability of the 

hybrid ML model to conditions outside the training 

range. 

In Figure 6, the predicted mean streamwise 

velocities show strong agreement with the DNS-LPT 

results across the wall-normal direction of the 

channel. Minor discrepancies are observed in the 

bulk region, where the ML model slightly 

overestimates the velocities. This overprediction 

could be attributed to the model's interpolation 

between the trained datasets at 𝑅𝑒𝜏 = 180 and 300, 

leading to a slight bias, though slight overprediction 

was observed in both training datasets. Nevertheless, 

the model accurately captures the overall trend, 

demonstrating its ability to generalise the mean 

particle behaviour to intermediate Reynolds numbers 

effectively. 

 

 

Figure 6: Comparison of mean particle 

streamwise velocity predictions between the 

present DNS results and the hybrid ML-predicted 

trajectories for 𝑹𝒆𝝉 = 𝟐𝟒𝟎 and 𝝆𝑷
∗ = 𝟐. 𝟓, 𝒅𝑷

∗ =
𝟎. 𝟎𝟎𝟐𝟓 

 

Figure 7 compares the RMS velocity 

fluctuations, exhibiting strong agreement near the 

channel walls but noticeable deviations in the core 

region. These discrepancies are more pronounced for 

the wall-normal and spanwise components, 

consistent with observations for the other Reynolds 

numbers. The hybrid ML model tends to this time 

underpredict the fluctuations, particularly in regions 

where turbulence modulation is more significant. 

This is likely due to the model's inability to further 

fully capture complex emergent behaviours, such as 

particle clustering and low-speed streak entrainment, 

which are more prominent at higher Reynolds 

numbers. 

Overall, the hybrid ML model exhibits strong 

predictive performance for an unseen Reynolds 

number, validating its generalisability across 

different flow conditions. However, the 

overestimation of velocity fluctuations indicates 

potential areas for improvement, such as 

incorporating additional physical models or 

enhancing Gaussian noise modelling techniques to 
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better inform the model of the presence of turbulent 

structures and particle-fluid interactions. 

 

 

Figure 7: Comparison of and root-mean-square 

velocity fluctuations and shear stress predictions 

between the present DNS results and the hybrid 

ML-predicted trajectories for 𝑹𝒆𝝉 = 𝟐𝟒𝟎 and 

𝝆𝑷
∗ = 𝟐. 𝟓, 𝒅𝑷

∗ = 𝟎. 𝟎𝟎𝟐𝟓 

4. CONCLUSIONS 

This study aimed to develop and validate an 

enhanced predictive model for simulating particle 

dispersion, advection, and wall interactions in 

turbulent channel flows using a hybrid machine 

learning algorithm. By utilising dynamic databases 

generated from DNS and LPT, another aim was to 

reduce the amount of simulation data required to 

achieve statistically stationary and accurate profiles 

while maintaining high prediction accuracy. 

Additionally, the model was tested on an unobserved 

parameter set at 𝑅𝑒𝜏=240 to evaluate its 

generalisability beyond the training parameter sets. 

The results demonstrate that the hybrid ML 

algorithm, which incorporates an ANN model, 

effectively predicts particle trajectories with a 

significant reduction in computational cost. The 

model requires only around 10,000 DNS-LPT 

trajectories for training (c.f. 300,000 used in 

comparative studies [20]) and is able to generate 

additional ML-informed trajectories efficiently, 

resulting in substantial time and resource savings. 

This efficiency was particularly evident when 

generating synthetic trajectories for untrained 

Reynolds numbers, where the model captured the 

mean streamwise velocities with high accuracy. 

Although some discrepancies were noted in the RMS 

velocity fluctuations, particularly in the wall-normal 

and spanwise components, the overall agreement 

with DNS-LPT results was strong, validating the 

model’s predictive capability. 

The study demonstrates the potential of the 

hybrid ML algorithm for efficiently simulating 

particle dynamics in wall-bounded turbulent flows, 

making it a critical tool for real-time applications, 

such as digital twin technology. The model's ability 

to generalise to an unobserved Reynolds number 

showcases its robustness and adaptability across 

different flow conditions. However, the 

overestimation of velocity fluctuations in the channel 

core suggests areas for further refinement, such as 

enhancing the noise model or incorporating 

additional models (such as physics-informed 

components to the neural network) to better allow the 

training to understand interaction with complex flow 

structures. 

Despite these areas for improvement, the 

reduced computational time and increased efficiency 

offered by this approach make it a promising 

alternative to traditional DNS-LPT simulations. 

Future work will focus on optimising the model 

architecture, exploring advanced noise modelling 

techniques, and extending its applicability to more 

complex flow scenarios and particle behaviours. 

These advancements will further enhance the 

model's accuracy and versatility, broadening its 

utility in both academic research and industrial 

applications, particularly where real-time analysis 

and decision-making are critical. 
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ABSTRACT  

The high heat transfer rates required in many 

cooling systems can often only be achieved through 

subcooled boiling flows in heated wall regions, with 

boiling providing the heat transfer rates required to 

maintain system integrity. Understanding the 

mechanism of boiling in systems with turbulent 

subcooled flows is essential for enhancing the 
predictive capabilities for nuclear thermal hydraulic 

systems. This study investigates two boiling models 

coupled with large eddy simulations employing a 

dynamic subgrid-scale eddy viscosity model. One 

boiling model utilises a mechanistic force balance 

approach to predict bubble dynamics: accounting for 

the bubble growth and detachment processes 

affected by micro-layer evaporation, heat transfer 

from the superheated liquid, and condensation on the 

bubble cap due to the subcooled liquid. The other 

model employs a reduced correlation-based 

approach to determine bubble departure diameter 
and frequency, aiming to improve the applicability 

of the force balance method while reducing 

computational and calibration requirements. To 

evaluate the performance of these models, validation 

is conducted against experimental data for vertically 

upward subcooled boiling flows using water and 

refrigerant R12. These datasets encompass a wide 

range of operating conditions, ensuring a robust and 

comprehensive assessment of model accuracy. 

Results indicate that both models achieve 

satisfactory predictive accuracy across all tested 
conditions, demonstrating improvements over 

equivalent Reynolds-Averaged Navier-Stokes-based 

approaches. Although the mechanistic model 

provides superior precision in predicting bubble 

dynamics, this enhanced accuracy comes at the cost 

of increased computational demand, making the 

correlation-based approach a viable alternative for 

engineering applications requiring reduced 

computational expense. These findings contribute to 

the ongoing development of high-fidelity boiling 

models for nuclear thermal hydraulic simulations, 

offering valuable insights for future research and 
industrial applications. 

Keywords: subcooled boiling, bubble dynamics, 

large eddy simulation, force balance model, 

reduced correlation  

NOMENCLATURE  

𝐹𝑏 [N] buoyancy force 

𝐹𝑐𝑝 [N] contact pressure force 

𝐹𝑑𝑢 [N] unsteady drag force 

𝐹𝑝 [N] hydrodynamic force 

𝐹𝑠𝑡 [N] surface tension force 

𝐺𝑠 [-] dimensionless shear rate 

𝐽𝑎 [-] Jacob number 

P [Pa] pressure 

R [m] bubble radius 

S [1/s] rate of strain tensor 

𝑑𝐵 [m] bubble diameter 

𝑑𝑑𝑒𝑝 [m] bubble departure diameter 

𝑑𝑤 [m] contact diameter 

𝑔 [m/s2] gravitational acceleration 

t [s] time 

u [m/s] velocity 

𝑢𝜏 [m/s] shear velocity 

𝑢+ [-] dimensionless velocity 

𝑦+ [-] dimensionless wall distance  

Γ [kg/m3.s] mass transfer rate 

∆ [m] filtering width 

𝛼 [-] void fraction 

𝜇 [kg/m .s] dynamic viscosity 

𝜈 [m2/s] kinematic viscosity 

𝜌 [kg/m3] density 
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Subscripts and Superscripts 

 

G           gas 

I Either phase 

L liquid 

d            drag 

x, y        spatial coordinates  

1. INTRODUCTION  

Boiling phenomena in turbulent subcooled flows 

are crucial for achieving efficient heat transfer, 

particularly in thermal hydraulic systems, making it 
a key focus for researchers in both industry and 

academia. Subcooled flow boiling plays a critical 

role in applications requiring effective cooling, such 

as nuclear reactors, refrigeration systems, and in the 

chemical processing industries [1]. However, this 

process is highly complex due to the intricate 

dynamics of bubble nucleation, growth, detachment, 

and dispersion near heated surfaces. A 

comprehensive understanding of these phenomena is 

crucial for optimising system designs, enhancing 

performance, and ensuring the reliability and safety 
of advanced thermal systems. 

The transient and complex nature of boiling 

phenomena makes it difficult to fully understand 

their underlying physical mechanisms. Experimental 

studies have primarily aimed at developing empirical 

correlations based on extensive datasets obtained 

under diverse geometries, fluid types, and operating 

conditions [2, 3]. However, these experiments are 

expensive, and the resulting correlations are often 

limited to the specific conditions and setups used. To 

overcome these limitations, computational fluid 

dynamics (CFD), and particularly Eulerian-Eulerian 
approaches, have been widely employed to model 

flow boiling, providing a more adaptable and cost-

effective tool for investigating these processes [4]. 

In this approach, the conservation equations for 

mass, momentum, and energy are solved separately 

for each phase. However, this method simplifies the 

system by averaging the phase occurrence over time 

and space, which results in the loss of detailed 

interface structure information. As a result, 

additional models are required to account for the 

exchange of mass, momentum, and energy between 
the phases [5]. The phase change at the heated wall 

and the distribution of heat flux between the liquid 

and vapour phases are typically modelled using wall 

boiling models. One of the most widely used heat 

flux partitioning models is the Rensselaer 

Polytechnic Institute (RPI) model [6], in which the 

external heat flux applied to the heating wall is 

divided into three primary heat transfer mechanisms: 

single-phase convection, quenching, and 

evaporation. These mechanisms depend on several 

key parameters, including nucleation site density, 

bubble departure diameter, and bubble departure 
frequency, with correlations for these quantities 

initially derived from pool boiling experiments 

conducted at ambient pressure [7]. A detailed review 

of the available correlations can be found in [8]. 

Numerous studies have evaluated the applicability of 

the RPI model using the standard correlations 

implemented in most CFD packages. However, these 

studies have shown that the model often exhibits 

limited accuracy and generality [4]. 

Among the key parameters requiring accurate 
modelling, the bubble departure diameter is 

particularly important for predicting the void fraction 

distribution within the flow. Consequently, 

mechanistic sub-models that explicitly describe 

bubble dynamics are essential for improving 

predictive accuracy. Klausner et al. [9] developed a 

mechanistic model based on a force balance during 

the bubble's growth phase prior to its departure from 

a surface. This model demonstrated good predictive 

performance against their experimental data. Over 

the years, many researchers have worked on 
improving the original model to increase its 

predictive capability across a wider range of 

experimental conditions [10]. One significant 

enhancement involved incorporating local 

condensation effects into the bubble growth rate 

model, along with modifications to the lift force and 

surface tension models [11]. Further improvements 

were made by integrating microlayer evaporation 

beneath the bubble to enhance model accuracy [12]. 

Recent research conducted at the Massachusetts 

Institute of Technology (MIT) has introduced a 
comprehensive approach to heat flux partitioning by 

incorporating all essential wall nucleation closures 

[13]. Using experimental data obtained through 

advanced measurement techniques, the MIT model 

provides wall nucleation closures that are applicable 

across a wide range of pressures and flow conditions. 

Unlike conventional models, this approach 

eliminates the need for case-specific calibration, 

improving its adaptability and reliability [14].  

Most existing modelling efforts for subcooled 

boiling have relied on Reynolds-averaged Navier-

Stokes (RANS) approaches due to their relatively 
low computational cost. However, RANS models 

tend to over-predict mixing and fail to capture the 

complex transient dynamics of turbulent flow boiling 

due to their inherent averaging of turbulent 

fluctuations. To address these limitations, 

researchers have increasingly turned to large eddy 

simulation (LES), which offers a more accurate and 

robust framework for studying complex boiling 

phenomena [15]. Although LES requires 

significantly greater computational resources than 

RANS-based approaches, continuous advancements 
in computing power are making it increasingly 

feasible for high-fidelity analysis and optimisation of 

boiling flows. In this study, the bubble dynamics 

model and the reduced-correlation MIT model are 

implemented in the OpenFOAM code and compared 

within an LES framework. LES allows a detailed 

investigation of subcooled boiling flows, offering 



3 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

improved accuracy in capturing key phenomena. 

Both models are validated against experimental data 

for vertically upward boiling flows using water and 

refrigerant R12 over a wide range of conditions. 

2. MATHEMATICAL MODELLING  

By spatially filtering the governing equations in 

the Eulerian-Eulerian two-fluid model in LES, large-

scale motions are explicitly resolved, while small 

subgrid-scale (SGS) fluctuations are modelled: 

 
𝜕(𝛼𝐼𝜌𝐼)

𝜕𝑡
+ ∇. (𝛼𝐼𝜌𝐼𝑢𝐼) = 𝛤 

(1) 

𝜕(𝛼𝐼𝜌𝐼𝑢𝐼)

𝜕𝑡
+ ∇. (𝛼𝐼𝜌𝐼𝑢𝐼𝑢𝐼) = 𝛼𝐼𝜌𝐼𝑔 − 𝛼𝐼∇𝑃 

                                    +∇. (𝛼𝐼𝜏𝐼) + 𝑀𝐼 

 

 

(2) 

 

The influence of the unresolved scales on the 

resolved scales is represented through the SGS stress 

tensor, which is modelled as: 

 

𝜏𝑖 = −𝜇𝑒𝑓𝑓 ((∇𝑢𝐼) + (∇𝑢𝐼)𝑇 −
2

3
𝐼(∇. 𝑢𝐼))             (3) 

 

For the liquid phase, the effective viscosity 𝜇𝑒𝑓𝑓 is 

determined by considering molecular viscosity, 

turbulent viscosity, and bubble-induced turbulence, 

with the latter being modelled using the Sato et al. 

[16] model, ensuring an accurate representation of 

the flow dynamics: 

 

𝜇𝑒𝑓𝑓 = 𝜇𝐿,𝐿 + 𝜇𝑇,𝐿 + 𝜇𝐵𝐼,𝐿                                       (4) 

𝜇𝐵𝐼,𝐿 = 𝜌𝐿𝐶𝐵𝐼𝛼𝐺𝑑𝐵|𝑢𝐺 − 𝑢𝐿|                                  (5) 
 

In this study, the dynamic Smagorinsky SGS 

model is used to model the unresolved turbulence 

viscosity, which relies on applying a second filter 
considering both spatial and temporal variations: 

 

𝜇𝑇,𝐿 = 𝜌𝐿(𝐶𝑠∆)2|𝑆𝑖𝑗
̅̅̅̅ | (6) 

 

The precision of the model is improved by 
accounting for such variations, making it more 

dependable for capturing flow dynamics.  It employs 

a dynamic procedure to calculate 𝐶𝑠 based on the 

resolved stress tensor 𝐿𝑖𝑗  and the Germano rate of 

strain tensor 𝑀𝑖𝑗  through an iterative process [17]: 

 

𝐶𝑠 =
1

2

𝐿𝐼𝐽𝑀𝐼𝐽

𝑀𝐼𝐽𝑀𝐼𝐽

 
(7) 

𝐿𝐼𝐽 = 𝑢̅𝑖𝑢̅𝑗
̂ − 𝑢̅𝑖̂𝑢̅𝑗̂  (8) 

𝑀𝐼𝐽 = ∆2𝑆̅𝑖𝑗𝑆̅𝑖𝑗
̂ − 𝑆̅𝑖𝑗

̂𝑆̅𝑖𝑗
̂  (9) 

 

The turbulence kinetic energy is modelled based on 

the dynamic procedure as: 

 

𝑘 = 𝐶𝑠 . Δ2. |𝑆|2 (10) 

For the gas phase, turbulence is not resolved, and 

the effects of liquid-phase turbulence on the gas 

phase are neglected. This simplification reduces 

model complexity and avoids the need for additional 

equations to account for gas-phase turbulence. The 

interfacial momentum transfer term 𝑀𝐼 introduces 

the dynamic interaction between the phases in a 
multiphase flow. This term primarily accounts for 

contributions from various forces, including drag, 

lift, wall lubrication, turbulent dispersion, virtual 

mass, surface tension, and phase change mass 

transfer forces, particularly in the context of boiling 

flow. The drag force is the resistance experienced by 

a bubble as it moves through the liquid, modelled as: 

 

𝐹𝑑 =
3

4

𝐶𝑑

𝑑𝐵

𝛼𝐺𝜌𝐿|(𝑢𝐺 − 𝑢𝐿)|(𝑢𝐺 − 𝑢𝐿) 
(11) 

 

The drag coefficient 𝐶𝑑 is calculated using the drag 

model proposed by Tomiyama et al. [18]. The 

bubbles moving in a shear flow experience a lift 
force perpendicular to their direction of motion, 

influencing the radial void distribution in pipes, with 

small bubbles pushed towards the wall, while larger 

bubbles tend to move toward the centre after 

reaching a critical diameter. The wall force, on the 

other hand, keeps bubbles away from the wall. 

However, due to the limited understanding of the 

contributions of lift and wall forces in boiling flows 

[4], these forces are neglected in this study. The 

virtual mass force is accounted for using a fixed 

coefficient of 0.5, and the turbulent dispersion force 
is modelled following Lopez de Bertodano [19], with 

a turbulent dispersion coefficient 0.7. 

 

𝐹𝑣𝑚 = 𝛼𝐺𝜌𝐿𝐶𝑣𝑚 (
𝐷𝑢𝐺

𝐷𝑡
−

𝐷𝑢𝐿

𝐷𝑡
) 

(12) 

𝐹𝑡𝑑 = 𝑘∇𝛼𝐺𝜌𝐿𝐶𝑡𝑑 (13) 

 

The multiple size group (MUSIG) population 

balance model is used, which is part of OpenFOAM, 

with bubble coalescence modelled according to [20] 

and break-up based on [21]. 

3. WALL BOILING MODEL 

In the mechanistic approach to modelling 

boiling, the bubble departure diameter is determined 

by the bubble growth rate, which is predicted through 

an energy balance. This balance incorporates the heat 
transfer mechanisms between the bubble, the heated 

wall, and the surrounding liquid. Recently, Colombo 

and Fairweather [12] proposed a combined equation 

that integrates the contributions of superheating and 

subcooling in predicting the bubble growth rate 

during flow boiling. These phenomena are crucial as 

they influence the overall heat transfer efficiency of 

the system. During the growth process, the forces 

acting on the bubble can be classified into x-direction 

adhesive forces, which keep the bubble attached to 
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the nucleation site, and y-direction detaching forces 

which act to separate the bubble from the surface. 

When the resultant detaching forces exceed the 

adhesive forces, the bubble departs from the 

nucleation site. Similarly, for a sliding bubble, if the 

detaching forces surpass the adhesive forces, the 

bubble lifts off from the heated surface and moves 

toward the bulk flow. The various forces influencing 
bubble growth at the nucleation site are shown in 

Figure 1, which demonstrates these interactions, with 

the model summarised in Table 1. 

Table 1. Summary of the closures used with the 

force balance model (FB) 

Model Form 

 

 

 

 

 

 

 

 

 

 

 

 

 

Bubble 

departure 

diameter 

Klausner et al [9] 

∑ 𝐹𝑦 = 𝐹𝑠𝑡𝑦 + 𝐹𝑠𝑙 + 𝐹𝑏 cos 𝜃 + 𝐹𝑑𝑢𝑦 + 𝐹𝑝

+ 𝐹𝑐𝑝  

∑ 𝐹𝑥 = 𝐹𝑠𝑡 + 𝐹𝑞𝑠𝑑 + 𝐹𝑏 sin 𝜃 + 𝐹𝑑𝑢𝑥 

𝐹𝑠𝑡𝑥 = −1.25𝑑𝑤𝜎
𝜋(𝛼 − 𝛽)

𝜋2 − (𝛼 − 𝛽)2
(𝑠𝑖𝑛𝛼

− 𝑠𝑖𝑛𝛽) 

𝐹𝑠𝑡𝑦 = −𝑑𝑤𝜎
𝜋

(𝛼 − 𝛽)
(𝑐𝑜𝑠𝛽 − 𝑐𝑜𝑠𝛼) 

𝐹𝑞𝑠𝑑 = 6𝜋𝜌𝑙ν𝑈𝑅 {
2

3
+ [(

12

𝑅𝑒
)

0.65

+ 0.862]

−1.54

} 

𝐹𝑑𝑢 = −𝜌𝑙𝑅
2 (

2

3
𝑅.2 + 𝑅𝑅:2) 

𝐹𝑏 =
4

3
𝜋𝑅3(𝜌𝑙 − 𝜌𝑔)𝑔 

𝐹𝑠𝑙 =
1

2
𝜋𝜌𝑙𝑈𝑅2 {3.877𝐺𝑠

0.5[𝑅𝑒−2

+ (𝐶𝑙𝐺𝑠
0.5)4]

1
4} 

𝐹𝑝 =
9

8
𝜌𝑙𝑈

2
𝜋𝑑𝑤

2

4
 

𝐹𝑐𝑝 =
𝜎

𝑅

𝜋𝑑𝑤
2

4
 

 

Yun et al. [11]  

 
𝑑𝑤

𝑑𝑑𝑒𝑝
⁄ = 0.067,   𝐶𝑙 = 0.118 

 

 

 

Bubble 

growth 

Colombo and Fairweather [12]  

𝑑𝑅(𝑡)

𝑑𝑡
=

1

𝐶2

𝑃𝑟−0.5𝐽𝑎 (
𝑘𝑙

𝜌𝑙𝐶𝑝,𝑙

)

0.5

𝑡−0.5 

 + √
3

𝜋
𝐽𝑎 (

𝑘𝑙

𝜌𝑙𝐶𝑝,𝑙
)

0.5

(1 − 𝑏)𝑡−0.5 

- 
ℎ𝑐

𝜌𝑙ℎ𝑙𝑔
(𝑇𝑠𝑎𝑡 − 𝑇𝑠𝑢𝑏  )𝑏 

 

Nuclea-

tion site 

density 

Hibiki and Ishii [22] 

𝑁𝑎
` = 𝑁0 [1 − 𝑒𝑥𝑝 (−

𝜃2

8𝜇2
)] [𝑒𝑥𝑝 (𝑓`

𝜆`

𝑅𝑐

) − 1] 

 

Bubble 

departure 

frequen-

cy 

Cole [23]         

𝑓 = √
3

4

g(𝜌𝑙 − 𝜌𝑔)

𝑑𝑤 𝜌𝑙

 

 

In the MIT framework, the departure diameter 

refers to the bubble size at the moment it detaches 

from the nucleation site, either by sliding along the 
heated surface or by moving into the bulk liquid. In 

contrast, the lift-off diameter describes the size of a 

sliding bubble at the instant it detaches from the 

heated surface entirely and moves into the bulk flow. 

Another essential parameter in the MIT framework 

is the bubble departure frequency, which is 

determined by incorporating bubble wait time and an 

improved representation of bubble growth dynamics, 

derived from a force balance approach. This 
methodology captures the interplay between wall 

superheat and flow subcooling, enabling the accurate 

prediction of bubble behaviour and detachment 

trends under various boiling conditions.  

 

Figure 1. Forces acting on a bubble at the 

nucleation site     

Table 2. Summary of the closures used with the 

MIT model 

Model Form 

 

Bubble 

departure 

diameter 

Kommajosyula [13] 

 18.6 10−6 (
Δ𝜌

𝜌𝑔
)

0.27

𝐽𝑎𝑠𝑢𝑝
0.75 (1 +

𝐽𝑎𝑠𝑢𝑏)−0.3𝑢𝑙
−0.26  

 

Bubble 

growth 

Kommajosyula [13] 

𝐾 =
√𝑘𝑙

0.804√𝑃𝑟
𝐽𝑎𝑠𝑢𝑝 + 𝒳1.95𝐽𝑎𝑠𝑢𝑝𝑘𝑙 

 

Nucleation 

site 

density 

Lemmert and Chawla [24] 

 𝑁𝑎 = 𝐶𝑛𝑁𝑟𝑒𝑓 (
Δ𝑇

𝑑𝑇𝑟𝑒𝑓
)

1.805

 

 

 

Bubble 

departure 

frequency 

Kommajosyula [13] 

 𝑓 =
1

𝑡𝑔𝑟𝑜𝑤𝑡ℎ+𝑡𝑤𝑎𝑖𝑡
 

 𝑡𝑔𝑟𝑜𝑤𝑡ℎ = (
𝑑𝑑𝑒𝑝

4𝐾
)

2

 

 

 𝑡𝑤𝑎𝑖𝑡 =
0.0061 𝐽𝑎𝑠𝑢𝑏

0.63

Δ𝑇𝑠𝑢𝑝
 

 

The MIT model represents a robust subcooled 

flow boiling formulation with new closures 

applicable over a wide range of flow conditions. In 

this study, two key closures have been tested: the 

bubble departure diameter and the bubble departure 

frequency. By evaluating these closures, the results 
contribute to a deeper understanding of bubble 

dynamics in boiling flows and enhance the predictive 

capabilities of the model. The model parameters and 
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closures used with the MIT framework are 

summarised in Table 2. 

4. WALL TREATMENT 

In LES, the accurate representation of the near-

wall region is essential due to the significant velocity 

gradients near a surface. The standard logarithmic 

law often fails to capture the complexities of non-

equilibrium wall functions and pressure gradient 

effects, especially in the presence of strong 

turbulence. To overcome these limitations, 

Spalding's formula [25] is used, where the turbulence 
length scale, y+, is defined as follows:  

 

𝑦+ = 𝑢+ +
1

𝐸
[𝑒𝑐𝑢+

− 1 − 𝑐𝑢+ −
(𝑐𝑢+)2

2
   

−
(𝑐𝑢+)3

6
] 

 

 

 

 

(13) 

where E = 9.025 and c = 0.4, and the dimensionless 

parameters y⁺ and u⁺ are defined as: 

 

𝑦+ =
𝑦𝑢𝜏

𝜈
  , 𝑢+ =

𝑢

𝑢𝜏

 (14) 

Since Spalding’s equation is nonlinear, an 

iterative procedure, such as the Newton-Raphson 

method, must be used to solve for 𝑢𝜏 .This method 

ensures rapid convergence and improves the 

accuracy of near-wall turbulence modelling by 
capturing velocity variations more effectively.  

5. EXPERIMENTAL AND NUMERICAL 
SETUP 

Two experiments were selected to validate the 

numerical simulations in this study: the DEBORA 

experiments [26], and the Bartolomei and Chanturiya 

[27] experiment. The DEBORA experiments 

investigated subcooled boiling of Freon-12 in a 

vertical pipe with an inner diameter of 19.2 mm and 

a length of 3.5 m, simulating high-pressure water 

boiling at pressures ranging from 1.46 to 3.01 MPa. 

In contrast, the Bartolomei and Chanturiya 
experiment examined subcooled boiling of water in 

a vertical pipe with a 15.4 mm inner diameter and a 

heated length of 2 m, operating at pressures up to 15 

MPa. Both experiments provided critical data, 

including area-averaged void fractions, wall 

temperatures, average bubble diameters, and liquid 

temperatures. These datasets serve as reliable 

benchmarks for assessing computational fluid 

dynamic models as they effectively capture boiling 

conditions relevant to nuclear reactor systems while 

remaining experimentally accessible.  
The numerical simulations were conducted 

using a three-dimensional axisymmetric geometry, 

with the computational domain designed to replicate 

the experimental setups. To reduce computational 

cost while maintaining accuracy, a 10° wedge of 

each pipe was employed as the computational 

domain. A fully developed velocity profile was 

specified at the inlet of the domain to ensure 

representative flow conditions, which is essential for 

capturing realistic flow behaviour. At the top outlet, 

a pressure boundary condition was imposed. For the 

liquid phase, a no-slip boundary condition was 

applied at the wall, while a free-slip condition was 

used for the vapour phase to account for the 
negligible shear stress at the wall for this phase. A 

central differencing scheme was used for the 

advection term to minimise numerical diffusion and 

enhance accuracy. For time discretisation, a second-

order backward Euler scheme was selected to 

improve temporal accuracy and stability. These 

schemes were chosen to ensure a robust and accurate 

representation of the complex boiling phenomena 

under investigation. However, it is important to note 

that the computational cost varied significantly 

between the models. The simulation time using the 
mechanistic model was approximately twice that of 

the MIT model, primarily due to the detailed 

treatment of bubble dynamics, which requires 

additional computational resources to resolve small-

scale boiling mechanisms accurately. 

6. RESULTS AND DISCUSSION 

The results demonstrate the performance of the 

LES framework when coupled with two distinct 

boiling models: a mechanistic force balance 

approach and the reduced, correlation-based MIT 

model. These models are validated using 

experimental data for vertically upward subcooled 

boiling flows. In addition, comparisons are made 

with previous studies [28] that employed a force 

balance approach while neglecting subcooling 
effects, obtained using a RANS-based method. The 

analysis focuses on key parameters, including void 

fraction distribution, average bubble diameter, and 

wall temperature profiles. 

 

 
Figure 2. Wall temperature predictions along the 

heated wall for DEBORA experiment [26]:  

data; ˗̶̶̶̶    ˗̶̶̶̶      FB; --- MIT; -  - Colombo et al. [28] 

In Figure 2, which compares predictions with the 

DEBORA experiment, both the force balance and 

MIT models tend to over-predict the wall 
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temperature, with RANS showing the highest over-

predictions.  

 

 
Figure 3. Wall temperature predictions along the 

heated wall for Bartolomei and Chanturiya 

experiment [27]:  data; ˗̶̶̶̶    ˗̶̶̶̶      FB; --- MIT; -  - 
Colombo et al. [28] 

 

More detailed experimental axial wall 
temperatures along the pipe length are available for 

the Bartolomei and Chanturiya [27] case, as shown 

in Figure 3. Here, the temperature exhibits a rapid 

increase in the early regions of the pipe, followed by 

a levelling off and a slight decline towards the outlet. 

Both the mechanistic and MIT models roughly 

follow the experimental trend, capturing the rise in 

wall temperature close to the pipe inlet, although the 

rate of increase is significantly over-estimated. This 

increase is primarily influenced by local flow 

acceleration and changes in heat transfer 

mechanisms.  
 

 
Figure 4. Radial void fraction predictions for 

DEBORA experiment [26]:  data; ˗̶̶̶̶    ˗̶̶̶̶      FB; --- 

MIT; -  - Colombo et al. [28] 

 

Once boiling begins, however, both models 

show good agreement with the experimental data. 

The mechanistic model slightly over-predicts the 

wall temperature, particularly near the pipe end, 

although less so that the MIT model, most likely due 

to its detailed treatment of bubble dynamics and heat 

flux partitioning. Over-prediction by the MIT model 

can be attributed to its simplified correlation-based 

approach which does not fully capture the intricate 

interactions between bubble dynamics and heat 

transfer, especially under subcooled boiling 

conditions. In contrast, the predictions from 

Colombo et al. [28], which rely on a RANS-based 

approach, show a significant over-prediction of wall 

temperature for the DEBORA experiment (Figure 2). 
This discrepancy may stem from the limitations of 

the RANS framework in resolving complex heat 

transfer mechanisms and bubble dynamics, 

particularly in regions where subcooling and phase 

interactions play a critical role. When comparing 

similar predictions with the data from Bartolomei 

and Chanturiya [27], the RANS-based approach, as 

presented by Colombo et al. [28], shows good 

agreement with the experimental data in the boiling 

region but also exhibits a slight overprediction in the 

non-boiling region. 
 

 
Figure 5. Radial void fraction predictions for 

Bartolomei and Chanturiya experiment [27]:  

data; ˗̶̶̶̶    ˗̶̶̶̶      FB; --- MIT; -  - Colombo et al. [28] 

 

The predicted radial void fraction profiles, 
shown in Figures 4 and 5, reveal a wall-peaked 

distribution, consistent with experimental 

observations. For the DEBORA experiment, the 

mechanistic model captures this trend with good 

agreement to the experimental data, though it slightly 

over-predicts the void fraction near the wall, similar 

to the predictions from Colombo et al [28]. This 

over-prediction highlights the model's detailed 

resolution of bubble nucleation, growth, and 

detachment processes. A larger predicted bubble 

departure diameter results in longer residence times 
before detachment, leading to a higher evaporative 

heat flux at the wall. Conversely, smaller bubble 

departure diameter reduces the evaporative heat flux, 

causing an increase in wall temperature to maintain 

a constant flux. The resulting rise in wall temperature 

may enhance nucleation site density, subsequently 

increasing the void fraction. In contrast, the MIT 

model also predicts a wall-peaked profile but shows 

a lower void fraction near the wall compared to the 

experimental data. This discrepancy can be attributed 

to the model's assumption of extended bubble 
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attachment times, which increases the duration of 

bubble growth and reduces the frequency of bubble 

detachment. As a result, fewer bubbles are released 

into the flow, leading to a lower overall void fraction 

near the wall. For the Bartolomei and Chanturiya 

[27] experiment, all the models show a reasonable 

agreement with the data in Figure 5, although the 

force balance approach is generally superior. The 
MIT model indicates later onset boiling, occurring 

after the pipe’s midpoint. This delayed transition to 

boiling corresponds to the higher predicted wall 

temperatures (Figure 3), which result from a 

decreasing local evaporation heat flux at the wall. As 

more heat is absorbed by the liquid phase prior to 

bubble lift-off, wall temperatures rise accordingly. 

 
Figure 6. Radial averaged mean diameter 

predictions for DEBORA experiment [28]:  data; 

˗̶̶̶̶    ˗̶̶̶̶      FB; --- MIT; -  - Colombo et al. [28] 

The radial distribution of the average bubble 

diameter for the DEBORA experiment, as shown in 

Figure 6, demonstrates that bubble size increases in 

moving away from the wall, reaching a peak value 

near the centre of the pipe. The mechanistic model 

provides the superior prediction of this overall trend 

but slightly under-predicts the bubble diameter near 
the pipe centre. This discrepancy is likely due to 

limitations in the model’s treatment of bubble 

coalescence and interactions within the bulk flow, 

which would affect the predicted bubble size in the 

core region. Although both boiling model 

approaches use the same population balance, the 

MIT model exhibits a similar trend but predicts 

smaller bubble sizes compared to the mechanistic 

model and significantly under-predicts experimental 

data at the pipe centre. This discrepancy is likely due 

to the different void profiles between the two models 
which will affect coalescence and break-up 

differently. In contrast, the predictions from [28] 

significantly under-predict the bubble size across the 

bulk of the radial profile, with the exception of the 

peak at r/R  0.65. This under-prediction highlights 

the need for further development in the population 

balance model used in [28], which is coupled with 

the boiling model, to improve the accuracy of bubble 

size predictions. Notably, the average bubble 

diameter near the wall differs significantly between 

the various models, which reflects the initial bubble 

departure diameter when the bubbles first detach 

from the wall and move into the bulk of the flow. 

This variation in departure diameter can negatively 

affect the prediction of radial void fraction. 

7. CONCLUSIONS 

This study evaluated the performance of two 

boiling models, a mechanistic force balance 

approach and a reduced correlation-based MIT 
model, coupled with large eddy simulation for 

predicting turbulent subcooled flow boiling. 

Validated against data from the DEBORA [26] 

experiments and those of Bartolomei and Chanturiya 

[27], the mechanistic model demonstrated superior 

accuracy in predicting bubble dynamics due to its 

detailed treatment of heat transfer mechanisms. 

However, it required greater computational 

resources compared to the MIT model, which offered 

a more efficient but less precise alternative. 

Although the RANS-based approach relies on an 
averaging methodology and does not fully resolve 

turbulence and phase interactions, it provides good 

predictions of certain parameters. However, RANS 

models tend to oversimplify the complex, unsteady 

nature of boiling flows, which reduces their accuracy 

in predicting key parameters. In contrast, LES offers 

a more physically realistic representation by 

resolving large turbulent structures while modelling 

only the smaller subgrid-scale eddies. This enhanced 

turbulence resolution improves the accuracy of 

predictions for bubble departure dynamics, void 

fraction distribution, and heat transfer mechanisms, 
particularly in regions dominated by strong phase 

interactions and subcooling effects. However, LES 

also exhibits some over-prediction, especially in 

terms of wall temperature, indicating the need for 

further refinement to enhance its predictive accuracy.  
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ABSTRACT  

A wide variety of heating and cooling 

applications, including thermal processing, use 

impingement nozzles for their high heat-transfer 

coefficients. The resulting thermal loads still require 

large volume flows and thus process-scale nozzle 

diameters, resulting in Reynolds numbers of 

Re ≈ 1 × 104 – 1 × 105. This work presents a 

combined thermal- and fluid-dynamic investigation 

of impingement jets from a single round and a single 

slot nozzle under these conditions. A central focus is 

the systematic comparison of the three turbulence 

models SST k-ω, generalized k-ω (GEKO) and 

Reynolds Stress Model (RSM) to identify the option 

that delivers the most accurate simulation of 

industrial impingement jets. The validation of the 

numerical results is based on the experimentally 

determined heat transfer at a strip and laser-optical 

Particle Image Velocimetry (PIV) measurements. An 

optimised set of GEKO parameters further reduces 

heat-transfer error. The strengths and shortcomings 

of each model in predicting local velocity, turbulent 

kinetic energy and heat transfer are revealed by the 

PIV data. 

Keywords: 

Computational Fluid Dynamics, Convective Heat 

Transfer, Impingement Jets, Particle Image 

Velocimetry, Turbulence Models 

NOMENCLATURE 

CCUR [-] curvature Parameter 

CMIX [-] mixing Parameter 

CNW [-] near Wall Parameter 

CSEP [-] separation Parameter 

D [mm] nozzle diameter 

Dh [mm] hydraulic diameter 

H [mm] strip distance 

k [m²/s²] turbulent kinetic energy (TKE) 

μ [Pas] dynamic viscosity 

Nu [-] Nusselt number 

p [Pa] pressure 

ρ [kg/m³] fluid density 

Re [-] Reynolds number 

SRN [-] single round nozzle 

SSN [-] single slot nozzle 

u [m/s] fluid velocity  

t [mm] thickness 

W [mm] nozzle width 

Φ [W/m³] heat generation 

ω [s-1] specific turbulence dissipation rate 

1. INTRODUCTION 

Impingement jets are used in a variety of heating 

and cooling applications, including thermal 

processing. Typically, round or slot nozzles are used 

for the heat treatment of metal strips [1,2]. The first 

design of these nozzle systems is carried out using 

empirically derived Nusselt relations, a detailed and 

sophisticated design makes complex experimental 

measurements unavoidable [3,4]. Numerical 

simulation is intended to shorten this development 

process for new nozzle systems and reduces the 

number of nozzle system prototypes. However, to 

this day the prediction accuracy is still insufficient, 

which is one of the hurdles why numerical modelling 

is not widely used in industry [5]. 

The numerical modelling of impingement jets 

poses a significant challenge due to the substantial 

variations in flow characteristics along the flow 
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direction. The flow emerges from the nozzle exit as 

a free jet, and given the prevailing technical 

conditions, a turbulent flow structure can be 

predicted [6]. The subsequent spreading and 

deceleration of the free jet are a consequence of its 

interaction with the ambient medium through mixing 

and momentum exchange. As the distance to the wall 

surface increases, the free jet transitions into a 

stagnation point flow, whereby the flow is deflected 

by the wall. This stagnation zone is characterised by 

increased turbulence. The subsequent wall jet 

exhibits flow structures analogous to those of the free 

jet, widening as the flow velocity increases, while the 

mean flow velocity decreases. [3,7] 

The study aims to investigate whether RANS-

based turbulence modelling can predict the flow and 

heat transfer of industrial-scale impingement nozzles 

with an accuracy of 5 %, which is required for 

nozzle-system design. Compared to numerical 

studies in other application areas, this is an ambitious 

goal [5,8–11]. In order to expose the limitations of 

the models and establish a realistic error bound, the 

simulations are benchmarked against an extensive, 

high-resolution PIV dataset that resolves the entire 

impingement region, as well as strip heat-flux 

measurements. In addition, the potential of the 

GEKO model, for which there is still little 

comparative data, is investigated. Optimised GEKO 

parameters are used for this purpose. The results will 

be thoroughly compared with data from other 

publications in the discussion. 

2. Problem Description 

For the study, a W = 5 mm single slot nozzle 

(SSN) and a D = 25 mm single round nozzle (SRN) 

were used, with a distance of H = 50 mm between 

the nozzle and the strip on which the impingement 

jet is directed. The test conditions are outlined in 

Table 1. The Reynolds number for this flow 

configuration is defined as (1) [7], 
 

Rex= 
uρx

μ
 (1) 

 

The heat transfer of these nozzles has previously 

been the subject of an experimental study, thus 

resulting in the availability of data from these 

measurements for the purpose of validation. In the 

experiment, the heat transfer is determined by 

heating a constantan® strip while it is cooled by the 

flow. The temperature on the strip is recorded with 

an infrared camera. The local Nusselt number per 

pixel can be calculated from the temperature profile, 

as Trampe et al. [12] explain in their article. 

Table 1. Test conditions  

Geometry  H/Dh u Re 

Slot 5 15.8 m/s 11,870 

Slot 5 85.0 m/s 54,900 

Round 2 19.3 m/s 33,250 

Round 2 52.5 m/s 90,000 

PIV measurements were conducted in advance 

to evaluate the simulated flows and quantify the 

resulting energy. The parameters measured include 

the flow velocity u and the turbulent kinetic energy 

(TKE) k, which is a measure of the energy of the 

vortex movements of a flow. The data was collected 

on the same test rig that had previously been used to 

determine the heat transfer. The configuration was 

expanded to encompass an Nd:YAG laser 

(wavelength 532 nm, Litron Lasers Ltd) and a 

camera (CX2-16, LaVision GmbH). The addition of 

di-ethyl-hexyl sebacate (DEHS) particles to the flow 

enabled the tracking of particle movement using 

LaVision’s DaVis 11 software. 

2.1 Physical modelling and Mesh 

The present study investigates the convective 

heat transfer to a flat strip by an impinging jet, which 

is the basis of the 3D flow domain, Figure 1. The 

working medium is air, which is introduced into the 

flow domain through the nozzles (inlet). The fluid 

temperature and the fluid velocity are measured 

beforehand. The heated strip is modelled as a solid 

body with a thickness of t = 0.1 mm and subjected to 

a constant heat generation related to the experiment. 

The width of the strip corresponds to 60 times the 

nozzle width or 30 times the nozzle diameter. The 

sides of the fluid domain are defined as pressure 

outlets with a gauge pressure p = 0 Pa, while all other 

walls are assumed to be adiabatic. The fluid domain 

has a high level of agreement with Shukla’s 

proposals [8].  

 
Figure 1. Sketch of the fluid domain for a 

single nozzle; black/grey: wall, blue: velocity 

inlet, red: pressure outlet. 

In order to analyse the heat transfer on the 

constantan® strip and compare it with the measured 

data, a rake is placed over the constantan® strip. The 

number and spacing of the evaluation points of the 

rake correspond to the number of the pixels of the 

temperature measurement, therefore the evaluation 

points are spaced 1.28 mm apart.  

A mesh dependence study was carried out with 

particular attention to the area near the constantan® 

strip. The dimensionless wall distance y+ in this zone 

must be y+ ≈ 1 for high prediction accuracy [13,14]. 

The grid dependence study was carried out using the 

W/D

60W / 30D

L

t = 0.1 mmH = 50 mm

z

x
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generalized k-ω turbulence model with a nozzle exit 

velocity of u = 51.2 m/s for a SSN. This corresponds 

to the average Reynolds number of the studies 

conducted in this study. The key findings of the mesh 

dependency study are presented in Table 2.  

Table 2. Key figures mesh dependency 

Mesh Cells y
min
+  y

ave
+  Nu̅̅̅̅  NuStag 

Coarse 4.3 Mio. 0.9 1.4 446 172 

Medium 7.6 Mio. 0.7 1.1 441 171 

Fine 15.3 Mio. 0.4 0.7 447 168 

 

It was found that a stable solution was obtained 

with a mesh of 7.6 million cells. No further 

improvement was obtained by increasing the number 

of elements in the mesh. The medium mesh size of 

7.6 million cells was selected for further 

investigation due to it offering the best compromise 

between computational time and Nusselt number 

prediction. When analysing the SRN, the same mesh 

properties are used. 

2.2 Turbulence Modelling 

A pre-selection of turbulence models was based 

on previous Reynolds-Averaged Navier-Stokes 

(RANS) simulations [5], with the k-ω (Shear Stress 

Transport) SST and generalized k-ω turbulence 

(GEKO) models chosen due to their low 

computational cost and good agreement for 

simulating impingement jets. The k-ω SST model is 

based on the k-ω standard model in the boundary 

layer region, and this two-equation model solves one 

transport equation, each for the TKE k (2) and the 

vortex frequency ω (3). In these equations, Gk,ω 

denotes the production of k and ω, respectively. 𝛤𝑘,𝜔 

represents the effective diffusion of k and w, while 

Yk,ω represents the dissipation due to turbulence. The 

generation of turbulence due to the buoyancy effect 

is denoted by Gk,ω. The source terms, Sk,ω, are user-

defined. 

 
𝜕

𝜕𝑡
(𝜌𝑘) +

𝜕

𝜕𝑥𝑖

(𝜌𝑘𝑢𝑖) =  
𝜕

𝜕𝑥𝑗
(𝛤𝑘

𝜕𝑘

𝜕𝑥𝑗
) + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘 + 𝐺𝑏 (2) 

𝜕

𝜕𝑡
(𝜌𝜔) +

𝜕

𝜕𝑥𝑖

(𝜌𝜔𝑢𝑖) =  
𝜕

𝜕𝑥𝑗
(𝛤𝜔

𝜕𝜔

𝜕𝑥𝑗
) + 𝐺𝜔 − 𝑌𝜔 + 𝑆𝜔 + 𝐺𝜔𝑏 (3) 

 

In the free jet region, the k-ω SST model behaves 

like the k-ε model, showing good convergence rates. 

The integration of the standard k-ω and k-ε models 

offers the benefit of enabling the modelling of both 

the near wall region and the free jet region in a 

meaningful manner. The GEKO turbulence model is 

also founded on the two equations of the k-ω model, 

but it possesses six additional independent 

parameters that can be adjusted without 

compromising the fundamental tenets of the model 

[15].  

The Reynolds Stress Model (RSM) was selected 

as the third turbulence model. In contrast to the 

preceding turbulence models, the RSM characterises 

each respective Reynolds stress using a single 

equation. This approach abandons the conventional 

assumption of isotropic turbulence, but also involves 

a higher computational cost. The RSM stress-ω with 

shear flow correction was applied in the present 

work. [16] 

3. RESULTS AND DISCUSSION 

In the following sections, the local Nusselt 

number distributions, velocity distributions and the 

distribution of turbulent kinetic energy are presented 

for the slot and round nozzle. In each case, a low 

Reynolds number and a high Reynolds number are 

analysed. 

3.1 Study of various turbulence models 

Figure 2 shows the averaged Nusselt number at 

a Reynolds number of Re = 11,870 above the relative 

position of a SSN. All turbulence models tend to 

calculate a lower Nusselt number in the stagnation 

point than the experimental PIV measurement. The 

deviation in the stagnation point is 5.5 – 12 %. From 

the relative position x/Dh = 2, the SST k-ω and 

GEKO Default model approach the experimental 

solution but remain below the measured course of the 

Nusselt number. The RSM delivers consistently 

lower Nusselt numbers with an average deviation of 

36.3 %.  

 
Figure 2. Distribution of Nu in cross-section for a 

SSN W = 5 mm, Re = 11,870 

Figure 3 shows the flow distribution over the 

relative position x/Dh and the strip distance H. The 

PIV image corresponds to the experimental 

measurement. All turbulence models calculate a 

similar core velocity in the free jet, but a smaller 

shear layer compared to the PIV measurement. A 

developed stagnation zone is recognisable in each 

case. The SST k-ω and GEKO Default model show 

a local velocity maximum at x/Dh ≈ 1 in the forming 

boundary layer zone. The RSM predicts significantly 

higher velocities in the wall jet than the 

measurement. The experimental PIV measurement 

shows a lower velocity and no local maxima. 
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Figure 3. Velocity distribution for a SSN 

W = 5 mm, Re = 11,870 

Figure 4 shows the turbulent kinetic energy k 

along the relative position x/Dh and strip distance H. 

The SST k-ω and GEKO Default model calculate 

high values of the TKE in the shear flows of the free 

jet and the wall flow. In contrast, the RSM shows 

hardly any significant distribution of k over the 

relative position x/Dh for a given Reynolds number 

of Re = 11,870. 

  

  
Figure 4. TKE distribution for a SSN W = 5 mm, 

Re = 11,870 

For a higher flow velocity u = 85 m/s, the 

Reynolds number for the SSN is Re = 54,900. The 

corresponding local Nusselt numbers are shown in 

Figure 5. The experimental Nusselt number in the 

stagnation point increases by a factor of 2. The 

SST k-ω and GEKO Default models calculate a 

Nusselt number that is 9.6 % and 19.7 % higher at 

the stagnation point. In contrast, the RSM shows 

good agreement at the stagnation point, with a small 

deviation of 0.1 %. However, the RSM 

underestimates the Nusselt number over the full strip 

length, with an average deviation of 24.3 %.  

 
Figure 5. Distribution of Nu in cross-section for a 

SSN W = 5 mm, Re = 54,900 

The SST k-ω model is the only model that 

calculates a secondary local peak at x/Dh = 1, which 

is not present in the PIV measurement. The SST k-ω 

model runs above the measurement up to x/Dh ≈ 4.5 

also intersecting the measurement curve. The GEKO 

Default model consistently calculates Nusselt 

numbers that are too high. 

The velocity fields for u = 85 m/s of the SST k-ω 

and GEKO Default models, shown in Figure 6, are 

similar. A pronounced stagnation zone can be seen at 

x/Dh = 0, with a local velocity maximum building up 

due to the pressure gradient at x/Dh = 1. The wall jet 

widens further along the relative position. 

  

  
Figure 6. Velocity distribution for a SSN 

W = 5 mm, Re = 54,900 
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The velocity field of the RSM shows a smaller 

expansion of the wall jet, but a strongly pronounced 

local maximum and a subsequent high velocity 

within the wall jet. The PIV measurement shows a 

similar velocity distribution with a smaller local 

maximum at x/Dh ≈ 1 and a larger jet expansion 

compared to the SST k-ω and GEKO Default results. 

For the Reynolds number Re = 54,900 the TKE 

distribution along the impingement and the wall jet 

of the SSN is shown in Figure 7. For the SST k-ω and 

GEKO Default models, the distribution is similar to 

Figure 4, but with a significantly higher value of k. 

The RSM calculates significantly lower values 

compared to the other models and the PIV 

measurement. Compared to the PIV measurement, 

the SST k-ω and GEKO Default models calculate 

overall higher values for k. 

  

  
Figure 7. TKE distribution for a SSN W = 5 mm, 

Re = 54,900 

Figure 8 shows the local Nusselt number over the 

relative position x/Dh of a SRN for a flow velocity at 

the nozzle outlet of u = 19.3 m/s. For the present 

boundary conditions this means a Reynolds number 

of Re = 33,250. All turbulence models calculate an 

excessive Nusselt number in the stagnation zone 

compared to the measurement. The local deviation of 

the turbulence models in the stagnation point is 

between 26.1 – 45.1 %. In addition, a deviating 

maximum of Nu is calculated at x/Dh ≈ 1. This shift 

of the maximum away from the stagnation point was 

also observed in [17,18]. The SST k-ω model is 

closest to the experimental measurement and 

provides the second local Nu maximum correctly, 

which results in an average deviation of 24.7 %. The 

RSM and GEKO Default model have mean 

deviations of 5.9 % and 29.3 %, respectively, with 

the second local maximum not being well located. It 

is evident that the specification of a mean deviation 

may not always be meaningful, as the SST k-ω 

model reflects the local Nusselt number more 

accurately, yet exhibits a higher mean deviation. 

 
Figure 8. Distribution of Nu in cross-section for a 

SRN D = 25 mm, Re = 33,250 

The velocity distribution of the measured and 

calculated flow velocity u for the SRN is shown in 

Figure 9. The turbulence models calculate a 

significantly larger shear layer of the free jet after the 

nozzle exit, while the PIV measurement shows a 

sharper boundary between the jet and the ambient air. 

All turbulence models show a pronounced stagnation 

zone as well as a forming and accelerating wall jet. 

Compared to the velocity profiles of the slot nozzles 

in Figure 3 and Figure 6, the wall jet of the RSM is 

in better agreement with the other models and the 

PIV measurement. 

  

  
Figure 9. Velocity distribution for a SRN 

D = 25 mm, Re = 33,250 

Figure 10 presents the TKE distribution for the 

SRN considered at Reynolds number Re = 33,250. 

As previously observed, the RSM calculates 

negligible levels of TKE k ≈ 1.5 m²/s². There is no 

difference between the values in free jet or wall jet. 
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The GEKO Default and SST k-ω models calculate a 

higher k-values than the RSM. Consistent with the 

broad shear layers in Figure 9, a corresponding TKE 

distribution is shown over this range. The TKE 

distribution from the PIV measurement shows a 

strongly pronounced shear layer where the TKE 

reaches values up to twice as high as those calculated 

by the turbulence models. 

  

  
Figure 10. TKE distribution for a SRN 

D = 25 mm, Re = 33,250 

Figure 11 shows the local Nusselt number Nu 

over the relative position x/Dh for a SRN with a flow 

velocity of u = 52.5 m/s. At this Reynolds number of 

Re = 90,000, all turbulence models calculate an 

excessive Nusselt number in the stagnation zone. 

The local deviation in the stagnation point is 

23 – 33.3 %. It is noticeable that the RSM and GEKO 

Default model are close for the first local maximum 

in the range 0 ≤ x/Dh ≤ 2.5. None of the models 

correctly predicts the second peak.  

 
Figure 11. Distribution of Nu in cross-section for 

a SRN D = 25 mm, Re = 90,000 

Figure 12 visualises the velocity distributions for 

the SRN. Despite the overall higher velocity level, 

the velocity curves are similar to those in Figure 9. 

The velocity distributions resulting from the 

numerical models again show a much more 

pronounced shear layer between the jet and its 

surroundings. The inner potential core is clearly 

visible. The course of the PIV measurement shows a 

sharp separation between the jet and its environment.  

  

  
Figure 12. Velocity distribution for a SRN 

D = 25 mm, Re = 90,000 

The TKE distributions for the SRN with 

Re = 90,000 are shown in Figure 13. The distribution 

is similar to those for the SRN with the lower flow 

velocity u in Figure 10, but the level of turbulent 

kinetic energy k is increased by a factor of 5.  

  

  
Figure 13. TKE distribution for a SRN 

D = 25 mm, Re = 90,000 
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The RSM again calculates very low values for k. 

In contrast, the GEKO Default and SST k-ω models 

produce a broader distribution of k with values at 

intermediate levels. The PIV measurement shows a 

well-defined shear layer in which the TKE reaches 

values up to twice as high as in the simulations. 

3.2 GEKO parameter study 

In the following, the results of the GEKO 

Default model presented in Section 3.1 are compared 

with the adjusted parameters of the GEKO model for 

the SST and SRN. The parameters were set using the 

method used in Menzler [19]. The algorithm 

optimises the parameters in such a way that the mean 

deviation of the Nusselt number is minimised. 

The default parameters of the GEKO model and 

their value ranges, as well as the adjusted GEKO 

parameters, are shown in Table 3. CJET and CCORNER 

do not affect the local Nusselt number according to 

Menzler [19] and are therefore neglected. 

Table 3. Investigated GEKO parameters in 

comparison with the default values 

Case CSEP CNW CMIX CCURV 

Default 1.75 0.50 0.30 1.00 

Minimum 0.70 2.00 1.00 1.50 

Maximum 2.50 0.50 0.30 1.00 

SSN; Re = 11,870 4.73 2.98 1.38 1.00 

SSN; Re = 58,100 1.75 7.76 21.09 1.00 

SRN; Re = 33,250 1.16 -0.69 -1.26 0.03 

SRN; Re = 90,000 1.34 -0.31 -0.62 0.85 

 

Figure 14 shows the local Nusselt numbers of the 

SSN over the relative position for the GEKO default 

and adjusted parameters. The deviation in the 

stagnation zone increases with increasing Reynolds 

number.  

 

  

(a) (b) 

Figure 14. Distribution of Nu in cross-section for 

a SSN W = 5 mm (a) Re = 11,870 and (b) 

Re = 54,900 

At a lower Reynolds number of Re = 11,870 the 

adjusted parameters lead to a similar deviation from 

the measurement than the default parameters as of a 

relative position of x/Dh ≈ 1. At a higher Reynolds 

number of Re = 54,900, the adjusted parameters give 

a more accurate prediction with a mean deviation of 

only 1.6 %. However, the adjusted parameters lead 

to a local maximum at x/Dh ≈ 2, which is not apparent 

from the measurement. After this local maximum, 

the Nu distribution runs above the measured values 

up to x/Dh ≈ 3. The curve then intersects the 

measured values and runs below the experimental 

data, resulting in a smaller deviation on average.  

Figure 15 presents the velocity distributions of 

the default and adjusted parameters for Re = 11,870 

in the top two subfigures. The distributions show no 

qualitative difference. The bottom two subfigures 

show the TKE distribution. Again, there are no 

significant differences. This explains the similar 

Nusselt number curves in Figure 14. 

  

  
Figure 15. Velocity and TKE distribution for a 

SSN W = 5 mm, Re = 11,870 

Figure 16 displays the velocity distributions for 

Re = 54,900 in the upper part of the figure, which are 

qualitatively similar. The lower part of the figure 

shows the TKE distribution, which, show significant 

differences. The adjusted parameters lead to an 

increased TKE range up to x/Dh ≈ 6, while this range 

extends up to x/Dh ≈ 5 for the default parameters. 

Figure 17 shows the comparison of the GEKO 

default parameters and the adjusted parameters for 

the SRN. The lower Reynolds number Re = 33,250 

and the higher Reynolds number Re = 90,000 are 

compared. For the lower Reynolds number 

Re = 33,250 both parameter sets lead to a significant 

local overestimation of Nu in the stagnation zone 

with a deviation of about 40 %. The maximum of the 

Nusselt number is shifted to the relative position 

x/Dh ≈ 1. The adjusted parameters result in an 
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average deviation of Nu by 20.4 % compared to 

30.3 % deviation for the default parameters. 

  

  
Figure 16. Velocity and TKE distribution for a 

SSN W = 5 mm, Re = 54,900 

The position of the second local maximum is 

incorrectly predicted even with the adjust 

parameters. The local Nusselt numbers of 

Re = 90,000 show a qualitative agreement between 

measurement and simulation. But the absolute 

simulated values of Nu are significantly increased. 

The adjusted parameters shift the local minimum 

further to the measurement result and reduce Nu in 

the second local maximum. This results in an average 

deviation of 10 % compared to an average deviation 

of 16.0 % for the default parameters. 

 

  

(a) (b) 

Figure 17. Distribution of Nu in cross-section for 

a SRN D = 5 mm (a) Re = 33,250 and (b) 

Re = 90,000 

Considering the lower Reynolds number of 

Re = 33,250, the velocity and TKE distributions of 

the default and adjusted parameters are plotted in 

Figure 18. The velocity distribution appears 

qualitatively similar. However, the TKE distribution 

show qualitative differences. With the default 

parameters, an increased TKE is calculated in the 

shear layer of the free jet, as well as a stronger local 

maximum at x/Dh ≈ 3. With the adjusted parameters, 

an overall lower value for the TKE is calculated. 

  

  
Figure 18. Velocity and TKE distribution for a 

SRN D = 25 mm, Re = 33,250 

Figure 19 shows the velocity and TKE profiles 

of the SRN for Re = 90,000. The characteristics of 

the results show a high degree of agreement with the 

results shown in Figure 17 (SRN with Re = 33,250). 

Notably, these values are locally increased by a 

factor of 5 due to the increased nozzle exit velocity. 

  

  
Figure 19. Velocity and TKE distribution for a 

SRN D = 25 mm, Re = 90,000 
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3.3 Discussion 

In the following section, the results presented for 

the impingement jet modelling are discussed and the 

possible reasons for the insufficient prediction of 

heat transfer by the turbulence models are presented.  

Figure 2 and Figure 5 show that the use of the 

RSM for the SSN application does not lead to a more 

accurate prediction of the Nusselt number as the two-

equation models. There is no increase in accuracy for 

this application at the cost of more computation time. 

The TKE curves of the SSN in Figure 4 and Figure 6 

show that the RSM underestimates the intensity of 

the turbulence, which could contribute to the lower 

Nusselt number shown in Figure 2 and Figure 5.  

For the SRN application, the RSM also does not 

provide a significant improvement over the two-

equation models, characterised by locally high 

deviations.  

The present results of all cases indicate a 

proportional relationship between the TKE 

calculated by the turbulence models and the local 

Nusselt number. The calculated heat transfer rises 

with increasing TKE. However, the TKE is 

incorrectly reproduced locally, leading to over- and 

underestimation of the results. Therefore, it is 

necessary to adjust the TKE of the respective 

turbulence models in order to achieve a higher 

prediction accuracy. The velocities of the 

impingement jets are correctly represented using the 

numerical models and therefore do not lead to 

restrictions in the prediction accuracy.  

The achieved prediction accuracy of the local 

Nusselt number is within the expected range [5]. 

Without a fundamental modification of the 

turbulence models, better predictions with RANS-

based turbulence models do not seem to be possible. 

A further possibility is offered by the GEKO model, 

where the model parameters can be adapted to the 

specific application. 

By optimising the GEKO parameters CSEP, CNW, 

CMIX and CCURV, an attempt was made to adapt the 

GEKO model to the considered impingement jets 

from single slot and round nozzles in order to 

increase the accuracy of the model. In some cases, 

values were obtained outside the recommended 

parameter ranges, the effects of which are not fully 

understood, see Table 3. For all applications 

considered, the average deviation for the result based 

on the adjust GEKO parameters was approximately 

halved. Even with the optimised parameters, there 

are still local deviations of up to 39.3 % in the 

stagnation zone and at the local maxima and minima. 

Yüksekdağ [17] and Rasheed [20] also optimised the 

GEKO parameters according to their research 

question. The investigations were carried out on 

SRNs with smaller diameters of D = 2.6 mm [17] 

and D = 15 mm [20] with a Reynolds number of 

Re = 23,000. Figure 20 compares the simulations 

carried out with the adjusted GEKO parameters 

according to Yüksekdağ and Rasheed and the results 

of this optimisation. 

 

 

  

(a) (b) 

Figure 20. Distribution of Nu in cross-section for 

a SRN D = 5 mm (a) Re = 33,250 and (b) 

Re = 90,000 GEKO adjustments [17,20] 

The comparison shows that the optimised 

GEKO parameters of Yüksekdağ and Rasheed 

achieve an improvement of the mean deviation for 

the SRN to Re = 33,250, but thus incorrectly reflect 

the local course. The GEKO parameters according to 

Yüksekdağ achieve a worse prediction accuracy for 

the SRN with Re = 90,000 than the default settings, 

while the GEKO parameters according to Rasheed 

are in the range of the optimisation of this study. This 

indicates that the optimised GEKO parameters are 

highly dependent on the geometry and flow 

conditions, i.e. the Reynolds number, and cannot be 

transferred without restriction. 

Further optimisation potential would lie in a 

local optimisation of the GEKO parameters, e.g. the 

course of Nu in Figure 14 (b) could be locally 

influenced by the parameter CNW. According to 

Menzler [19], the parameter CNW has an influence on 

the gradient of Nu after the secondary peak, so that 

the curve could be further approximated to the 

experimental curve. Table 2 also shows that the 

adjusted GEKO parameters depend on the geometry 

(SSN/SRN) and the flow velocity respectively the 

Reynolds number. The GEKO model also offers the 

possibility of fine-tuning the parameters using sub-

parameters, which should be investigated in a 

detailed parameter study. 

4. SUMMARY 

In this work, the local Nusselt number, velocity 

and turbulent kinetic energy distribution for 

impinging jets from single slot and round nozzles 

were investigated. In each case, a low and a high 

Reynolds number application have been compared. 

The main focus is on the comparison and suitability 
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of the turbulence models, the SST k-ω model, the 

GEKO model with default and adjust parameters and 

the RSM. The results of the numerical simulations 

were validated with experimental measurements 

carried out including heat transfer and PIV 

measurements. The discussion concluded that the 

RSM did not bring significant improvements in the 

prediction of the Nusselt number and underestimated 

the intensity of the turbulence, resulting in lower 

Nusselt numbers.  

The SST k-ω and GEKO Default models 

performed as expected according to Zuckerman [5]. 

However, the prediction accuracy is far below the 

acceptable range for designing nozzle systems based 

on these simulations. Therefore, a further possibility 

to increase the prediction accuracy by optimising the 

GEKO parameters was investigated. The 

optimisation of the GEKO parameters showed 

improvements in the mean deviations and a strong 

dependence on the nozzle geometry respectively the 

Reynolds number. 

For all models it was found that the turbulent 

kinetic energy is locally inaccurately predicted, 

while the flow velocities are accurately calculated. 

This leads to the conclusion that a fundamental 

modification of the model equations is necessary to 

increase the prediction accuracy of RANS-based 

turbulence models for the application of nozzle 

systems in thermo-process technology. Another 

possibility is to perform detailed parameter studies 

on optimised GEKO parameters. In an ideal scenario, 

superior GEKO parameters will be found that further 

reduce the discrepancies between simulation and 

experiment. 
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ABSTRACT 

This paper uses CFD studies to investigate the 

effect of passively deforming blades on the flow 

field, head and efficiency of a centrifugal pump. 

Impellers with constant blade thickness and width 

have been considered and mounted to the back 

shroud with joints at one-third and two-thirds of the 

blade length. Two different impeller geometries with 

varying blade thickness and material properties were 

investigated with two-way coupled numerical fluid-

structure-interaction simulation. Not only the 

standard hydraulic parameters (flow rate, head, input 

power) were recorded, but the blade deformation was 

also studied. This paper provides a detailed analysis 

of the flow field, separation zones and loss 

mechanism, and the effect of blade deformation. The 

findings provide headways for further investigations 

to optimize the impeller's geometry to enhance the 

turbomachine's operating parameters. 

“Keywords: Centrifugal pump, CFD, Flexible 

blades, Fluid-structure-interaction, Radial flow 

impeller” 

NOMENCLATURE 

Latin letters 

 

D [m] impeller diameter 

H [m] head 

I [J/kg] rothalpy 

Nblade [-] number of blades 

P [kW] input power 

Re [-] Reynolds-number 

Q [m3/s] flow rate 

c [m/s] absolute velocity 

g [m/s2] gravitational acceleration (9.81) 

nq [-] specific speed 

r [m] impeller radius 

u [m/s] circumferential velocity 

w [m/s] relative velocity 

y+ [-] dimensionless wall distance 

 

Greek symbols 

 

β [°] blade angle 

δ [m] boundary layer thickness 

η [-] hydraulic efficiency 

ρ [kg/m3] density 

 

Subscripts and Superscripts 

 

1 quantities at the leading edge 

2 quantities at the trailing edge 

m,u meridional and circumferential component 

n nominal value 

ss,ps suction side and pressure side  

1. INTRODUCTION 

A significant part of the electricity generated in 

power plants is used to drive pumps (e.g. drinking 

water pumps). As a result, it is crucial that these 

machines can be operated with the highest possible 

efficiency. The impellers of these machines are 

usually designed for a single operating point. In real-

world conditions, though, operating the machine at 

other operating points is necessary. In such cases, the 

increased flow separation on the blades causes the 

significant growth of the flow losses, which results 

in a reduction of the efficiency. 

In the case of axial flow machines, one possible 

way to improve efficiency is to change the blade 

angle. However, this option is not available for radial 

machines. This paper investigates the viability of a 

novel approach. The idea is that better efficiency 

could be achieved at off-design conditions if the 

blade of the impeller would be passively deformed in 

a suitable way. Considering that both the pressure 

difference on the two sides of the blade and 

centrifugal force act on the blade, the net force 

causes a passive deformation in the blade shape.  The 

main aim of the investigation is to make this 

deformation such that it reduces the flow separation. 
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This may result in an increase in the efficiency 

of the machine. Research approaches studying the 

effect of deforming blades can be found in the 

literature. The previous studies mostly investigate 

axial-flow machines, especially ones that move air, 

while the main aim of this actual study is to 

investigate the use of flexible blades in case of 

pumps. Such an example of an axial fan with flexible 

blades can be seen in [1], where piezoelectric 

ceramic macroscale composite actuators are 

embedded in the blade of an axial compressor. These 

actuators are used to achieve deformation and reduce 

the flow losses. The actuators are used to adjust the 

twist and the turning of the blade simultaneously. 

Further approaches are described in [2], that combine 

the method using piezoelectric actuators in with 

active flow control. In this case, the flow control 

means injecting or extracting a flowing medium into 

or from the boundary layer.  

Flexible blades using shape-memory alloys 

(SMA) were also investigated in different studies, 

which method allows a greater blade deformation. 

The more the blade angle at the leading edge can 

adapt to the actual operating point, the more flow 

loss emerges due to flow separation. This approach 

is also found in [3], where an automotive cooling fan 

is analysed. This describes a method using coupled 

numerical Fluid-Structure-Interaction (FSI) 

simulation, like the one used in this actual research. 

Furthermore, laboratory measurements in a wind 

tunnel and custom-built measurement equipment 

were also considered. In the case of study described 

in [3], however, the changed geometry of the blade 

resulted in a higher available pressure ratio for the 

same flow rate but lower efficiency of the ventilator.  

The effect of the SMA in aerospace applications is 

investigated in [4], while a study of an expandable-

impeller pump is described in [5]. Since the 

expandable impeller has significant deformation, so 

the simulation of the fluid-structure interaction had 

to be made. The structural deformations were time 

dependent according to [5]. A novel approach can be 

seen in [6] and [7], that investigates NACA 63-418 

profile with flexible trailing edge. The authors of 

these papers considered both measurement and FSI-

simulation and detected significant change in the 

drag coefficient of the wind turbine. As it can be seen 

in the literature, the flexible blades of a turbomachine 

can significantly affect the flow parameters. 

However, centrifugal pumps were less studied yet. 

2. SIMULATION METHODOLOGY 

2.1. The hydraulic pre-design of the 
impellers studied 

The geometries of the studied impeller blades 

were designed with the method of the complex 

potentials, assuming ideal flow. The blade itself can 

be considered as a streamline. The design parameters 

of these impellers are written in Table 1.  

Table 1. The design parameters of the studied 

impellers (with the number of blades) 

Geom. 𝐻 (𝑚) 𝑄 (l/s) 𝑛𝑞 (1) 𝑁𝑏𝑙𝑎𝑑𝑒 

A 40 30.1 1440 5 
B 16 2.833 2345 8 
 

The first one (model A) is a larger impeller with 

also a larger distance between two blades. Therefore, 

higher deformation could be allowed. The second 

one (model B) is a smaller impeller to be built into a 

measurement equipment in the future. Besides, its 

blade number is closer to the ideal (according to 

empirical formulas) than the first one. A more 

detailed analysis was done on impeller A, and a less 

detailed analysis was done on impeller B in this 

study. However, a half-numeric method was also 

tested on impeller B to reduce the computational 

cost. The impeller A was studied with a blade width 

3 mm and is made from steel (𝐸 = 210 GPa). In the 

case of the impeller geometry B, an impeller made 

from Aluminium (𝐸 = 68 GPa) and with 1.5 mm 

blade width and one made from Acrylonitrile styrene 

acrylate [ASA], (3D-printed, 𝐸 = 1.92 GPa) and 

with 2.5 mm blade width were studied. The impeller 

blades are mounted to the back shroud with joints at 

one-third and two-thirds of the blade length. 

 

 

Figure 1. The impeller geometries designed: the A 

(left) and the B (right) geometries (a streamline in 

both impellers are marked with red) 

It is practical to calculate the relative velocity on 

the suction and pressure sides of the blade to get the 

pressure difference between them using Bernoulli’s 

equation. However, according to the previous 

experiences, these results differ significantly from 

the results of the simulation the due to the flow 

separation. So, the study focuses only on the FSI-

simulation methods. The pre-design method cannot 

consider viscous losses too. To calculate the 

Reynolds number, the flow speed can be evaluated 

with the relative velocity averaged on the two side of 

the blade (Figure 1). The relative velocity should be 

nearly constant along the full length of the blade.  
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2.2. The pre-processing of the CFD 
simulation 

The main dimensionless parameters describing 

the turbulence of the flow and the width of the 

boundary layer are written in Table 2. (Average 

Reynolds-number of the pump, y+ on suction and 

pressure side of the blade, boundary layer thickness.) 

Table 2. The main parameters of the three 

discretized simulation geometries 

Geom. 𝑅𝑒 (1) 𝑦𝑠𝑠
+  (1) 𝑦𝑝𝑠

+  (1) δ (mm) 

A 7.48𝑒5 29.77 53.16 8 
B (Alu) 9.52𝑒4 39.93 39.93 4.78 
B (Asa) 9.52𝑒4 16.46 24.69 4.78 

 

The higher Reynolds-number wall turbulence 

model requires the value of the y+ between 30 and 

300. The mesh of the ASA impeller does not clearly 

meet this condition; however, it can be allowed for 

this testing phase of the due to easier meshing. This 

may lead to imprecise results regarding to flow 

separation, so further analysis has to be done in the 

future. The meshes can be qualified with the 

skewness of their elements (Table 3.). The 

intolerably deformed elements are usually around the 

trailing edge of the blade as it can be seen on Figure 

2 (bottom-left). This is due to the blade being 

relatively thin, and the trailing edge being sharp 

compared to the size of the flow field.  

Table 3. The skewness and the average quality of 

the elements of the simulation geometries 

Geom. min. max. avg. avg. q. 

A 3𝑒 − 4 0.94 7𝑒 − 2 0.91 

B (Alu) 6𝑒 − 4 0.71 0.11 0.67 

B (Asa) 9𝑒 − 4 0.55 8𝑒 − 2 0.9 

 

The simulation was made in Ansys CFX. On the 

sides of the flow field, periodic boundary condition 

was defined (Figure 2, blue). The blade (Figure 2, 

yellow) and the boundaries on the top and the bottom 

of the flow field (Figure 2, grey) can be considered 

as a no slip wall, resulting in a closed impeller.  

 

 

Figure 2. The flow field and the mesh around the 

trailing edge of the blade (in case of impeller A) 

2.3. The FSI simulation 

The FSI simulation is a coupled two-way Fluid-

structure-action simulation, which is essential for 

investigating the blade deformation due to the flow 

and its reaction to the flow region. The mechanical 

finite-element model of the blade is also discretized 

(Figure 3). According to Table 3., the minimum, 

maximum and average value of the skewness and the 

overall average mesh quality are acceptable in all 

cases. To run the CFD simulation a rotating flow 

domain and SST turbulence model was considered. 

 The mountings can be rigid (like the blade had 

been welded to the back shroud in two points). This 

method means the use of cylindrical constraints on 

the mountings of the blade that restrain all degrees of 

freedom.  The other approach is that the mountings 

allow rotational movement (like riveted mounting) 

using cylindrical constraints allowing rotation and 

adding remote displacement constraint too. 

 

 
 

 

 

Figure 3. The mechanical model and the place of 

the mounting 

In the case of FSI simulation, only the shape of 

the blade (Figure 2, yellow) can change; the 

deformation of every other boundary region of the 

flow field should be unspecified. Considering the 

rigid bladed impeller will be important too in the 

future calculations: it can be managed by running 

only a CFD simulation on the designed flow field, 

neglecting the deformation of the blade. The FSI 

simulation was performed with the help of Ansys 

System Coupling software. Only steady-state 

simulations were run. Knowing that CFD 

simulations may be inaccurate in off-design points, 

the results should be considered carefully, future 

simulations are recommended. Furthermore, the next 

phase of this actual research plan is measurement in 

laboratory, which can give more accurate results in 

off-design conditions too. 

2.4. The Grid sensitivity analysis 

 

Each geometry was investigated with more 

grids, and the comparison between them was made 

by the help of the hydraulic parameters of the pump. 

The sensitivity was studied with only running a CFD 

simulation on the flow field, without FSI. 
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Figure 4. The hydraulic parameters of the 

impeller A (upper) and impeller B (lower) got 

from simulations with different grids 

As Figure 4 shows, the hydraulic parameters, 

such as head, input power and hydraulic efficiency, 

do not change significantly using different grids. 

However, the time of a CFD simulation run (or one 

step of the FSI simulation) is almost directly 

proportional to the number of elements. As a result, 

the meshes marked with a red dot (and indexed as the 

3rd) on Figure 4 have been chosen for each geometry, 

which resulted in both satisfactory time of running a 

simulation and accuracy. (To make visualization 

easier, the hydraulic parameters were proportioned to 

the results got with the marked meshes). 

3. RESULTS IN CASE OF IMPELLER A 

3.1. The hydraulic characteristics 

As impeller model A allowed the largest blade 

deformation, the difference between the hydraulic 

parameters of the rigid and the flexible blade was the 

most significant in this case. (The impeller B was 

made basically to a future measurement equipment.) 

The characteristic curves will be usually plotted 

as function of the relative flow rate: the ratio of the 

actual and the nominal flow rate. When results are 

plotted, the continuous lines are trendlines in the 

following chapters. 

Firstly, the head characteristics can give 

information about the effect of the flexible blade. 

The numerically calculated head curve of the rigid-

bladed impeller should be compared with the 

theoretical head characteristics. 

 

 

Figure 5. The head characteristics of the rigid and 

flexible impeller blades and the theoretical head 

characteristics with a rigid impeller with 

infinitely many blades 

All the impellers investigated was assumed with 

blades that have constant blade thickness and width. 

The theoretical head of the studied impeller can be 

approximated as follows according to empirical 

equations: 

 

𝐻𝑡∞ = −59,607 
𝑄

𝑄𝑛

+ 89,717 (m) (1) 

 

The head characteristics of the flexible blade run 

significantly higher than the one of the rigid blades 

according to Figure 5. The reason of this is the 

deformation of the impeller circumference (the 

blade's trailing edge; see section 3.2). The overall 

deformation of the blade depends on the Young’s 

modulus of the blade material and the geometry of 

the blade, especially the blade width. In the case of 

the actual study, linear elastic model can be 

considered. This means that the deformation is 

directly proportional to the force applied on the blade 

and the proportion factor is the Young’s modulus  

It was also taken to consideration, that the 

improvement in the pump head is due to the blade 

deformation and not just numerical error. A simple 

method was developed: an FSI simulation with the 

Young’s modulus set high (usually over 2 ⋅ 104 GPa) 

that results practically in a rigid blade. If the results 

of this simulation ran close to the results of the rigid 

simulation (only CFD simulation without FSI), the 

change in the hydraulic parameters can be considered 

as the result of the flexible blades. The overall head 

has therefore increased. However, this does not 

necessarily imply an increase in the efficiency and a 

decrease in flow loss due to flow separation.  
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Figure 6. The input power characteristics of the 

rigid and flexible impeller blades 

The input power of the pump should also be 

taken into consideration, which can be seen on 

Figure 6. These results are favourable because the 

input power appears to be higher due to the flexible 

blading and not a numerical error, as it could be seen 

in case of the head. It is difficult to calculate the 

characteristic curves of the recorded power 

analytically; the hydraulic efficiency curves should 

be taken into consideration instead (Figure 7). 

 

 

Figure 7. The hydraulic efficiency curves of the 

rigid and flexible impeller blades 

The efficiency of flexible blades is 

approximately 5-25% better than rigid blades. This 

was one of the main goals of the research. The 

efficiency improved mainly for medium flow rates. 

Since this study investigates only the impeller (the 

losses of the volute chamber or the mechanical losses 

were not considered), the efficiency depends only on 

the friction and the losses due to flow separation. 

This is, in fact, the hydraulic efficiency of the pump. 

To investigate these in more detail, and to interpret 

the improvement in efficiency, it is necessary to 

carry out a flow chart analysis too, which is 

discussed in more detail in section 3.3. 

3.2. The blade deformation 

To analyse the effects of the blade deformation, 

the velocity triangles at the leading edge and the 

trailing edge of the blade should be considered. The 

Figure 8 shows the velocity triangles. 

 

 
 

 

Figure 8. The velocity triangles 

Considering Euler’s turbine equation: 

 

𝐻 =
𝑐2𝑢𝑢2 − 𝑐1𝑢𝑢1

𝑔
 (2) 

 

The value of the head of the pump could be 

improved in the following cases neglecting the 

viscous losses and considering only the Equation (2): 

- The absolute velocity at the leading edge 

has less or no circumferential component. 

The ideal case is that the absolute velocity 

vector is perpendicular to the 

circumferential velocity; therefore, the 

circumferential component of the absolute 

velocity is zero. This means that the 

absolute velocity has only a meridional 

component that can be calculated 

analytically. Knowing this and the 

circumferential velocity, the optimal blade 

angle can be calculated too, as it can be seen 

on the upper part of the Figure 9 too. 

- The circumferential component of the 

absolute velocity at the trailing edge is 

higher. This means that the blade angle at 

the trailing edge should be as high as 

possible, and as a result, the angle between 

the circumferential and absolute velocities 

should be low. This implies that the 

circumferential component of the absolute 

velocity is high, next to the same meridional 

component of the absolute velocity. 
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Figure 9. The blade angles at the leading (upper) 

and the trailing (lower) edge (flexible and rigid 

blade) 

The Ansys CFX post-processor can measure the 

deformed geometric blade angle. The blade angle 

can be calculated from the velocity triangle can be 

known from the simulation results. The upper part of 

Figure 9 shows that the deformation of the blade 

angle at the leading edge in the case of flexible blade 

is opposite to the desired direction. This is due to the 

flow separation on the leading edge, which results in 

a suction zone. This zone makes the blade deform 

opposite to the required direction. The goal would be 

having the geometric blade angle as close to the 

optimal as possible and reducing the flow separation.  

However, this does not mean that the head 

achieved get significantly lower as it could be seen 

in Chapter 3.1. The equation (2) includes the 

circumferential velocity, which velocity is 

significantly higher at the trailing edge than at the 

leading edge. As a result, the deformation of the 

trailing edge should affect the head of the pump more 

significantly, because the circumferential velocity is 

significantly higher at the trailing edge than the 

leading edge. The characteristics of the deformation 

and the blade angle are consistent with the head 

curve, because the higher  𝛽2 angle of the flexible 

blade resulted in the growth of the pump head. 

 

 

 

            

 

Figure 10. The effect of the centrifugal force and 

the flow on the deformation of the blade (the 

deformed blade geometry is blue) 

 

 

Figure 11. The effect of the mounting (l) and the 

lower Young’s modulus (r) on the deformation 

As Figure 11 shows, neither the rivetted 

mounting nor the more flexible blade material 

significantly affected the deformation at the blade's 

edges. This means that the fixed mounting should be 

preferred to the first testing period of the research: it 

is easier to manufacture and numerically more stable, 

too. The more flexible blade material should be 

investigated with another impeller though, which is 

written in section 4. It was also studied if the field of 

the centrifugal force itself can lead to the same 

amount of deformation as it would be combined with 

the flow. This would be true, if the FSI simulation 

gave approximately the same deformation, as the 

centrifugal force itself. It has been proven to be false, 

(see Figure 10). As it can be seen, the effect of the 

flow leads to significantly different deformation.  

Leading edge Trailing edge 

Low Q High Q 
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This is important, because if it was not, an easier 

simulation without FSI could have been made, 

reducing computational cost. In the future, a fan 

impeller should be also taken to consideration, 

because in this case, the effect of the centrifugal 

force may be more significant. 

3.3. The analysis of the flow field 

The blade deformation is a direct answer to the 

increase in the head of the pump as it could be seen 

in Chapter 3.1 and 3.2. (therefore, an increase in the 

input power, too). However, a more detailed study of 

the impeller flow field is needed to investigate the 

improved hydraulic efficiency.  

The rothalpy, as an energy-dimension quantity, 

should be taken into consideration. This will be used 

to investigate the flow losses and, consequently, the 

efficiency relations for the different simulations. 

Note that in a stationary coordinate system, the total 

pressure would be the appropriate variable to study 

the losses. Neglecting the potential energy and 

assuming the constant temperature of the fluid, the 

rothalpy can be written as follows: 

 

𝐼 =
𝑝

𝜌
+

𝑤2

2
−

𝑢2

2
 (3) 

 

In this case, the rothalpy, that describes the 

losses can decrease due to the work of the shear 

stresses or dissipation and heat transfer from the 

flow. The decrease in the rothalpy in the flow field is 

the following can be seen on Figure 12. This is 

shown in the case of 85% relative flow rate because 

this shows the most significant difference between 

the rigid and the flexible blade. 

 

    Rigid impeller               Flexible impeller      

 

 

Figure 12. The loss of the rothalpy in the flow 

field: colour blue means high flow losses 

Figure 12. shows that the zones with a higher 

loss in the rothalpy is wider in case of rigid blade. 

This implies higher loss due to flow separation, 

especially around the trailing edge of the blade. The 

lower this flow separation zones could be, the higher 

would be. 

4. RESULTS IN CASE OF IMPELLER B 

The impeller geometry B was tested with either 

blade made from Aluminium or 3D-printed ASA for 

experimental studies to be carried out in the future.  

 

 

Figure 13. The head characteristics of the 

Aluminium and ASA-bladed impellers 

As Figure 13 shows, the real head characteristics 

are significantly lower than the theoretical curve 

compared to the steel impeller. The reason of this is 

that the blade width of the ASA and the Aluminium 

blade compared to the impeller diameter is 

significantly higher than the one made from steel. 

The trailing edge of these blades is filleted, too, not 

as sharp as the steel one (see Figure 2). This results 

in a higher flow separation. Furthermore, the flow 

separation can affect the characteristics even more 

due to the higher number of blades. 

 

 

Figure 14. The efficiency characteristics of the 

Aluminium and ASA-bladed impellers 

The ASA blade is more flexible than the 

Aluminium one. Consequently, bigger improvement 

can be achieved with it in efficiency. This is even 

more significant in off-design points (Figure 14). 
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One of the research goals is exactly this: 

designing a flexible blade, that improves the 

hydraulic efficiency in off-design operating points.  

The FSI simulation's main disadvantage is its 

significantly high computational cost, especially 

with high mesh element numbers. To make the 

algorithm faster, a half-numeric method was also 

tested. This means that the net force due to the flow 

and the centrifugal force field are calculated only in 

one iteration step. This force is applied to the 

analytical model of the blade, which means a beam 

fixed in two points. Solving the differential equation 

of a flexible beam would be a boundary condition 

problem that could be solved. However, this method 

has been proven to resulting in significantly lower 

deformations than the FSI simulation. The possible 

cause of this is that the flow separation at the leading 

edge leads to a pressure drop, and high suction force, 

as it can be seen in Figure 15. Due to the deformation 

caused by this force, the higher the deformation at 

the leading edge is (see section 3.2), the higher the 

flow separation will be. As a result, this method 

could not be used to further analysis. 

 

 

Figure 15. Flow separation zones around the 

leading edge in the case of rigid blade (left) and 

deformed flexible blade (right) 

5. CONCLUSION 

Coupled FSI simulations were used to 

investigate the effects of rigid and flexible bladed 

impellers on the hydraulic parameters such as head 

and efficiency. The flexible impeller increased the 

efficiency by 10-20% depending on the flow rate, 

and 15% increment was recorded in case of impeller 

A in the best-efficiency point. In addition, due to the 

deformation, the head increased. In all cases, the 

trailing edge of the blade is slightly displaced 

towards the pressure side, while the leading edge is 

displaced towards the suction side at lower flow rates 

and towards the pressure side at higher flow rates. 

This is quite unfavourable; the blade should deform 

in such way that the leading edge moves towards the 

optimal direction. This can be made, for example, by 

actuators ([1] [3]). However, this method would 

result in a significantly more difficult and more 

expensive to manufacture impeller than the passively 

deformable one.  A significant part of the 

deformation is due to the centrifugal force, but the 

effect of pressure distribution is also not negligible. 

It can be stated that the rothalpy remains 

approximately constant according to the theoretical 

value between the two blades, but there are 

separation zones on the blade, too. These depend on 

the flow rate and the flexibility of the blade. 

However, the present study of the flow field does not 

allow a more precise and detailed explanation of the 

improvement in efficiency, so this requires further 

analysis such as more accurate simulations and 

experimental studies. It is also important to make the 

blade as thin as possible to earn the best efficiency 

and more streamlined design. 

The inaccuracy of the simulation is partly due to 

the less accurate mesh and numerical scheme. 

However, a more accurate scheme would made the 

meshing procedure significantly more difficult. The 

simulation converges relatively slowly, especially in 

further distance from the design point, and does not 

converge at all flow rates. A possible solution to this 

problem could be a transient simulation, but the 

computational capacity requirement of this is 

significantly higher. 
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ABSTRACT 
Although trees provide shade for pedestrians, 

enhancing their thermal comfort, dense vegetation 
can remarkably hinder the ventilation efficiency of 
an urban area, resulting in greater pedestrian 
exposure to traffic-related air pollutants. In the 
present paper, the widely used realizable k-ε and 
k-ω SST turbulence models, as well as a novel 
geometry-informed k-ε turbulence model are 
compared and applied to investigate the impact of 
tree planting in finite-length street canyons of 
H/W = 0.5 and L/H = 5 aspect ratios. 

The geometry-informed k-ε model is based on a 
new eddy viscosity formulation that relies on the 
same set of physical parameters as the k-ω SST 
model. The new model constrains the growth of the 
turbulent length scale by incorporating wall distance, 
even in flow regions where turbulent kinetic energy 
dissipation exceeds production (dissipative regime). 
The geometry-informed (GI) model is implemented 
in ANSYS Fluent as a user-defined eddy viscosity 
formulation for the standard k-ε model. The resulting 
GI k-ε model is parameterized similarly to the 
standard k-ϵ model, except for the C1ε  constant, 
which is set to 1.55. The model has previously 
demonstrated superior accuracy compared to classic 
eddy viscosity models in some test cases (i.e., 
channel flow, shear flow, and backward-facing step), 
though it has not yet been tested in any complex flows. 

The present paper proves that the new turbulence 
model is suitable for the accurate simulation of 
building-scale transport processes: the validation 
metrics, characterizing the agreement of the 
modelled velocity and concentration field with 
previous measurement data, show similar 
performance compared to those obtained using the 
industry standard realizable k-ε and k-ω SST 
turbulence models. 

Keywords: CFD, pollutant dispersion, street 
canyon, trees, turbulence model, urban air 
quality. 
 
NOMENCLATURE 
Roman symbols 

c kg/m3 concentration 
c* 1 normalized concentration 
C1ε 1 model constant of the k-ε model 
cd 1 drag coefficient 
Cε4 1 model constant of the vegetation 

model 
Cε5  1 model constant of the vegetation 

model 
Dt m2/s turbulent mass diffusivity 
H m building height (reference height) 
k m2/s2 turbulent kinetic energy (TKE) 
Ks m equivalent sand-grain roughness 
  (wall roughness) 
L m canyon length 
Ls m source length 
N 1 number of elements 
O [SI] reference data observed in the 

experiments 
P [SI] model predictions (CFD results) 
Q kg/m3 total source intensity 
Re 1 Reynolds number 
Sct 1 turbulent Schmidt number 
Sk kg/m/s3 vegetation source term in the 

equation for TKE 
Su,i N/m3 vegetation source terms in the 

momentum equation 
SV kg/m3/s volume source intensity of the 

passive scalar 
Sε  kg/m/s4 vegetation source term in the 

equation for turbulent dissipation 
u m/s streamwise velocity component 
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U∞  m/s free-stream velocity (reference 
velocity) 

v m/s spanwise velocity component 
v m/s velocity vector 
Vs m3 volume of the source zone 
W m canyon width (street width) 
w m/s vertical velocity component 
x m streamwise coordinate 
y m spanwise coordinate 
y+  1 dimensionless wall distance 
z m vertical coordinate 
   
Greek symbols 

βd 1 model constant of the vegetation 
model 

βp, 1 model constant of the vegetation 
model 

δ m boundary layer depth 
Δc* % change of the normalized 

concentration 
Δx m mesh resolution 
ε m2/s3 dissipation rate of the TKE 
ν m2/s kinematic viscosity 
νt m2/s  turbulent viscosity 
ρ kg/m3 air density 
ω m2/s3 specific dissipation rate of TKE 
 
Further notations 

(𝑋𝑋) average of a data set X 
σX standard deviation of the data set X 
|x| absolute value of the vector x 
 
1. INTRODUCTION 

Air pollution is a significant environmental 
factor influencing human health, as it presents 
considerable hazards for pollution-related diseases 
and premature death. In light of urbanization, it is 
crucial to gain a comprehensive understanding of the 
flow dynamics within urban landscapes, as well as 
the dispersion patterns of pollutants. Moreover, it is 
essential to analyze the effects of vegetation and 
various obstructions on pollutant concentration 
levels, as such insights are vital for the development 
of reliable methods for urban air quality evaluation. 

Urban vegetation, particularly trees, plays a 
crucial role in the microclimate of municipal areas. 
Trees mitigate urban heat by providing shade, 
leading to improved heat comfort and reduced 
ambient and surface temperatures (Salmond et al., 
2016). By reducing runoff, trees help moderate the 
vulnerability to water flooding. Through intercepting 
precipitation and facilitating evapotranspiration, 
vegetation enables better adaptation to the challenges 
of climate change (Gill et al., 2008). Additionally, 
tree canopies act as pollutant sinks through dry 
deposition and absorption (Janhäll, 2015), and can 
also attenuate traffic noise.  Moreover, enhancing 
urban vegetation supports biodiversity (Gómez-
Baggethun et al., 2013) and promotes well-being by 

encouraging physical activity, stress relief, cognitive 
restoration, and social interaction (Salmond et al., 
2016). 

However, trees in street canyons can adversely 
impact air quality by reducing airflow and trapping 
pollutants. Over the past two decades, several wind 
tunnel experiments and computational fluid 
dynamics (CFD) simulations have examined the 
aerodynamic effects of urban vegetation, which is 
reviewed by Janhäll (2015), Gallagher et al. (2015) 
and Buccolieri et al. (2018). The key findings from 
the relevant studies are summarized below. 

Several researchers have investigated the impact 
of urban trees at the scale of a single street canyon. 
Fellini et al. (2022) and Carlo et al. (2024) used wind 
tunnel measurements, while Buccolieri et al. (2009) 
combined wind tunnel experiments with numerical 
simulations to analyze the effects of trees in a street 
canyon with a height-to-width ratio of 0.5, focusing 
on perpendicular wind directions. The results 
obtained by Buccolieri et al. (2009) indicate that 
trees reduced flow rates by 33% at pedestrian height 
compared to the empty reference canyon and despite 
the increased shear within the canyon, caused by the 
three canopy zones, TKE production remained 
mostly unchanged. In terms of pollutant 
concentrations, Fellini et al. (2022) reported an 
increase of up to 22% for the entire canyon volume. 
Meanwhile, Buccolieri et al. (2009) found that wall-
averaged concentrations increased by 40% on the 
leeward side but decreased by 25% on the windward 
side in the presence of trees. Noteworthy results from 
Fellini et al. (2022) showed that the average pollution 
level does not correlate with the number of trees, 
contradicting the belief that an increased vegetation 
fraction leads to an increased pollutant accumulation. 
The evaluation of different urban scenarios by Carlo 
et al. (2024) concluded that cars, boundary walls, and 
hedges along the pedestrian zones can reduce 
pollutant exposure by 15%, 23%, and 11%, 
respectively, while similarly located trees potentially 
increase exposure by 51% for dense and 17% for 
sparse tree arrangements. 

To achieve more realistic results, some studies 
have examined either an idealized or an actual urban 
neighborhood. A study by Gromke and Blocken 
(2015a, 2015b) analyzed the impact of avenue trees 
in a simplified urban neighborhood comprising 7×7 
building blocks through 3D steady Reynolds-
averaged Navier-Stokes (RANS) simulations. It was 
concluded that a 1% increase in the vegetation 
coverage in the street canyons corresponded to about 
a 1% rise in neighborhood-average pollutant 
concentration, in the 4% to 14% coverage range. 

Furthermore, air quality investigations were 
performed in real urban scenarios in Lisbon and 
Aveiro, Portugal (Amorim et al., 2013), as well as 
Pamplona, Spain (Santiago et al., 2017) through 
similar methods. Both studies revealed significant 
changes in the flow field due to the presence of trees, 
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with an average pollutant concentration increase 
from 7.2% up to 13.2% for perpendicular wind 
approach and 12% for oblique flows at pedestrian 
level. 

Importantly, the majority of CFD-based research 
papers model the effects of vegetation via the 
solution of the Reynolds-averaged Navier-Stokes 
equation, a turbulence modelling approach 
frequently used in urban dispersion studies (Toparlar 
et al., 2017). The RANS approach has a few 
advantages compared to scale-resolving turbulence 
models, such as large eddy simulation (LES), namely 
that (1) its computational demand is significantly 
smaller than that of LES, and (2) there are numerous 
best practice guidelines (BPGs) available to support 
its use (Blocken and Gualtieri, 2012; Blocken, 2015). 
Therefore, it became common practice in both the 
industry and in research to employ the available 
computational power to simulate larger and more 
complex problems using RANS instead of switching 
to scale-resolving turbulence models (Blocken, 2018). 

On the other hand, RANS results can often be 
inaccurate, both in urban dispersion studies (see, e.g., 
Gousseau et al., 2011; and Tominaga and 
Stathopoulos, 2013), and in other applications as 
well. It was noted by Kristóf et al. (2025) that in a 
quasi-stationary free shear flow, various well-known 
Reynolds-averaged turbulence models lead to 
qualitatively incorrect results: the velocity 
magnitude decreases over time, resulting in a 
decrease in the spatially averaged values of hydraulic 
power, production, and dissipation. However, when 
the driving force is maintained, the average value of 
turbulent kinetic energy remains close to the DNS 
results, indicating a realistic value. With nearly 
constant kinetic energy and decreasing dissipation, 
turbulent viscosity increases, which explains the 
reduction in velocity amplitude. Throughout this 
process, the turbulent length scale grows 
indefinitely. The incorrect asymptotic behavior of 
these models may also affect the accuracy of the 
engineering applications of CFD. 

To address this issue, Kristóf et al. (2025) 
introduce a new eddy-viscosity formulation that 
depends on similar parameters to the k-ω SST model 
but includes an additional dependence on wall 
distance in the dissipative regime, proportional to the 
square root of the wall distance. This slight 
dependence on wall distance prevents the unlimited 
growth of the turbulent length scale, which is why 
we refer to the new formulation as the geometry-
informed (GI) model. When incorporated into the 
standard k-ε model equations, the GI formulation 
yields a shear stress distribution in equilibrium 
channel flow that aligns well with known DNS results. 

The resulting turbulence model (GI k-ε model) 
does not require wall function application (it is 
monotonically integrable from the wall) as long as 
the numerical grid is sufficiently refined near the 
solid wall (y+ ≤ 4). 

The present paper aims to benchmark the new 
geometry-informed k-ε turbulence model in realistic 
urban applications, both in the presence of trees and 
in vegetation-free cases, by comparing the model 
results to data obtained using the industry standard 
RANS turbulence models and to the results of wind 
tunnel experiments. 

 
2. METHODS 

2.1. Geometry 
A few geometries from the wind tunnel study by 

Carlo et al. (2024) were replicated using 
computational fluid dynamics (CFD) simulations. 
The investigated setup consisted of a regular array of 
H = 0.1 m tall, rectangular building blocks, forming 
numerous street canyons and intersections. The flow 
field is characterized by a Reynolds number of 
Re = U∞H/ν = 3×107. The street canyons parallel to 
the x axis (wind direction) have a height-to-width 
aspect ratio of H/W = 1, and the street canyons 
perpendicular to the wind direction have an aspect 
ratio of H/W = 0.5. Both types of street canyons are 
of L/H = 5 length. The modelled geometry is shown 
in Figure 1. The top boundary of the computational 

 
Figure 1. Layout and dimensions of the 
computational domain. The reference height is 
H = 20 m. In the sparse trees scenario (2×4 trees), 
the vegetation is only considered in the solid green 
zones, while in the dense trees setup (2×7 trees), 
vegetation is modelled in the zones denoted by 
both the solid and striped green areas. The yellow 
markers C (canyon), I (intersection), R (roof), 
and S (street) denote the location of the velocity 
profiles shown in Figure 3. 
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domain was placed δ = 11H distance above the 
rooftops, in which δ is the depth of the boundary 
layer forming above the building, as reported by 
Carlo et al. (2024) and Fellini et al. (2022). 

Carlo et al. (2024) performed concentration 
measurements in one of the wider, H/W = 0.5 street 
canyons, located perpendicular to the wind direction, 
which is the critical orientation regarding air quality. 
In some cases, model trees were installed near the 
walkways on both sides. The sparse trees 
configuration consisted of four equidistantly placed 
trees on both sides of the canyon, while the dense 
trees setup had 2×7 trees installed (Figure 1). The 
wind tunnel experiments employed two parallel line 
sources in the middle of the canyon, which are 
modelled as a single combined emission zone in the 
present model, the length of which is equal to the 
length of the canyon (Ls = L = 5H). 

2.2. Meshes and boundary conditions 
The computational domain was discretized using 

polyhedral cells. The target cell size in the focus area, 
i.e., within the H/W = 0.5 canyon, was H/Δx = 33, 
with an additional mesh refinement to H/Δx = 66 
near the source zone. The target mesh size was H/16 
on every solid surface outside the target canyon. 
Inflation layers with a first layer height of 
H/100 were applied next to all solid boundaries. In 
the entire mesh, a linear growth rate of a maximum 
of 1.2 was allowed between adjacent cells, and the 
largest cells were H/3, near the top of the domain. 
The structure of the mesh is illustrated in Figure 2. 

The above meshing parameters correspond to a 
medium mesh (hereinafter denoted by “M”) of 2.04 
million elements. Two further meshes were created 
using a linear refinement ratio, resulting in a coarser 
1.01-million-cell and a more refined 5.33-million-

cell mesh, hereinafter denoted by “S” and “L”, 
respectively. The orthogonal quality of the cells in 
each mesh was above 0.17, which is considered 
adequate. 

To model the repetitive building pattern (see 
Fellini et al. (2022) and Carlo et al. (2024) for photos 
of the experimental setup), periodic boundary 
conditions were applied at the streamwise ends of the 
computational domain, and symmetry was assumed 
at the spanwise boundaries and at the top. At the solid 
boundaries, i.e., at the building walls, at its roof, and 
on the ground, rough no-slip walls were assumed, in 
combination with a near-wall treatment using the 
standard law of the wall. The equivalent sand-grain 
roughness (Ks) was set uniformly for all walls in each 
simulation to have a good match with the TKE 
profile obtained above the buildings in the wind 
tunnel.  

The periodic model was driven by a pressure 
gradient in the x direction, controlled around the 
value of –0.08 Pa/m with a prescribed target mass 
flow rate of air in the x direction of 3.9 kg/s. The 
mass flow rate was prescribed in order to result in a 
free-stream velocity of U∞ = u(δ) ≈ 5.5 m/s, in line 
with the measurements of Carlo et al. (2024). 

Importantly, while the flow field is periodic, the 
concentration field is not: we only want to model the 
pollutants emitted in the investigated canyon, and no 
upstream sources are taken into account – similarly 
to the wind tunnel experiments. Consequently, the 
flow and concentration fields must be computed 
separately. After reaching sufficient convergence for 
the former, the periodic boundaries were decoupled, 
and the flow field was “frozen”, i.e., only the 
diffusion equation was solved, taking the flow field 
as an input. For this, a pressure outlet boundary 
condition is assumed at the downstream boundary 
(with 0 Pa gauge pressure), allowing the pollutants to 
leave the simulation domain freely. 

2.3. Solver setup 
In the majority of the cases presented in this 

paper, the geometry-informed k-ε model developed 
by Kristóf et al. (2025) was applied. For comparison, 
turbulence was also modelled using the realizable 
k-ε model, which is considered the industry standard 
approach for steady-state RANS calculations in the 
field of urban dispersion. Furthermore, the k-ω SST 
model, widely used in several engineering 
applications, was also utilized in one simulation. 

The dispersion of traffic-related air pollutants 
was modelled using a passive scalar. The pollutant 
source was represented by a volume source term, SV, 
added to the scalar transport equations. The pollutant 
emission rate, therefore, can be calculated as 
Q = SV/(ρVs), in which ρ is the density of air, and Vs 
is the total volume of the source zones. 

Setting an appropriate value for the turbulent 
Schmidt number, i.e., the ratio of the turbulent 
viscosity to the turbulent mass diffusivity 

 
Figure 2. Spatial discretization of the computa-
tional domain near the buildings, for the coarsest 
mesh (S), with a spatial resolution of H/Δx = 22 
within the canyon. The zones representing vegetation 
are denoted by green color. The pollutant source 
zone in the middle of the canyon is represented by 
red color. The yellow plane is an XZ cutplane 
located in the middle of the canyon (y = 0). 
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(Sct = νt/Dt), can strongly influence the quality of the 
concentration results calculated based on steady-
state RANS models (Gousseau et al., 2011). In the 
present study, Sct = 0.2 was chosen for all cases, via 
optimization over the Sct = 0.04…1.3 range. 
According to Tominaga and Stathopoulos (2007), 
the found optimum value is lower than usually 
applied in near-field dispersion, but not 
unprecedented, see e.g., He et al. (1999). 

The transport equations were solved using the 
Coupled solver and second order flux schemes for 
the spatial discretization of all variables in Ansys 
Fluent 2023R1. Due to the high characteristic 
Reynolds number, the limit for the turbulent 
viscosity ratio was increased to 1020, which is a 
common practice in building-scale RANS 
calculations. 

2.4. Modelling the effects of vegetation 
The effect of vegetation was modelled using the 

following source terms in the vegetation zones (see 
Figure 1 and Figure 2) for the flow and turbulence 
equations, following the model derived by Sanz 
(2003).  

 
𝑆𝑆𝑢𝑢,𝑖𝑖 = −𝜌𝜌𝑐𝑐𝑑𝑑𝑢𝑢𝑖𝑖|𝐯𝐯| (1) 

 
𝑆𝑆𝑘𝑘 = 𝜌𝜌𝑐𝑐𝑑𝑑�𝛽𝛽𝑝𝑝|𝐯𝐯|3 − 𝛽𝛽𝑑𝑑|𝐯𝐯|𝑘𝑘� (2) 
  
𝑆𝑆𝜀𝜀 = 𝜌𝜌𝑐𝑐𝑑𝑑

𝜀𝜀
𝑘𝑘
�𝐶𝐶𝜀𝜀4𝛽𝛽𝑝𝑝|𝐯𝐯|3 − 𝐶𝐶𝜀𝜀5𝛽𝛽𝑑𝑑|𝐯𝐯|𝑘𝑘� (3) 

 
In the above equations, Su,i, Sk, and Sε are the source 
terms appearing in the transport equations for the 
three velocity components (ui = u, v, w) as well as for 
the turbulent kinetic energy (k) and its dissipation 
rate (ε). Furthermore, ρ is the density of air, cd = 0.65 
is the drag coefficient of a single tree (Carlo et al., 
2024), and |v| denotes the magnitude of the velocity 
vector. Finally, βp = 1, βd = 5.1, Cε4 = 0.9, and 
Cε5 = 0.9 are model constants. 

The source terms in the momentum equation 
account for the pressure loss caused by the viscous 
resistance of the tree branches and the leaves. 
Moreover, the source term in the transport equation 
of k models the conversion of large-scale TKE into 
small-scale TKE, as the porous canopy converts the 
energy of the flow into wake turbulence. Finally, 
source term for the turbulent dissipation is based on 
Kolmogorov’s relation (Balogh and Kristóf, 2009). 

The above formulation is widely used in the 
literature, such as by Balogh and Kristóf (2009), 
Balczó et al., (2009), Kenjeres and Ter Kuile (2013), 
Gromke and Blocken (2015a, 2015b), and Santiago 
et al. (2019). It is important to note that the values of 
the parameters (βp, βd, Cε4, and Cε5) can vary between 
different studies, and the values used in the present 
model are taken from Gromke et al. (2015a). 

For fellow CFD modelers, we have two practical 
remarks. Firstly, if the geometry is created in model 

scale, the full-scale drag coefficient of a single tree 
must be multiplied by the model scale to yield the 
same pressure loss – see Balczó et al. (2009) and 
Gromke (2011). Secondly, for sufficient 
convergence, the use of an implicit solver is required. 
Therefore, the derivatives of the above source terms 
with respect to ui, k, and ε must be provided – see, 
e.g., Balczó et al. (2009). 

2.5. Performance metrics 
To assess the accuracy of the models, the 

performance metrics proposed by Chang and Hanna 
(2004) were applied to the concentration results. The 
full names of the metrics are given in Table 1 later. 

 

𝑅𝑅 =
�𝑂𝑂 − 𝑂𝑂� �𝑃𝑃 − 𝑃𝑃�

𝜎𝜎𝑂𝑂  𝜎𝜎𝑃𝑃
 (4) 

𝐹𝐹𝐹𝐹𝐹𝐹2 =
1
𝑁𝑁�𝑓𝑓𝑖𝑖

𝑁𝑁

𝑖𝑖=1

,    𝑤𝑤𝑤𝑤𝑤𝑤ℎ 

        𝑓𝑓𝑖𝑖 = �1   𝑖𝑖𝑖𝑖   0.5 ≤
𝑃𝑃𝑖𝑖
𝑂𝑂𝑖𝑖
≤ 2  

0  𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒              
 

(5) 

 

𝐹𝐹𝐹𝐹 =
𝑂𝑂 − 𝑃𝑃

0.5 �𝑂𝑂 + 𝑃𝑃�
 (6) 

 

𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 =
 (𝑂𝑂 − 𝑃𝑃)2

𝑂𝑂 𝑃𝑃
 (7) 

 
𝑀𝑀𝑀𝑀 = exp�ln𝑂𝑂 − ln𝑃𝑃� (8) 

 
𝑉𝑉𝑉𝑉 = exp �(ln𝑂𝑂 − ln𝑃𝑃)2� (9) 

 
In addition to the above performance metrics, the 
average absolute deviation, as defined by Montazeri 
and Blocken (2013), can be computed as 

 
AAD =  |O − P| . (10) 

 
In the above formulas, 𝑃𝑃 denotes the model 
predictions (CFD simulation results), and 𝑂𝑂 denotes 
the reference data observed in the experiments. 
Moreover, 𝑂𝑂 and 𝑃𝑃 stand for the averages over these 
data sets, σO and σP represent their standard 
deviations, and N denotes the number of elements of 
the data sets. Note that as the absolute measurement 
uncertainty is unknown, small data are not omitted 
based on this criterion; hence, the formulas presented 
in this paper are mathematically simpler than the 
original ones. 
 
3. RESULTS AND DISCUSSION 

This section presents the comparison of the 
velocity, turbulence, and concentration results 
obtained throughout seven simulation cases, with 
combinations of (1) three meshes of different spatial 
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resolution, (2) three turbulence models and two 
different wall roughnesses, and (3) three different 
tree configurations, including the tree-free canyon. 

3.1. The impact of the applied 
turbulence model on the flow and 
concentration field 

Firstly, let us compare the flow fields obtained 
using different turbulence models. As discussed 
above, the wall roughness was tuned to achieve a 
good agreement between the numerical and 
experimental TKE profiles. As shown in Figure 3, 
the geometry-informed k-ε model requires around 
two times higher sand-grain roughness (Ks/H = 0.15) 
to achieve the same turbulence levels compared to 
the realizable k-ε and the k-ω SST models 
(Ks/H = 0.07). It is also worth noting that the GI k-ε 
model reproduces the shape of the TKE profile most 
accurately, especially just above roof height. The 
agreement of the GI k-ε model results and the 
experimental data is characterized by 
NMSE = 6.7×10-3 in contrast to 1.1 ×10-2 (realizable 
k-ε) and 1.8×10-2 (k-ω SST). Moreover, despite the 
fact that the TKE in the bulk flow is set to be similar 
for all turbulence models, the GI k-ε model yields 
substantially more turbulence below roof height, 
which is also visible in Figure 5. 

Furthermore, let us assess the shape of the 
velocity profiles. It can be clearly seen that the GI k-

ε model (with Ks/H = 0.15) yields the closest match 
with the experimental results, characterized by 
NMSE = 5.9×10-3 (averaged over the four velocity 
profiles shown in Figure 3), while the realizable k-ε 
and the k-ω SST models yield somewhat more 
modest values (8.3×10-3 and 1.7×10-2, respectively). 
The agreement of the profiles produced by the GI  
k-ε model is remarkable in the lower part of the 
“intersection” location, but the three other velocity 
profiles show similar levels of correspondence, too. 
Note that all CFD profiles show excellent correlation 
with the experimental data: the correlation 
coefficients are over R = 0.98 for each profile. 

Secondly, the concentration results presented in 
Figure 4, obtained using Sct = 0.2, show a good 
agreement between the experimental observations 
and the model predictions in 116 gauging points 
located within the canyon. It was observed that for 
higher Sct values, the model overpredicts the 
concentrations for all investigated turbulence 
models. This draws attention to the fact that the 
applied periodic modelling approach combined with 
RANS turbulence models requires setting a lower Sct 
value than usually applied in near-field dispersion 
studies. 

The performance metrics of the concentration 
results, compiled in Table 1, highlight that although 
all three models show only acceptable correlation 
with the experimental data (R = 0.517…0.543), the 

 
Figure 3. Comparison of the velocity and turbulence profiles obtained in the numerical simulations using 
turbulence models and meshes and in the wind tunnel experiments by Fellini et al. (2022) and Carlo et al. 
(2024). The locations of the four vertical profiles are shown in Figure 1. (In this figure, the profiles are only 
shown up to z/H = 5, but they were modelled up to z/H = 12.) 
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systematic error is minor,  (FB = 0.171…0.240, 
MG = 1.137…1.281) and the scatter of the data is 
also moderate (NMSE = 0.339…0.351, 
VG = 1.219…1.263). The average absolute 
deviation of the predicted concentrations from the 
measured ones is AAD = 5.3…5.9 for the three 
different turbulence models, which can be 
considered acceptable, as the range of the 
experimentally observed concentrations for the 
empty street canyon was c* = 2.4…39.0. 

In conclusion, it can be stated that the geometry-
informed k-ε turbulence model is capable of 
reproducing the flow and concentration field in urban 
street canyons with similar accuracy as the industry 
standard realizable k-ε and k-ω SST models.   

3.2. Mesh convergence analysis 
It can be observed in Figure 3 that the velocity 

and TKE profiles obtained using different spatial 
resolutions (within the canyon: H/22, H/33, H/50), 
shown by the three continuous blue curves, collapse 
onto one another within a line width. Furthermore, 

the dispersion results shown in the middle panel of 
Figure 4 reveal that the concentrations obtained at 
each gauging point on the different meshes are very 
close to one another, i.e., the resulting scatter plots 
show a very good overlap. 

The above findings are also reinforced by the 
performance metrics presented in Table 1: the values 
of the metrics do not significantly change with the 
mesh refinement, supporting the conclusion that 
even a H/22 spatial resolution within the canyon is 
sufficient for steady-state RANS simulations of 
urban dispersion using the geometry-informed k-ε 
model.  

3.3. The impact of trees on urban air 
quality 
The scatter plots presented in the right-hand panel of 
Figure 4 reveal that qualitatively, the agreement with 
the measurement data is similar to that of the treeless 
case. Moreover, the performance metrics presented 
in Table 1 show minor improvements in terms of the 
systematic error (see FB and MG), but the noticeable 

Table 1. Performance metrics characterizing the performance of the dispersion model in combination with 
different meshes, turbulence models and tree configurations. (The formulas for the metrics are given in 
Eqs. 4-10.) 

Tree configuration                                   none sparse dense 

T
ar

ge
t 

Turbulence model                                   real. k-ε k-ω SST geometry-informed k-ε 
Metric                                      Mesh   M S L M 

Correlation coefficient (R) 0.543 0.522 0.517 0.523 0.516 0.422 0.456 1 
Factor of two of observations (FAC2) 0.914 0.888 0.862 0.862 0.862 0.836 0.828 1 
Fractional bias (FB) 0.171 0.181 0.240 0.235 0.240 0.136 0.163 0 
Geometric mean bias (MG) 1.137 1.181 1.281 1.277 1.281 1.083 1.093 1 
Normalized mean square error (NMSE) 0.351 0.345 0.339 0.331 0.341 0.488 0.583 0 
Geometric variance (VG) 1.237 1.219 1.263 1.259 1.263 1.304 1.391 1 
Average absolute deviation (AAD) 5.521 5.319 5.941 5.867 5.955 8.286 9.635 0 

 

 
Figure 4. Comparison of the mean normalized concentration (c* = cU∞LsH / Q) obtained in the 116 gauging 
points of the wind tunnel experiments by Carlo et al. (2024) and the corresponding locations in the CFD 
simulations of the present study. 
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increase of the NMSE, VG, and AAD values 
suggests that the model predictions of pointwise 
concentration values are more intensely affected by 
the random error when vegetation is present. 
Nevertheless, all metrics can be considered 

moderate; therefore, the geometry-informed k-ε 
turbulence model can be viewed as a reasonable 
alternative for predicting the concentration field in 
the presence of trees as well. 

 
Figure 5. Comparison of the flow and concentration fields obtained using the realizable k-ε model and the 
geometry-informed k-ε model on the medium-resolution mesh (M). The vertical cut-plane is located at the 
symmetry plane (y = 0), and the horizontal cutplane is located at z/H = 0.1. 

 
Figure 6. Comparison of the quantities characterizing the transport processes, both for an empty street 
canyon and one with densely installed trees. The concentration is plotted on the walls and a vertical cut-
plane located at the symmetry plane (y = 0). All results in this figure were obtained using the geometry-
informed k-ε model. 
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To the best of the Authors’ knowledge, no CFD 
results were previously published for the currently 
investigated geometry; therefore, a handful of 
simulation results are hereby presented in order to 
provide aid in understanding the flow and dispersion 
processes governing the mass transfer of medium-
length street canyons. 

The left-hand-side panels of Figure 6 show that 
the presence of trees substantially decreases the 
magnitude of the inflow and outflow velocities at the 
lateral sides of the canyon, and especially at roof 
level, above both the leeward and the windward 
walkways. Similarly, the turbulent mass diffusivity 
at the lateral and vertical boundaries of the canyon, 
becomes noticeably lower when 2×7 trees are present 
(i.e., for the dense tree arrangement), resulting in an 
increase in pedestrian exposure by 31.6% over the 
leeward (upwind) walkway and a decrease of 9.4%, 
over the windward (downwind) walkway. Remark: 
the spatial averages were obtained in 0.1H tall and 
0.2H wide boxes at the feet of the buildings. 
Although the concentration decrease at the windward 
pedestrian zone of the vegetated street canyon may 
sound counterintuitive, Carlo et al. (2024) reported 
similar findings in the experiments. 

The predicted concentration changes in the 
pedestrian zones and in the entire canyon relative to 
the tree-free canyon are listed in Table 2 for both tree 
configurations.  The currently presented model 
results somewhat underestimate the observations of 
Carlo et al. (2024), who found the canyon-average 
concentration to increase by 22.3% and 70.5% as the 
consequence of planting the trees in the sparse and 
dense configurations, respectively, based on the 
average of the pointwise measurements. 

 
4. CONCLUSIONS AND OUTLOOK 

In this paper, a novel RANS turbulence model, 
the geometry-informed k-ε (GI k-ε) model developed 
by Kristóf et al. (2025), was applied to simulate the 
time-averaged flow and concentration field in a 
periodic building configuration. The investigated 
geometry consisted of street canyons of H/W = 0.5 
and L/H = 5, in which the effects of 2×4 and 2×7 
trees, installed over the walkways, on urban air 
quality and pedestrian exposure were also analyzed. 

The results underline that the new geometry-
informed k-ε turbulence model is a suitable 
alternative for computing the flow and dispersion 

field to the industry standard realizable k-ε and k-ω 
SST turbulence models based on several 
performance metrics. It was also shown that the GI 
k-ε model results are of similar accuracy for the two 
tree arrangements of different density as for an 
empty street canyon, with the relative concentration 
increases due to the presence of vegetation also being 
generally in line with the experimental observations 
of Carlo et al. (2024) about the same setup.  

In its current form, the GI k-ε model differs from 
the standard k-ε model primarily in the formulation 
of the eddy viscosity. The optimization of the source 
terms in the turbulent dissipation (ε) transport 
equation is the subject of ongoing research. 
However, even in its present state, the model 
represents a reasonable alternative approach for 
simulating urban air pollutant dispersion, and its 
further development is worth paying attention to. 
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ABSTRACT 

Bubble columns have been widely studied 

concentrating mostly on the bubble parameters, and 

gas/liquid motion. However, bubble generated 

mixing in the column is rarely analysed, especially 

with counter-current liquid flow. For this reason, 

experiments with Laser Induced Fluorescence (LIF) 

applying Sulforhodamine G as fluorescent tracer 

dye were performed in a laboratory-scale counter-

current flow bubble column. In these experiments 

the efficiency of the bubble generated mixing was 

investigated by varying the bubble size, gas and 

liquid flow rates and the dye inlet position. 

Additionally, the mixing results were compared to 

the liquid flow fields obtained from Particle Image 

Velocimetry (PIV). From the results it is obvious, 

that bubble induced mixing leads to a good dye 

distribution inside the column, compared to a 

single-phase flow without bubbles. It has been 

found, that the larger the bubbles the higher the 

bubble induced vorticity, which leads to a better 

local and therefore global mixing. The highest 

counter-current liquid flow rate led to a more 

concentrated dye jet, which was less dispersed than 

at lower liquid flow rates. As a result, the 

combination of large bubbles generated with the 3.6 

mm capillaries, and a moderate counter-current 

liquid flow rate (11.1 l· min
-1

) led to the best mixing 

performance in the investigated bubble column 

reactor.  

Keywords: bubble column reactor, dispersed 

two-phase flow, counter-current flow, LIF, PIV, 

mixing  

NOMENCLATURE 

 

a [mm] major semi-axis 

b [mm] minor semi-axis 

c [mg· l
-1

] measured concentration 

cmin [mg· l
-1

] minimum background 

concentration 

cmax [mg· l
-1

] injected dye concentration 

cn [mg· l
-1

] normalized concentration 

cn,exp [mg· l
-1

] experimental normalized 

concentration 

cn,theor [mg· l
-1

] theoretical normalized 

concentration 

cnorm [mg· l
-1

] normalized dye concentration 

ratio, cn,exp/cn,theor 

d [m] column diameter 

ESD [mm] equivalent sphere diameter 

h [m] column height 

j [m· s
-1

] superficial velocity 

Q [l· h
-1

] volume flow rate 

vb [m· s
-1

] bubble velocity 

Rec [-] column Reynolds number 

 

Subscripts and Superscripts 

 

g gas  

l liquid  

1. INTRODUCTION 

A well-known example of a multiphase flow is 

gas bubbles in a liquid phase, which occurs in a 

great variety of natural phenomena, in chemical or 

biological processes, in waste water treatment, in 

nuclear engineering or even in everyday life, like in 

soft drinks. Bubbles are often used for mixing, since 

they   provide favourable mixing and mass transfer 

properties combined with gentle agitation and low 

shear stressing of the mixed fluids, compared to 

other stirring tools. Mixing of liquids is a very 

energy intensive operation depending on among 

others the duration of the mixing, the liquid 

viscosity and reactor geometry. The optimal mixing 

process would ensure for a minimal power 

consumption but maximal homogeneity of the 

mixture. Mixing, induced by the rising bubbles in a 

bubble column and the resulting interaction 

between chemical reaction and hydrodynamics in 

the column is a challenging research field due to its 

complexity. Traditionally, the mixing time and 

mixing efficiency is measured in stirred vessels or 

in bubble columns in an invasive manner with pH 
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or conductivity probes [1-4]. These measurement 

techniques are robust, but the probes disturb the 

flow and the measurement is only point-wise. 

For a global mixing characterization different 

methods are available. One of them is based on 

acid-base reaction and the colour change of a dye 

pH-indicator. This method is inexpensive and 

simple, but it integrates the colour of the whole 

depth of the investigated volume, which means an 

averaged mixing characterization in the depth. 

Therefore, it is efficient for a rough estimation, but 

ineffective for detailed investigations [2, 5, 6]. 

Electrical resistance tomography (ERT), which can 

provide mixing information also in opaque liquids, 

is also an integrating measurement technique. 

However, the spatial resolution of these methods 

are far from common imaging and the correct data 

reconstruction is very difficult [5, 7, 8]. Besides 

these techniques, the dye distribution, concentration 

and mixing homogeneity can be obtained with high 

temporal and spatial resolution in a 2D plane with 

planar LIF [5, 9-12]. Because of its accuracy and 

resolution, this technique was selected for the 

experiments presented in this paper. 

Unfortunately, experimental investigations of 

bubble-induced mixing and its influence on mass 

transfer or mixing characterisation and visualisation 

in bubble columns are rarely found in the literature. 

A research group at the IMFT in Toulouse 

analysed mixing and concentration fluctuations in 

bubble swarms [13, 14] and investigated mixing in 

a pseudo-2D bubble column [15]. Also, a group at 

HZDR in Dresden worked on bubble-induced 

turbulence and bubble swarms extensively [16-19]. 

Studies of the mixing behaviour of bubble 

columns [20-23] or for bubble-induced turbulence 

[24-28] using simulations can also be found 

sporadically in the literature.  

Unfortunately, experimental studies relating 

mixing and bubble-induced turbulence in the same 

bubble column cannot be found. 

For this reason, in the present study, an 

experimental measurement campaign has been 

performed to obtain the necessary data for a further 

understanding of mixing processes in bubbly flows 

with bubble-induced turbulence. Different gas inlet 

configurations are used to investigate the influence 

of bubble size and gas and liquid flow rates on 

mixing in the counter-current model bubble column. 

2. EXPERIMENTAL SET-UP  

To characterise the liquid flow and mixing in 

the bubble column, three optical measurement 

methods have been applied. First, for the liquid 

phase, Particle Image Velocimetry (PIV) was used 

to examine the hydrodynamics of the two-phase 

flow. Then, combined Laser-Induced Fluorescence 

(LIF) and shadow imaging measurements have been 

executed in the square laboratory-scale counter-

current bubble column, which is made of acrylic 

glass with an inner side length of d= 0.100 m and a 

height of h= 2 m (Figure 1, #1). In both 

experiments, the bubbles were generated with 7 

capillaries placed in line in the centre of the bubble 

column and 500 mm above its bottom (Figure 1, 

#2). Capillaries with three different sizes, produced 

air bubbles in a size range of 1 to 9 mm. The bubble 

column and its peripheral devices have been 

described in detail in previous papers [29, 30]. The 

investigated experimental cases are listed in Table 

1. 

Table 1. Experimental conditions. 

Capillary 
inner 

diameter/ 

material 

jg 
[m· s-1] 

Qg 
[l· h-1] 

jl 
[m· s-1] 

Ql (Counter-
current) 

[l· min-1] 

Rec 
(Column 

Reynolds 

number) 

0.13 mm/ 

stainless 
steel 

2.8· 10-4 10 0  

1· 10-3 
5.2· 10-3 

1.9· 10-2 

9.3· 10-2 

0 

0.6 
3.1 

11.1 

55.5 

0 

100 
500 

1800 

9000   

0.18 mm/ 

Teflon 

2.8· 10-4 10 0  

1· 10-3 
5.2· 10-3 

1.9· 10-2 

9.3· 10-2 

0 

0.6 
3.1 

11.1 

55.5 

0 

100 
500 

1800 

9000 

3.6 mm/ 

PEEK 

2.7· 10-4 

1.3· 10-3 

9.7 

48.4 

0  

1· 10-3 

5.2· 10-3 
1.9· 10-2 

9.3· 10-2 

0 

0.6 

3.1 
11.1 

55.5 

0 

100 

500 
1800 

9000   

 

The images have been recorded over the entire 

measurement section (1 m) of the column with 

four 5 Mpixel cameras (LaVision Imager sCMOS, 

Figure 1, #3) equipped with 50 mm Nikon Micro 

lenses and appropriate filters to record the emitted 

light of the injected fluorescent dye Sulforhodamine 

G or the fluorescence signal of the Rhodamine B 

doped polymethyl methacrylate (PMMA) PIV 

seeding particles (mean diameter: 1-20 µm). The 

cameras were focused on the laser light sheet 

generated by a Nd:YAG double pulse laser 

(Evergreen PIV, 532 nm) in the centre plane of the 

column, in line with the bubble injection device. 

For the LIF experiments, the fluorescent dye was 

injected into the column with a syringe at 500 mm 

in the centre plane of the column through a stainless 

steel capillary with a concentration of cmax = 0.1 mg· 

l
-1

 and 10 ml· min
-1

 flow rate. Simultaneously to the 

LIF images, shadow images of the bubbles were 

also recorded, to be able to mask the bubble shapes 

from the LIF images during image processing and 

to obtain simultaneously the bubble size distribution 

of the specific measurement condition. To this end, 

eight high-power LEDs were used together with a 

sheet of thin drawing paper, as light diffuser, on the 

back wall of the column to obtain homogeneous 

light distribution for the shadow images of the 

bubbles. The bubble shadow images were acquired 

on the second frame of the cameras and triggered 

with an inter-frame time of 40 µs to the LIF images, 
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which assured that bubbles did not move noticeably 

in-between both frames.  

 

Figure 1. Experimental setup: bubble column 

(1), gas distributor (2), cameras (3). 

The images were calibrated with a 3D 

calibration target over the whole measurement 

section for all measurement methods. During the 

experiments, 3x1500 LIF/Shadow images and 

overall 4000 PIV images were recorded with 5 Hz 

recording rate for each investigated case. 

3. DATA PROCESSING 

 All recorded images were processed in DaVis 

8.4 (LaVision). In the case of PIV, flow fields were 

calculated from the recorded double-frame images 

with a cross-correlation algorithm (multi-pass) with 

a decreasing interrogation window size from 64x64 

pixels to 32x32 pixels, with 50% overlap. To 

remove false vectors and refine the vector fields, 

especially in the vicinity and shadows of the 

bubbles, a median filter was applied. After 

combining the results of all four measurement 

windows (obtained simultaneously with the four 

cameras), a full view of the liquid flow field within 

the column has been obtained. From these vector 

fields mean velocity fields were calculated for each 

investigated case. Moreover, probability density 

functions were generated to investigate the 

distributions of the horizontal and vertical velocity 

components as well as the distribution of the 

vorticity. 

In the case of the LIF images for the mixing 

analysis, the bubbles were masked with the help of 

the recorded bubble shadow images (Figure 2). In 

the next step, the recorded fluorescent light 

intensities were converted into Sulforhodamine G 

concentrations with the help of a linear calibration 

curve, determined before. 

 

Figure 2. Image processing: shadow image with 

subtracted background (left), binarised mask 

from shadow image applied to the LIF image 

(right). 

For the quantification of mixing, a mixing 

coefficient has been defined: 

 

𝑐𝑛 =
𝑐 − 𝑐𝑚𝑖𝑛

𝑐𝑚𝑎𝑥 − 𝑐𝑚𝑖𝑛

 (1) 

 

where cmax is the injected dye concentration and 

cmin corresponds to a minimum background 

intensity, which is zero in theory, while for the 

experiments it is equal to the equivalent intensity of 

the first recorded image for each run, when no dye 

is in the system, and therefore it is close to zero. To 

be able to compare the results from different 

counter-current liquid flow rates, the experimental 

normalised concentrations cn,exp have been divided 

by the normalised theoretical concentration for 

perfect mixing cn,theor of the respective counter-

current liquid flow rate. In the case of perfect 
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mixing, one obtains 𝑐𝑛𝑜𝑟𝑚 = 1, in the other cases, 

𝑐𝑛𝑜𝑟𝑚 is calculated as: 

 

𝑐𝑛𝑜𝑟𝑚 =
𝑐𝑛,𝑒𝑥𝑝

𝑐𝑛,𝑡ℎ𝑒𝑜𝑟
 (2) 

 

To compare the mixing efficiency for different 

investigated cases the normalised dye concentration 

ratios at 300 s after injection start will be used in the 

discussion of the results. 

The quantification of the mixing intensity has 

been described more in detail in a separate paper 

[29]. 

4. DISCUSSION 

The bubble parameters measured in the bubble 

column at different flow conditions, and for the 

flow parameters relevant in the current paper, are 

listed in Table 2  [30, 31].  

Table 2. Global mean results of bubble 

diameters and velocities. 

Capillary 

diameter 

[mm] 

Qg  

[l· h-1] 

Ql 

 [l· min-1] 
ESD 

[mm] 

vb  

[m· s-1] 

Aspect 

ratio 

0.13 10 stagnant 2.71 0.31 0.63 

0.13 10 0.6 2.7 0.31 0.62 

0.13 10 3.1 2.7 0.31 0.62 

0.13 10 11.1 2.72 0.30 0.63 

0.13 10 55.5 2.91 0.22 0.64 

0.18 10 stagnant 3.67 0.30 0.54 

0.18 10 0.6 3.47 0.30 0.55 

0.18 10 3.1 3.55 0.30 0.55 

0.18 10 11.1 3.59 0.28 0.55 

0.18 10 55.5 3.75 0.21 0.55 

3.6 10 stagnant 6.01 0.28 0.5 

3.6 10 0.6 6.03 0.28 0.5 

3.6 10 3.1 6.85 0.32 0.53 

3.6 10 11.1 6.04 0.27 0.51 

3.6 10 55.5 5.9 0.20 0.53 

3.6 50 stagnant 6.85 0.32 0.53 

3.6 50 0.6 6.89 0.32 0.52 

3.6 50 3.1 6.86 0.32 0.53 

3.6 50 11.1 6.88 0.30 0.53 

3.6 50 55.5 6.6 0.24 0.57 

 

The results show that with increasing gas 

volume flow rate, the bubble size increases, as well 

as with an increasing capillary size. The bubble size 

also increases with increasing counter-current liquid 

flow rate, except at the largest capillary, where no 

clear trend can be found. In contrast, the bubble 

velocity is generally decreasing with an increasing 

bubble size, and it evidently decreases with an 

increasing counter-current liquid flow. Also, a 

slight growth can be found in bubble velocities with 

increasing gas flow rate. Interestingly, the bubble 

aspect ratio (b/a) remains generally the same for 

one capillary size, independent of the counter-

current liquid or gas flow rate, but it decreases with 

increasing capillary and therefore bubble size. It 

also has to be mentioned that the shape of the large 

bubbles generated with the largest capillary is more 

unstable, than that of the smaller ones. This form-

instability is also reflected in the global mean 

results, mostly in the changing aspect ratios. 

All these global parameters (bubble size, 

velocity, and aspect ratio) have strong influences on 

mixing in the bubble column. These impacts will be 

discussed hereafter. 

4.1. Mixing results 

Figure 3 shows exemplary snapshots of the 

normalised Sulforhodamine G concentrations 300 

seconds after the start of the dye injection. In the 

cases without bubbles (Figure 3, top row), mixing 

occurs due to the jet of the dye inlet and due to the 

counter-current liquid flow. In the stagnant case, the 

dye accumulates above the inlet, and large-scale, 

undisturbed dye structures can be found in the 

column, which is far from perfect mixing. 

Comparing this case to the cases with counter-

current liquid flows, it becomes evident that with 

increasing counter-current liquid flow rate, the 

introduced dye heads towards the lower column 

regions and outlet at the bottom. The dye 

accumulation over the inlet is also decreased by the 

increased counter-current liquid flow rate, and the 

dye is transported downwards in high concentrated 

pockets.  

In the presence of bubbles (Figure 3, bottom 

row), the large-scale structures vanish due to the 

bubble-generated upward flow and mixing is 

strongly enhanced. In the case without counter-

current liquid flow and at the lowest counter-current 

flow rate, the injected dye is almost equally 

distributed in the whole measurement plane, except  

the inlet region, where the concentrated dye with 

higher intensities can be observed. With increasing 

counter-current flow rate, the low concentration 

region above the dye inlet spreads downward. At 

55.5 l· min
-1

 counter-current liquid flow rate, the 

dye concentration is low (black regions) in the 

complete upper half of the column because the 

injected dye is completely transported downwards.  
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Figure 3. Snapshots of the experiments at t=300 s 

without (top) and with (bottom) bubbles. Dye 

inlet at 500 mm, bubbles generated with 0.18 

capillaries at 10 l· h
-1

 gas flow rate. 

 

Figure 4 compares the normalised 

concentration distributions over the column height 

for the investigated different inlet conditions. On 

these plots, conspicuous high peak concentrations 

can be recognised around the dye inlet at 55.5 l· 

min
-1

 counter-current liquid flow rate. As it was 

discussed before, the high counter-current liquid 

flow forces the dye to head downwards, and mixing 

is poor. Above the inlet, the dye concentration is 

close to zero in that case.  

The stagnant and the two lowest counter-

current liquid flow rates perform similar: except in 

the inlet region, the normalised concentration 

curves are rather equalised at values between one 

and two.  In all these cases, the mixing efficiency 

increases with increasing counter-current liquid 

flow rate in the top half of the column.   

 

Figure 4. Normalized dye concentration ratios at 

t=300 s for different counter-current liquid flow 

rates in function of the column height. Dye inlet 

at 500 mm, bubbles generated with 0.13, 0.18 

and 3.6 mm capillaries at 10 l· h
-1

 and 50 l· h
-1

 

gas flow rates. 
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In the case with the 3.6 mm capillary and 50 

l·h
-1

 gas flow rate, this effect is visible over the 

complete column height. However, in all of the 

above-mentioned cases, the normalised values lay 

above perfect mixing. This means that the bubble-

generated upward flow is strong enough to transport 

the dye to the upper half of the column, but mixing 

is not strong enough to distribute the dye 

homogeneously in the whole column. In the cases 

with 11.1 l· min
-1

 counter-current flow rate, a 

concentration peak also appears at the dye inlet, 

where the counter-current liquid flow forces the dye 

to head downwards. But, contrary to the lower 

counter-current liquid flow rates, just a small 

amount of dye is transported to the upper half of the 

column. Here, the bubble-generated upward liquid 

flow is definitely too weak to transport the dye to 

the top column section. However, with an increased 

gas flow rate, at 50 l· h
-1

 , the dye concentration 

gets closer to perfect mixing also in the upper 

section, due to the stronger upward liquid flow. The 

best mixing performance has been found with the 

3.6 mm capillary at 11.1 l· min
-1

 counter-current 

liquid and 50 l· h
-1

 gas flow rates, if the inlet is 

situated at 500 mm, in the middle of the column.  

The analysis of the LIF results shows that a 

large difference exists between the mixing in cases 

with and without bubbles, but this difference gets 

less for all the cases with bubbles. For this reason, 

the vorticity of the liquid flow in the column was 

investigated, obtained from previous PIV 

measurements [32]. Vorticity is supposed to have 

an influence on mixing, since it is supported by the 

bubble-generated turbulence. 

4.2. Bubble-generated turbulence  

Figure 5 represents normalised Probability 

Density Functions (PDF) of the vorticity calculated 

from the PIV vector fields for the different 

investigated cases. The top plot shows the PDFs in 

the counter-current liquid flows, without bubbles. It 

was expected that with increasing counter-current 

liquid flow rate, and therefore with increasing 

Reynolds number from 100 to 9000, the vorticity 

increases and thus the PDFs get wider. When 

bubbles are in the flow, they disturb the existing 

flow pattern and generate additional turbulence. In 

Figure 5, these cases are shown in the bottom four 

plots for different capillary diameters, counter-

current liquid and gas flow rates. The widths of the 

PDFs for the two small capillary diameters are 

comparable to the fully turbulent case (Re=9000, 

black squares) of the single-phase measurements in 

the top plot. It has also been found that in the 

presence of smaller bubbles, generated with the 

0.13 and 0.18 mm capillaries, the vorticity 

distribution is independent of the counter-current 

liquid flow rate. Since the relative bubble velocity is 

the same for one given capillary diameter at all 

counter-current liquid flow rates, this result was 

expected.  

 

Figure 5. Normalized probability density 

functions of the vorticity for all investigated 

cases. 

Interestingly, the vorticity distributions for 

these two inlet sizes are also very similar; however, 

there is a noticeable difference in bubble sizes as 

well as in aspect ratios (see in Table 2), and 

therefore in bubble velocities. This result explains 

the LIF mixing results on Figure 4, where also very 

similar dye distributions have been found for these 

two setups.  

In the case of the larger bubbles, produced with 

the 3.6 mm capillaries, the vorticity distributions get 

even wider. This effect is further increased with 

increasing gas flow rate. In these cases, the mean 

bubble size is almost twice that of the smaller 
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capillaries. These considerably larger bubbles 

generate larger and stronger vortex structures, 

which are reflected in the wider vorticity 

distributions. On these plots, the curve for 55.5 

l· min
-1

 counter-current flow rate clearly separates 

from the others, while this was not observable on 

the distributions with smaller capillaries. The reason 

for that could be the size of the generated vortex 

structures. At 55.5 l· min
-1

 counter-current flow 

rate, the vorticity and the vortex structure sizes 

without bubbles are almost the same as in the cases 

with the 0.13 and 0.18 mm capillaries bubbles. 

Therefore, the vorticity distribution for this liquid 

flow rate remains almost the same with and without 

bubbles. Contrary to this, the larger bubbles 

produced with the 3.6 mm capillaries generate 

larger vortex structures, while the smaller structures 

from the initially turbulent liquid flow also remain. 

The widest vorticity distribution has been found 

at the largest capillaries and the largest gas flow 

rate. This explains the mixing results, where the 

best mixing was also achieved with this setup. 

5. CONCLUSIONS 

In this paper bubble-induced mixing in a 

laboratory-scale bubble column has been 

investigated with LIF measurement technique, 

applying Sulforhodamine G as tracer dye, combined 

with shadow imaging. To support the analysis, the 

results of previous PIV experiments have also been 

examined. Capillaries with three different diameters 

were used to generate bubbles in a wide diameter 

range of 1 to 9 mm. The gas and liquid flow rates 

have been varied in this study as well. 

It has been found that the presence of the 

bubbles, their size, the gas flow rate and the 

counter-current liquid flow rate have strong 

influences on mixing. The results have shown that 

the larger bubbles induce larger vortex structures, 

which leads to better mixing. Interestingly, no 

differences have been found in the vortex 

distributions between the cases with the two smaller 

capillaries, despite the noticeable differences in 

bubble size and aspect ratios. 

The highest counter-current liquid flow rate led 

to a more concentrated dye jet, which was less 

dispersed than at lower liquid flow rates. The 

combination of large bubbles generated with the 3.6 

mm capillaries and a moderate counter-current 

liquid flow rate 11.1 l· min
-1

, led to the best mixing 

performance in the bubble column.  
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ABSTRACT
This research addresses the critical challenge of

finding effective solutions to reduce drag and im-
prove flow control around circular cylinders, which
is essential for enhancing the performance and effi-
ciency of various engineering systems. It presents
an asymmetric flow control method utilising a crank
mechanism to morph the cross-section from circu-
lar to elliptical via trailing edge motion. The study
examines deformation amplitudes ranging from 10%
to 20% and frequencies from 0.97 to 1.09, revealing
that a 15% deformation amplitude at a near-natural
shedding frequency ( fd/ f0 = 1.07) achieves a 44%
drag reduction, attributed to reduced velocity deficits
and suppressed turbulence intensity. Complement-
ary numerical simulations employing RANS with the
Spalart-Allmaras turbulence model at Re = 5600
broaden the analysis to extreme amplitudes (5%–
100%) and frequencies ( fd/ f0 = 0.1–2.5), indicat-
ing that extreme amplitudes (100%) combined with
low frequencies ( fd/ f0 = 0.1) yield a 42% drag re-
duction due to reduced recirculation zones. These
findings highlight a critical nonlinear dependence of
drag reduction on deformation parameters, suggest-
ing asymmetric morphing as an effective strategy for
enhancing aerodynamic efficiency in engineering ap-
plications.

Keywords: Control frequencies, deformation
amplitudes, drag coefficient, elliptical cylindrical
deformation, flow dynamics, wake pattern.

1. INTRODUCTION
Active flow control (AFC) dynamically alters

fluid behavior with the usage of external energy, solv-
ing issues such as drag reduction and boundary layer
separation [1, 2]. In contrast to passive control ap-
proaches, AFC uses strategies like moving surfaces
and synthetic methods to enhance efficiency in aero-

dynamic and hydrodynamic systems [3]. Boundary
layer suppression is a primary goal, which is particu-
larly important for streamlined flow in offshore con-
structions, turbines, and airfoils [4].

The flow around circular cylinders, a canonical
fluid dynamics problem, reveals phenomena like vor-
tex shedding and turbulence transition [5]. Omni-
present in engineering systems like heat exchangers
and offshore risers, cylinders require advanced flow
control to mitigate drag and vibrations [6], while
their environmental impact on sediment transport ne-
cessitates optimized designs [7]. Among AFC tech-
niques, movable walls have emerged as a transform-
ative approach, directly modifying near-wall dynam-
ics to delay separation and suppress vortices. These
methods energize the boundary layer via surface mo-
tion such as rotating cylinders or virtual actuation via
dielectric barrier discharge plasma actuators, achiev-
ing drag reductions of up to 25% [8, 9].

The effectiveness of movable walls relies on
boundary layer manipulation such as high mo-
mentum fluid injection to impede adverse pressure
gradients [8] to suppress vortex shedding, which is
broken up into Von Kármán vortices to damp un-
steady forces [4, 9]. Actuation techniques range from
active compliant walls with embedded sensors [9],
virtual surfaces using plasma actuators [8], to ro-
tating cylinders [10], all validated through numer-
ical and experimental tools. Laminar and Discrete
Vortex Methods and Lattice Boltzmann Methods
are employed to model hybrid passive-active control
[11], while finite element models are used to simu-
late fluid-structure interaction [12]. Experimentally,
wind tunnel tests, particle image velocimetry, and
force measurements quantify performance, linking
pressure distributions to aerodynamic loads [13, 14].

A modern trend in development integrates ma-
chine learning (ML) with active flow control setups,
where deep reinforcement learning (DRL) provides

1
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real-time actuation strategies by learning from CFD
data [3, 15]. Data-driven approaches propose ge-
netic programming for control-law synthesis [16]
and neural ordinary differential equations for fast
predictions [17], filling gaps between model- and
data-based frameworks. Such ML-based strategies
have a profound impact on next-generation flow con-
trol systems by enhancing adaptability and computa-
tional efficiency.

Building on this interplay between control and
fluid dynamics, this paper introduces asymmetric
morphing for circular cylinder flow control by means
of the periodic motion of the cylinder’s trailing edge,
as contrasted with traditional methods via radial de-
formation symmetric with respect to the cylinder axis
of oscillation [18, 19, 20] or rotational oscillation of
the whole cylinder [21]. Unlike classical momentum
injection techniques such as plasma actuators [8] or
rotating surfaces [10], the proposed method induces
a dynamic transition of the cylinder’s cross-section
between circular and elliptical configurations using
a crank system. The resulting asymmetric, time-
varying curvature serves to halt boundary layer sep-
aration and vortex coherence.

To quantify the impact of this control technique
on flow dynamics, tests were conducted experiment-
ally at Re = 8800, for nine deformation frequencies
and three amplitudes, whereas numerical simulations
were performed at Re = 5600, for seven frequen-
cies and amplitudes from 5% to 100%. The study
endeavors, therefore, through this combined assess-
ment, to work out how the deformation parameters
interact with intrinsic flow instabilities in regard to
issues where drag proves critical.

NOMENCLATURE

D [m] diameter
∆d/d [-] deformation amplitude
fd [Hz] deformation frequency
f0 [Hz] natural emission frequency
fsh [Hz] vortex emission frequency
Re [-] Reynolds number
S t [-] Strouhal number
U∞ [m/s] free flow velocity
Umean [m/s] mean speed
URMS [m/s] root mean square speed
Cd [-] drag coefficient
Cd0 [-] nominal drag coefficient
Cl [-] lift coefficient
R [-] drag coefficient reduction rate
T [N] drag force
H [m] vertical length of measurement
l [m] cylinder length
ρ [kg/m3] flow density
u(t) [m/s] instantaneous velocity signal
u′(t) [m/s] turbulent velocity fluctuations
x, y [m] axial, transversal (coordinate)

Figure 1. Assembly of mock-up.

Figure 2. Isometric view of the mock-up.

2. EXPERIMENTAL APPARATUS AND
PROCEDURE

2.1. EXPERIMENTAL SETUP
Experiments are performed using the setup illus-

trated in Fig. 1, which consists of an open-type sub-
sonic wind tunnel (Eiffel HM 170), a hot-wire anem-
ometer, a stepping motor, and a power supply. The
wind tunnel features a test section of 292×292 mm2,
a maximum air velocity of 28 m/s, and a turbulence
intensity of 1%, allowing for precise flow measure-
ments.

An isometric view of the morphing cylinder as-
sembly is shown in Fig. 2. The model consists of
a steel tube (1) flush-mounted to support structures
(2) and divided into two aluminum halves: one fixed
(3) and the other movable (4), enabling the transition
between circular and elliptical cross-sections. The
transverse diameter remains constant, while the lon-
gitudinal diameter varies through controlled deform-
ation. The assembly is enclosed by an elastic sheath
to preserve aerodynamic integrity and maintain con-
sistent surface contact. A stepper motor drives the
system via a crank mechanism (6) and an oscillator
(7), translating rotary motion into sinusoidal linear
displacement of the movable wall. The deforma-
tion amplitude and frequency are controlled using
an Arduino board, ensuring synchronized actuation
without edge misalignment.

2.2. Calibration and procedure
The hot-wire anemometer is calibrated using the

Dantec Dynamics StreamLine® Pro Automatic Cal-
ibrator, ensuring high precision for velocity calibra-
tion within the expected range, not exceeding 5 m/s.
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Figure 3. Calibration of the hot-wire sensor.

According to the manufacturer’s user manual, the ve-
locity uncertainty at the nozzle outlet during proper
calibration is specified as ±1% ±0.02 m/s. The cal-
ibration process generates a dataset comprising cor-
rected voltage readings (accounting for temperature
fluctuations) and a third-order calibration polyno-
mial. These outputs are illustrated in Fig. 3.

The cylinder is positioned perpendicular to the
flow, the hot-wire anemometer taking measurements
at a point 3.5D downstream from the cylinder’s trail-
ing edge (D = 0.063 m) and at 0.05 m from the
plates. The velocity of the incident flow is 2.5m/s,
which corresponds to a Reynolds number based on
the initial diameter Re = 8.8 × 103. The specific
measurement distance was arrived at through an it-
erative adjustment process intended to properly com-
pensate for inherent physical flow behavior involved
in vortex shedding under the natural, uncontrolled
condition.

3. NUMERICAL METHOD

The finite-volume method is used to discretize
the governing equations, which is employed to per-
form RANS simulation. The geometric model setup
and mesh generation is carried out by GAMBIT,
which is the preprocessor of FLUENT.

3.1. Computational setup

The accuracy of computations in fluid dynamics
is influenced by grid and computational domain di-
mensions, particularly when using dynamic meshing
to evaluate aerodynamic coefficients. The computa-
tional domain [20] (Fig.4) spans 8D upstream and
20D downstream of the cylinder, with lateral surfaces
at 8D above/below. For 3D simulations, the domain
is extruded along the span (length πD), with 8D up-
stream for flow development and 20D downstream
for wake analysis. The domain is subdivided into
four zones (Fig. 5): Zone 1 (adjacent to the cylin-
der) uses a refined structured mesh (first grid point at
y+ = 1) and is mobile via a User Defined Function
(UDF) to model the cylinder’s moving wall. This
zone undergoes translational motion while maintain-
ing a non-deformable mesh. Zones 2-3 are struc-
tured, and Zone 4 is coarsely meshed due to weak
physical gradients. Non-conforming interfaces pre-
serve flow accuracy between zones, ensuring fidelity
to the experimental geometry.

Table 1. Solver validation.
Author Re Method Cd

Lourenco et Shih [22] 3900 Exp 0.98
Kahil [23] 4020 LES 1.02
Young et Ooi [24] 3900 RANS 2D 1.59
Present work 3470 K-Wsst 0.918
Present work 3470 Spalart-Allmaras 0.974
Present work 3470 K-ω 0.81

Figure 4. Calculation range and boundary condi-
tions.

Figure 5. Calculation domain and mesh strategy
adopted.

3.2. Solver validation
The drag (Cd) coefficient obtained with differ-

ent models (Spalart-Allmaras, K-ω SST and K-ω)
is compared with those of the experimental work
of Lourenco and Shih [22], as reported in Table 1.
The results show that the Spalart-Allmaras model
gives a good estimate of Cd, with a relative error
of 1% compared with the experimental work, while
the K-ω SST and K-ω models present relative er-
rors of 6% and 17% respectively, according to the
data in Table 1, which leads to the adoption of the
Spalart-Allmaras model for simulations with a mov-
ing downstream wall.

4. RESULTS AND DISCUSSION
4.1. Experimental results

Instantaneous velocity measurements u(t), ob-
tained by hot-wire anemometry, are used to charac-
terize the vortex dynamics and wake generated by
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Table 2. Cases treated with hot wire.
Deformation rate fd fd / f0

∆d/d = 0.10
data1 : 6.60 0.97
data2 : 6.70 0.98
data3 : 6.80 1.00

∆d/d = 0.15
data4 : 6.90 1.01
data5 : 7.00 1.03
data6 : 7.10 1.04

∆d/d = 0.20
data7 : 7.20 1.06
data8 : 7.30 1.07
data9 : 7.40 1.09

the cylinder. The u(t) signal is decomposed into
a mean component Umean and turbulent fluctuations
u′(t), such that:

u(t) = Umean + u′(t), (1)

with Umean =
1
T

∫ T

0
u(t) dt, (2)

and URMS =

√
1
T

∫ T

0
(u′(t))2 dt. (3)

The Fourier transform (FFT) of u′(t) reveals the
natural vortex shedding frequency, denoted f0. The
mean velocity Umean not only allows the evaluation of
the velocity deficit, which is related to drag, but also
enables the indirect estimation of the drag coefficient
Cd. The RMS level of u(t), URMS, reflects the wake
thickness and is associated with turbulence intensity.
These results show how the elliptical deformation in-
fluences these various parameters.

The cases studied experimentally using hot-wire
measurements are presented in Table 2.

4.1.1 Vortex-shedding frequency

To study the flow around a cylinder, it is crucial
to determine the natural emission frequency of the
vortices. The Fourier transform of the instantaneous
velocity signal recorded at x/d = 3.5, downstream
of the vortex formation zone, was used to analyse
the frequency content of the fluctuating signal. The
frequency detected, f0 = 3.401 Hz (Fig.6), led to a
natural emission frequency equivalent to twice this
value.

The corresponding Strouhal number, S t = 0.21,
calculated using the formula S t = 2 f0d/U∞, aligns
perfectly with the Reynolds number considered
(Re = 8800), in agreement with the results of
Norberg et al. [25].

For controlled cases, modulation of the wake fre-
quency by the deformation frequencies imposed on
the cylinder was observed. For ∆d/d = 10%, the vor-
tex emission frequency spectra (Fig.7) show a broad
band of peaks around the natural frequency, with a
transition to wake synchronization for deformation
frequencies around fd/ f0 = 1.04, indicating a com-
plex interaction between cylinder deformation and
wake dynamics.

For ∆d/d = 15%, the variation in deforma-
tion frequencies caused the main peaks in the vor-
tex emission frequency spectra to fluctuate around

Figure 6. Spectrum of velocity fluctuations at
x/d = 3.5 on the wake centreline.

Figure 7. Vortex emission frequency at a point
located at x/d 3.5 on the wake centreline for a cent-
ral line of the wake for a deformation of 10%.

the natural frequency range (Fig.8). The modulation
of the vortex emission frequency by the deformation
frequencies coincided for fd/ f0 = 0.97. Increasing
the deformation frequency caused the peak emission
frequency to exceed that of the natural case, likely
due to the interaction between the deformation of the
cylinder’s moving wall and the vibration of the mech-
anism.

For ∆d/d = 20%, the emission frequency was
practically identical to the natural frequency for
fd/ f0 = 0.79. The increase in deformation frequen-
cies led to a considerable amplification of the spectral
peak (Fig.9), with an emission frequency exceeding
that of the natural case. This is explained by reson-

Figure 8. Vortex emission frequency at a point
located at x/d 3.5 on the wake centreline for a cent-
ral line of the wake for a deformation of 15%.
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Figure 9. Vortex emission frequency at a point
located at x/d 3.5 on the wake centreline for a cent-
ral line of the wake for a deformation of 20%.
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Figure 10. Effect of deformation frequency on
vortex emission frequency.

ance when the flow is controlled with a frequency
close to its natural frequency, suggesting that cyl-
inder deformation can control and modify wake dy-
namics.

The effect of the control frequency on the vor-
tex emission frequency varies with deformation amp-
litude (Fig.10). At 10%, the vortex emission fre-
quency fluctuates around twice the deformation fre-
quency, with a minimum at fsh/ f0 = 0.76. At 15%, it
varies around the cylinder’s deformation frequency,
with extrema at fsh/ f0 = 0.5 and fsh/ f0 = 2.4.
At 20%, the vortex emission frequency exceeds five
times the deformation frequency, peaking at fsh/ f0 =
5.80 for fd/ f0 = 1.06, showing the influence of de-
formation amplitude on vortex emission frequency.

4.1.2 Transverse mean velocity

Figures 11, 12, and 13 show the mean trans-
verse velocity profiles normalized by the incident
flow velocity, measured at x/d = 3.5 from the centre
of the cylinder, for different deformation amplitudes
(∆d/d = 10%, 15%, and 20%) and deformation fre-
quencies.

At 10% amplitude (Fig. 11), the mean velocity
remains higher than the nominal case at all frequen-
cies, with a reduction in the velocity deficit associ-
ated with a downward deflection of the wake, sug-
gesting a reduction in drag.

At 15% (Fig. 12), the decrease in velocity deficit
becomes more pronounced, confirming a more signi-
ficant reduction in drag while retaining the favorable
wake deflection.

Figure 11. Wake deficit at x/d = 3.5 for various
strain frequencies at 10% amplitude.

Figure 12. Wake deficit at x/d = 3.5 for various
strain frequencies at 15% amplitude.

However, at 20% (Fig. 13), the behaviour be-
comes mixed: certain frequencies (0.97, 0.98, 1.00,
1.04) amplify the speed and reduce the deficit, while
others (1.01, 1.03, 1.06, 1.07, 1.09) degrade these
parameters, increasing the speed deficit.

The optimal state is identified at 15% amplitude
with a frequency f d/ f0 = 1.07, offering the max-
imum reduction in velocity deficit and maintaining
downward wake deflection, making it the most fa-
vourable scenario for drag control.

4.1.3 Root mean square of the transverse velocity
fluctuations

The analysis of the distributions of the relative
standard deviation (URMS /U∞) for different strain
amplitudes (∆d/d) and strain frequencies ( fd/ f0)
highlights specific behaviours. For ∆d/d = 10%
(Fig. 14), the distance between the two peaks is
greater than that of the nominal case for all fre-
quencies. For ∆d/d = 15% (Fig. 15), the distance
between the peaks varies with frequency, increas-
ing for low frequencies and notably decreasing for
higher frequencies, resulting in a reduction of the
wake thickness and a delay in separation. Finally,
for ∆d/d = 20% (Fig. 16), the distance between the
peaks is minimal for all frequencies, with a near dis-

Figure 13. Wake deficit at x/d = 3.5 for various
strain frequencies at 20% amplitude.
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appearance of the peaks for fd/ f0 = 1.04, indicating
a reduction in the wake thickness and a delayed sep-
aration, which suggests that this deformation amp-
litude is the most favourable for reducing drag.

Figure 14. Root-mean-square of velocity fluctu-
ations at x/d = 3.5 for a 10% deformation.

Figure 15. Root-mean-square of velocity fluctu-
ations at x/d = 3.5 for a 15% deformation.

Figure 16. Root-mean-square of velocity fluctu-
ations at x/d = 3.5 for a 20% deformation.

4.1.4 Drag coefficient

The drag coefficient is defined as the ratio
between the drag force and the dynamic energy of
the flow. It is calculated by integrating the velocity
profile u/U as a function of y/D, from the drag force
equation:

T =
∫ H
−H ρlu(U∞ − u) dy (4)

Where T is the drag force, H is the vertical length of
measurement, l is the cylinder length, u is the mean
velocity, U∞ is the incident flow velocity, and ρ is the
flow density.
The drag coefficient is defined by:

Cd =
T

1
2ρU

2
∞Dl

⇒ Cd = 2
∫ H

−H

u
U∞

(
1 −

u
U∞

)
d
( y

D

)
(5)

This method allows the drag to be evaluated from
velocity measurements.

fd/f0

0.96 0.98 1 1.02 1.04 1.06 1.08 1.1

C
d

/C
d

0

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

∆d/d = 10%

∆d/d = 15%

∆d/d = 20%

Figure 17. Variation in drag coefficient as a func-
tion of control frequency.

Figure 18. Instantaneous variation in lift coeffi-
cient.

Figure 17 highlights how the drag coefficient
(Cd) varies as a function of control frequency ( fd/ f0)
for different strain amplitudes (∆d/d). For a strain
amplitude of 10%, the reduction in Cd is small (6%)
and remains close to the nominal value. On the
other hand, for ∆d/d = 15%, there is a significant
reduction in Cd (44%) at fd/ f0 = 1.07, while for
∆d/d = 20%, the greatest reduction in drag occurs at
fd/ f0 = 0.97, with a reduction of 21%. These results
indicate that strain amplitude and control frequency
strongly influence drag, with greater reductions for
higher strain amplitudes and specific control frequen-
cies.

4.2. Numerical results
Given the negligible mean lift coefficient (Cl ≈

0) and its minor fluctuations around this value dur-
ing vortex shedding (Fig.18) consistent with prior
findings by Rezaiguia and Ghouali [21] this ana-
lysis focuses exclusively on the drag coefficient (Cd).
Specifically, the influence of deformation amplitudes
(∆d/d) and frequencies ( fd/ f0) in Table 3 on the
mean drag coefficient (Cd) and its root-mean-square
(RMS) fluctuations is evaluated. These parameters
are detailed in the following sections.

4.2.1 Drag coefficient reduction rate

The results were analyzed in order to obtain
average values of drag coefficients and drag gains:
R = (Cd−Cd0

Cd0
) ∗ 100, by varying the frequency and

amplitude of the deformation of the cylinder cross-
section. The obtained results show that in all the

Table 3. Cases treated numerically.
fd/ f0 0.1 0.25 0.5 1.0 1.5 2.0 2.5
∆d/d% 5 10 20 30 40 50 60 80 100
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Table 4. Drag reduction rates obtained for
different frequencies and amplitudes.

∆d/d%
fd/ f0 0,1 0,25 0,5 1,0 1,5 2,0 2,5

5 -18,87 -22,18 -23,44 -23,80 -23,51 -23,07 -22,59
10 -20,35 -23,61 -24,21 -24,51 -23,86 -22,39 -22,27
20 -23,42 -25,84 -26,00 -25,83 -24,27 -22,06 -19,90
30 -26,93 -28,46 -28,41 -27,56 -24,84 -21,08 -21,18
40 -30,42 -31,62 -31,29 -29,36 -26,11 -20,55 -20,35
50 -33,29 -34,44 -33,49 -31,34 -27,62 -20,55 -20,45
60 -18,87 -36,50 -35,08 -33,21 -28,33 -20,09 -20,23
80 -39,49 -39,54 -37,23 -37,29 -26,65 -17,54 -16,36

100 -41,92 -41,65 -38,80 -37,40 -23,65 – -5,391

Figure 19. Drag reduction rates as a function of
frequency and amplitude.

considered cases, drag reduction rates are negative,
hence proving that a reduction in drag has been ob-
tained. These results are summarized in Table 4.

The results obtained in the table are represented
graphically in Fig. 19, where it can be noticed that the
best reductions (Rmax = 42%) are obtained for the
lowest frequency ( fd/ f0 = 0.1) combined with the
highest amplitudes (∆d/d = 100%). The minimum
drag reduction rates (Rmin = 5.4%) are obtained with
the highest frequencies combined with the highest
amplitudes. Thus, the most favourable drag reduc-
tions are obtained for the smallest frequencies.

4.2.2 Root Mean Square (RMS) of drag coefficient

Figure 20 shows the evolution of the RMS as a
function of the amplitude and frequency of deforma-
tion of the cylinder. It shows that the intensity of the
turbulence increases proportionally to the frequency
and amplitude. As mentioned earlier, this increase is
synonymous with an increase in the turbulent kinetic
energy in the flow and the energy transported by the
vortex structures emitted by the cylinder.

As previously stated, this increase is synonym-
ous with an increase in the turbulent kinetic energy
of the flow and the energy transported by the vor-
tex structures emitted by the cylinder. On the other
hand, a reduction in turbulent kinetic energy leads
to a more stable flow around bluff bodies, which re-
duces the variability of the drag coefficient, as indic-
ated by a lower RMS.

5. CONCLUSION
This study explores the effectiveness of

cylindrical-elliptical deformation of a circular
cylinder’s cross-section for active flow control,
conducted in a subsonic wind tunnel at a Reynolds
number of Re = 8800. The experimental results

Figure 20. Root-mean-square of fluctuations in
drag coefficient.

indicate that deformation significantly influences
vortex dynamics, with a maximum drag coefficient
reduction of 44% observed at a 15% deformation
amplitude and a frequency ratio of fd/ f0 = 1.07. At
a 10% amplitude, the drag reduction is modest at
6%, while at 20% amplitude, a maximum reduction
of 21% is achieved at fd/ f0 = 0.97.

Numerical simulations using the RANS ap-
proach with the Spalart-Allmaras model confirm
these findings, showing a drag reduction of up to
42% at a 100% deformation amplitude and a low
frequency of fd/ f0 = 0.1. The analysis reveals
that lower frequencies and higher amplitudes lead
to enhanced flow stability and reduced recirculation
zones.

Additionally, the study highlights that the root
mean square (RMS) of velocity fluctuations de-
creases with increased deformation amplitude, indic-
ating reduced wake thickness and delayed flow separ-
ation. The modulation of vortex shedding frequency
by deformation frequencies demonstrates synchron-
ization effects, particularly at fd/ f0 ratios near 1,
which are crucial for optimizing drag reduction.

REFERENCES
[1] Vakhshouri, M. E., and Çuhadaroğlu, B.,
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ABSTRACT
The aim of this study is to examine how the de-

position efficiency of inhaled aerosol medications is
affected by the varying geometrical characteristics
of the extra-thoracic region. To this end, numerical
simulations were performed on a realistic geometry,
and on a range of simplified and modified versions.
The results were compared and evaluated based on
several factors, including deposition efficiency, mean
velocity, turbulence intensity, overall pressure drop,
and velocity profile at the exit plane. The numerical
method was validated through 3D printing and meas-
urement of the pressure drop of the realistic geometry
and the geometry that performed best among the sim-
plified geometries at the simulated flow rate. These
results will facilitate the evaluation of the usability
of simplified geometries for flow and particle depos-
ition simulations, thereby enhancing patient-specific
simulations where the extra-thoracic region cannot
be accurately reconstructed.

Keywords: CFD, CFPD, inhaled medicine, oral
airways, particle deposition

NOMENCLATURE
UMean [m/s] time averaged velocity mag-

nitude
k [m2/s2] turbulence kinetic energy

1. INTRODUCTION
Inhaled drug particles are frequently used to treat

respiratory diseases such as asthma and chronic ob-
structive pulmonary disease (COPD). In recent years,
inhaled insulin and painkillers have also been de-
veloped. However, it is important to note that the
main drawback of these devices is the precise dosing.
It is evident that the quantity and distribution of the
deposited drug particles are crucial for the effective-
ness of the therapy. Even when a specific quantity of
medication is released into the airways, as in the case

of pressurized metered dose inhalers (pMDIs) or dry
powder inhalers (DPIs), the deposition of particles is
influenced by various factors. These include the in-
halation flow rate, the patient’s airway geometry, the
timing of the actuation, and other variables. Over
the years, numerous deposition models have been
developed, including the semi-empirical model pro-
posed by the International Commission on Radiolo-
gical Protection (ICRP), known as the ICRP model
[1], the 1D trumpet model, and the stochastic model,
where the term ’stochastic’ refers to the method of
generating paths [2]. However, it is important to note
that only computational fluid and particle dynamics
(CFPD) simulations can consider the exact patient-
specific geometry.

One potential methodology for creating patient-
specific three-dimensional geometries and numerical
domains involves using computed tomography (CT)
or magnetic resonance imaging (MRI) alongside seg-
mentation software capable of determining airway
boundaries based on pixel values. Segmentation can
be performed effectively on the trachea and the first
few bifurcations. However, challenges arise during
the reconstruction of the lower airways with reduced
diameters and of the mouth-throat region. In the
case of the lower airways, the resolution is typic-
ally insufficient for reconstruction. In the case of
the mouth-throat region, the source of the difficulties
lies in the complexity of the geometry [3] and the
fact that patients generally keep their mouths closed
during medical imaging. This leaves little to no gap
for reconstruction. Consequently, reconstruction of
the oral cavity and inlet boundary becomes uncer-
tain. The inability to reconstruct the oral cavity sig-
nificantly restricts research into particle deposition in
patient-specific airways, since this region influences
the flow properties and particle size distribution bey-
ond the trachea. Without proper geometric modelling
of the extra-thoracic region, results regarding depos-
ition in the lower airways cannot be relied upon.
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The effect of the geometry of the extra-thoracic
region on the flow field and particle deposition
has been extensively studied. Heenan et al. [4]
demonstrated that local velocity magnitude and flow
curvature greatly impact particle deposition. Sig-
nificant differences occur even in the case of the
same patient with different mouth openings. Grgic
et al. [5] also showed that the high local velocit-
ies and rapid changes in the flow direction are key
parameters for local deposition patterns. In their
study, Xi et al. [6] investigated the particle depos-
ition and flow field in a realistic oral cavity-throat
geometry and its simplified versions. They simpli-
fied the overall geometry by replacing the original
cross-sections with circular or elliptical ones, and
their findings showed that these modifications signi-
ficantly affected the local deposition patterns. The
study concluded that the realistic geometry provided
the most accurate deposition predictions at different
flow rates. It also identified the glottis and the up-
per trachea as the geometric features that princip-
ally affect deposition, where the so-called laryngeal
jet forms. Since the overall geometry was simpli-
fied, these features were only included in the realistic
model.

Nicolau and Zaki [7] performed direct numerical
simulations (DNS) on four realistic extra-thoracic
geometries. They found that the flow field and depos-
ition are affected not only by patient-specific geomet-
ric differences, but also by the position of the tongue
in the case of the same subject.

Xi et al. [8] investigated the effect of total air-
way volume, oral cavity volume, airway curvature,
and glottal area on the transport and deposition of in-
haled aerosols in the mouth-throat region. They used
and modified the realistic, constant-diameter and el-
liptical models described in [6] along with the USP
IP model described in [9]. They concluded that the
glottal area and total airway volume have a greater
impact on deposition than curvature and oral cavity
volume.

In their study, Feng et al. [10] compared seven
different upper airway geometries and identified that
the laryngeal jet and the recirculating zone signific-
antly impact particle transport and deposition. Addi-
tional studies also revealed that particle deposition in
the laryngeal region was enhanced by the formation
of the laryngeal jet. [11, 12, 13]. Ma et al. [14] also
compared modified, realistic oral cavity–throat mod-
els and found that the uvula and epiglottis have the
greatest effect on particle deposition, however, the
models should also incorporate the soft palate.

It can be concluded that the geometry of the
throat plays a key role in the flow characteristics en-
tering the trachea, as well as in particle deposition
patterns. Since the throat can be reconstructed from
medical images, the aim of this study is to invest-
igate the potential application of a simplified oral
cavity in patient-specific particle deposition studies.
The main expectation of the simplified geometry is

Figure 1. The complete original geometry.

that it should be easily adapted to the reconstructed
airways, provide realistic flow characteristics at the
tracheal inlet and correctly model the particle filtra-
tion properties of the extra-thoracic region. To this
end, the flow field and deposition patterns in a real-
istic extra-thoracic geometry were compared with the
results of three simplified oral cavity cases.

2. NUMERICAL METHODS
2.1. Geometry and the numerical mesh

The geometry of the oral cavity, throat, and
trachea is the same as in the SimInhale benchmark
case [15]. The trachea was lengthened by 140 mm to
minimise the impact of the outlet boundary condition
on the flow upstream. The full original geometry (og)
can be seen in Figure 1. Simplified geometries have
been created for our investigation to study the impact
of on the simplification of the oral cavity. The inlet
of the og starts with a 20 mm diameter pipe section,
which forms the basis for all the modified geomet-
ries. The center line of the og was calculated using
the VMTK Python package, then the original oral
cavity was removed with a plane cut just above the
epiglottis. The center line and exact location of the
cut are indicated in Figure 2.

The first simplified geometry (sg1) was created
by extending the inlet, followed by a 90° loft along
the center line to the cutoff. In contrast, for the
second simplified geometry (sg2), involved sweep-
ing the inlet cross-section along the center line and
lofting it to the cutoff. The third simplified geometry
(sg3) featured a swept inlet section and a swept cutoff
lofted together. For sg3, the sweeps were performed
along the lower outline in the YZ section of the ori-
ginal oral cavity rather than along the center line.
Side and top views of the simplified geometries can
be seen in Figure 3 and 4. As can be seen in Fig 3 and
4, the spaces surrounding the teeth have been com-
pletely eliminated, significantly reducing the com-
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Figure 2. Cross-sectional view of the oral cavity
and throat, showing the centerline (white), the loc-
ation of the plane section cut (black) and the pres-
sure sampling points (red marks).

Figure 3. Simplified geometric shapes viewed
from the side.

Figure 4. Simplified geometric shapes viewed
from the top.

plexity of the domain.
The numerical mesh for the created models was

generated using the built-in snappyHexMesh utility
in OpenFOAM. Five boundary layer cells were ad-
ded to the walls, with the height of the first cell set
to 60 µm and an expansion ratio of 1.2. Spasov et
al. [16] demonstrated that this configuration is ad-
equate for accurately resolving the boundary layer in
this geometry.

2.2. Flow field
Numerical simulations were conducted using the

OpenFOAM software package. A 60 L/min flow rate
and a zero-pressure gradient were set at the inlet for
each case, while the outlet boundary conditions were
set to zero static pressure and zero velocity gradient.
Given that the flow is turbulent at this flow rate, the
k-ω SST model was selected for the turbulence mod-
elling. This model performs well in the near wall
region but might underestimate the turbulent kinetic
energy levels [17]. A commonly applied [16, 18, 17]
turbulence intensity of 5% was introduced at the in-
let and the omegaWallFunction was applied to the
walls to properly model the boundary layer. This
wall function calculates the local y+ value and ad-
justs its parameters accordingly. This is highly bene-
ficial, as both low- and high-velocity zones occur in
the geometry.

The used numerical schemes have been adop-
ted from the work of Spasov et al. [16]. The au-
thors demonstrated that the complexity of the geo-
metry prevents achieving a proper steady-state solu-
tion, therefore, averaging the flow field from the un-
steady solution is the best approach. To achieve this,
unsteady simulations lasting 0.5 seconds were con-
ducted using the PIMPLE algorithm, and the flow
fields were averaged over all the time steps to obtain
mean values.

A grid independence study was conducted on the
og using three different mesh resolutions. The pres-
sure was monitored in three locations shown in Fig 2.
Table 1 presents the results of the grid independence
study. The results demonstrate good agreement, with
the highest relative deviation between the medium
and fine meshes being 3.46% at the third sampling
point. Therefore, the medium mesh was accepted for
the numerical studies.

Table 1. Mesh independence study results

Million
cells

p1, Pa p2, Pa p3, Pa

coarse 3.533 52.51 48.01 27.58
medium 4.686 52.82 48.41 28.03
fine 6.293 53.77 49 29.03

2.3. Particle dynamics
After solving the flow field, the passive trans-

port and deposition of kinematic particles were in-
vestigated. The equation of motion for the particles
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was solved using the icoUncoupledKinematicPar-
celFoam solver on the averaged velocity and pressure
field. The particles were introduced at the inlet patch
with a uniform size distribution. The particle dens-
ity was set to 1.23 kg/m³, with the smallest diameter
set to 1 µm and the largest to 15 µm. The particles
had an initial velocity of 40 m/s in the x-direction,
with a release duration of 0.1 seconds. These values
correspond to the particle size range and velocity re-
leased from a pMDI device [19]. A total of 180,000
particles were injected into the domain. Stick inter-
action was set for the walls, meaning a particle was
considered deposited as soon as it hit the wall. The
stochasticDispersionRAS model was used to account
for turbulence. Each particle was tracked individu-
ally and the maximum particle Courant number was
set to 5e-3.

3. MESUREMENTS
In order to validate the simulations and determ-

ine the effect of simplification on the resistance of the
mouth-throat region, the average pressure was meas-
ured at the tracheal inlet. Square time-flow curves
were generated using a Piston Medical PWG-33 pul-
monary waveform generator, and the pressure differ-
ence was measured with a Sensirion SDP31 differ-
ential pressure sensor. The og and sg2 oral cavity
and throat regions were 3D-printed using DLP tech-
nology. A short channel with eight pressure sampling
ports was added at the exit of the throat to measure
the average pressure in the cross-section. The meas-
urement setup is shown below in Fig 5.

Figure 5. Measurement setup

4. RESULTS
4.1. Velocity field and pressure drop

Simplifying the oral cavity is advantageous from
both a reconstruction perspective and because it re-
quires fewer numerical cells, thereby reducing sim-
ulation times. The difference in run time was no-
ticeable in particle simulations, where the simplified

Figure 6. Velocity distribution on the YZ plane

Figure 7. Velocity distribution at the inlet of the
trachea.

geometry simulations were, on average, 25% faster.
As emphasized in the introduction, jet formation

in the larynx significantly impacts the flow pattern
in the trachea and consequently affects flow in the
downstream airways. Therefore, a key feature of the
simplified geometry should be its ability to produce
the same flow pattern at the tracheal inlet.

Figure 6 shows the mean velocity on the YZ
plane. The centreline of the original geometry does
not fully lie in the YZ plane, which is why the full
cross-section has not been included. As can be seen,
there is no significant difference in velocity mag-
nitude between the original and simplified cases. The
main differences can be observed in the cases of
sg2 and sg3, a higher velocity can be seen above
the tongue’s arc, and the flow separates immediately
thereafter. In the case of sg1, the separation occurs
just before the epiglottis, which reduces its impact
on the flow.

Figure 7 and Figure 8 show the mean velocity
and turbulence kinetic energy (TKE) distributions at
the inlet of the trachea in the latest timestep. The
precise location of the sections shown in Fig. 6 is in-
dicated by a black line. The main difference between
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Figure 8. Turbulent kinetic energy distribution at
the inlet of the trachea.

Figure 9. Simulated and measured pressure dif-
ference in the og and sg2 oral cavity - throat mod-
els

the og and the simplified versions can be seen in the
shape of the recirculating zones. Other than that,
there is no significant difference in the observed ve-
locity distributions. For correct particle deposition
results, a proper turbulence kinetic energy distribu-
tion is essential [16]. As can be observed in Fig.
8, it is striking that close to the walls on the bot-
tom side, all three simplified geometries generate a
much higher local TKE. This is certainly a consider-
able factor when using simplified geometries.

To gain a more comprehensive understanding
of the velocity distribution, the velocity components
have been plotted along the X0-X1 and Y0-Y1 lines,
as shown in Fig 7. Plots of the velocity components
can be seen in Figure 10 and 11. As demonstrated
by the velocity magnitude plots, it is not surprising
that the z component of the velocity agrees with the
original and simplified geometries. Along the X0-
X1 line, none of the simplified cases are close to the
original geometry with regard to the x component
of the velocity. The sg2, however, aligns well with
the y component. Along the Y0-Y1 line, it is also
noteworthy that the x component of all the simplified
cases is erroneous in the vicinity of the wall at Y0.
Based on the velocity profiles, sg2 was selected as
the most appropriate simplification of the three mod-
els investigated.

In the case of the og, the simulated and meas-
ured pressure differences at 60 L/min between the
inlet and the tracheal inlet were 32.06 Pa and 34.97
±3.86 Pa, respectively. For the sg2 these values were
28.72 Pa and 30.44 ±3.92 Pa. Considering the un-
steadiness of the flow and the uneven pressure distri-
bution in the exit plane, the measured and simulated
results are in good agreement. Figure 9 demonstrates
the simulated and measured pressure differences for
the two models.

4.2. Deposition of particles

The fundamental expectation when employing a
simplified oral cavity is that the filtration of particles
should be equivalent to that of the original geometry.
To investigate this property of simplified geometries,
the number of particles deposited in the oral cavity
and throat was summed. Histograms of the size dis-
tribution of the deposited particles were plotted based
on the absolute and normalized particle counts. Nor-
malization was based on particle counts for the og.
These are shown in Figure 12 and 13.

Using simplified geometries has been shown to
significantly reduce particle deposition across all dia-
meters. This finding is somewhat counter-intuitive
given the lack of observed differences in the flow
field. Relative filtration varies greatly from diameter
to diameter, peaking around 5 to 7 µm. Below this,
there are large fluctuations, but this is due to the re-
latively low number of deposited particles. Above 8
µm it remains nearly constant.

Whether simplified geometries can be used will
ultimately be determined by whether the same tend-
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Figure 10. Velocity components along X0-X1 Figure 11. Velocity components along Y0-Y1
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Figure 12. Histogram of the deposited particles in
the oral cavity and the throat

Figure 13. Normalized histogram of the deposited
particles in the oral cavity and the throat

ency can be observed for other realistic oral cavity
geometries. To enhance the overall performance of
the simplification, a more robust and detailed ana-
lysis is required. However, it should be noted that
such an analysis falls outside the scope of this study.

5. CONCLUSION
In this study, the authors investigated the usabil-

ity of simplified oral cavity geometries. To this end,
numerical unsteady simulations were carried out at
a constant flow rate. The study concluded that the
geometry of the oral cavity has little to no influence
on the velocity field downstream of the throat at the
inlet of the trachea. Furthermore, simplification re-
duced the resistance of the investigated region, which
was validated by measurements. These findings are
particularly beneficial for flow simulations in the air-
ways, given the significance of the tracheal flow pro-
file for flow distribution and particle deposition in the
lower airways.

However, particle deposition simulations re-

vealed limitations of the simplification, as the num-
ber of deposited particles was underestimated in the
simplified geometries compared to the original geo-
metry.

Further research is necessary to improve the per-
formance of simplified oral cavities. This will in-
volve conducting parameter studies at multiple flow
rates and investigating the flow field in greater de-
tail. These investigations will form the basis of future
work.
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ABSTRACT
This publication describes the design of a semi-

open 2-channel wastewater impeller, that is optim-
ized for its efficiency with the help of response sur-
face optimization. For the optimal design, a proto-
type is manufactured out of stainless steel that is able
to hold different blade leading edge geometries. For
the basic modification, the leading edges from the
resulting optimal design from the response surface
optimization are examined on the test rig with regard
to maximum clear water efficiency and functionality.
The functionality is tested with the help of two differ-
ent test procedures: an optical test to investigate the
interaction between duster and impeller with the help
of a highspeed camera and an endoscope as well as
the long-time functional performance test. Different
modifications with cut-back leading edges and differ-
ent hub designs are designed and are also examined
in terms of their maximum clear water efficiency and
functionality in order to be able to assess the devi-
ation in maximum efficiencies by gaining function-
ality. The results show that the efficiency-optimized
impeller has a high susceptibility to clogging. The
modifications of the leading edges show significant
improvements on the functionality by slight reduced
efficiencies.

Keywords: clogging, functional performance,
optical measurements, optimization, test rig,
wastewater pump

NOMENCLATURE
DLT F [−] degree of long-time functional

performance
H [m] head
P [kW] mechanical power
Q [m3/h] flow rate
mW [g] mass of duster
n [1/min] rotational speed
nq [1/min] specific speed
u [%] position of leading edge

β [°] blade angle
η [−] pump efficiency
ϕ [°] wrap angle

Subscripts and Superscripts
CW clear water
H hub
L25 low contamination
L50 medium contamination
MOD0 modification 0
MOD1 modification 1
MOD2 modification 2
OP operating point
S shroud
h hydraulic
m mechanic
0 − 60 averaged over 60 minutes
1 position of leading edge
2 position of trailing edge

1. INTRODUCTION
The demands on wastewater pumps are increas-

ing due to the large number of solids in wastewater.
Both high energy efficiency and high availability of
wastewater pumps are required [1]. The availabil-
ity of wastewater pumps is particularly challenged
by tear-resistant fibrous materials in wastewater, as
these are typical for pump failures [2].

In [3] it was already shown that the efficiency of
the entire aggregate has no correlation to the suscept-
ibility to clogging. Furthermore, it was shown that
neither the impeller type nor the performance class
have an influence on the functionality. Moreover,
it has already been shown in [4, 5], that geometric
modifications of a wastewater impeller can signific-
antly increase the functionality of wastewater pumps.
However, in these previous works, the aim was
purely to increase functionality without reference to
maintaining maximum efficiency. Within the scope
of this publication, the functionality is investigated

1
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accordingly, starting from an efficiency-maximized
impeller and optimized by geometric steps to im-
prove the clogging behaviour, whereby the focus is
on maintaining maximum efficiency.

2. DESIGN OF OPTIMIZED IMPELLER
The impeller for the investigation is designed as

a semi-open 2-channel impeller. For this purpose, a
basic impeller is designed, which is then optimized
by means of response surface optimization (RSO) to
obtain a maximum clear water efficiency. For this
basic impeller design, the flow rate Q is selected to
400 m3/h at a head H of 24 m for the design point.
With a design speed n of 1487 min−1, the specific
speed nq results in 45.7 min−1.

In order to be able to estimate the attainable tar-
get for the efficiency-optimized impeller, the expec-
ted maximum efficiency is first considered. Based on
[6], a single stage, single-suction volute casing pump
achieves a maximum efficiency for a flow rate Q of
360 m3/h at a specific speed nq of 45 min−1 a clear
water efficiency ηPump of approx. 89 %. As this is
a wastewater impeller with only two blades, the effi-
ciency factor according to [7] for 2-channel wastewa-
ter impellers is used. This factor varies between 0.8 -
0.98. Therefore, the clear water efficiency ηPump res-
ults in an expected efficiency range between 71 and
87 %. However, it should be emphasized that this es-
timate covers both semi-open and closed 2-channel
impellers. Since semi-open impellers have lower ef-
ficiencies than closed impellers due to the lack of a
shroud and the resulting gap between the tips of the
impeller blades and housing, efficiencies up to 80 %
are assumed on the test rig.

In addition, boundary conditions are defined for
the design impeller that remain unchanged during the
RSO. The outlet diameter and the outlet width of the
impeller are defined and adapted to the existing vo-
lute. This volute is used because previous tests have
already shown that its design is not susceptible to
clogging. The volute casing has a suction side dia-
meter of 200 mm with a discharge side size of 150
mm. In addition, the impeller is required to have
three-dimensional blades that can be varied for both
the inner and outer streamlines as part of the optimiz-
ation process. As the bearing housing for the volute
casing is already present, the dimensions of the im-
peller screw are also predetermined. The blade thick-
ness is 10 mm and is also kept constant across all op-
timization variants. The blade leading edges for the
optimization have an elliptical profile in each sample
point.

2.1. Impeller Optimization
For the setup of the RSO, the basic impeller is

selected. The volute casing used for the simulation
is redesigned based on the existing volute casing and
contains the same cross-sectional profile.

The simulations of the basic design and the
RSO are carried out as stationary simulations us-

ing RANS-equations in a coupled solver with the
CFX software. The high resolution scheme is used
for numerical discretization and turbulence numer-
ics, using second order central differencing. The
SST model is used for turbulence modeling in order
to achieve good resolution and convergence both in
near-wall areas and free streams [8]. The impeller
and the volute casing are meshed with unstructured
meshes. The blades as well as the hub of the impeller
and the volute casing wall are meshed with prism
layers. A dimensionsless wall distance between 30
and 50 is used for the impeller and volute casing,
whereby logarithmic wall laws are used. The im-
peller is calculated as a closed impeller, which means
that the gap between the tips of the blades and the
frontliner used later in the experiment is not calcu-
lated. Furthermore, the impeller back shroud cavity
is not considered in the simulation as well. In ad-
dition, the domain is given an inlet pipe in front of
the suction side of the impeller and an extension on
the volute casing. Both pipes are treated as friction-
less and are unstructured meshes as well. Station-
ary coupling models between the rotating impeller
and the inlet pupe as well as the volute are used in
which the flow variables are transferred axially av-
eraged between the domains. For the convergence
criterion, the residuals are set to 10−5 by using root
mean square (RMS).

For the simulation with the basic impeller and
the geometrically similar volute casing, a mesh inde-
pendence analysis is first carried out, which contains
a coarse, a medium and a fine mesh for the impeller.
The results for the efficiency are shown in Figure 1.

Figure 1. Mesh independence analysis

As can be seen in Figure 1, the deviation between
the medium and fine mesh is 0.13 % in efficiency,
which is why the medium mesh is used for the RSO.
The sample method for the RSO is latin hypercube
sampling (LHS). This is due to the fact, that LHS
ensures that each parameter is represented in a full
manner [9]. For the LHS method, 200 samples are
used for the design of experiment (DOE).

A total of ten parameters of the impeller are
changed as part of the optimization. Five paramet-
ers are selected equally for both the outer (shroud)
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and inner (hub) streamline. These include the blade
angle of the leading edge β1 and the blade angle of
the trailing edge β2, the relative starting position of
the leading edge u, which influences the diameter
of the leading edge accordingly, and, starting from a
common baseline, the wrap angle of the leading edge
ϕ1 and the wrap angle of the trailing edge ϕ2. The
parameters vary from the basic design in the direc-
tion of both higher and lower values. Figure 2 shows
the varied parameters, illustrated using the example
of the designed basic impeller for the RSO.

Figure 2. Parameters for DOE

The head H and the efficiency ηPump of the sim-
ulated impeller are used as output parameters. The
focus here is on maximizing the efficiency, the head
plays a subordinate role.

Figure 3 shows the results of the DOE. The sens-
itivity of the individual varied parameters in relation
to the basic impeller with regard to the influence on
the efficiency is shown.

Figure 3. Local sensitivity analsysis for ηPump

Figure 3 shows in particular that increased wrap
angles at the outlet ϕ2H and ϕ2S have a significant
positive influence on the efficiency of the impeller. In
contrast, increased wrap angles at the inlet ϕ1, espe-

cially on the outer streamline ϕ1S , have a negative ef-
fect on the efficiency of the basic impeller. The blade
angles at the inlet β1,H , β1,S and outlet β2,H , β2,S have
a subordinate influence. In addition, the position of
the leading edge on the outer streamline uS is decis-
ive for the efficiency of the impeller, while the pos-
ition of the leading edge on the inner streamline uH
has a minor effect on efficiency. Especially for the
outer streamline increased starting positions, which
correspond to increased diameters, have a significant
reduction in efficiency. This indicates as well, that
longer blades, that are starting directly at the suction
side of the impeller, are increasing the efficiency for
this application.

Based on the individual sample points, it can be
seen that particularly high wrap angles lead to high
efficiencies. As different blade geometries are to be
examined in the further course of the investigations,
a target value for a wrap angle at the trailing edge is
specified for the optimization in addition to a target
value for the maximum efficiency. This wrap angle
target value is also selected to be the same for both
the inner and outer streamline of the blades, as a two-
dimensional trailing edge is desired. The latter is
because the use of different blade inlet geometries
would otherwise result in unwanted narrow passages
between one leading edge and the other blade. The
requirements for the optimization are therefore max-
imizing the efficiency as well as achieving a wrap
angle at the trailing edge ϕ2 of 210° for both stream-
lines.

For the optimization, the non-dominant sort-
ing genetic alorithm II (NSGA-II) is used as an
optimization-algorithm. The selected candidate for
optimization meets the boundary conditions of an al-
most two-dimensional trailing edge with a maximum
wrap angle for the end of the blade of approx. 210°.
Overall, the impeller has a wrap angle of 189° per
blade. In addition, there is a maximum efficiency of
84.2% for the NSGA-II, which results in a simulated
efficiency of 83.6% in the geometrically similar vo-
lute for the optimization. Due to the range for the
estimated efficiency for the semi-open 2-channel im-
peller, the candidate for the prototype is chosen as
the basic modification (MOD 0) for the prototype.

2.2. Prototype Manufacturing

In order to test both the optimized blade geo-
metry and cut-back variants of this blade, a stainless
steel prototype is manufactured. This is designed
according to the optimized blade contour given by
the RSO. In order to be able to test different lead-
ing edges in one prototype, the leading edge of the
optimized contour for the stainless steel impeller is
cut off by 40 % of the outlet diameter and provided
with holes on the hub and shroud to which the differ-
ent leading edges can be screwed as modifications,
which are manufactured via 3D-printing. The ma-
terials used for the leading edges are polycarbonate
(PC) for the optimized blade leading edges (MOD
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0) and polylactide (PLA) for the other modifications
(MOD 1-2). PC offers increased strength, which is
necessary due to the long contour of the optimized
blade leading edges, especially regarding the outer
streamline. PLA allows fast and cost efficient print-
ing.

To ensure that the impeller has the same gap
width of 0.3 mm between the blades and frontliner
despite different modifications, an adapter plate is
also used, which is screwed onto the back of the
stainless steel impeller. This adapter plate holds the
shaft-hub connection and represents the same install-
ation situation on the shaft. The frontliner has one
groove in all tests, which is used to convey the dust-
ers.

2.3. Impeller Variation
A total of three modifications are used for the

impeller in this publication. On the one hand, the
blade leading edges resulting from the RSO are used
as modification 0 (MOD 0), which form the baseline
for the efficiency and functionality measurements.
On the other hand, cut-back blade leading edges are
implemented, which have the aim of increasing the
functionality by slipping off the dusters on the lead-
ing edge, while the efficiency is to be maintained. In
the first step, the outer streamline of the leading edge
is cut-back to 40 % length in relation to the outlet
diameter of the impeller, while the inner streamline is
unchanged to achieve a resulting curvature between
both streamlines. The blade thickness and the ellipt-
ical profile remain unchanged. This first modifica-
tion is continuously described as MOD 1. In addi-
tion, starting from MOD 1, the blade leading edges
are thickened to 40 mm on the inner streamline in the
direction of the impeller screw, which should enable
improved slippage. This thickening tapers towards
the outer streamline to the thickness of the original
blade. In addition, the hub area is reworked to create
a plateau between the blades. This plateau is created
because previous tests have not only shown severe
clogging at the leading edges but also clogging at the
screw and hub geometry. This second modification is
continuously referred to as MOD 2. Figure 4 shows
the individual modifications installed in the stainless
steel prototype.

3. TEST SETUP
A clogging test rig at the Chair of Fluid Sys-

tem Dynamics at the Technische Universität Berlin is
used for the tests. Three different tests are carried out
on this test rig for the various impeller modifications.
The first test is a clear water test to record all charac-
teristic values and determine the best efficiency point
(BEP). For this purpose, a torque measuring shaft is
used on the test rig for the pump in order to record the
mechanical power at the pump coupling Pm by meas-
uring the speed with an accuracy of ± 0.05 % and the
torque with an accuracy of ± 0.03 %. Furthermore,
a flow meter is used in the pressure pipe of the test
rig to measure the flow rate Q with an accuracy of

Figure 4. Tested modifications: A) optimized con-
tour MOD 0, B) 40 % cut-back leading edge MOD
1, C) thickened inner streamline MOD 2

± 0.2 % and calculate the velocities inside the suction
and pressure pipe. A differential pressure sensor with
an accuracy of ± 0.5 % is used to obtain the differen-
tial pressure and calculate the head H. With these,
the hydraulic power Ph is calculated and the pump
efficiency ηPump is calculated with equation 1 [10]:

ηPump =
Ph

Pm
(1)

The second test is the long-time functional perform-
ance test, which is also listed in the DWA-A 120-2
[11] standard. Artificial wastewater is premixed in
various contamination classes using tear-resistant
dusters. These contamination classes are the low
contamination L25, which corresponds to 25 dusters
per cubicmeter of water, the medium contamination
class L50 with 50 dusters per cubicmeter of water
and the high contamination class L100, which
represents 100 dusters per cubicmeter of water.
Due to the discharge side size of 150 mm for the
given volute casing, the tests are carried out with 3
m3 of water. To carry out the long-time functional
performance test, the dry weight of the dusters is
determined according to the contamination class.
The dusters are inserted into the wastewater tank
(WWT). After the dusters have been added, the
artificial wastewater is pumped from the WWT back
into the WWT for 60 minutes. During the test, the
flow rate Q, the head H, the mechanical power Pm
and the pump efficiency ηPump are recorded every
second. Figure 5 shows the scheme of the long-time
functional performance test.
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Figure 5. Scheme of the long-time functional per-
formance test [12]

At the end of the 60-minute test period, the pump
is switched off, drained and opened. Possible block-
ages are documented, dried and also weighed. Us-
ing the dry weight mW,total added, the weight of the
remaining blockages within the pump mW,Pump and
the ratio of the average efficiency during the 60-
minute test duration ηtest,0−60 and the correspond-
ing clear water efficiency at the respective operating
point ηCW,OP, the degree of long-time functional per-
formance DLT F is determined according to equation
2.

DLT F =
1
2

mW,total − mW,Pump

mW , total
+

1
2
ηtest,0−60

ηCW,OP
(2)

A pump is considered to have a low susceptibility to
clogging if the DLT F is greater than or equal to 0.7.
This value is also the target criterion for the modi-
fications of the prototype impeller in the context of
this publication to obtain an impeller with high func-
tionality. The accuracy of the long-time functional
performance test is specified according to [13] with
an interquartile range of 9 %.
The third test method is an optical measurement, as
presented in [14]. For this purpose, a ring made of
polymethyl methacylate (PMMA) is connected to the
suction side of the pump, which has 8 LED units.
Each LED unit has 5595 luminous flux. A polyvinyl
chlroide (PVC) ring is also connected in front of the
PMMA light ring, which can accommodate a 45° en-
doscope. In addition, a high-speed camera is connec-
ted to the endoscope, which visualizes the interaction
between the duster and the impeller at 1000 frames
per second. For the tests, 10 dusters per cubic meter
of water are used.
These three test procedures are used to evaluate both
the efficiency and the functionality of the various
modifications.

4. EXAMINATION RESULTS

4.1. Results - Efficiency

Figure 6 shows the results of both the simu-
lated point of the selected optimization candidate
with geometrically similar volute and the clear wa-
ter measurements of MOD 0- MOD 2 on the test rig.

Figure 6. Clear water results for MOD 0-2

When comparing the CFD results for the optim-
ized geometry with a geometrically similar volute to
the clear water measurement with the given volute, it
is striking that the simulated head of 27.8 m is almost
achieved by the clear water measurement for MOD 0.
Nevertheless, it can be seen that the simulated effi-
ciency of 83.6 % is not achieved. For the clear water
measurement of MOD 0, the BEP has increased in
the direction of higher volume flows compared to the
design volume flow with a flow rate Q of 480 m3/h,
a head H of 25.7 m and a clear water efficiency of
ηPump 80.1 %. Accordingly, the simulated maximum
efficiency is relatively 4.4 % above the measured res-
ult. This can be related to the assumptions made for
the simulation, meaning the use of a stationary sim-
ulation without a gap between frontliner and blade
tips as well as the lack of the back shroud cavity.
In relation to the expected range for maximum ef-
ficiency presented in Chapter 2, the results of MOD
0 are within the expected scope.

The clear water results for MOD 1 and MOD 2
each show a reduction in the head H above the flow
rate Q due to the shortened blades. In addition, it
can be seen that the throttling curves of MOD 1 and
MOD 2 are nearly similiar, meaning that the thick-
ening of the inner streamline of the blades and the
covering of the impeller screw have a subordinate in-
fluence on the hydraulic performance of the impeller
in contrast to the blade length. It is also noticeable
that cutting back the blade leading edge shifts the
BEP of the individual modifications in the direction
of higher flow rates. The maximum efficiencies of
MOD 1 and MOD 2 are always below the efficiency
of MOD 0 due to the modifications of the blade and
result in 94.8 % for MOD 1 and 94.9 % for MOD
2 compared to MOD 0. Due to the shift towards
higher volume flows, the heads of the two modific-
ations with a shorter blade leading edge are corres-
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pondingly lower in the BEP compared to MOD 0,
while the mechanical power is higher. Table 1 shows
the values of the BEP in relation to MOD 0.

Table 1. BEP results for MOD 0-2

MOD 0 1 2
η/ηMOD0 1.000 0.948 0.949
Q/QMOD0 1.000 1.083 1.104
H/HMOD0 1.000 0.922 0.911
P/PMOD0 1.000 1.050 1.059

4.2. Results - Functionality
For all modifications, the long-time functional

performance tests with low contamination L25 in the
BEP and optical examinations in the BEP are carried
out and compared.

MOD 0: The long-time functional performance
test with low contamination for MOD 0 is aborted
after approx. 280 seconds of measurement due to a
blade breakage of one of the two PC blades. Despite
the very short measuring time, a total of 283 g of 283
g of dusters are collected inside the impeller. This
results in a DLT F,L25,MOD0 of 0.24 with an average
normalized pump efficiency during the test of 47.3
%. Even after the short measurement period, this re-
duced efficiency results from an increase in mechan-
ical power to 111.8 % compared to their clear water
value, while the flow rate drops to 78.9 % and the
head to 66.1 % compared to the clear water values.
The clogging pattern within the impeller after the test
and the findings of the optical tests in particular ex-
plain why the hydraulically optimized contour is not
suitable for media containing fibers. The individual
dusters are layered over the leading edges so that
subsequent dusters accumulate on them. The blade
leading edge, which does not have a sloping edge
between the inner and outer streamline, prevents the
dusters from slipping off. Figure 7 A) shows an im-
age from the optical test. It can be seen that both
blades are covered by dusters. This blockage grows
together over the hub area and covers the impeller
screw. Figure 7 B) shows the clogging pattern after
the long-time functional performance test has been
stopped.

MOD 1: The optical tests with 10 dusters per
cubic meter show an improved slipping behaviour
of the dusters at the leading edges of the blades, as
shown in Figure 8.

Figure 8 A) shows a duster that lies on one of the
two leading edges. Due to the cut-back of the outer
streamline of the blade and the resulting curvature
between the outer and inner streamlines, the duster
slides along the blade in the direction of the front-
liner. Figure 8 B) shows the same experiment after
approx. half a revolution. The applied duster has
moved in the direction of the outer streamline and
ultimately slips towards the suction side of the blade,
which shows an improvement compared to MOD 0.
However, the optical examinations also show a

Figure 7. Results for MOD 0. A) accumulation on
hub and leading edge during optical investigation,
B) blockage inside impeller for L25

Figure 8. Optical results for MOD 1. A) duster
attached on leading edge, B) slipping off duster
into channel after half a revolution

clogging-prone scenario of MOD 1. Dusters that hit
the center of the impeller and thus directly on the hub
and on the inner streamline of the blade are not re-
moved and form the beginning of an accumulation.
Further arriving dusters are deposited on this initial
blockage and grow together over the blades. This
initial blockage is shown in Figure 9, in which dust-
ers are attached over the impeller screw and the in-
ner streamline of the blade leading edge and are not
discharged until the end of the optical measurement.
The low blade thickness on the inner streamline in
particular means that there is no slipping behaviour
in the optical tests, if the dusters already cover the
screw.

Figure 9. Optical results for MOD 1: clogging on
hub, leading edge and impeller screw
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This behaviour is also reflected in the long-time
functional performance test with low contamination
class at BEP. In this test, a total of 221 g of 284 g of
dusters are absorbed by the impeller, which corres-
ponds to an improvement compared to the clogging
behaviour of MOD 0. Over 60 minutes of measure-
ment, MOD 1 achieves a relative average pump ef-
ficiency of 78.9 % compared to clear water opera-
tion, which is mainly due to increased mechanical
power. This amounts to 115.0 % compared to clear
water value, while the volume flow of 97.0 % and
the head of 93.5 % are close to the clear water opera-
tion. Overall, the DLT F,L25,MOD1 is 0.50, which is due
to the improved hydraulic performance and the lower
absorbed weight during the test. Figure 10 shows the
clogged impeller after the end of the long-time func-
tional performance test.

Figure 10. Results for MOD 1: B) accumulation
of dusters after completion of test L25, B) accu-
mulation attached to impeller screw

In Figure 10 A) the blockage of 221 g can be
seen. Part B) of the figure shows that after lifting
the accumulation of dusters, the blockage has grown
together over the impeller screw, as could already be
observed in the optical examination.

Overall, this results in a gain in functionality of
0.26 for MOD 1, even if this is accompanied by a
relative drop in clear water efficiency of 5.2 %, com-
pared to MOD 0.

MOD 2: The optical investigations for MOD 2
show improved slipping behaviour compared to the
previous modifications. Figure 11 A) shows two
dusters hitting the hub directly. In B), each of these
dusters slips into a blade channel after one revolu-
tion. The thickened inner streamline of the leading
edge helps the dusters to slide either into the blade
channel or in the direction of the outer streamline of
the leading edge. The plateau, which covers the im-
peller screw prevents the dusters from sticking on the
hub, eventhough a relatively long dwell time of the
dusters can be seen during the optical examinations.
Due to the flat contour of the plateau, some dusters
need several revolutions to be conveyed from the hub
towards the channel.

The long-time functional performance test with
low contamination L25 in BEP shows a signific-

Figure 11. Optical results for MOD 2. A) two in-
coming dusters on the plateau, B) dusters slipping
off into blade channels after one revolution

antly better result compared to the previous modific-
ations. After 60 minutes of measurement, no dust-
ers have accumulated inside the pump. With an av-
erage relative efficiency of 95.5 %, this results in a
DLT F,L25,MOD2 of 0.98 and is therefore above the re-
quired 0.7. The mechanical power is unchanged dur-
ing the test compared to the clear water value, the
hydraulic data shows a minimal decrease due to the
pumping of the textiles. This results in an average
flow rate of 98.6 % and a head of 96.8 % compared
to the clear water values.

In addition, due to a result for the DLT F,L25,MOD2
greater than 0.7, the long-time functional perform-
ance test for MOD 2 is also carried out with medium
contamination. In this case, a blockage of 395 g of
a total of 572 g of added mass builds up. With an
average efficiency over the test duration of 60.7 %,
this results in a DLT F,L50,MOD2 of 0.46. The flow rate
drops to 85.5 % and the head to 75.9 % of the clear
water value, while the mechanical performance in-
creases to 107.0 %. Images of the blockages after the
end of the test for medium contamination can be seen
in Figure 12.

Figure 12. Results for MOD 2: A) clogging inside
impeller after completion of test L50, B) removed
blockage L50

This behaviour can also be found in the optical
tests. Individually arriving dusters slide to the outer
streamline, where they are removed by the groove in
the frontliner. Due to the fact that only one groove
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is used, the dwell time of the dusters on the blades
is also too long here. If many dusters hit a blade, an
accumulation builds up on the entire leading edge, as
can be seen on one blade in the left side of Figure 13.
Sliding is no longer possible with this accumulation,
so the blockage grows together in the direction of the
hub.

Figure 13. Optical results for MOD 2: clogging
scenario on one leading edge

Overall, MOD 2 shows a greatly improved clog-
ging behaviour compared to the previous modific-
ations with a result above the required 0.7 for low
contamination while achieving a similiar clear water
efficiency compared to MOD 1. In order to further
improve the clogging behaviour especially for higher
contamination classes, the hub geometry should be
further revised to minimize the dwell time of the
dusters. In addition, a frontliner with a higher num-
ber of grooves should be tested.

5. CONCLUSION
The results of the simulation have shown that

the RSO can achieve high efficiencies for wastewater
impellers, which are well within the expected effi-
ciency ranges for the corresponding specific speed.
However, this flow-optimized contour is highly
susceptible to clogging, particularly due to the thin
blade leading edges that are strongly exposed to
the flow. By cutting back these leading edges, im-
provements in functionality can already be achieved,
but these are accompanied by a moderate drop in
efficiency. The thickening of the already cut-back
leading edges shows considerable advantages in
the slipping behaviour of the dusters, especially in
the optical investigations, which also results in an
increase in functionality.
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ABSTRACT  

Non-spherical particle-laden flows in pipes and 

channels are of importance in numerous industrial, 

environmental, and biological processes, making 

their study essential for understanding and 

optimising particle transport, deposition, and 

interaction dynamics. In this work the spatial and 

orientational dynamics of rigid ellipsoidal particles 

in turbulent channel flow are explored. A high-

fidelity spectral element method-based direct 

numerical simulation is employed to solve for the 

fluid phase which is coupled to a Lagrangian particle 

tracker for modelling the dispersed particles. Particle 

translational motion is governed by inertia, 

hydrodynamic lift, and drag, while their rotational 

dynamics is described by the Euler equations of 

rotation, accounting for external hydrodynamic 

torques. Quaternions are utilised to track particle 

orientations over time. Full four-way coupling 

between the particles and the fluid is implemented, 

capturing both the influence of the fluid on the 

particles and the feedback effect of the particles on 

the continuous phase. The latter is modelled using a 

local element-based force feedback field in the 

Navier-Stokes equations. Particle-particle collisions 

are also resolved. The fluid and particle phases are 

validated across multiple particle aspect ratios, 

Reynolds and Stokes numbers with emphasis on 

reproducing spatial and orientational dynamics 

consistent with the literature. Fully coupled 

simulations are then conducted to evaluate collision 

statistics across all regions of the channel with results 

being compared to those of spherical particles to 

elucidate the underpinning micro-scale dynamics 

present in such flows as well as providing avenues 

for further research. 

Keywords: Collision dynamics, non-spherical 

particles, turbulent channel flow, Lagrangian 

particle tracker, four-way coupling 

NOMENCLATURE  

 

𝑨 [-] rotation matrix 

𝐴𝐷 [𝑚2] projected area normal to drag 

𝐴𝐿 [𝑚2] projected area normal to lift 

𝐶𝐷 [-] drag coefficient 

𝐶𝐿 [-] lift coefficient 

𝑭𝐷 [𝑚/𝑠2] drag force 

𝑭𝐿 [𝑚/𝑠2] lift force 

𝑭𝑃𝐺 [𝑚/𝑠2] pressure gradient force on particle 

𝑭𝑉𝑀 [𝑚/𝑠2] virtual mass force 

𝑮 [𝑠−1] velocity gradient matrix  

𝒇𝑃𝐺 [𝑚/𝑠2] pressure gradient force on fluid 

𝒇2𝑊 [𝑚/𝑠2] particle force feedback source term 

𝒒 [-] quaternion vector 

𝒖𝑠 [𝑚/𝑠] slip-velocity 

𝒛′ [-] direction of principal particle axis 

𝛀 [𝑠−1] angular velocity  

𝛼 [-] angle of incidence 

𝛿 [𝑚] half channel height 

𝜆 [-] aspect ratio  

𝜌∗ [-] density ratio  

𝜙𝑝 [-] volume fraction 

 

Subscripts and Superscripts 

 

p, F            particle, fluid 

L, D     lift, drag 

PG, VM    pressure gradient, virtual mass  

B, 𝜏           bulk, shear 

∗                non-dimensional units (bulk scales) 
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1. INTRODUCTION  

Particle-laden flows are ubiquitous in nature and 

industry, such as in the formation of riverbeds [1] 

and the transportation of nuclear waste [2]. In such 

flows the collision of small, heavy, non-spherical 

particles occurs frequently, for example in 

papermaking [3] and in clouds [4]. Understanding 

both the particle-scale and bulk-scale dynamics in 

such flows is of importance to be able to effectively 

predict long-scale phenomena such as deposition, 

turbulence modulation and blockages. This 

knowledge allows for the optimisation of processes 

and ensures the effectiveness and safety of new 

systems. 

 In recent years advances in computational 

performance, direct numerical simulation and 

Lagrangian particle tracking methodologies have 

aided the prediction of particle-laden flows at scales 

relevant to those seen in industry. These models have 

reproduced many of the bulk-scale dynamics noted 

in the literature such as turbophoresis and 

preferential concentration [5]. The development and 

optimisation of computational fluid dynamics (CFD) 

has led to these methods surpassing the resolution of 

experimental methodologies in the study of particle 

scale interactions. This means that for reliable results 

first-principles techniques with proven high 

accuracy, for example direct numerical simulation 

(DNS) which can resolve relevant length, and time 

scales down to the Kolmogorov scale [6], currently 

provide the only means of assessing certain 

phenomena.  

Significant contributions have been made in the 

study of spherical particle-laden turbulent flows at 

low-volume fractions (𝜙𝑝 ≤ 10−6) where only the 

effect of the fluid on the particles is considered in so 

called one-way coupled simulations. These studies 

elucidate the mechanisms underpinning particle 

migration such as preferential concentration and 

turbophoresis. Preferential concentration is seen 

most strongly at low Stokes numbers where particle 

clustering in low-velocity streaks and the near-wall 

region is noted [7]. Turbophoresis describes the 

tendency of particles to move towards areas with 

lower-than-average turbulence kinetic energy and 

has been shown to scale with the particle Stokes 

number [8]. The interaction between particles and 

turbulent structures in the near-wall region has been 

studied in detail with a wide range of behaviours 

being noted based upon the material and inertial 

properties of the system [9]. The dynamics, both 

translational and rotational, of non-spherical 

ellipsoidal particles has also been studied using one-

way coupled Lagrangian particle tracking (LPT) 

simulations. Most of the studies on this topic 

examine prolate ellipsoids with aspect ratios 𝜆 > 1,  

often referred to in the literature as fibres. It was 

found that the aspect ratio has little effect on particle 

clustering, preferential concentration or segregation 

[10]. An analysis of near-wall dynamics showed that 

orientational and translational behaviours influence 

accumulation at the wall with longer fibres being 

deposited at higher rates. Moreover, it was noted that 

fibres tend to align with the mean streamwise flow 

direction near the wall with this alignment being 

increasingly unstable for higher particle inertia.  

Complex behaviour is observed in the spanwise and 

wall-normal directions due to fibre inertia and 

elongation, with no preferential orientation or 

significant segregation observed in the channel 

centre where the turbulent conditions are close to 

isotropic. 

As volume fraction increases (10−6 ≤ 𝜙𝑝 ≤

10−3) it becomes necessary to account for the impact 

of the particles back onto the fluid in so-called two-

way coupling. This is typically done using the 

method of particle force feedback on the turbulent 

fluid phase [11]. Various studies in wall-bounded 

turbulence found that large particles enhance 

turbulence while small particles dampen it, and 

interestingly it has been shown that this effect is 

muted at low density ratios even when the particle 

Stokes number is equivalent in each case. In the case 

of large particle Stokes numbers, the particles have 

more inertia and are thus less responsive to rapid 

changes in the local flow, resulting in preferential 

accumulation in low turbulence regions. This leads 

to local turbulence attenuation or suppression 

hindering the energy transfer across turbulence 

scales [6]. 

As the volume fraction increases further to 

around 𝜙𝑝 > 10−3, the translational and rotational 

motion of the particle begins to be affected by inter-

particle collisions which at this point occur very 

frequently. It is therefore necessary for simulations 

to be able to detect and resolve such collisions which 

is computationally expensive, especially in the case 

of non-spherical particles. Collision-driven turbulent 

particle-laden flows have been studied extensively, 

and in one study low Stokes number particle were 

found to accumulate in regions of irrotational 

dissipation due to vortex ejection. The authors also 

noted a relationship between the relative collision 

velocity and Reynolds number, especially in the case 

of low Stokes number particles [12]. Work 

performed simulating a particle-laden vertical 

channel using a four-way coupled LPT showed that 

micro particles can modify the fluid turbulence 

statistics even at very low volume fractions of the 

order 𝜙𝑝 ≈ 10−5 because of the quantity of 

collisions [13]. Four-way coupling has been applied 

alongside particle non-sphericity within an LPT but 

there is little literature quantifying the effect of 

particle shape on collision dynamics. One study 

investigated the settling of ellipsoidal particles 

within isotropic turbulence, finding that ellipsoids 

collide considerably more often than spherical 

particles of the same volume and in these collisions 

the relative velocity was higher [14]. Another study 

focusing on the collision and coupling effects of high 
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inertia particles was conducted in [5], revealing that 

high speed particle collisions lead to larger 

momentum transfer and directional redistribution, 

which increases the magnitude and changes the 

direction of the slip velocity. This study noted the 

importance of four-way coupling when simulating 

midrange Stokes numbers. 

Various collision detection methods have been 

developed including nearest-neighbour lists and 

stochastic models. In this study we use a 

deterministic partition-based method [15] for 

collision detection. Post collision calculations are 

conducted using a hard-sphere model. More 

sophisticated collision detection algorithms for non-

spherical particles have been proposed where the 

particle volume is approximated by a collection of 

overlapping fictitious spheres of varying radii [16]. 

This representation allows for similar contact 

procedures as those mentioned above for the case of 

spheres.  

The present study aims to advance the 

understanding of collision dynamics in wall-

bounded particle-laden turbulent channel flow, with 

a focus on the impacts of particle non-sphericity and 

high inertia. We seek to provide deeper insights into 

these complex interactions and to generate collision 

conditions typical of those seen in channels of 

industrial interest.  

2. METHODOLOGY  

2.1. Fluid Phase Modelling 

To generate accurate predictions of the flow 

field we utilise the spectral element method-based 

DNS code Nek5000 [17] to fully resolve all relevant 

length and time scales.  The solver employs an order 

seven spectral method on each element. We simulate 

a turbulent channel flow at shear Reynolds number 

𝑅𝑒𝜏 = 𝑢𝜏𝛿/𝜈𝐹 = 300, where 𝑢𝜏is the shear velocity, 

𝛿 is the half channel height and 𝜈𝐹  is the fluid 

kinematic viscosity. The reasons for using Nek5000 

are twofold, firstly the open-source nature of the 

solver makes it suitable for modification and 

extension, secondly the code comes with efficient 

parallelisation and an extensive history of validation 

making it an efficient and safe choice. The governing 

equations for the continuous phase dynamics are the 

incompressible Navier-Stokes equations, which are 

given in dimensionless form as follows: 

 
∇ ⋅ 𝒖𝐹

∗ = 0,  (1) 

  
𝐷𝒖𝐹

∗

𝐷𝑡∗
= −∇𝑝∗ +

1

𝑅𝑒𝐵
∇2𝒖𝐹

∗ + 𝒇𝑃𝐺
∗ + 𝒇2𝑊

∗ , 
(2) 

 

 

where  𝒖𝐹
∗ (𝒙∗, 𝑡∗) is the fluid velocity vector at 

position 𝒙∗ and time 𝑡∗, 𝑝∗(𝒙∗, 𝑡∗) is the fluid pressure, 

𝑅𝑒𝐵 = 𝑢𝐵𝛿/𝜈𝐹  is the bulk Reynolds number, 𝒇𝑃𝐺
∗  is 

the constant pressure gradient forcing term and 𝒇2𝑊
∗  

is an arbitrary cell-dependent forcing term 

accounting for two-way momentum exchange 

between particles and fluid. Parameters marked with 

an asterisk (∗) signify a non-dimensional variable 

obtained from the bulk properties (𝛿, 𝑢𝐵, 𝜌𝐹)  where 

𝜌𝐹 is the density of the fluid. These governing 

equations are solved on a discretised, structured grid 

which consists of 27 × 18 × 23 seventh-order 

spectral elements, equivalent to 3.9 M nodes. Mesh 

refinement is used in the wall-normal direction, 

while the distribution of elements is uniform in the 

streamwise and spanwise directions. For our 

simulation (𝑥, 𝑦, 𝑧) correspond to the streamwise, 

wall-normal and spanwise directions respectively. 

The simulation domain and corresponding mesh are 

illustrated in Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The solver uses a constant time step of Δ𝑡∗ =
0.0025. Periodic conditions are imposed in the 

streamwise and spanwise directions to ensure that the 

flow remains cyclic. The top and bottom walls at 

𝑦∗ = ±1 respectively are subject to no-slip and 

impermeability conditions. The flow is driven by a 

constant pressure gradient, chosen to obtain a 

specific Reynolds number, applied in the streamwise 

direction, the magnitude of which is given as 

follows: 

  

𝑑𝑝∗

𝑑𝑥∗ = (
𝑅𝑒𝜏

𝑅𝑒𝐵
)

2

. (3) 

2.2. Lagrangian Particle Tracking 

For the tracking of particle trajectories and 

orientations through the flow, a Lagrangian particle 

tracking code has been developed to run in parallel 

with Nek5000. Each particle is represented as a 

point with its location, velocity, quaternions and 

angular velocity being updated each time-step by 

solving a set of dimensionless equations. The 

equations for the linear motion are derived through 

considering the balance between the particle’s 

inertia and the fluid. We consider the effects of the 

following forces: lift, drag, virtual mass and the 

pressure gradient. The Basset history force is 

neglected due to its limited impact relative to its 

computational cost, also neglected are the effects of 

gravity and buoyancy to allow us to more easily 

Figure 1. Computational mesh demonstrating 

element spacings and increased near-wall nodal 

density 
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isolate the effect of the turbulence on the particles. 

For the rotational motion we use quaternions to 

track the orientation of the particles and update the 

angular velocity using Euler’s equations of rotation. 

For these, we consider the torque due to the 

resistance on a rotating ellipsoid and the cross-

coupling between angular velocities along different 

axes, which arises because the principal moments of 

inertia are not all the same. 

In this work we consider non-spherical ellipsoid 

particles given by the equation: 

 

(
𝑥′

𝑎
)

2

+ (
𝑦′

𝑏
)

2

+ (
𝑧′

𝑐
)

2

= 1, (4) 

       

where 𝑎, 𝑏 and 𝑐 represent the lengths of the three 

semi-principal axes in the 𝑥′, 𝑦′ and 𝑧′  directions 

respectively. We enforce that 𝑎 = 𝑏 in all cases and 

define the aspect ratio 𝜆 = 𝑐/𝑎. The solid phase can 

then be characterised by specifying the following 

bulk parameters: the particle density 𝜌𝑝, the aspect 

ratio and the volume fraction 𝜙𝑝 defined as follows, 

 

𝜙𝑝 =
4

3
𝜋𝑎2𝑐

𝑁𝑝

𝑉𝐹
, (5) 

where 𝑁𝑝 is the number of particles and 𝑉𝐹 is the 

volume of the fluid geometry. The particle dynamics 

are modelled using three reference frames: the 

particle frame 𝒙′ = [𝑥′, 𝑦′, 𝑧′] with its origin at the 

particle’s centroid and its principal axis 𝑧′, the global 

(fixed) frame 𝒙 = [𝑥, 𝑦, 𝑧] and the co-moving frame 

𝒙′′ = [𝑥′′, 𝑦′′, 𝑧′′] which shares its origin with the 

particle centroid and has axes parallel to the fixed 

frame. Transformation between the co-moving frame 

and the particle frame can be performed as follows: 

 
𝒙′ = 𝑨𝒙′′, (6) 

Where 𝑨 is the time-dependent rotational matrix with 

elements expressed in terms of four quaternions 𝒒 =
[𝑞0, 𝑞1, 𝑞2, 𝑞3]𝑇satisfying the constraint𝑞0

2 + 𝑞1
2 +

𝑞2
2 + 𝑞3

2 = 1. 
The time evolution of the quaternions is used to 

update the orientation of the particles and is 

computed as: 

 

𝑑𝒒

𝑑𝑡∗ =
1

2
[

𝑞0 −𝑞1 −𝑞2 −𝑞3

𝑞1 𝑞0 −𝑞3 𝑞2

𝑞2 𝑞3 𝑞0 −𝑞1

𝑞3 −𝑞2 𝑞1 𝑞0

] [

0
Ω𝑥′

 Ω𝑦′

Ω𝑧′

], (8) 

 

where Ω𝑥′ , Ω𝑦′ and Ω𝑧′ are the components of the 

particle angular velocity expressed in the particle 

frame.  The particle equations of motion and rotation 

are given below: 
 

𝑑𝒙𝑝
∗

𝑑𝑡∗ = 𝒖𝑝
∗ , (9) 

 

𝜕𝒖𝑝
∗

𝜕𝑡∗ =
1

𝑀𝑉𝑀

[𝑭𝐷 + 𝑭𝐿 + 𝑭𝑉𝑀 + 𝑭𝑃𝐺], (10) 

 

where 𝒖𝑝
∗  denotes the dimensionless fluid velocity, 

𝑀𝑉𝑀 = (1 + 1/2𝜌∗) is the dimensionless virtual mass 

factor where 𝜌∗ = 𝜌𝑝/𝜌𝐹 is the dimensionless density 

ratio. Here, 𝑭𝐷 is the drag force acting on the particle 

and is given as follows [18]: 

 

𝑭𝐷 =
𝐴𝐷

∗ 𝐶𝐷|𝒖𝑠
∗|𝒖𝑠

∗

2𝜌∗𝑉𝑝
∗ ,  

(11) 

where 𝑉𝑝
∗ = (4/3)𝜋𝑎∗2𝑐∗ is the dimensionless volume 

of the particle, 𝒖𝑠
∗ = 𝒖𝐹

∗ − 𝒖𝑝
∗  is the slip velocity, and 

𝐴𝐷 and 𝐴𝐿 are the partial projected areas normal to 

the direction of the drag and lift forces respectively 

[18]: 

 

𝐴𝐷 = 𝜋𝑎2√cos2(𝛼) + (
4𝜆

𝜋
)

2
sin2(𝛼) , (12) 

 

𝐴𝐿 = 𝜋𝑎2√sin2(𝛼) + (
4𝜆

𝜋
)

2
cos2(𝛼) , (13) 

 

where 𝛼 is the angle of incidence defined as the angle 

between the slip velocity 𝒖𝑠
∗ and the direction of the 

principal particle axis 𝒛′. The dimensionless drag 

coefficient 𝐶𝐷 for the non-spherical particles is given 

by [19]: 

 
𝐶𝐷

𝐾2
=

24

𝑅𝑒𝑝𝐾1𝐾2
[1 + 0.118(𝑅𝑒𝑝𝐾1𝐾2)

0.6567
]

+
0.4305

1 + 3305/(𝑅𝑒𝑝𝐾1𝐾2)
, 

 

(14) 

where 𝑅𝑒𝑝 = 𝒖𝑠
∗𝑑𝑒𝑣/𝜈𝐹  is the particle Reynolds 

number computed using the equal volume sphere 

diameter 𝑑𝑒𝑣 = 2𝑎𝜆1/3, 𝐾1 =
1

3
(𝑑𝑛/𝑑𝑒𝑣 + 2Φ𝑠

−0.5) and 

𝐾2 = 101.8148(−log Φ𝑠)0.5743
 are the Stokes and Newton 

shape factors that model the particle sphericity and 

orientation, respectively, 𝑑𝑛 = √4𝐴𝐷/𝜋 and Φ𝑠 =

𝑠/𝑆, where Φ𝑠 is the particle sphericity, defined as the 

ratio of the surface area of a sphere having the same 

volume as the particle, 𝑠, to the actual surface area of 

the non-spherical particle, 𝑆. The lift coefficient 𝐶𝐿 is 

determined by the following [18]: 
 

|𝐶𝐿|

|𝐶𝐷|
= |sin2(𝛼) cos2(𝛼)|. (15) 

 

The lift force 𝑭𝐿 is therefore given by [18]: 

 

𝑭𝐿 =
1

2𝜌∗𝑉𝑝
∗ 𝐴𝐿

∗ 𝐶𝐿
(𝒛′⋅𝒖𝑠

∗)

|𝒖𝑠
∗|

[𝒛′ × 𝒖𝑠
∗] × 𝒖𝑠

∗.  (16) 

 

The local pressure gradient force 𝑭𝑃𝐺 is [5]: 

 

𝑭𝑃𝐺 =
1

𝜌∗

𝐷𝒖𝐹
∗

𝐷𝑡∗  .  (17) 



5 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

 

The virtual mass force 𝑭𝑀𝑉 is given by [5]: 

 

𝑭𝑉𝑀 =
1

2𝜌∗

𝐷𝒖𝐹
∗

𝐷𝑡∗
 .  (18) 

The final equations of motion for the rotation of the 

prolate (𝜆 > 1) ellipsoid particles are given by 

Euler’s equations of rotation presented below in a 

simplified dimensionless form [10] :  

 

Here the elements of the deformation rate tensor 

(𝑑𝑧′𝑦′  and𝑑𝑥′𝑧′) and the spin tensor (𝜔𝑧′𝑦′ , 𝜔𝑥′𝑧′ 

and𝜔𝑦′𝑥′) are defined as follows: 

 

𝑑𝑖′𝑗′ =
1

2
(

𝜕𝑢𝑖′

𝜕𝑗′ +
𝜕𝑢𝑗′

𝜕𝑖′ ), 

 

𝜔𝑧′𝑦′ =
1

2
(

𝜕𝑢𝑖′

𝜕𝑗′ −
𝜕𝑢𝑗′

𝜕𝑖′ ). 

(20) 

 
The velocity gradients in the particle frame 𝐺𝑖′𝑗′  can 

be obtained by transforming the velocity gradients 

from the fixed frame𝐺𝑖𝑗 = 𝜕𝑢𝑖/𝜕𝑥𝑗: 

 
𝐺𝑖′𝑗′ = 𝑨 𝐺𝑖𝑗 𝑨−1. (21) 

 

The non-dimensional coefficients 𝛼0 = 𝛽0, and 𝛾0 for 

a prolate ellipsoid (𝜆 >  1) are defined as [20]: 

 

𝛼0 =
𝜆2

𝜆2 − 1
+

𝜆

2(𝜆2 − 1)3/2
ln (

𝜆 − √𝜆2 − 1

𝜆 + √𝜆2 − 1
) , 

 

𝛾0 =
2

𝜆2 − 1
+

𝜆

(𝜆2 − 1)3/2
ln (

𝜆 − √𝜆2 − 1

𝜆 + √𝜆2 − 1
) . 

 

(22) 

 The governing equations Eqs. (8) to (10) are 

integrated in time using a fourth-order Runge-Kutta 

(RK4) algorithm, while Eq. (19) is integrated using a 

mixed explicit/implicit differencing scheme 

presented in [20] due to the stiffness of the equations. 

In both cases the time-step is chosen to be the same 

as for the continuous phase solver. 

For higher volume fractions, as considered in 

this work, it is essential to account for the particles’ 

impact back onto the fluid and this is done by adding 

an additional source term in the Navier-Stokes 

equations. The acceleration applied to cell 𝑖 is given 

by [11]: 

𝒇2𝑊
∗𝑖 =

1

𝑉𝑖
∗ ∑

𝜕𝒖𝑝𝑗

∗

𝜕𝑡∗
,

𝑁𝑝,𝑖

𝑗

 (23) 

where 𝑉𝑖
∗is the volume of the computational cell, and 

𝑗 is an index that iterates over the number of particles 

contained within a cell, 𝑁𝑝,𝑖.  

All inter-particle and wall collisions assume that 

the particles are spherical with radius equal to the 

largest semi-major axis. A deterministic binary 

collision search algorithm is also used, based on [21]. 

At each time-step, particles are distributed into cells 

of a coarse mesh. The collision algorithm detects 

collisions by comparing relative displacements and 

velocities within each cell. A secondary search 

identifies missed collisions. Collisions are resolved 

using kinetic energy and momentum conservation, 

with particles deflected to account for penetration. 

Collisions are assumed fully elastic. 

3. RESULTS AND DISCUSSION  

Here we focus on the collision dynamics of 

needle-like particles and compare our findings to 

those of nearly spherical particles.  The fixed particle 

phase parameters have been chosen to match those 

of the study [5] and are shown in Table 1. Two 

particle shapes are considered, and the case specific 

parameters are outlined in Table 2. Here 𝑆𝑡+ =

(𝜌∗𝑑𝑒𝑣
+2

)/18𝜈𝐹  is the dimensionless shear Stokes 

number where 𝑑𝑒𝑣 = 4𝑎𝜆1/3 . 

Table 1. Fixed simulation parameters 

Fixed Parameter Value 

Number of Particles 𝑁𝑝 300,000 

Particle Volume 𝑉𝑝
∗  6.55 × 10−4 

Volume Fraction 𝜙𝑝 1.4 × 10−4 

Shear Stokes Number 𝑆𝑡+ 50 

Density Ratio 𝜌∗ 400 

Shear Reynolds Number 𝑅𝑒𝜏  300 

Bulk Reynolds Number 𝑅𝑒𝐵 4,900 

Table 2. Case specific particle phase parameters 

Case 𝑎∗ 𝑐∗ 𝜆 

Near-Spheres 0.002492 0.002517 1.01 

Needles 0.001462 0.007310 5 

 

The particles were injected into the domain with 

random initial position and orientation. The initial 

velocity was inherited from the fluid and the initial 

angular velocity was set to zero. Our analysis breaks 

the flows into four distinct regions where the flow 

conditions are known to differ, namely the viscous 

sublayer (VS) (0.973 <  |𝑦 ∗ |  ≤  1), the buffer 

layer (BL) (0.834 <  |𝑦 ∗ |  ≤  0.973), the log-law 

region (LL) (0.8 <  |𝑦 ∗ |  ≤  0.834) and the bulk 

flow (BF) (0 ≤  |𝑦 ∗ |  ≤  0.8).  We quantify the 

𝑑Ω𝑥′
∗

𝑑𝑡∗
=

20[(1 − 𝜆2)𝑑𝑧′𝑦′
∗ + (1 + 𝜆2)(𝜔∗

𝑧′𝑦′
′ − Ω𝑥′

∗ )]

𝑅𝑒𝐵(𝛽0 + 𝜆2𝛾0)(1 + 𝜆2)𝜌∗𝑎∗2
 

+ (1 −
2

1 + 𝜆2
) Ω𝑦′

∗ Ω𝑧′
∗ , 

 
𝑑Ω𝑦′

∗

𝑑𝑡∗
=

20[(𝜆2 − 1)𝑑𝑥′𝑧′
∗ + (𝜆2 + 1)(𝜔∗

𝑥′𝑧′
′ − Ω𝑦′

∗ )]

𝑅𝑒𝐵(𝛼0 + 𝜆2𝛾0)(1 + 𝜆2)𝜌∗𝑎∗2
 

+ (
2

1 + 𝜆2
− 1) Ω𝑥′

∗ Ω𝑧′
∗ , 

 
𝑑Ω𝑧′

∗

𝑑𝑡∗
=

20(𝜔𝑦′𝑥′
∗ − Ω𝑧′

∗ )

𝑅𝑒𝐵(2𝛼0)𝜌∗𝑎∗2
. 

 

(19) 
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alignment of particles by considering the cosine of 

the angles (𝜃𝑥. 𝜃𝑦 , 𝜃𝑧) made between the axes of co-

moving frame 𝒙′′ and the principal particle axis 𝒛′. 
These are known as the direction cosines denoted 

cos(𝜃𝑖). Values cos(𝜃𝑖) ≈ 1 indicate the fibre is 

aligned strongly with axis 𝑖, while cos(𝜃𝑖) ≈ 0 

indicate the fibre is unaligned with axis 𝑖. The 

following PDFs are calculated using a Gaussian 

kernel density estimation. 

 

 

Figure 2: Absolute direction cosine PDFs by wall 

normal location for needle-like particles, (top) 

streamwise alignment, (middle) wall normal 

alignment and (bottom) spanwise alignment  
 

The alignment of the needle-like particles is 

quantified in Figure 2. We see strong alignment with 

the streamwise direction close to the wall with the 

alignment weakening towards the centre of the 

channel. The spanwise and wall-normal directions 

behave similarly with strong anti-alignment with the 

respective axes close to the walls which again 

weakens toward the channel centre. These findings 

are consistent with previous studies investigating 

needle-like particles [10], thus providing validation 

of the orientational dynamics of the model. 

 

Figure 3: Collision PDFs by wall normal location 

 

Figure 4: Collided particle absolute relative 

velocity PDFs separated by flow region 

 

Figure 5: Collided particle relative collision angle 

(radians) PDFs separated by flow region 

We observe that both the near-spheres and 

needles collide more often closer to the walls, likely 

due to turbophoresis within the channel leading to 

preferential concentration in the near wall region (see 

Figure 3). The needles collide with a higher 

probability in the very near wall region but the 

distribution falls more quickly as we move from the 

wall. Interestingly we also note an increased 

probability of collision around the channel centre 

with the needles. Looking at the absolute relative 
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velocity |𝒖𝑟| of collided particle pairs it is clear that 

the needles and near-spheres differ significantly, as 

shown in Figure 4. While the mean relative velocity 

is similar in all regions the PDF for the needles 

shows much less variation, particularly in the bulk 

flow region. This could be due to the ability of 

elongated shapes to align more easily with the local 

flow and collide more predicably. The same 

relationship is seen for the relative collision angle 

(the angle between the velocity vectors of two 

colliding particles), as shown in Figure 5. Here we 

again see less variance in PDFs for the needle-like 

particles indicating that more often these particles 

collide with velocities nearly parallel, 𝑢𝜃 = 0, and 

this is likely due to the increased tendency of needle-

like particles to algin with the local flow.  

 

Figure 6: Collided particle streamwise velocity 

magnitude PDFs separated by flow region 

 

Figure 7: Collided particle wall-normal velocity 

magnitude PDFs separated by flow region 

The mean components of velocity for the nearly 

spherical particles are in good agreement with the 

existing literature [5], with similar PDFs observed in 

all flow regions. The mean streamwise velocity is 

similar in magnitude between the spherical and 

needle-like particles, but we do note slightly higher 

speeds for the needle-like particles in the bulk flow 

and log-law regions, as shown in Figure 6.   

 

Figure 8: Collided particle spanwise velocity 

magnitude PDFs separated by flow region 

The mean velocity in the wall-normal direction is 

again similar between the spheres and needles at 

𝒖𝒚
∗ ≈ 𝟎. Here we again observe that the needles have 

less variance in their speed (Figure 7.), particularly 

in the very near wall region where the alignment with 

the streamwise direction is strong. Here the 

proximity to the near wall boundary layer combined 

with the particles’ tendency to align with the flow, 

lead to the angle of incidence and thus the lift and 

drag forces on the needle particles to be quite small. 

This results in minimal wall-normal velocity 

fluctuations and the lower variance observed in the 

PDFs. The mean velocity in the spanwise direction is 

slightly higher at around 𝒖𝒛
∗ ≈ 𝟎. 𝟎𝟐, and this is 

consistent across both spheres and needles in all the 

regions considered in Figure 8. Again, we see less 

variation in the PDFs for needles compared to 

spheres, but this effect is muted compared to the 

wall-normal direction with, both particle types 

performing similarly overall. 

4. CONCLUSIONS  

Numerical simulations of flows of needle-like 

and nearly spherical particles under similar 

conditions have been compared. Our findings 

indicated that needle-like particles exhibited strong 

alignment with the streamwise direction near the 

walls, resulting in higher collision probabilities very 

close to the walls and around the channel centre. A 

reduced variance in the relative collision velocity and 

angles for the needles relative to the spheres was also 

observed, particularly in the bulk flow region. While 

the mean velocity components for near-spheres 

aligned with the existing literature (for perfect 

spheres), needle-like particles showed slightly higher 

mean streamwise velocities and less variation in 

wall-normal and spanwise speeds, especially near the 

walls due to their strong alignment with the flow. 

These results underscore the significant impact of 

particle shape on particle collision behaviour and 

suggest that further research should be undertaken. 
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ABSTRACT
The operation of pumps in wastewater condi-

tions is objected to complex failure modes due to
the heterogeneous nature of wastewater as a medium.
The main operational challenge is the clogging of the
pump due to nonwoven wipes accumulating in the
impeller. To investigate the operation of wastewater
pumps and emulate clogging phenomena, a standard-
ized testing procedure, in which dusters are mixed
with clear water to emulate the characteristics of the
suspended nonwoven wipes in real wastewater is em-
ployed. In this paper, the joint analysis of mech-
anical and hydraulic measurements provides deeper
insights into the characteristic phenomena that con-
stitute clogging events in wastewater pumps. The
mechanical data analyzed entails the torque and rota-
tional speed, synchronized with the hydraulic meas-
urement of the pump head and flow. With baseline
clear water measurements and constrained wastewa-
ter operation tests, salient signatures in mechanical
and hydraulic data are attributable to the influence
of the wastewater medium and clogging events. The
volatile and persistent clogging states of a pump in-
duce transient instationarities in the mechanical load,
especially reflected in the high-frequency oscillation
of torque in the form of harmonic distortion. This is
demonstrated via 19 standardized tests performed on
10 pumps with semi-open two-channel impellers.

Keywords: Clogging Characterization, Fre-
quency Domain Analysis, Instationary Mechan-
ical Load, Wastewater Pumps

NOMENCLATURE
BPF [Hz] Blade Passing Frequency
DFT [−] Discrete Fourier Transform
H [m] Head
M [Nm] Torque
Q [m3/h] Flow
RF [Hz] Rotational Frequency
VFD [−] Variable Frequency Drive

mw [g] Weight
η [%] Efficiency

Subscripts and Superscripts
CW Clear Water

1. INTRODUCTION
Pumps utilized in wastewater management are

crucial components for the transportation and pro-
cessing of wastewater, which often contains a com-
plex mixture of suspended solids, organic matter,
and chemical substances. These pumps are specific-
ally designed to handle such diverse and potentially
abrasive materials, ensuring continuous fluid move-
ment. [1] A significant operational challenge, how-
ever, is the phenomenon of clogging, predominantly
caused by nonwoven wipes. These materials, com-
monly found in domestic wastewater, have a tend-
ency to accumulate within the pump’s impeller, res-
ulting in obstructions that can impair pump perform-
ance and, in extreme cases, lead to complete system
failure [2].

The consequences of clogging are reductions
in flow rate or pump head, increased energy con-
sumption, and amplified mechanical stress and wear.
Further, the growing frequency of extreme weather
events, in combination with the ongoing trend of urb-
anization, places additional stress on wastewater in-
frastructure, increasing the urgency of maintaining
the operational integrity of pumps. As such, it is im-
perative that the design of wastewater pumps incor-
porates features that enhance resistance to clogging,
thereby ensuring long-term efficiency.

While previous research has identified non-
woven wipes as a primary contributor to clogging,
much of the existing literature has been limited to
theoretical models or simulations. Empirical invest-
igations into the interaction between wastewater im-
pellers and fibrous materials remain scarce. This gap
underscores the need for more experimental studies
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that provide concrete insights into the mechanisms
of clogging and its deduced influence on a pump’s
operating conditions.

Hence this study provides new and valuable
insights into the impact of clogging and general
wastewater operating conditions on the mechanical
power driving the wastewater pump. To deduce these
influences, the chair of Fluid System Dynamics at
the Technische Universität Berlin employs a desig-
nated test rig to emulate wastewater conditions in a
controlled environment. This test rig enables the in-
vestigation of a pump’s susceptibility to clogging and
provides valuable insights into the detailed mechan-
isms constituting diverse clogging phenomena.

In this work, the designated test rig is lever-
aged to gain insights into the influence of wastewa-
ter operating conditions and clogging events on the
mechanical powertrain, namely the torque and rota-
tional speed. In total, 19 tests are carried out on 10
different pumps equipped with a range of different
semi-open two-channel impeller designs, objected to
varying degrees of emulated contamination. In these
tests, the hydraulic performance in terms of flow and
pump head are tracked as well as the mechanical
load in terms of rotational speed and torque. Besides
the analysis in the value domain, the torque is addi-
tionally analyzed in the frequency domain to observe
the oscillatory behavior and how this is impacted by
clogging of the pump’s impeller.

2. RELATED WORK
The research area of investigating and character-

izing clogging in wastewater pumps and its influence
on common process measurements is scarce. Espe-
cially so when focusing on experimental works with
realistic testing scenarios.

The work of Kallweit [3] presents a baseline
for the change of parameters under clogging condi-
tions. Here, the author presents experiments with
fixed, constant, artificial clogging on an axial im-
peller’s blades and analyzes the implications. In par-
ticular, the authors analyze pressure pulsations in the
frequency domain which are shown to substantially
deviate for clogging conditions of the tested impeller.

However, a focus on the changes in mechanical
load in wastewater pumps with respect to clogging
events has not yet been presented. Many studies do
employ rotational speed and torque measurements or
calculations, but exclusively with the aim to determ-
ine mechanical power leveraged for pump efficiency
investigations [4, 5]. These investigations do not,
however, focus on the implications of clogging but
instead on the optimization design aspects for the re-
duction of power consumption. As the majority of re-
lated work on wastewater pumps, these studies also
mainly present a simulation of the setup, with only
reduced experiment capacities for verification pur-
poses.

The work of Barrio et al.[6] does consider fre-
quency domain analysis of the torque of a pump in

terms of the blade passing frequency amplitude of
torque. However, these reports are only based on
simulation results. Further, the impeller is designed
for clear water operation.

Consequentially, to the best of the author’s
knowledge, this is the first work to investigate
mechanical load and particularly torque, in realistic
wastewater conditions to this depth and show the
large oscillations in the torque harmonics induced by
clogging events. This work falls in line with previous
efforts in characterizing signal patterns for clogging
in wastewater pumps carried out at the Technische
Universität Berlin [7, 8, 9, 10].

3. MATERIALS AND METHODS
3.1. Test Rig Setup

The chair of Fluid System Dynamics at the Tech-
nische Universität Berlin operates a designated test
rig for standardized testing of wastewater pumps.

Test Rig and Procedure. Figure 1 shows the
test rig used to carry out the standardized wastewater
tests. The test rig is composed of two 3.5 m3 tanks
that are connected through looped pipes, integrating
the pump under test. The various valves enable the
configuration of different circuits to move the water.
For the standardized testing, water is pumped in a
circle from and to the wastewater tank. The test me-
dium is artificial wastewater consisting of clear wa-
ter mixed with dusters. These dusters have a size
of 22x33 cm with a fabric weight of 60 g/m2. They
have been found to most closely reproduce the clog-
ging phenomena observed in wastewater pumps in
the field induced by nonwoven wipes [2, 11]. The
standardized test is called the long-time functional
performance test, where the artificial wastewater is
pumped in a loop for the duration of an hour. The op-
eration of the motor, and thus the pump, is facilitated
with a variable frequency drive (VFD). The VFD is
set to maintain a constant speed of rotation.

WWT FWT

wastewater 
tank

fresh water 
tank

WWT

FWT

flow path

pinch valve
knife gate 
valve
pump

Figure 1. Schematic of the test rig and the flow
paths.
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After a test, the pump is opened to retrieve the
dusters clogged in the impeller of the pump. With
this, the weight ratio of all dusters introduced in the
test and the ones remaining clogged in the pump at
the end of the test is determined. This weight ratio
assumes a value of 1 when all introduced dusters are
clogged inside the pump at the end of the test. Op-
positely, a weight ratio of 0 implies that all dusters
have been continuously pumped without being accu-
mulated in the pump at the end of the test. This test
can be repeated for three different so-called contam-
ination classes. These modify the number of dusters
introduced in the test in steps of 25, 50, or 100 dust-
ers per cubic meter of water.

For each long-time functional performance test
of a pump, the so-called degree of long-time function-
ality (DLT F) is calculated according to the following
equation [7]:

DLT F =
1
2
·
η

ηCW
+

1
2
·

mw,total − mw,pump

mw,total
, (1)

where η is the average efficiency of the test, ηCW
is the efficiency of the pump in clear water operation
and mw,_ are the weights of the total introduced dust-
ers in the test and the weight of dusters remaining in
the pump at the end of the test.

In addition to the long-time functional perform-
ance tests, a clear water reference measurement of
30 s is recorded for each operating point of the pump
under test. The obtained clear water values serve as
a reference for the changes in the hydraulic, mech-
anical, and electric characteristics which are induced
in the long-time functional performance tests due to
wastewater operating conditions and potential clog-
ging.

Sensor Setup. In order to analyze the operation
of the pump under wastewater conditions, several
measurements are carried out to determine import-
ant performance metrics. The differential pressure is
measured between the inlet and outlet of the pump,
according to DIN EN ISO 9906 [12]. The flow is de-
termined with an inductive flow meter. These meas-
urements enable the calculation of the pump head.
All measurements are recorded with a sampling fre-
quency of 1 Hz.

For the purposes of this study, the test rig is
equipped with an additional torque transducer. The
torque transducer is the measurement flange T40B
by HBK . This enables not only the measurement
of the torque but the rotational speed as well. The
torque is measured with a high accuracy of a max-
imum 0.03 %. As the previously defined metrics, the
rotational speed is recorded with a frequency of 1 Hz.
Since the torque is analyzed in the frequency domain
as well, the sampling frequency is set to 1000 Hz.

3.2. Pumps under Test
In total, a number of 10 pumps are tested for

the purposes of this investigation. For these 10

pumps, 19 tests are performed with varying contam-
ination classes. Generally, with any pump, the testing
starts at the lowest contamination class and increases
gradually across the denoted classes. A pump is only
tested with the next higher contamination class if the
respective DLT F value is above 0.4, as otherwise the
pump will only exhibit even more severe clogging
with no added insights. For the purpose of this study,
the DLT F is merely a means to formalize the exper-
imentation and will not be discussed and analyzed
further.

The pumps under test are all equipped with semi-
open two-channel impellers. The impellers vary in
their leading edge configuration in terms of thickness
and streamlines. The pumps P1 to P3 exhibit increas-
ing degrees of cutback on the leading edge, i.e. de-
creasing how far the leading edge reaches into the
inlet of the casing. The impellers of pumps P4 to P6
are modifications of P4 with increased leading edge
thickness. Finally, pumps P7 to P10 are equipped
with impellers observing connected leading edges of
varied thickness. All impellers exhibit a diameter of
310 mm. The volute casing is the same for all tests,
as is the motor, VFD, and sensor setup. The in- and
outlet of the casing are DN200 and DN150, respect-
ively.

In all tests of the different impellers, the rota-
tional speed of the motor is set to 1450 min−1 via the
VFD.

3.3. Frequency Domain Transfer
Fourier transform. The frequency domain

transfer is set up in a similar fashion as in the work
of Brokhausen et al. [10]. The process will be briefly
described here as well.

The frequency domain transfer is executed via a
discrete Fourier transform (DFT) since the data it is
applied to is characterized as real-valued and digit-
ized. The result of this transform is a complex amp-
litude spectrum over the frequencies. These complex
amplitudes are converted to real, absolute values and
are converted back to their original value domain for
ease of interpretation. This is implemented as fol-
lows (adapted from [13, p. 61]):

AM =
2 · |Ac|

N
, (2)

where AM are the amplitudes in the original
value domain, Ac are the complex amplitudes, and
N is the number of data points the DFT was applied
to.

Windowed DFT. The frequency transform is ap-
plied in a windowed fashion. The window is shif-
ted by a certain number of samples across the data,
where a DFT is carried out per window. This enables
the resolution of the amplitudes over time. The num-
ber of samples, the window is shifted by therefore
defines the resolution in time. The frequency resolu-
tion is defined by the size of the window. The smal-
lest frequency that can be resolved is determined by
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the division of the sampling frequency by the win-
dow size.

The extracted windows of data need to be further
conditioned. When extracting a subsection of data,
the constituent waveforms are cut at a point that is
unequal to their period. This leads to the detection of
amplitudes for frequencies, which in reality do not
exist in the data. This phenomenon is called spec-
tral leakage. It is countered by applying a window
function to each window. In this study, the Hamming
window is used. The Hamming window represents a
bell curve with reduced kurtosis and is formulated as
follows [14]:

w(n) = 0.54 − 0.46 · cos
(

2πn
N − 1

)
,

with 0 ≦ n ≦ N − 1
(3)

where N represents the number of samples in a
window. The window function essentially dampens
the edges of the windows to reduce their influence
in terms of spectral leakage. With the application
of this function, however, the resulting amplitudes of
the DFT are of course altered. In order to counter this
and be able to still interpret the amplitude spectrum
in the original value domain, an amplitude correction
factor needs to be applied. The correction factor is
calculated by Equation 4 [15, p. 212]:

CF =
N

N−1∑
n=0

w(n)
, (4)

where, again, N is the size of the window. The
resulting amplitudes are all multiplied by this correc-
tion factor.

Implementation details. The frequency domain
transfer via the windowed discrete Fourier transform
is executed with a window size of 1000 samples.
As mentioned, the sampling frequency of the torque
measurement is 1000 Hz, making the window one
second long. Moreover, this results in a frequency
resolution of 1 Hz. This is a sufficient resolution in
frequency as the frequencies of interest are not as
close to one another as to necessitate a sub-Hertz
resolution. This is demonstrated in the subsequent
chapter.

With this setup, the maximum frequency that can
be identified is 500 Hz, which is far enough for the
harmonics being observed in the measurements, as
demonstrated later on in the results. Lastly, the num-
ber of samples the window is shifted by is set to 500,
i.e. 0.5 s. This ensures a sufficient resolution in time.

3.4. Definition of Harmonics
The reason for the frequency domain analysis

is to be able to identify and trace harmonics in the
torque signal. The expected and observed harmon-
ics originate due to the inherent periodic nature of
the mechanic rotation. Therefore, the main base fre-

quency is the rotational frequency (RF). One spe-
cific additional frequency of interest is the so-called
blade passing frequency (BPF), i.e. the frequency
with which the blades of the pump’s impeller rotate.
Naturally, this depends on the number of blades and
manifests as the product of the latter and the rota-
tional frequency. As all pumps in this study employ
two-channel impellers, i.e. possessing two distinct
blades, their blade passing frequency is twice the ro-
tational frequency.

The notion of harmonics manifests as integer
multiples of these base frequencies. Table 1 shows
the frequencies of interest evaluated in this study.
The table shows both, the exact frequency as well
as the binned frequency at which the respective har-
monic will be identified due to the frequency resolu-
tion of 1 Hz.

The table shows another important peculiarity.
In this case, the second harmonic of the rotational
frequency is synonymous with the blade passing fre-
quency, as both manifest at twice the rotational fre-
quency. Therefore, only the odd harmonics of the
rotational frequency are regarded.

Additionally, as the third harmonic of the rota-
tional frequency showcases, the exact frequency of
occurrence can be located in the center of two in-
teger frequencies. In this case, due to instationarit-
ies in the operation, the frequency bin the harmonic
manifests in can change between the two values. In
order to account for cases like this and general vari-
ance in the exact occurrence of the harmonic amp-
litude peaks, these are identified as the most promin-
ent peak within a range of ±5 Hz around the theoret-
ically defined center frequency.

In the remainder of the paper, these harmonics
may be referred to with a shortened descriptor in the
format of (X·)RF and (X·)BPF to represent the Xth

harmonic.

3.5. Analysis Strategy
Aggregate analysis in the time domain. As a

first step, the focal metrics of this study are analyzed
separately and time-independent. For this, the distri-
bution of the assumed values of the rotational speed
and torque are presented and analyzed per long-time
functional performance test. The values are reported
in a normalized fashion by being divided by the re-
spective clear water value at the set operating point.
Therefore, the spread of the deviation of torque and

Table 1. Non-exhaustive list of frequencies of in-
terest

Description
Exact
Value

Binned
Value

Rotational Frequency 24.16 Hz 24 Hz
Third Harmonic of RF 72.5 Hz 73 Hz
Fifth Harmonic of RF 120.83 Hz 121 Hz
Blade Passing Frequency 48.3 Hz 48 Hz
Second Harmonic of BPF 96.6 Hz 97 Hz
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speed due to wastewater operating conditions can be
deduced.

Aggregate analysis in the frequency domain.
The second part of the aggregate analysis is focused
on the averaged harmonic amplitudes for all tests.
All amplitudes for the frequencies of interest from
Table 1 are averaged over time for each test, resulting
in a metric per harmonic per test. These amplitudes
are normalized by the amplitude of the respective
clear water operation as well, therefore represent-
ing the relative increase or decrease in amplitude.
This analysis gives a first insight into the impact of
wastewater operation and clogging on the harmonic
amplitudes in the torque.

Integrated time and frequency domain ana-
lysis. In order to analyze the hydraulic and mechan-
ical time-related metrics jointly with the frequency
domain metrics, the latter are resolved in time as well
via the reported windowing approach. Therefore, the
head, flow, and torque, as well as the amplitudes of
the harmonics of the torque can be reported in a syn-
chronized fashion on a shared time base. This is done
for demonstrative tests which are chosen based on
the aggregate analyses to represent the prevalent find-
ings.

4. RESULTS
4.1. Aggregate Analysis in Time Domain

Rotational speed. For the aggregate analysis of
the distribution of values of the rotational speed, the
normalized, relative values are shown as individual
box plots per test in Figure 2a. These values can be
interpreted as a percentage increase or decrease in ro-
tational speed compared to the set clear water speed.
The x-axis shows the labels for the respective pump
as well as the contamination class employed in the
test.

As can be seen by the very small range of the y-
axis, the rotational speed does not vary a lot during
the long-time functional performance test with arti-
ficial wastewater. The largest deviation from the set
rotational speed of any test is below ±0.3 %. The
median rotational speed of all tests even falls within
±0.1 % of the set speed.

Torque. The distribution of assumed torque val-
ues during the test is represented in the same way as
the rotational speed, as boxplots of normalized val-
ues in Figure 2b. This figure additionally shows the
weight ratio of each test as a bar, mapped to the right-
sided y-axis. The weight ratio signifies the amount of
dusters that accumulated in the pump at the end of the
respective test.

In contrast to the rotational speed, the torque
shows a lot more variation, with maximum values ex-
ceeding 40 % increase of the needed torque for clear
water operation. Further, many more outliers can be
observed, as seen by the amount of markers beyond
the whiskers of the boxplots. This represents the oc-
currence of sudden spikes and peaks in the torque in-
duced by the dusters’ interference with the impeller.
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(b) Torque.

Figure 2. Boxplots for all tests showing the distri-
bution of the rotational speed (a) and torque (b),
normalized by their respective clear water opera-
tion values. Plot (b) additionally shows the weight
ratio as bars mapped to the second, right-sided y-
axis.

The overlayed weight ratio shows the relation
between the severity of clogging of the pump and the
attributed increase in the necessary torque. The tests
where more severe clogging occurs, i.e. observing
a higher weight ratio, also show a higher median of
the torque and tend to generally exhibit more vari-
ance with more prominent peak values. Moreover,
this tendency is also reversely true: tests, where few
dusters are accumulated in the pump, tend to show a
median closer to zero and less variance.

Discussion. The analysis of the rotational speed
shows how well the VFD regulates and controls the
delivered speed. Despite the demonstrated increases
in torque, the set rotational speed can be very accur-
ately maintained by the control.

The deviations in the operating conditions
present due to the clogging of the pump mechanic-
ally only reflect in the supplied torque. This is sup-
ported by the observed tendency that the median and
variance are increased when there are more dusters
clogged in the pump. There are some exemptions,
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like the test with contamination class 25 for pump
P7. Here, 77 % of the dusters remain clogged in the
pump, but the median torque is only increased by
about 3.5 % compared to clear water operation.

Another obvious exemption to these observa-
tions is the test of pump P6 with contamination class
25. Here, no clogging occurred at the end of the test.
The median torque in this test also exhibits the low-
est value out of all tests, which falls in line with the
overall tendency. However, the variance of torque
from this test is among the largest of all tests. This
can be attributed to transient clogging states occur-
ring over the duration of the test. Since the weight
ratio only describes the state at the end of the test,
any short-lived and transient clogging events are not
reflected in this metric. Therefore, analyses need to
be carried out over time as well.

4.2. Aggregate Analysis in Frequency Do-
main

For the aggregate analysis in the frequency do-
main, Figure 3 shows the relative change of the av-
erage amplitudes for the frequencies of interest for
each test. The change is reported relative to the amp-
litudes of the harmonics in clear water operation.

For the rotational frequency, there are no dis-
cernible tendencies to be observed. Only for the tests
of pumps P1, P2, and P3, there is a notable increase
in amplitude to be seen of up to 300 % in the case
of pump P1. For the remainder of the tests, the amp-
litudes for the RF do not increase or decrease drastic-
ally and show no apparent pattern. The amplitudes of
the third harmonic of the rotational frequency show
a more unified response in that for all tests but one,
there is an increase in the amplitude. For tests P1-25,
P5-50, and P6-50, there is a particularly strong gain
in amplitude. These observations are similar for the
fifth harmonic of the RF.

An entirely different effect can be seen for the
blade passing frequency, where the amplitude actu-
ally decreases for all but one test. The exemption
being the test P1-25, which increasingly manifests
as an outlier to the overall tendencies. Lastly, the
second harmonic of the BPF increases for all per-
formed tests. The highest increase for any harmonic
is observed for test P4-50 with an increase of 317 %.

Discussion In the aggregate analysis in the fre-
quency domain, some harmonics of the rotational
and blade passing frequencies show tendencies to
change in common ways when operating in wastewa-
ter conditions. This is further supported when revis-
iting the weight ratios of the individual tests reported
in Fig. 2b. In the tests for pumps P1 through P7, with
the exemption of test P6-25, the severity of clogging
in terms of the weight ratio is a lot more prominent
than for the remainder of the tests. This is reflected
in the averaged relative change of the harmonic amp-
litudes. Here, the increase in the 2·BPF is especially
prominent. The harmonic amplitudes of 3·RF also
mainly show a larger increase than in the tests with
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Figure 3. Relative increase of amplitudes at har-
monic frequencies for all tests.

less severe clogging. This holds true as well for the
observed decrease in magnitude of the BPF.

4.3. Integrated Time and Frequency Do-
main Analysis

The synchronized analysis of time and frequency
domain components of the torque and the hydraulic
performance metrics is facilitated by Figure 4. The
figure shows the data for three exemplary tests,
namely the test of pump P1 at the lowest contam-
ination class 25 as well as tests of pumps P4 and P6
for the medium and lowest contamination classes, re-
spectively.

Each of the subplots is assembled the same way:
the respective top plot shows the five harmonics of
interest. Here, the amplitudes are normalized by
their clear water operation values to get the relat-
ive changes in amplitude induced by the wastewater
conditions. The bottom plots show the head, flow,
and torque data, normalized by their respective clear
water operation values as well and transformed to a
percentage. All values can directly be interpreted as
percentage-wise increases or decreases.

In Figure 4a, it can be seen that especially
the amplitude of the rotational frequency increases
drastically during the first 1000 s of the test, with re-
lative increases of up to nearly 700 %. Additionally,
all other harmonics observe increased amplitudes as
well, with increases between 100 and 300 %. The
overall level of the torque increases by 20 percent at
the start of the test and drops to about a 15 % increase
at the 2000 s mark. In contrast, the flow and head
drop to a continuously lower level over the whole
duration of the test, with respective losses of 10 %
in flow and 20 % in head.

The test in Figure 4b exhibits very different
trends. Here, the second harmonic of the BPF is
the most prominent harmonic with increases of up to
580 %. The rotational frequency shows no elevated
amplitude levels while its third and fifth harmonic
increase around 200 % on average, the latter peak-
ing at as much as 520 % increase at the beginning of
the test. In contrast, the amplitude of the BPF shows
continuously lower levels than in clear water oper-
ation with a drop of 60 to 70 %. Concurrently, the
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(b) P4-50.
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(c) P6-25.

Figure 4. Harmonic and hydraulic metrics over
time for three different tests. The respective top
plot shows the relative difference in harmonic
amplitudes. The bottom plots show the relative
difference in head, flow, and torque. The joint le-
gend is located in (c).

hydraulic performance metrics decrease from the be-
ginning of the test, with the flow dropping to a con-
tinuously lower level of around 80 % of its clear wa-

ter reference. The head drops most prominently at
the beginning as well, but then keeps slowly declin-
ing to a final value of 65 % of its clear water value.
The magnitude of the torque again develops contrar-
ily with increases of 40 % at the start and a continu-
ous slow decline from this peak over the duration.
The torque is still increased by about 10 % at the end
of the test.

Lastly, the third test, reported in Figure 4c,
shows rather inconspicuous harmonic levels most of
the time. The same holds true for the hydraulic met-
rics and the overall torque level. However, there are
two distinct events, at the beginning of the test and
between 2250 and 2350 s, where the torque values
increase drastically for a short duration. These events
are reflected in the harmonics as well, where for both
events the amplitude of the BPF drops below its clear
water levels and the other harmonics show increased
amplitudes.

Discussion The first two presented tests P1-25
and P4-50 both represent tests where clogging of the
pump’s impeller occurs from the start of the test. The
final clogging accounts for 99 and 82 % respectively
for the two tests. The state of clogging of the impeller
is depicted in Figure 5.

The test P1-25 is the previously identified outlier
from the overall observable harmonics trends in the
data. This is also true when regarding the harmonics
in a time-resolved manner, as all harmonics show a
considerable increase due to severe clogging.

Test P4-50 features even more severe clogging,
with, despite the smaller weight ratio, an overall
higher weight of dusters remaining clogged in the
impeller. This is especially reflected in the hydraulic
performance as the head and flow decrease extens-
ively. In the frequency domain, the harmonics show
representative patterns as discovered to be prevalent
in the aggregate analysis. The BPF is continuously
smaller than in clear water operation while its second
harmonic is highly increased. The increased torque
at the beginning of the test is especially reflected in
the third and fifth harmonic of the RF.

In the last test, P6-25, there was no clogged ma-
terial inside the pump at the end of the test. Over
most of the test duration, the pump is only very
minorly clogged as observed during the test via a
borescope. This minor clogging is reflected in the
harmonics of the torque, especially through the in-
creased levels of the third and fifth harmonic of the
RF. The salient event after 2250 seconds, where the
torque and its harmonics suddenly spike and then
revert to their original levels again after about 100
seconds represents an event where more material is
spontaneously accumulating in the impeller. Sub-
sequently, all clogged material evacuates from the
impeller and it stays clog-free until the end of the test.
This presents the imprint of self-cleansing mechan-
isms as often observed in wastewater pumps [8] onto
the required torque and its harmonics.
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(a) P1-25. (b) P4-50.

Figure 5. Accumulated clogging after the respect-
ive test.

5. CONCLUSION
The work presents insights from 19 standardized

functional performance tests in realistic wastewa-
ter operating conditions for a total of 10 different
wastewater pumps with semi-open two-channel im-
pellers. The focus of the investigation lies on the
mechanical load and clogging-induced instationarit-
ies in it. These are demonstrated in the value as well
as frequency domain of the torque signal. In partic-
ular, clogging of the impeller was shown to lead to
increased required torque levels as well as large in-
creases in torque oscillation. The latter manifests as
amplitude increases of harmonic frequencies of the
rotational and blade passing frequencies with transi-
ent, relative increases of more than 600 %.

In future work, the aim is to project these torque
deviations onto electrical power and current meas-
urements within the variable frequency drive. This
will mostly be achievable for the value domain, the
application of frequency domain analyses, however,
will presumably show different characteristics.
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ABSTRACT
In this paper, the influence of several housing

recess geometries on the fiber entry into the back
shroud cavity of a single volute wastewater pump
with a semi-open two-channel impeller is investig-
ated. The test rig used is a wastewater pumping sta-
tion model that provides optical access into areas in
wastewater pumps that are at risk of clogging. Three
operating points are examined for each configuration,
one at part load, one at best efficiency point and one
at overload. The introduced configurations feature
varying radial gap widths between back shroud and
outer diameter of the recess as well as different de-
grees of back shroud coverage. The axial gap width
between recessed rear housing wall and flat disk back
shroud corresponds to 5 mm. Tested configurations
are evaluated on the basis of dry fiber mass perman-
ently accumulated in the back shroud cavity after
pumping artificial wastewater for 60 min. The eval-
uation of the experimental data shows that housing
recesses with partial or complete back shroud cover-
age significantly reduce or completely eliminate fiber
entry while increasing efficiency.

Keywords: back shroud cavity, clogging, fibers,
housing recess, wastewater pump

NOMENCLATURE
H [m] head
NS [min−1] specific speed (US customary)
P [W] power
Q [m3s−1] flow rate
R [mm] radius
Re [-] Reynolds number
S [-] gap ratio
T [min] time
c [-] degree of coverage
d [mm] depth
g [ms−2] gravitational acceleration
nq [min−1] specific speed (metric)
s [mm] gap width

t [mm] thickness
η [-] efficiency
ρ [kgm−3] mass density

Subscripts and Superscripts
BS back shroud
HR housing recess
a aggregate
ax axial
c critical
el electrical
hydr hydraulic
r radial

1. INTRODUCTION
Being part of critical infrastructure, wastewa-

ter pumps are expected to operate clogging-free,
safely and efficiently [1, 2]. However, continuous
entry of fibers from nonwoven wipes is one of ma-
jor obstacles for the reliable operation of wastewater
systems all over the world [3]. Although the yearly
nonwoven wipe production throughout Europe has
declined slightly since its all-time high of almost 3.25
million tons in 2021, in 2023 it was still 2.8 times the
amount produced in 2000 [3, 4]. The fibers contained
in the wastewater frequently accumulate in wastewa-
ter pumps at the blade inlet, on the cutwater and in
the front and back shroud cavity [2, 5, 6]. In addi-
tion to the risk of clogging, fibers entering the back
shroud cavity can pose a risk to the mechanical seal
[7]. The functionality, i.e. the ability of a pump
to transport fiber-laden wastewater without clogging
[8], is therefore of utmost importance, as it may
furthermore reduce the aforementioned requirements
operational safety and efficiency [3, 9]. The only
thing worse than an inefficiently operated wastewater
pump is one that cannot be operated when needed.
Cities such as London, New York and Sydney each
bear annual resulting costs of tens of millions USD
[3].
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In order to meet the requirements discussed,
there are numerous design guidelines available that
vary depending on wastewater composition [10, 11].
In wastewater pumps, vortex as well as one-, two-
and three-channel impellers are commonly in use [2].
When pumping large solids, clogging can be easily
avoided by choosing wastewater impellers that fea-
ture a sufficiently large ball passage [5]. When it
comes to pumping fiber-laden wastewater, however,
the susceptibility to clogging is independent of the
ball passage, as experimentally determined by Pöhler
and Thamsen [12] for a wide variety of wastewater
pump impellers. Wastewater pumps are usually de-
signed as single-stage pumps with a volute or annular
casing [2, 5]. This is due to the fact that the bladed
guide vanes found in multistage pumps are prone to
clogging [5, 10]. Furthermore, balance holes in the
back shroud are avoided in wastewater pumps as well
for the same reason, so that axial thrust reduction is
typically achieved by back vanes [5].

However, only vague design guidelines are avail-
able to keep the back shroud cavity free of fibers
or other solids. Housing recesses as well as back
vanes are stated as solutions [5, 7, 13, 14]. In prelim-
inary tests on the wastewater pump investigated in
this paper, the fiber entry into the back shroud cav-
ity was found to significantly decrease as the axial
gap width sax between flat disk-shaped back shroud
and rear housing wall decreases [15]. Further invest-
igations on this wastewater pump focused on the in-
fluence of specific design parameters for backward
curved back vanes and back channels on fiber entry
into the back shroud cavity [16]. It showed, that
backward curved back vanes can eliminate fiber entry
into the back shroud completely even at low back
vane height and with minor efficiency drawbacks. In
contrast, only the one back channel configuration in-
vestigated at minimum axial gap width between the
unmodified part of the back shroud and rear housing
wall, as well as maximum channel depth, was found
to be capable of slightly decreasing fiber entry at a
disproportionate reduction in efficiency.

2. BACK SHROUD CAVITY FLOW
Hardly anything in a centrifugal pump has as

powerful an influence on other essential components
and operating behavior due to its design character-
istics as the cavities between impeller and housing.
The flow prevailing there not only largely defines
axial thrust [5, 10]. It is furthermore well known,
that the shroud cavity design may significantly af-
fect radial thrust as well [5]. Besides axial thrust, the
pressure within the back shroud cavity is also to be
considered when choosing the shaft seal. With regard
to pump efficiency, shroud cavity design impacts
leakage losses and, in particular, disk friction losses
[10, 17]. The latter is nothing less than the funda-
mental motivation for the experiments on disks rotat-
ing in cylindrical housings, as conducted by Schultz-
Grunow [18], Ippen [19] or Daily and Nece [20, 21],

from which the basic understanding of back shroud
cavity flow is derived [5, 10].

2.1. Theory

Based on analytical and experimental investig-
ations on enclosed rotating disk flow conducted by
Daily and Nece [20, 21], it has become common
practice to distinguish between the following four
flow regimes, depending on the properties of disk and
rear housing wall boundary layers:

I. merged, laminar
II. separated, laminar
III. merged, turbulent
IV. separated, turbulent

Reynolds number Re and axial gap width sax
define the corresponding flow regime prevailing.
However, surface roughness can increase boundary
layer thickness and decrease the critical Reynolds
number Rec. [20, 21]

Within the disk boundary layer, the circumferen-
tial velocity is increased compared to the rest of the
fluid. Directly on the rotating disk surface, the fluid
moves with the local circumferential velocity of the
disk itself, due to the no slip boundary condition. Ac-
cordingly, the no slip boundary condition causes the
circumferential speed to be zero directly on the sta-
tionary rear housing surface. Compared to the rest
of the fluid, the circumferential velocity is decreased
within the rear housing boundary layer. Due to the
increased circumferential speed within the rotating
disk boundary layer, the fluid is therein centrifuged
outward. Continuity enforces a radially inward dir-
ected flow within the housing wall boundary layer,
which leads to the characteristic radial-axial circula-
tion between disk and rear housing wall. Together
with the explained circumferential velocity distribu-
tion, this yields the three-dimensional flow around
enclosed rotating disks. For sufficiently large axial
gap widths sax, the boundary layers are separated
from each other and a co-rotating rigid-body vortex
develops between them. [5, 10, 18, 20]

Normally, flow regime IV is present in water
pumps [5, 10]. For the constellation of separated
turbulent boundary layers, the radial velocities are
always low compared to the circumferential velocit-
ies [5]. With regard to avoiding fiber entry into the
back shroud cavity of a pump, this together with the
above-mentioned flow pattern appears very conveni-
ent. It is tempting to assume that, due to the con-
tinuous and isolated radial-axial circulation, fibers
contained in the main flow could not enter the back
shroud cavity. And even if fibers were to be near
parts within the back shroud cavity that are to be kept
free of them, it could be expected that they are once
more circulated away. However, in reality wastewa-
ter pumps have to be taken out of operation due to
clogged back shroud cavities or destroyed mechan-
ical seals.
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2.2. Practice

In practice, the flow in the back shroud cavity
differs considerably from the flow described for en-
closed rotating disks. In both, annular and volute
housings, the velocity and pressure distribution is ro-
tationally asymmetrical at all operating points, caus-
ing the flow inside the back shroud cavity to be asym-
metrical as well. Secondary flows through the back
shroud cavity then occur as a result. [2, 5, 22, 23]

Furthermore, experiments and numerical simu-
lations have shown that by actively dominating the
flow through a suitable shroud geometry [22, 23] or
by passively protecting the respective shroud cavity
[24], asymmetric flow within front or back shroud
cavity can, to a certain degree, be homogenized.

For instance, Bubelach [23] applied front vanes
to the front shroud of a wastewater pump with a
closed one-channel impeller. Compared to the flat
disk-shaped front shroud configuration, the flow in-
side the front shroud cavity was less dependent of
the circumferential pressure distribution in the annu-
lar housing.

Will et al. [22] numerically and experimentally
investigated the flow inside the front as well as the
back shroud cavity of a commercial standard pump
with a single volute and a closed seven-channel im-
peller. Flow regime III was observed to prevail in the
back shroud cavity due to low axial gap width sax.
Viscous effects therefore had, to a certain degree, a
homogenizing influence on the back shroud cavity
flow.

Numerical and experimental investigations car-
ried out by Knop et al. [24] showed that, in addition
to the pressure distribution in the housing, the pres-
sure distribution in the impeller eye can also affect
the flow in the front shroud cavity. The pressure field
in the impeller eye was homogenized by adapting the
impeller geometry, which prevented further clogging
of the one-channel wastewater impeller.

2.3. Housing Recesses

The extent to which the back shroud cavity is in-
fluenced by outer boundary conditions can be con-
trolled by the design of the back shroud cavity, i.e.
the design of the housing and the back shroud [5].
When the back shroud cavity is relatively open at the
outer impeller diameter, the back shroud cavity flow
is strongly coupled to the flow in the housing and
the main flow behind the impeller outlet [5, 22]. In
contrast, when recessing the rear housing wall in a
way that the radial gap width sr is small, whereas
the degree of back shroud coverage cBS is high, the
back shroud cavity flow can be decoupled from outer
boundary conditions to a large extent [5]. The de-
gree of back shroud coverage cBS is determined as
follows, using the parameters shown in Fig. 1:

cBS =
dHR − sax

tBS
(1)

Figure 1. Back shroud cavity parameters

With regard to the fiber entry, it is therefore expec-
ted that the discussed local, centripetally directed
secondary flows in particular lead to an increase in
fiber entry and thus to a decrease in functionality in
open and accordingly strongly coupled back shroud
cavities. It is vice versa assumed that with increas-
ing degree of back shroud coverage cBS and decreas-
ing radial gap width sr, the back shroud cavity flow
is increasingly decoupled from the external bound-
ary conditions stated above, thus decreasing fiber
entry. It is of special interest for the investigation
presented to obtain information on both the effective-
ness as well as the corresponding magnitude of the
parameters back shroud coverage cBS and radial gap
width sr. Increased radial thrust is to be expected for
increasingly decoupled back shroud cavity designs,
as pressure balancing secondary flows through the
back shroud cavity are weakened [5].

3. EXPERIMENTAL INVESTIGATION
3.1. Investigated Pump

The dry-installed wastewater pump investigated
has a semi-open two-channel impeller with a spe-
cific speed nq and Ns at best efficiency point (Q100)
of 58 min−1 and 3000 min−1, respectively. Its outer
diameter is 277 mm. The impeller is modified in
a way that different back shroud geometries can
be mounted. Therefore, the original back shroud
geometry was turned off and subsequently featured
threaded holes. The investigated pump has a vo-
lute housing and is driven by a 4-pole asynchron-
ous motor. The rear housing wall is made of ac-
rylic glass and hence fully transparent. It is further-
more equipped with threaded holes on different radii,
so that the flat disk-shaped rear housing wall can be
modified.

3.2. Test Rig
Figure 2 shows the open loop test rig oper-

ated for the experiments conducted. The water tank
(WT) replicates a wastewater pumping station suc-
tion chamber. It has a capacity of 6 m3 as well as fully
transparent acrylic glass walls. During each test, arti-
ficial wastewater moves from the water tank through
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Figure 2. Test rig [15]

a DN 250 elbow pipe into the DN 150 suction line,
where the static pressure upstream the pump is ob-
tained (PS). From there, the artificial wastewater is
transported through the test pump (P) and the DN150
discharge line, where the static pressure downstream
the pump is measured (PP). From there, the artifi-
cial wastewater passes a shock diffuser and continues
flowing through a magneto-inductive flowmeter (F).
It subsequently passes a valve (V) installed for aera-
tion as well as deaeration before passing the regula-
tion valve (RV). Downstream, the artificial wastewa-
ter flows back into the water tank (WT).

3.3. Artificial Wastewater
To replicate fiber-laden wastewater, a defined

quantity of microfiber rags is mixed with clear wa-
ter in accordance with the standard DWA-A 120-2
[8] and other work investigating the functionality of
wastewater pumps such as [9] or [12]. The loading
class chosen corresponds to 25 rags per 1 m3 of clear
water, which complies with the lowest loading class
defined in [8]. The total amount of microfiber rags
thus corresponds to 150 per each of the tests conduc-
ted.

3.4. Housing Recess Configurations
Figure 1 shows the main parameters relevant for

the housing recess configurations. The axial gap
with sax was kept constant at 5 mm. This axial
gap width was chosen due to the results of previous
experiments [15] on the influence of the axial gap
width sax between flat disk shaped back shroud and
rear housing wall on fiber entry into the back shroud
cavity of the same wastewater pump. The tests with
axial gap widths sax of 1, 2, 3, 4 and 5 mm showed a
general decrease in fiber entry with decreasing axial
gap width. In order to assess the effectiveness of the
recess configurations presented in this paper, it was
decided to select the maximum gap width as a ref-
erence, at which the chance of fiber entry is high.
Radial gap width sr as well as degree of back shroud

Table 1. Housing recess configurations

Designation cBS [-] sr[mm] S r[-]

HR 0.8 0 8 0.0578
HR 50.8 0.5 8 0.0578
HR 100.8 1 8 0.0578
HR 0.2 0 2 0.0144
HR 50.2 0.5 2 0.0144
HR 100.2 1 2 0.0144

(a) UBS5 (b) HR 0.8

(c) HR 50.8 (d) HR 100.2

Figure 3. Selected configurations in comparison

coverage cBS were varied throughout the tests. Table
1 provides an overview over the investigated housing
recess geometries. Several of these configurations as
well as the reference configuration UBS5 are illus-
trated in Fig. 3. The given designations correspond
to the type of modification, the back shroud cover-
age cBS and the radial gap width sr. In order to eas-
ily compare the housing recess geometries presented
with those in other pumps, it is also useful to specify
the radial gap ratio as follows:

S r =
sr

RBS
(2)

The various configurations were implemented by
screwing 3D printed polylactide rings onto the ac-
rylic glass back wall, as shown for configuration HR
100.8 in Fig. 4.

Figure 4. Radial gap of housing recess configura-
tion HR 100.8

4
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3.5. Test Procedure
For each configuration, three different operating

points were investigated, one at part load (Q50), one
at best efficiency point (Q100) and one at overload
(Q120). For a corresponding configuration, three
tests were performed per operating point. Each con-
figuration was evaluated regarding the permanent dry
fiber mass entry into the back shroud cavity after a
test duration of 60 min after completion of the ramp-
up process.

Prior to each test, reference values for head and
electrical power were obtained for the flow rate of
interest under clearwater conditions. The reference
values are needed to monitor the operating beha-
vior throughout each test as well as to determine any
geometry-induced influence on both, operating beha-
vior and aggregate efficiency. The latter is obtained
as follows:

ηa =
Phydr

Pel
=
ρgQH

Pel
(3)

At the end of each test, the pump was switched off
and the test rig was drained into a filtration sys-
tem, where the fiber-laden water was prepared for
the next test. The bearing bracket and the impeller
were then removed. After taking the impeller off
the shaft, possible fiber accumulations were collec-
ted and subsequently dried in a dehydrator until no
more evaporation-induced weight loss was detect-
able. Table 2 provides an overview of the uncertain-
ties of the measurement methods used.

Table 2. Measurement uncertainties

Quantity Uncertainty

flow rate ± 0.2 % of value
differential pressure ± 0.05 bar
electrical power ± 1 % of value
mass ± 0.005 g

4. RESULTS
The configurations listed in Table 1 are evaluated

below on the basis of the dry fiber mass entry into the
back shroud cavity. Results for the reference config-
uration of equal back shroud geometry without hous-
ing recess UBS5 obtained in [15] are used as a refer-
ence. In Fig. 5 and 7, the markers, upper bars and
lower bars represent the mean, maximum and min-
imum values of dry fiber mass entry, respectively.

4.1. Radial Gap Width sr of 8 mm
Figure 5 shows the results for the housing recess

geometries with a radial gap width sr of 8 mm. At
part load Q50, no fiber entry into the back shroud
cavity was detected for all configurations investig-
ated.

At best efficiency point Q100, however, signi-
ficant fiber entry into the back shroud cavity took
place when testing configuration HR 0.8, as shown

Figure 5. Dry fiber mass entry at sr of 8 mm

(a) best efficiency point (b) overload

Figure 6. Fiber accumulations observed when op-
erating configuration HR 0.8

in Fig. 6a. For this configuration, which fully cov-
ers the back shroud cavity but not the back shroud,
the fiber entry was quantitatively very similar to that
of the recess-free reference configuration UBS5. In
contrast, configurations HR 50.8 as well as HR 100.8
showed no fiber entry at best efficiency point, effect-
ively reducing fiber entry into the back shroud cavity.

At overload operation Q120, fiber entry was dis-
tinctly increased by configuration HR 0.8. Compared
to configuration UBS5, mean fiber entry more than
quadrupled. As shown in Fig. 6b, once more fibers
were observed to jam the passage to the back shroud
cavity. In addition, fibers wound up on the rotating
hub. With partial back shroud coverage cBS of 0.5 in
contrast, fiber entry was significantly reduced, as the
mean value of 0.26 g corresponds to 22.5 % of the
fiber entry registered for configuration UBS5 at this
operating point. Configuration HR 100.8, due to its
full back shroud coverage, eliminated any fiber entry
at overload operation Q120.

4.2. Radial Gap Width sr of 2 mm
For the housing recess geometries with a smal-

ler radial gap width sr of 2 mm, the operating point-
dependent dry fiber mass entry is shown in Fig. 7.

With exception of configuration HR 50.2, none
of the configurations examined at part load Q50
showed any significant fiber entry into the back
shroud cavity. This is remarkable, since significant
fiber entry into the back shroud cavity proved to be

5
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Figure 7. Dry fiber mass entry at sr of 2 mm

rare for the investigated pump at part load. However,
two of the three tests carried out with configuration
HR 50.2 at part load were free of any fiber entry.

At best efficiency point Q100, HR 0.2 was found
to be the only housing recess configuration with sig-
nificant fiber entry into the back shroud cavity. In
Fig. 8a fibers jammed in the passage to the back
shroud cavity can be seen. Figure 8b shows the
massive amount of fibers wound up on the hub after
the same test at best efficiency point with a dry mass
fiber entry of more than 6.6 g.

(a) jammed fibers (b) wound up fibers

Figure 8. Fiber accumulations after operating
configuration HR 0.2 at best efficiency point

(a) during operation (b) after operation

Figure 9. Configuration HR 0.2 at overload

When operating the housing recess configura-
tions with a radial gap width sr of 2 mm at over-
load Q120, strongly increased fiber entry was detec-
ted for HR 0.2 once more. With a maximum value
of 11.52 g for this configuration at this operating

point, the largest dry fiber mass entry of the entire
test series was determined. Again, fibers were seen to
both wind up on the rotating hub and jam the passage
to the back shroud cavity, as shown in Fig. 9a. As
can be further seen in Fig. 9b, the fiber entry was so
severe, that the back shroud as well as the recess geo-
metry were damaged and had to be replaced. With a
value of 0.16 g, maximum dry fiber mass entry was
much less due to increased back shroud coverage cBS
but still considerable when operating housing recess
configuration HR 0.5 at overload. It was again the
configuration with the maximum back shroud cover-
age cBS , that showed no fiber entry at overload.

4.3. Influence on Performance

In Fig. 10 it can be seen that fibers jamming the
passage to the back shroud cavity were particularly
evident when examining the recorded performance
data, including electric power input Pel, hydraulic
power output Phydr as well as the resulting aggreg-
ate efficiency ηa. Reference values Pel and Phydr ob-
tained prior to this test corresponded to 12.45 kW
and 8.06 kW, respectively. As can be seen in Fig.
10a, Pel increased to 12.89 kW by the end of the test
due to the frictional torque caused by the jammed
fibers, while Phydr was reduced to 7.84 kW. Aggreg-
ate efficiency ηa was thus significantly reduced from
0.648 to 0.609. This influence on the performance
data could only be determined for strong jamming of
fibers accumulated in the passage to the back shroud
cavity. In the case of minor fiber accumulations of
this type as well as fibers wound up on the hub or
the shaft, no such influence on the operating beha-
vior was determined.

(a) power (b) efficiency

Figure 10. Performance data for configuration
HR 0.2 at overload
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4.4. Clear Water Efficiency Comparison
Measures to increase functionality are also to be

evaluated on the basis of their influence on efficiency.
Improving the clogging behavior of a wastewater
pump often goes together with a reduction in effi-
ciency. Figure 11 shows the aggregate efficiency ηa
averaged over the three operating points for all hous-
ing recess configurations investigated as well as the
recess-free reference configuration UBS5. It can
be seen that the aggregate efficiency ηa for the in-
troduced housing recess configurations is generally
equal or higher compared to configuration UBS5.
Furthermore, aggregate efficiency overall proved to
increase with increasing degree of back shroud cov-
erage cBS and decreasing radial gap width sr.

Figure 11. Operating point-averaged aggregate
efficiency

4.5. Discussion
For the investigated pump and range of the para-

meters back shroud coverage cBS and radial gap
width sr, the presented results lead to the finding
that to prevent fiber entry into the back shroud cav-
ity by decoupling back shroud cavity and housing
using a suitable recess geometry, high back shroud
coverage cBS is to be preferred over small radial gap
width sr. This deduction is based on the fact that for
all radial gap widths sr investigated, the increase to
moderate and to complete back shroud coverage cBS
generally led to a significant reduction and complete
elimination of fiber entry, respectively. In contrast,
for configurations with insufficient back shroud cov-
erage cBS , an increase in fiber entry with decreasing
radial gap width sr was evident.

As discussed in section 2.3, decoupling the back
shroud cavity flow from the flow in the housing was
expected to decrease fiber entry into the back shroud
cavity. It was further elaborated, that the extent to
which these flows are decoupled generally increases
with increasing back shroud coverage cBS and de-
creasing radial gap width sr. These expectations have
only proven to be valid for housing recess configur-
ations in which the decoupling of the back shroud
cavity flow was pursued by sufficiently large back
shroud coverage cBS and radial gap widths sr that are
not too small. However, this does not directly contra-
dict the literature from which the expectations were

derived, as the findings stated therein refer to clear
water conditions without fibers or other solids. With
only 2 mm, the minimum radial gap width sr selected
in this work may provide a significant decoupling of
the back shroud cavity from external boundary con-
ditions under clear water conditions. Despite this,
however, this proved to result in an unfavorable pas-
sage to the back shroud cavity, which causes fiber ac-
cumulations to get jammed as well as prevents them
from easily exiting the back shroud cavity.

In cases of severe jamming, electrical power in-
put Pel was observed to increase, whereas hydraulic
power output Phydr was determined to decrease, thus
decreasing aggregate efficiency ηa. In the case of
minor jamming or fibers wound up on the hub or
the shaft, no such influence was detected. Compared
to the recess-free reference configuration, clearwa-
ter aggregate efficiency ηa of the housing recess con-
figurations presented was equal or higher by up to
nearly 0.01.

5. SUMMARY
Based on the literature discussed, potential influ-

ences of housing recesses on the back shroud cavity
flow and the resulting fiber entry were derived. In or-
der to determine the respective influence of the relev-
ant parameters back shroud coverage cBS and radial
gap width sr, suitable back shroud cavity configur-
ations with housing recesses were designed. A test
procedure to assess the functionality of these hous-
ing recess configurations was presented. The corres-
ponding configurations were experimentally invest-
igated and evaluated on the basis of dry fiber mass
permanently accumulated in the back shroud cavity
after pumping artificial wastewater for 60 min. The
experiments conducted lead to the finding that fiber
entry into the back shroud cavity is significantly re-
duced or completely eliminated as the back shroud
coverage cBS is increased. In contrast, an increase in
fiber entry was determined when reducing the radial
gap width sr for configurations with insufficient back
shroud coverage cBS . Fibers were then frequently ob-
served to jam the passage to the back shroud cav-
ity, reducing aggregate efficiency ηa in severe cases.
Fibers were also seen to wind up on the hub or the
shaft. However, a related significant influence of this
phenomenon on pump performance was not detected.
The investigated housing recess geometries showed
equal and, in case of partial or full back shroud cov-
erage, increased aggregate efficiency ηa.

However, further knowledge about the prevailing
flow within the back shroud cavity is to be determ-
ined numerically or experimentally. Since the results
presented only apply to the investigated wastewater
pump, it is of further interest to find out whether the
findings apply to other pumps as well.
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ABSTRACT 

Gel fuels have significant potential in aerospace 

applications. The shear-thinning behavior of gel fuel 

significantly impacts its atomization process. This 

study uses direct numerical simulation (DNS) with a 

coupled three-dimensional Volume-of-Fluid (VoF) 

and Lagrangian Particle Tracking (LPT) model to 

investigate the jet atomization of shear-thinning gel 

fuel (50 m/s, 0.6 mm injection diameter), comparing 

it with Newtonian fluid atomization. The gelatinized 

fuel is harder to atomize due to its higher viscosity. 

High-viscosity regions are concentrated in the jet 

core and shed in the jet direction, influenced by the 

velocity distribution within the liquid column. Shear-

thinning fluids display unique dynamics: surface 

instability waves form earlier and primarily grow 

radially. In contrast, instability waves in Newtonian 

fluids grow radially while also developing in the 

direction opposite to the jet velocity. The high-

viscosity core suppresses radial expansion, causing 

hole formation due to gas backflow and liquid film 

wrapping. A parabolic velocity inlet may optimize 

atomization by reducing the high-viscosity core. 

This study reveals how shear rate-viscosity coupling 

affects instability and fragmentation, providing 

insights for nozzle design and atomization efficiency. 

Keywords: Direct numerical simulation; 

Instability waves; Shear thinning 

NOMENCLATURE  

Latin Capital Letters 

F [N]  force 

FD [N]  drag force 

FG [N]  gravity and buoyancy force 

FSRM [N]  aerodynamic force 

Latin Lowercase Letters 

g [m/s2]  gravitational acceleration 

k   [Pa·s𝑛]  consistency coefficient 

m [kg]  mass 

𝑛 [-]  power-law index 

p [Pa]  pressure 

t [s]  time 

u [m/s]  velocity 

x [m]  position 

Greek Symbols 

α [-]  liquid volume fraction 

𝛾̇  [1/s]  shear rate 

ρ [kg/m³]  density 

μ [Pa·s]  dynamic viscosity 

ηK [m]  Kolmogorov scale 

Other Symbols 

fσ [N]  surface tension force 

φV [-]  Liquid Volume Retention Ratio 

φS [-]  Interface Generation Rate 

Re [-]  Reynolds number 

We [-]  Weber number 

Oh [-]  Ohnesorge number 

Vsim [m³]  simulated liquid volume 

Vtheory [m³]  theoretical volume of the 

unatomized cylindrical liquid jet 

Ssim [m2]  simulated surface area of the liquid 

jet 

Stheory [m2]  surface area of the unbroken liquid 

jet 

Subscripts 

g gas phase 

l liquid phase 

p parcel 

max maximum 

min minimum 
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1. INTRODUCTION  

Gel fuels, characterized by their unique shear-

thinning behavior, have emerged as a promising 

candidate for aerospace propulsion systems due to 

their dual advantages of liquid-like flowability and 

solid-like storability. The atomization process of gel 

fuels directly affects combustion efficiency and 

thrust performance. Unlike Newtonian fluids, the 

viscosity of shear-thinning gels decreases 

significantly under high shear rates (e.g., during 

injection through narrow nozzles), complicating the 

atomization dynamics. However, the interplay 

between shear-thinning rheology, jet instability, and 

atomization patterns remains poorly understood. 

Traditional experimental methods struggle to resolve 

transient interfacial dynamics and localized viscosity 

variations, while conventional numerical approaches 

(e.g., RANS or LES [1]) often fail to capture the 

multiscale interactions between turbulent vortices 

and non-Newtonian fluid interfaces. Direct 

Numerical Simulation (DNS), capable of resolving 

all turbulent scales without modeling assumptions, 

offers a powerful tool to unravel the intrinsic 

mechanisms governing shear-thinning jet 

atomization. 

Current research on jet atomization primarily 

focuses on Newtonian fluids. Menard et al. [2] 

combined the VOF, Level Set method, and GFM 

method to resolve the droplet formation and interface 

fragmentation in the primary breakup of high-speed 

liquid jets via DNS. The data obtained from DNS 

further validated and advanced the ELSA model [3]. 

Shinjo et al. [4] employed DNS with the combination 

of Level Set and VOF methods to study primary 

atomization phenomena of high-speed liquid jets 

under high-pressure conditions, revealing that the 

main droplet formation mode is driven by capillary 

waves. The Weber number significantly influences 

the size of ligaments and droplets in atomization. 

Further studies, conducted at high grid resolution, 

explored the formation of a conical structure at the 

tip of the jet and its subsequent atomization process. 

They also highlighted that droplet formation could 

transition from a short-wave mode to a long-wave 

mode under the stretching effect of the gas [5]. 

Research on intermittent diesel injection atomization 

processes also revealed that the surface instability of 

the liquid core is primarily induced by the gas-phase 

TS instability mode, with initial instability being 

two-dimensional, which evolves into three-

dimensional instability over time. Most of these 

studies, however, did not consider the impact of 

nozzle perturbations on jet atomization. Jiao et al. [6] 

used DNS to study the effects of different liquid-gas 

density ratios and nozzle sizes on the turbulent 

fluctuation effects in diesel jets. Their findings 

showed that turbulent fluctuations promoted the 

evolution from a columnar liquid flow to an irregular 

droplet cluster, with higher gas density and smaller 

nozzle diameter accelerating this process. Salvador 

et al. [7] used DNS to investigate the effects of 

turbulent inflow conditions on the primary 

atomization process at low Reynolds numbers. They 

found that turbulence length scales significantly 

affected droplet fragmentation patterns, with higher 

turbulence intensity promoting earlier atomization 

and shorter core lengths. Additionally, Crialesi-

Esposito et al. [8] compared the effects of isotropic 

(SBC) and anisotropic (MBC) turbulent conditions 

on spray breakup using DNS. Their results indicated 

that while the total number of droplets generated 

differed under different turbulence conditions, the 

overall atomization dynamics remained consistent, 

and larger turbulent structures more readily 

promoted atomization and the formation of smaller 

droplets. Srinivasan et al. [9] studied the influence of 

different jet velocity profiles on primary breakup 

using DNS, revealing that parabolic velocity profiles 

had deeper penetration and more pronounced surface 

wave changes, leading to more fragmentation 

features. 

While DNS provides unparalleled resolution of 

interfacial dynamics and turbulent interactions, its 

computational cost remains prohibitive for 

industrial-scale applications. To reduce 

computational costs, some researchers have adopted 

Eulerian-Lagrangian coupled methods to simulate 

atomization processes, significantly reducing 

computational time while maintaining accuracy [10, 

11]. 

In the study of shear-thinning fluid jet 

atomization, Ertl et al. [12] used DNS to investigate 

the primary breakup of shear-thinning fluid jets with 

different velocity profiles, emphasizing that the 

choice of velocity profile had a more significant 

impact on breakup than the shear-thinning properties 

themselves. Zhao et al. [13] employed a VOF-DNS 

coupled method to study the spray characteristics of 

power-law biodiesel, finding that shear-thinning 

fluids exhibited jet breakup patterns similar to 

Newtonian fluids, with higher Reynolds numbers 

and gas densities accelerating the breakup process. 

Abdelsayed et al. [14] conducted DNS to study the 

primary atomization process of Newtonian and 

shear-thinning fluids, finding that droplets generated 

by shear-thinning fluids were more fibrous and 

exhibited higher surface irregularities. However, 

numerical simulations of shear-thinning fluid jet 

atomization are still limited, with few studies 

comparing simulation results with experimental data 

and insufficient understanding of the unique 

atomization morphology of shear-thinning fluids. 

This study adopts a three-dimensional coupled 

Volume-of-Fluid and Lagrangian Particle Tracking 

(VOF-LPT) model [10], combined with Direct 

Numerical Simulation (DNS), to analyze the jet 

atomization process of shear-thinning fluids. 

Through a quantitative comparison of atomization 

morphology and experimental observations [15], the 

numerical model's ability to capture interfacial 
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evolution is validated. A comparison between shear-

thinning and Newtonian fluid jet atomization 

highlights the more frequent wave structures and 

internal hole formation observed in shear-thinning 

fluid atomization, providing valuable insights for 

enhancing shear-thinning fluid jet atomization. 

2. NUMERICAL SIMULATION 

METHODOLOGY 

2.1. Governing equation 

The simulations in this study were performed 

using a two-phase flow solver in OpenFOAM, based 

on the Volume-of-Fluid (VOF) and Lagrangian 

Particle Tracking (LPT) coupling method. The 

governing equations for the two-phase flow consist 

of mass and momentum conservation laws: 

 
𝛻 ∙ 𝑢 = 0 (1) 

 
𝜕𝜌𝑢

𝜕𝑡
+ 𝛻 ∙ (𝜌𝑢𝑢) = −𝛻𝑝 +

𝛻 ∙ [𝜇(𝛻𝑢 + 𝛻𝑢𝑇)] + 𝑓𝝈 (2)
 

 

where the 𝜌 and 𝜇 are given by the following 

relations: 

 
𝜌 = 𝛼𝜌𝑙 + (1 − 𝛼)𝜌𝑔 (3) 

 
𝜇 = 𝛼𝜇𝑙 + (1 − 𝛼)𝜇𝑔 (4) 

 

and fσ is modeled via the CSF approach . 

Interface dynamics during the primary breakup 

are resolved using a Volume-of-Fluid (VOF) method 

with geometric interface reconstruction via the 

isoAdvector method. The phase fraction transport 

equation is given by: 

 
𝜕𝛼

𝜕𝑡
+ 𝛻 ∙ (𝛼𝑢) = 0 (5) 

 
The Lagrangian Particle Tracking (LPT) method 

is used to track the movement of Lagrangian 

particles within the computational domain: 

 
𝑑𝑥𝑝

𝑑𝑡
= 𝑢𝑝 (6) 

 

𝑚𝑝

𝑑𝑢𝑝

𝑑𝑡
= 𝐹𝐷 + 𝐹𝐺 + 𝐹𝑆𝑅𝑀 (7) 

 

𝐹𝐺 = 𝑚𝑝 (1 −
𝜌𝑔

𝜌𝑙
) 𝑔 (8) 

 

where FD follows Schiller-Naumann correlation, and 

FSRM accounts for secondary breakup via the Reitz-

Diwakar model. The coupling between VOF and 

LPT is detailed in the reference [10], and will not be 

repeated here. 

For the viscosity of shear-thinning fluids, this 

study uses a modified power-law model: 

 

𝜇𝑙 = 𝑚𝑖𝑛 (𝜇𝑙,𝑚𝑎𝑥 , 𝑚𝑎𝑥(𝜇𝑙,𝑚𝑖𝑛 , 𝑘 ∙ 𝛾
𝑛−1)) (9) 

 

2.2. Boundary Conditions 

In this study, numerical simulations are 

conducted for the jet atomization process of JP-10 

solution (Newtonian fluid) and its shear-thinning 

modified solution [16]. Both solutions have a density 

of 970 kg/m³, surface tension coefficient of 0.032 

N/m, and Newtonian fluid has a constant kinematic 

viscosity of 1.2×10-6 m²/s. For the shear-thinning 

solution, the parameters are μl,max=1.2×10-2m2/s, 

μl,min=1.2×10-6 m2/s, k=0.012Pa·sn, n=-0.132. The 

power-law index 𝑛 of the shear-thinning solution is 

less than 0, indicating that this gel solution has a 

stronger thinning ability than typical shear-thinning 

fluids (0 < 𝑛 < 1) [16]. The jet breakup process can 

be divided into four regions based on different 

Reynolds and Ohnesorge numbers [17]. In this study, 

the viscosity of shear-thinning fluids is not constant, 

making it impossible to directly calculate the 

Reynolds number. Previous studies have used a 

modified Reynolds number for power-law fluids [18], 

but this method is not applicable in this study due to 

the n<0 for the shear-thinning fluid. In this study, the 

dimensionless parameters are calculated using the 

average μl at the nozzle cross-section, yielding 

Re=22058, with We=45469 and Oh=0.0097 

calculated subsequently. Based on the reference [17], 

the jet flow in this study falls into the atomization 

region. The computational domain is set as a 

rectangular region of 6D×6D×25D, the nozzle length 

is 1 mm, and the initial jet velocity is 50 m/s. The 

boundary conditions include a velocity inlet, 

pressure outlet (at atmospheric pressure), and no-slip 

wall conditions. During the calculation, the 

maximum Courant number is kept below 0.3 to 

ensure numerical stability. 

3. NUMERICAL SIMULATION 

VALIDATION AND GRID 

INDEPENDENCE ANALYSIS 

This study employs dynamic adaptive mesh 

refinement (AMR) techniques to simulate the jet 

atomization process. Four different grid resolutions 

were tested, with minimum grid sizes of 20 μm, 15 

μm, 10 μm, and 7.5 μm. To evaluate the results, the 

following metrics were defined based on the liquid 

phase volume fraction and interface surface area:  

 

𝜑𝑉 =
𝑉𝑠𝑖𝑚
𝑉𝑡ℎ𝑒𝑜𝑟𝑦

× 100% (10) 
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𝜑𝑆 =
𝑆𝑠𝑖𝑚
𝑆𝑡ℎ𝑒𝑜𝑟𝑦

× 100% (11) 

 

 

Figures 1 and 2 show the variation of φV and φS 

with the number of grids. It can be seen that as the 

grid size is refined from 20 μm to 7.5 μm: The liquid 

volume retention ratio increases from 98.35% to 

99.65%, indicating that the finer grid significantly 

reduces numerical diffusion at the interface. The 

interface generation rate shows a growth trend 

consistent with the physical mechanism of surface 

area increase due to droplet breakup during 

atomization. Moreover, the fluctuation amplitude for 

the 7.5 μm grid is similar to that for the 10 μm grid, 

suggesting that the grid resolution is sufficient to 

capture the interface instability. 

 

Figure 1. Time-dependent variation of φV under 

different grid sizes 

 

Figure 2. Time-dependent variation of φS under 

different grid sizes 

Based on these analyses, a grid size of 7.5 μm 

was selected as the final grid resolution. This size is 

of the same order of magnitude as the theoretical 

Kolmogorov scale (ηK=1.2μm) and satisfies the 

sensitivity requirements for resolution in interface-

dominated atomization processes. Additionally, the 

simulation results were validated by comparing the 

jet morphology with experimental results from the 

reference [15], as shown in Figure 3. The simulation 

conditions for the verification case are as follows: 

Case 1. 0.3 MPa, velocity 22.32 m/s; Case 2: 0.6 

MPa, velocity 31.22 m/s. 

 

a. Case1: 0.3 MPa 

 

b. Case2: 0.6 MPa 

Figure 3. Comparison of experimental and 

simulation results 

Under the 0.3 MPa condition, the simulated 

results successfully capture the jet column structure, 

resembling a helical distortion, which aligns with 

experimental observations. For the 0.6 MPa 

condition, the jet surface shape is more complex, and 

the jet is no longer a simple cylindrical form. The 

simulated results capture the expansion of the liquid 

column under these conditions, and the typical V-

shaped wave structure observed in experiments is 

also reproduced. Therefore, it can be concluded that 

the simulation method used in this study is capable 

of accurately capturing the atomization structure in 

shear-thinning fluid jet atomization processes. 

4. RESULTS AND ANALYSIS 

Figure 4 presents the liquid column cross-

sections of Newtonian fluid and its shear-thinning 

solution at 3×10-4s. It is evident that the surface 

instability waves of the non-Newtonian fluid appear 

closer to the nozzle, and large voids are more likely 

to form inside the liquid column. To further explore 

the differences between the shear-thinning fluid and 
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Newtonian fluid jets, the variations in liquid column 

diameter with axial distance, as well as the 

cumulative differences between the two fluids, were 

statistically analyzed, as shown in Figure 5. It can be 

observed that the cumulative difference is initially 

greater than 0, further indicating that surface 

instability waves appear earlier in the non-

Newtonian fluid. As the axial distance increases, the 

cumulative difference shows a gradual decline, 

suggesting that Newtonian fluids expand more easily 

in the radial direction. This may be because the high-

viscosity region in the center of the non-Newtonian 

liquid column inhibits this process. 

 

Figure 4. Liquid column cross-sections of 

Newtonian fluid and shear-thinning fluid at 

3×10-4 s. 

 

Figure 5. Variations in liquid column diameter 

with axial distance and cumulative differences 

between shear-thinning fluid and Newtonian 

fluid jets 

As shown in Figure 6, the high-viscosity region 

of the shear-thinning fluid (indicated by the yellow 

area, where viscosity > 2.4×10-6 m²/s) is concentrated 

in the core of the liquid column and is primarily 

influenced by the velocity distribution within the 

liquid column. Near the nozzle, the distribution of 

surface instability waves causes the formation of 

intermittently distributed high-speed zones within 

the liquid column. The presence of these high-speed 

zones leads to corresponding arc-shaped depressions 

in the high-viscosity region, which is the main factor 

influencing the shape of the high-viscosity region in 

the radial direction. The shedding and separation of 

the high-viscosity region in the axial direction of the 

jet are mainly influenced by the axial velocity 

gradient. Despite the relatively small velocity 

difference within the liquid column (compared to the 

jet velocity), it still results in the continuous shedding 

of the high-viscosity region along the jet direction. 

 

Figure 6. Distribution of high-viscosity regions in 

the shear-thinning fluid jet and their correlation 

with velocity distribution and surface instability 

waves 

In the study by Balaji et al. [9], it was found that 

for Newtonian fluids, a flat velocity distribution at 

the nozzle produces the highest degree of 

atomization, while a parabolic velocity distribution 

exhibits the best penetration performance and results 

in the fastest reduction of liquid column diameter. 

Thus, it can be inferred that for shear-thinning fluids, 

using a parabolic velocity inlet could reduce the 

high-viscosity region in the liquid core, potentially 

enhancing the atomization process. 

To further compare the different behaviors of 

shear-thinning and Newtonian fluids in jet 

atomization, Figure 7 shows the jet structures of both 

fluids at t=3×10-4s. It can be observed that, compared 

to the Newtonian fluid, the surface of the shear-

thinning fluid jet is more prone to generating 

instability wave structures perpendicular to the axial 

direction of the liquid column. Such phenomena are 

observed at both the neck and middle regions of the 

jet liquid column. 

 

Figure 7. Jet structures of shear-thinning and 

Newtonian fluids at 3×10-4 s 

To explore the reasons behind this phenomenon, 

the development of surface instability wave 

structures for both fluids was tracked, as shown in 

Figure 8. For the shear-thinning fluid, the instability 

waves on the liquid column surface initially appear 

as large V-shaped structures. Over time, these large 

V-shaped structures transition into smaller 

continuous V-shaped waves, which then grow 

radially along the liquid column. As time progresses 

further, the connections between the continuous V-

shaped structures break, and the V-shaped structures 

continue to develop radially, while the ends of the 

instability waves stretch along the axial direction of 

the liquid column, reaching their final form. 
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In contrast, for the Newtonian fluid, the 

instability waves initially also take the form of large 

V-shaped structures, which gradually transform into 

smaller V-shaped waves. However, unlike the shear-

thinning fluid, the instability waves on the surface of 

the Newtonian fluid grow radially while 

simultaneously tilting in the direction opposite to the 

jet flow. This results in the small V-shaped structures 

eventually evolving into liquid filaments.  

The primary cause of this difference is the 

distribution of high-viscosity regions in the core of 

the shear-thinning fluid. Higher viscosity suppresses 

the growth of instability waves in the opposite 

direction of the jet. Additionally, previous studies 

have shown that the viscosity gradient within the 

fluid promotes instability propagation along the 

gradient [19]. In this study, the viscosity gradient in 

the shear-thinning fluid jet promotes the radial 

propagation of instability waves. 

 

Figure 8. Development of surface instability 

waves in shear-thinning and Newtonian fluids 

The unique wave structure exhibited by shear-

thinning fluids during jet atomization is likely the 

main reason for the frequent formation of voids 

inside the liquid core. Figure 9 illustrates the 

formation process of a void structure in the shear-

thinning fluid jet atomization. Initially, the void 

structure appears as a continuous V-shaped 

instability wave. As time progresses, the V-shaped 

instability wave grows radially along the liquid 

column. The incoming air flows past the continuous 

V-shaped structure and recirculates, generating a 

void on the liquid column surface. As time goes on, 

the gas recirculated through the continuous V-shaped 

structure enters the void, which causes the void to 

expand, penetrating deeper into the liquid core. 

Simultaneously, the liquid film on the upper surface 

of the void moves in the opposite direction to the jet 

flow, ultimately encapsulating the void and forming 

an internal hole. 

 

Figure 9. Formation process of a void structure 

in shear-thinning fluid jet atomization, showing 

the growth and expansion of the void within the 

liquid core 

5. SUMMARY 

This study investigates the jet atomization of 

shear-thinning gel fuels using direct numerical 

simulation (DNS) with a coupled three-dimensional 

Volume-of-Fluid (VOF) and Lagrangian Particle 

Tracking (LPT) model. The simulation results were 

validated through comparison with experimental 

observations, and key differences between shear-

thinning and Newtonian fluids in atomization were 

highlighted. 

Effect of Velocity Distribution on Viscosity: In 

shear-thinning fluids, high-viscosity regions are 

concentrated in the liquid core. The viscosity 

distribution is influenced by both the surface 

instability waves and the velocity distribution within 

the liquid column, which significantly affects the 

atomization behavior. 

Unique Structure Due to Viscosity Distribution: 

The high viscosity in the core of the shear-thinning 

fluid leads to the development of surface instability 

waves that form earlier and grow radially. In contrast, 

Newtonian fluids exhibit instability waves that grow 

radially and also tilt in the opposite direction of the 

jet flow. 

Formation of Voids: The instability waves in 

shear-thinning fluids contribute to the formation of 

internal voids within the liquid core. The voids are 
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primarily driven by air backflow, which deepens and 

expands the holes within the liquid column. 

In conclusion, this study provides insights into 

the atomization mechanisms of shear-thinning fluids, 

highlighting the influence of viscosity distribution 

and the resulting unique structural formations. These 

findings, along with comparisons between shear-

thinning and Newtonian fluids, offer valuable 

implications for improving atomization processes in 

gel fuel applications. 
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ABSTRACT  
The rheological behaviour of JP-10-based gelled 

fuels enhanced with nano-aluminium (Al) particles 
and low-molecular-weight gelators (LMWGs) was 
studied by molecular dynamics (MD) simulations. 
Non-equilibrium molecular dynamics (NEMD) 
methods were used to evaluate shear viscosity across 
a range of shear rates. The results demonstrate that 
the hybrid system exhibits non-Newtonian shear-
thinning behaviour, with Al particles enhancing 
shear sensitivity through mechanical interactions, 
while LMWGs serve to stabilise the gel network. 
Increasing Al content leads to a reduction in the time 
constant in Cross model, which accelerates structural 
degradation under shear. These findings underscore 
the synergistic roles of Al nanoparticles and LMWGs 
in fine-tuning the viscosity profiles of gelled fuels for 
high-shear propulsion systems, offering a molecular-
level framework for optimising gelled fuel 
performance. 

Keywords: gel fuel, MD, nanoparticle, viscosity 

NOMENCLATURE 
E [J] energy 
F [N] force 
ρi [C/m3] electron density 
ϕ	 [eV] interatomic potential energy	
r	 [m] distance	
𝜂 [mPa·s] viscosity 
𝐴! [mPa·s] zero- shear viscosity 
𝐴" [mPa·s] infinite-shear viscosity 
𝜏 [Pa] shear stress 
𝑚 [-] shear-thinning index 
𝛾̇ [1/s] shear rate 
 
Subscripts and Superscripts 
 
NVT Canonical Ensemble 
NPT Isothermal-Isobaric Ensemble 

1. INTRODUCTION 
Gelled fuels are modified liquid fuels with 

unique rheological properties, comprising 
hydrocarbon fuel, gelling agents, and high-energy 
particles. The gelling agents form a network that 
increases viscosity, enabling solid-like behaviour at 
rest and fluid-like flow under shear forces, ensuring 
efficient injection and atomization. High-energy 
particles enhance calorific value and energy density, 
making gelled fuels suitable for high-performance 
propulsion systems [1]. Upon injection, they undergo 
a two-stage breakup: primary fragmentation due to 
turbulent shear forces, followed by secondary 
dispersion into finer droplets, which evaporate and 
ignite under high temperatures. These processes 
involve complex multiphase flows and non-
Newtonian fluid dynamics, presenting challenges for 
stable combustion [2]. Furthermore, multiscale 
coupling effects—from microscopic particle 
dispersion to macroscopic flow dynamics under 
extreme conditions—affect fuel performance. 
Investigating rheological properties and microscopic 
mechanisms is essential for optimizing gelled fuels 
in aerospace propulsion. 

Experimental studies have advanced the 
understanding of gelled fuel rheology but struggle to 
capture molecular-scale interactions and extreme 
conditions. Li et al. [3] demonstrated that shear-
thinning and thixotropic properties in organic 
kerosene gels are influenced by pre-shear effects. 
Sun et al. [4] found that a 1.0% glycyrrhizic acid 
hydrogel supports efficient atomization, while higher 
concentrations hinder fuel breakup. Liu et al. [5] 
developed stable, shear-thinning gelled fuels using 
low-molecular-mass gellants, improving combustion. 
Ma et al. [6] synthesized poly glycyrrhizic acid 
(PGly) with pH-responsive emulsification for 
controlled release. Despite these insights, 
experimental constraints highlight the need for 
molecular simulations.   
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Molecular dynamics (MD) simulations 
effectively model gel behavior under extreme shear 
and pressure. Cui et al. [7] identified nanoparticle-
induced interfacial effects in copper-water 
nanofluids, while Loya et al. [8] showed CuO 
nanoparticles enhance hydrocarbon-based fluid 
conductivity. Blanco-Díaz et al. [9] linked shear-
thinning in ionic liquids to hydrogen bond disruption, 
and Liu et al. [10] showed that shear alignment 
reduces lubricant viscosity. These findings establish 
MD simulations as essential for understanding and 
optimizing gelled fuel rheology. Experimental 
studies lack molecular-level insights under extreme 
conditions, while simulations mainly focus on 
single-component systems. The interplay between 
small-molecule gelators, nanoparticles, and their 
behaviour under such conditions remains unresolved, 
requiring advanced models to predict rheological 
properties across shear regimes. 

This study develops a MD model to analyze 
rheological properties of gelled fuels under varying 
shear rates using non-equilibrium molecular 
dynamics (NEMD). The primary contributions are: 
(i) constructing a complex model incorporating 
aviation kerosene, low molecular weight gelators 
(LMWG), and nano-aluminum particles at different 
mass fractions, and (ii) elucidating the shear 
response of high-energy hydrocarbon fuels under 
extreme conditions, linking macroscopic behavior to 
molecular interactions. The article is organized as 
follows: Section 2 presents the modelling method. 
Section 3 summarizes the simulation setting details 
including the mass fraction and numerical settings. 
Section 4 gives the results and discussion. Section 5 
shows the conclusion. 

2. METHODOLOGY 

2.1. MD model 
This study employed Packmol [11] and 

LAMMPS [12] for MD simulations of JP-10-based 
gel fuel. As shown in Fig.1, the system involved 
three key components: JP-10 (modeled as exo-
tetrahydrodicyclopentadiene) serving as the high-
energy-density base fuel, diacetone-D-mannitol as 
the gel-forming LMWG, and Al nanoparticles for 
combustion enhancement. 

 

Figure 1. Molecular model of JP-10 gel fuel 

The simulations utilized hybrid force fields to 
describe interparticle interactions. Organic 
components (JP-10 and LMWGs) were modeled 
with the Polymer Consistent Force Field (PCFF) [13] 
selected for its proven reliability in polymer/organic 
systems. Metallic interactions in nano-aluminum 
particles were addressed through the Embedded 
Atom Method (EAM) potential [14]. A mixed 
potential approach (Heinz et al., 2008) enabled cross-
interaction modeling between different material 
phases. 

Derived from the CFF91 framework, the PCFF 
potential function originally described small organic 
molecules and proteins, later extending to polymers 
and inorganic materials. Its mathematical 
formulation provides comprehensive coverage of 
bond stretching, angle bending, torsional interactions, 
and van der Waals forces critical for gel network 
characterization. 

The Embedded Atom Method (EAM) potential, 
a semi-empirical model for metallic systems, 
decomposes atomic energy into two components: 
pairwise interatomic interactions and embedding 
energy derived from local electron density. This 
framework enables efficient simulation of 
metal/alloy behaviour by accounting for both direct 
atomic bonds and the energy cost of embedding 
atoms within their electron cloud environment. The 
functional expression is formulated as Eq. (1). 

𝐸#$#%& =,  
'

𝐹(𝜌') +
1
2,  
'()

𝜙6𝑟')8 (1) 

where F(ρi) represents the embedding energy of atom 

i which depends on the total electron density ρi 

surrounding the atom. ϕ(rij) represents the pairwise 

interaction energy between atoms, which depends on 

the distance rij between the atoms. 

2.2. Non-equilibrium conditions 
The SLLOD equations, originally developed by 

Hoover and Ladd [15], provide a validated 
framework for simulating shear flow in molecular 
dynamics. Refinements by Tuckerman et al. [16] 
enhanced their capability to model nonlinear velocity 
gradients, enabling transport property analysis in 
complex fluids. In LAMMPS implementations, these 
equations govern particle dynamics under shear by 
updating velocities/positions via applied velocity 
gradients, with triclinic simulation boxes enabling 
consistent shear strain application. 

Simulation protocols involved sequential 
equilibration stages: initial Packmol-generated 
configurations underwent iterative energy 
minimisation through temperature-cycling 
relaxation. Subsequent NVT/NPT ensembles 
stabilised system density prior to nonequilibrium 
studies. For NEMD runs, adaptive step adjustments 
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ensured sampling adequacy across shear rates. Also, 
multiple parallel simulations per shear rate were 
statistically averaged to enhance data reliability. 

3. COMPUTATIONAL SETTINGS 
The gel fuel model contains 10% nano-

aluminium particles by mass, ensuring consistent 
metallic additive proportions. LMWG was tested at 
2% mass fractions to exploit its efficient gelation at 
minimal concentrations. Component quantities were 
determined from molecular weights (JP-10, LMWG, 
Al) for precise formulation control. 

All simulations adhered to standard conditions 
(298 K, 1 atm). The conjugate gradient method 
performed energy minimisation to optimise 
molecular configurations. Thermal regulation 
employed combined Langevin (stochastic collisions) 
and Nose-Hoover (deterministic coupling) 
thermostats, while pressure was maintained via a 
Nose-Hoover barostat. This dual-thermostat 
approach balanced computational efficiency with 
thermodynamic accuracy under shear conditions. 

4. RESULTS AND DISCUSSION 

4.1. Rheological behaviour at ambient 
conditions 

 

Figure 2. Fitting curves of molecular velocity 

NEMD simulations quantified the shear 
viscosity of gel fuel systems across shear rates 
spanning 4×107 s⁻¹ to 2×1011 s⁻¹. As illustrated in 
Fig.2, thermal fluctuations dominate at shear rates 
below 8×108 s⁻¹, exemplified by the unstable velocity 
profiles observed at 2×108 s⁻¹, a regime where 
measurement uncertainties preclude reliable 
viscosity determination. Beyond this threshold, 
shear-induced forces suppress thermal noise, 
enabling stable velocity gradients and reproducible 
viscosity measurements. 

 

Figure 3. Shear viscosity of gel fuel systems at 
different shear rates 

The incorporation of 10% nano-aluminium 
particles elevates shear viscosity by 18 - 32% relative 
to gelator-only systems, as demonstrated in Fig.3. 
This enhancement stems from nanoparticle-mediated 
reinforcement of the gel network’s mechanical 
integrity. Notably, particle-free systems exhibit 
shear-thinning behaviour until reaching a viscosity 
plateau above 2×10⁹ s⁻¹, indicative of a critical shear 
rate where structural reorganisation counterbalances 
further viscosity reduction. The divergence in 
rheological response underscores the nanoparticles’ 
role in stabilising the gel matrix under extreme shear 
conditions. 

4.2. Correlation formulation 
This section details the rheological 

characterisation of JP-10-based gel fuel across shear 
rates spanning 1×10-2 to 2×1011 s⁻¹. Experimental 
measurements [17] provided low shear-rate data 
(1×10-2 - 1×102 s⁻¹), complemented by NEMD 
simulations for high-rate regimes (4×107 - 2×1011 
s⁻¹). The intermediate shear-rate range (1×102 - 
4×107 s⁻¹), inaccessible to reliable simulation due to 
computational constraints and viscosity instabilities, 
was bridged through interpolation. The Cross model 
further enabled extrapolation to ensure rheological 
curve continuity across the full shear spectrum. The 
model is expressed as Eq. (2). 

 

𝜂(𝛾̇) = 𝐴" +
𝐴! − 𝐴"

1 + (𝜏 ⋅ 𝛾̇)* (2) 
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(a) 

 

(b) 

Figure 4. Rheological curves of gel fuels fitted 
using Cross model (a) CJP-10 = 98%, CLMWG = 
2%, τ = 1160.55, m = 0.98;(b) CJP-10 = 88%, 
CLMWG = 2%, CAl = 10%, τ = 828.48, m = 0.96 

As shown in Fig.4.,nano-aluminium additives 
(10% mass) increased infinite-shear viscosity, 
indicating enhanced structural integrity, while 
reducing characteristic time τ, implying faster shear-
induced network breakdown. Higher LMWG content  
with nanoparticles marginally lowered shear-
thinning sensitivity (m), attributed to strengthened 
gel-particle interactions. At extreme shear rates 
(>2×1010 s⁻¹), viscosity fell below pure JP-10 levels, 
signalling complete structural collapse, though MD 
scaling constraints contributed to fitting deviations. 

5. SUMMARY 
This study utilised molecular dynamics 

simulations to analyse the rheological properties of 
JP-10-based gel fuels, revealing the critical influence 
of nano-aluminium particles and LMWGs on shear 
viscosity. Nano-aluminium additives (10% mass 
fraction) enhanced viscosity at low shear rates 
through structural reinforcement, while LMWGs 
stabilised the three-dimensional gel network, 
dictating bulk rheological responses. 

The Cross model outperformed the Power-law 
model in characterising non-Newtonian behaviour, 
accurately capturing the transition from gel-like 
(Newtonian plateau) to liquid-like (shear-thinning) 
regimes at elevated shear rates. This approach 
resolved limitations of conventional models in 
describing multiphase systems, particularly the 
viscosity collapse observed beyond 2×10¹⁰ s⁻¹ where 
simulated values dropped below pure JP-10 levels. 
These findings validate molecular dynamics as a 
robust tool for probing complex fluid systems, 
offering practical guidelines for tailoring gel fuel 
formulations. The synergy between nanoparticle 
reinforcement and gellants concentration 
optimisation provides a pathway to enhance fuel 
performance in aerospace propulsion and munitions 
systems requiring stability under extreme shear 
conditions. The use of specific modelling 
assumptions and extrapolation of intermediate 
values may introduce uncertainties. In future work, 
we plan to incorporate reactive potentials or 
machine-learned force fields to address these 
limitations and enhance the predictive capability of 
our model. 
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ABSTRACT 

In industrialized nations, the prevailing 

mandates necessitate the adoption of renewable 

energy to the maximum extent practicable. A 

substantial challenge associated with renewable 

energy is the intrinsic variability in power 

generation. The exclusive mechanism currently 

available for rapid compensation of energy is 

facilitated by hydroelectric power plants. Notably, 

hydroelectric power plants, particularly those with 

hydraulic turbines featuring fixed blades (e.g., 

Francis turbines), are designed to operate near the 

optimal operating point with an allowable deviation 

of up to ±10%. The conventional configuration of a 

Francis turbine consists of stationary stay vanes, 

guide vanes, and a radial-axial runner with fixed 

pitch blades. The swirling flow emerging from the 

runner blades is typically optimized for peak overall 

efficiency, thereby reducing losses in the draft tube 

cone. However, at off-design operating points, there 

is a sudden increase in draft tube cone losses, 

alongside pronounced flow instabilities. 

This paper introduces a novel approach 

involving the injection of a radial-axial water jet into 

the draft tube cone. The radial-axial jet injection 

necessitates a lower flow rate compared to traditional 

axial water injection, while effectively mitigating 

hydraulic instabilities (such as the vortex rope) 

within the draft tube cone. The investigations will be 

conducted numerically by examining the flow 

dynamics and analysing the unsteady static pressure 

from the walls within the draft tube cone. Ultimately, 

the paper will assess the ratio between the draft tube 

pressure amplitude and the requisite flow rate to 

alleviate these instabilities. 

Keywords: Hydraulic Turbines, LDA, Numerical 

Simulation, Part Load Operation, Radial-Axial 

Water Jet. 

NOMENCLATURE 

Dh [m] main runner hub diameter 

Dt [m] main runner tip diameter 

n [rpm] rotational speed 

Qn [m3/sec] nominal flow rate discharge 

Vm [m/sec] meridional velocity 

Vm [m/sec] meridional velocity 

Vu [m/sec] circumferential velocity 

Vref [m/sec] reference velocity 

1. INTRODUCTION 

In the last decades the renewable energy 

experienced a spectacular development all over the 

globe. The same trend was observed in Europe and 

also in Romania, where the renewable energy was 

developed especially on solar and wind energy 

generation. Accordingly, the amount of renewable 

energy in the electricity generation in Romania 

increase with approximately 10% in less than 8 

years, and this trend is increasing constantly. A 

significant challenge associated with renewable 

energy is the variability of the produced power. At 

present, the sole method available for prompt energy 

compensation is provided by hydroelectric power 

plants, [1]. 

Hydroelectric power plants, particularly those 

equipped with hydraulic turbines featuring fixed 

blades, such as Francis turbines, are engineered to 

function near the optimal operating point, allowing 

for a deviation of up to ±10%. The classical Francis 

turbines design includes the stationary stay vanes and 

mailto:adrian.stuparu@upt.ro
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guide vanes and a radial-axial runner with fixed pitch 

blades. The swirling flow exiting the runner blades, 

usually optimised for a peak overall efficiency with 

corresponding minimum draft tube cone losses. At 

off-design operating point, the draft tube cone losses 

abruptly increase, with severe flow instabilities, [1], 

[2]. 

The energy market necessitates that hydraulic 

turbines operate within an increasingly expansive 

range, between -35% and 20% from the optimum 

operational point [2]. Operating hydraulic turbines 

far from their optimal point results in the emergence 

of a decelerated swirling flow with instabilities 

downstream from the turbine, a phenomenon 

referred to in the literature as the vortex rope. 

Hydraulic instabilities form at the boundary between 

the main flow zone—when operating at partial flow 

near the cone wall—and the stalled area situated at 

the center of the conical diffuser [3][4][5]. The 

primary objective of the draft tube cone is to convert 

the surplus kinetic energy into static pressure, 

thereby recovering a significant portion of the 

hydraulic energy and enhancing turbine efficiency. 

Typically, hydraulic instability originating from the 

draft tube cone is accompanied by high-pressure 

pulsations that propagate throughout the hydraulic 

system, diminishing hydraulic losses and 

subsequently reducing turbine efficiency. Operating 

at partial flow rates often results in cracks on the 

runner blades or the removal of the ogive from the 

crown type of the runner. These adverse effects and 

incidents necessitate the cessation of the 

hydroelectric power plant's operations, leading to 

substantial economic losses due to repairs and its 

withdrawal from electricity production, as noted by 

Casanova et al. [6]. Generally, mitigating the effects 

of pressure fluctuations induced by hydraulic 

instabilities involves constraining the turbine's 

operating range. Consequently, the hydroelectric 

power plant's function as an energy compensator 

within the national electrical system remains 

unfulfilled. Numerous methods have been developed 

over the years to extend operating regimes while 

moderately developing hydraulic instabilities. Most 

solutions are related primarily to the effects, rather 

than addressing the root cause of hydrodynamic 

instability. Among the most prevalent solutions are 

filling the stalled region within the middle of the 

draft tube cone with air or solid bodies [8][9], or 

reducing decelerated swirling flow near the conical 

diffuser wall by installing different fins or channels 

[10]. Nonetheless, all these methods focus on the 

effects of hydraulic instabilities rather than 

addressing the root cause, which, in this context, is 

the decelerated swirling flow emanating from the 

runner turbine's outlet. The Laboratory of Hydraulic 

Machinery and the Research Centre for Engineering 

of Systems with Complex Fluids (RCESCF) at the 

Politehnica University Timișoara (UPT) focusses on 

the investigation of hydraulic machines. An 

experimental test rig has been developed to study the 

decelerated swirling flow from the conical diffuser 

of hydraulic turbines, as depicted in Fig. 1.. The 

vortex rope is developed in the draft tube cone (or 

conical diffuser) with higher pressure fluctuations 

and vibrations, Fig. 1. 

In the last decade, a new active control method 

has been proposed and patented by Resiga et al. 

[11][12], axial water injected through the runner’s 

crown along the draft tube cone. The method was 

intensively experimented by Bosioc et al. [13][14] in 

the laboratory, where the control method proved the 

efficiency and diminish the flow instabilities from 

the draft tube cone. The method addresses directly to 

the cause of flow instabilities, and it acts on dynamic 

behaviour (by reducing the pressure fluctuations and 

vibrations) and flow behaviour (modifies the 

structure of the flow, by eliminating the formation of 

the vortex rope). As a result, the water jet injection 

trough the runner crown has been tested in other 

laboratories on model turbines and has been 

implemented in real hydropower plants, [15] [16]. 

Anyway, the major obstacle on implementing this 

control method in the power plants on large scale, is 

related by the higher volume of water (more than 

15% from the main flow rate) necessary to be axially 

injected through the ogive in the draft tube cone.  

2. METHOD FOR REDUCING THE 
HYDRAULIC INSTABILITIES AND THE 
EXPERIMENTAL SETUP 

Recently a series of numerical investigations, 

reheated the idea of water injection in the draft tube 

cone, [16][17] with similar results in diminishing the 

flow instabilities from the draft tube cone at part load 

operation. The investigations performed by two 

different research collectives [17][18] concentrated 

on ogive or nozzle modification with the purpose to 

reduce the amount of water necessary for injection. 

The results show that a radial-axial water jet can 

reduce the effects of the vortex rope while using a 

water jet flow rate of approximately 10% from the 

main operating flow rate or even less. 

The main goal of the paper is to investigate a 

new concept by using an actuator mounted at the end 

of the ogive. The actuator will provide a radial-axial 

water jet in the draft tube cone. According with Fig. 

2, the swirl generator which consist by the fixed stay 

vanes and the runner and continues with the ogive, 

has an actuator (shown in red) with the possibility to 

move and positioning at the inlet in the draft tube 

cone. In comparison with the axial water jet control 

technique already validated in the laboratory, the 

concept for radial-axial water jet it comes with the 

following advantages: 1) efficient jet - reduces the 

amount of flow rate for water injection from 14% up 

to 10%; 2) efficient jet - the displacement system has 

the possibility to provide axial or radial-axial or 

radial jets, depending by the hydrodynamic 

instability developed in the drat tube cone. 
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The main purpose of the new concept of efficient 

jet is to add flexibility in operation for the hydraulic 

turbines to avoid the draft tube performance 

deterioration at off-design operating conditions. 

Moreover, the main runner operation is not 

influenced, and the radial-axial water jet will 

function only when the machine is operated at part 

load or full load with the development of the vortex 

rope. 

The principle of modulating the decelerated 

swirling flow within the conical diffuser has been 

investigated through numerical analysis [18]. In 

alignment with this theoretical framework, the 

research objective is to provide an optimal 

configuration at the draft tube cone inlet. To achieve 

this optimum configuration, three conditions must be 

addressed: minimizing hydraulic losses, maximizing 

pressure recovery, and minimizing pressure 

pulsations within the draft tube cone. The 

implementation of a radial-axial water jet facilitates 

the fulfilment of these conditions with the least 

energy required for radial-axial water injection. 

 

Figure 1. The test rig from the laboratory 

similar with the numerical model employed in 

this paper. 

The computational model utilized for evaluating 

the radial axial jet within the discharge cone of 

hydraulic turbines is linked to the swirl apparatus 

present within the laboratory environment. This 

swirl apparatus facilitates the investigation of 

various control methodologies aimed at alleviating 

flow instabilities associated with the vortex rope 

phenomenon. The apparatus, integrated into the 

primary hydraulic circuit of the test rig, comprises 

two principal components: the swirl generator and 

the test section. The swirl generator itself is 

composed of three parts: the ogive, the stator, and the 

main runner, which are installed within a cylindrical 

Plexiglas section with an internal diameter of 0.150 

m, as illustrated in Figure 1. At the inlet of the 

conical diffuser, the stator and main runner generate 

a rotating flow analogous to that observed 

downstream of a Francis runner operating at 70% of 

the nominal flow rate, [13]. 

  

Figure 2. The swirl apparatus and test 

section from the experimental test rig are 

illustrated. The left image depicts the 

original configuration, whereas the right 

image displays the setup with the device 

designed to facilitate a radial axial jet rig. 

The main dimensions of the components from 

the swirl apparatus together with the dimensions of 

the radial axial concept are presented in Table 1. 

3. NUMERICAL SETUP 

The computational domain pertains to the 

convergent-divergent segment of the swirling flow 

apparatus developed at Politehnica University 

Timisoara (UPT) [19]. The convergent segment is 

delineated by the annular inlet section and the throat, 

as depicted in Figure 2. Figure 3 illustrates the 

computational domain inclusive of the jet injection 

device. A mixed mesh, comprising approximately 

2.8 million cells, has been generated.  

 

 

 

 



Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

 

Figure 3. Mesh domain for the convergent-

divergent test section and the detail of the 

inlet for radial-axial jet injection. 

For each scenario, boundary conditions are 

prescribed utilizing a velocity profile at the domain's 

inlet and an outflow condition at the outlet section. 

The inflow boundary conditions are derived by 

computing the flow upstream of the numerical 

domain from our preceding research work. 

Consequently, the inlet velocity profile (covering 

axial, radial, and circumferential velocity 

components) in addition to the turbulent quantities 

(kinetic energy and turbulence dissipation rate) 

corresponding to a runner speed of 920 rpm are 

applied to the annular inlet section. Figure 5 shows 

the velocity profiles from the inlet test section. Two 

flow rates values were tested for the jet injection 

device: 1.5 l/s and 3 l/s. For the two values of the 

flow rate of the jet, corresponding constant velocity 

values were imposed on the outer section of the jet 

injection device. 

 
 

Figure 4. Full 3D domain: with the development 

of the vortex rope (left), with nozzle for radial 

axial jet injection (right) 

Three-dimensional unsteady numerical 

simulations, both with and without jet injection, were 

undertaken utilizing Ansys FLUENT 2023 R2 

software to evaluate the efficacy of the novel 

approach in mitigating the vortex rope. In modelling 

the turbulent flow within the domain, the k-ω GEKO 

turbulence model was employed. This turbulence 

model has been recently introduced into Ansys 

FLUENT and is more adept at accurately capturing 

the flow characteristics specific to hydraulic 

machines. The advantage of this turbulence model 

lies in its flexibility to encompass a wide array of 

applications. The model offers free parameters that 

may be adjusted for specific application types, 

without adversely affecting its fundamental 

calibration. This attribute constitutes a potent tool for 

model optimization; however, it necessitates a 

thorough understanding of the coefficients' impact to 

prevent mistuning. It is vital to underscore that the 

model possesses strong default settings, enabling its 

application without modification, although any 

adjustments should be substantiated by high-quality 

experimental data. The time step applied for the 

unsteady simulation for all the investigated cases was 

t = 0.002 s. All numerical solutions were converged 

down to residuals as low as 10-4. Pressure monitors, 

L0…L3, have been placed on 4 levels on the cone 

wall, at 50 mm on each other, in order to acquire the 

pressure evolution of the flow phenomena. 

Table 1. Hydraulic parameters for the numerical 

setup. 

Parameters Value Unit 

Nominal discharge Qn 0,03 [m3/s] 

Main runner - 

rotational speed n 

920 
[rpm] 

Main runner - tip 

diameter Dt 

0,150 
[m] 

Main runner - hub 

diameter Dh 

0,09 
[m] 

Main runner - blade 

number z 

10 
[-] 

   

Nozzle opening 5 [mm] 

Control 1 - Flow rate 

injection  

1.5 
[l/s] 

Control 1 – Procent 

from main flow 

5 
[%] 

Control 2 - Flow rate 

injection  

3 [l/s] 

Control 2 – Procent 

from main flow 

10 [%] 

 

Figure 5. Velocity profiles imposed at the inlet test 

section 
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4. VALIDATION, RESULTS AND 
ANALYSIS 

First, the standard case with the development of 

the vortex rope it was validated with the 

experimental results, and after the boundary 

conditions will be replicated for the flowing two 

investigated cases. The validation results are 

presented in Figure 6, for the two velocity profiles 

corresponding to the minimum radius of the test 

section and for unsteady wall pressure corresponding 

at the L0 level. Both, the velocity profiles validation 

and the unsteady pressure are presented in non-

dimensional parameters. The paper was concentrated 

on the validation of numerical against experimental 

results and the analysis of the new concept of radial-

axial jet concept only. The velocity was validated for 

two velocity components: the meridian component 

vm (composed from axial and radial velocity 

component) and the swirl velocity component vu. 

From Figure 6 the velocity profiles obtained from the 

numerical simulation with the turbulence k-ω GEKO 

model surprise quite well the velocity measurements, 

the numerical results being fitted in the error band of 

the experimental measurements. In case of unsteady 

pressure validation, the wall point is in L0 level, 

presented in Figure 5.  

 

 
 

 
Figure 6. Validation of the vortex rope in case 

of velocity profiles (close to the throat of the 

test section) at the inlet in the conical diffuser 

and in case of unsteady pressure at the wall in 

L0 level 

 

 

As it observed in the figure, the numerical 

validation was registered after 5 seconds iteration, 

after the case was stabilised, the numerical result 

having a similar signal as the experiment. The 

subsequent step involves the analysis of the flow and 

pressure obtained from the numerical simulation for 

the scenarios investigated: the vortex rope and two 

cases for the control: 5% and 10% axial radial 

injection.  

Figure 7 illustrates the flow evaluation within 

the conical diffuser for all scenarios, focussing on the 

formation of the vortex rope. To visualise the vortex 

rope, a constant pressure isosurface was plotted, 

represented in green, and the vortex cores of the flow 

field were calculated and depicted as grey. The 

images show that the vortex rope is present in the 

conical diffuser in the context of all cases. It forms 

near the ogive and extends over two-thirds of the 

conical diffuser's length. When the radial axial jet is 

introduced into the extension of the ogive, the vortex 

rope begins to increase in both length and thickness 

for a flow rate of 5% and begins to decrease for 10%. 

 

Vortex rope 

development 

whitout 

control  

Control 1 

Vortex rope 

developed at 

5% radial 

axial jet 

Control 2 

Vortex rope 

developed at 10% 

radial axial jet 

   
Figure 7. Visualisation of the vortex rope for 

the case: without and with radial axial jet. 

 

To enhance the understanding of flow dynamics 

within the conical diffuser, Figure 8 presents a 

contour plot displaying axial and swirl velocities 

superimposed with streamlines. It is observed that in 

the case of the vortex rope, the form is distinctly 

delineated and extends over more than 50% of the 

length of the conical diffuser. Upon the introduction 

of the radial-axial water jet through the ogive inlet, 

the vortex rope elongates and its angle increases. 

This augmentation in angle results in the 

fragmentation of the vortex rope, initiating from the 

ogive. 
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Vortex rope development whitout control  

  
Control 1 

Vortex rope developed at 5% radial axial jet 

  
Control 2 

Vortex rope developed at 10% radial axial jet 

  
Figure 8. Contour of the axial velocity (left) and 

of the swirl velocity (right) for the investigated 

cases where are overlapped the streamlines. 

An additional analysis involves the assessment 

of unsteady pressure recorded on levels L0, L1, L2 

and L3 downstream from the inlet within the conical 

diffuser, as depicted in Figure 9. The unsteady 

pressure data is obtained from numerical simulation, 

followed by the execution of FFT. The FFT analysis 

identifies the primary frequency of the vortex rope of 

approximately 14 Hz. In the absence of control with 

axial radial jet, the maximum amplitude attains a 

value of 4000 Pa. Upon the introduction of the radial 

axial jet, the maximum amplitude is, and the 

frequency does not change for 5% flow rate 

injection. At the maximum flow jet injection of 10% 

the amplitudes and the frequency in the draft tube 

cone are diminished completely. 

 

 

 

Figure 9. Evaluation of the Fourier 

transform on the levels L0-L3, downstream 

of the inlet in the conical diffuser, for the 

vortex rope case and with radial axial jet 

from the numerical simulation. 

The analysis of the pressure pulsations validates the 

velocity contours, which means that once the radial 

axial jet is introduced in the draft tube cone, the 

vortex rope starts to defragment due to changing the 

angle. This leads to decrease of frequency and 

changing the shape of pressure amplitude. 

Accordingly, the Fourier pressure signal is 

transforming from a narrowband signal (vortex rope 

case) to a broadband signal (control with radial axial 

jet). In practice the defragmentation of the vortex 

rope into small pieces will lead to a more flexible 

operation with small pressure amplitudes and 

without a dominant frequency of the pressure 

pulsations in the draft tube cone. 

5. CONCLUSIONS 

The paper explores a method to reduce hydraulic 

instabilities in draft tube cones by utilizing a radial-

axial water jet. Recent numerical investigations have 

shown that water injection, especially with 

modifications to the nozzle, can diminish flow 

instabilities at part load operations, reducing the flow 

rate required from 14% to about 10%. The study 

introduces a new concept using an actuator mounted 

on the ogive to provide a flexible radial-axial water 

jet that adjusts to different hydrodynamic conditions. 
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This approach aims to prevent performance 

deterioration in hydraulic turbines at off-design 

conditions without affecting the main runner's 

operation. Numerical simulations with the swirl 

apparatus and the radial-axial jet injection device 

were conducted. The Ansys FLUENT 2023 R2 

software, employing the k-ω GEKO turbulence 

model, was used for the simulations, offering 

flexibility and accuracy for hydraulic machine flows. 

The study tested two flow rates (1.5 l/s and 3 l/s) for 

the jet injection, which account for 5% and 10% of 

the main flow, respectively. Results indicated that 

radial-axial jet introduction changes the vortex rope 

characteristics within the draft tube, with increased 

length and thickness at 5% flow rate and reduced 

presence at 10%. Unsteady pressure analysis showed 

that the maximum amplitude of vortex-induced 

pressure pulsations was significantly reduced with 

higher flow rate injections, indicating improved 

hydraulic stability. 
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ABSTRACT  

Large axial fans are widely used in nuclear power 
station ventilation systems due to their high flow rate, 
high total pressure, compact construction, and 
excellent economic performance under various 
operating conditions. This paper discusses a large 
medium-pressure axial fan with a diameter of 1250 
mm, a rated air volume of 82,400 m³/h, and a rated 
air pressure of 2300 Pa. To address complex and 
variable operating conditions, as well as performance 
and noise requirements under extreme conditions, a 
method for optimizing the inlet guide vane (IGV) of 
the fan based on big data analysis is proposed. The 
large axial flow fan audio signal is extracted to 
analyze structural features of non-steady flow, and 
discrete peak and non-linear frequencies in the 
frequency domain are obtained. The PANS model 
based on the v2-f non-linear turbulence model is 
validated through simulations, with multi-objective 
optimization using a support vector machine (SVM) 
and SVM parameter selection optimized using 
particle swarm optimization (PSO). Results show 
that with 15 IGVs, an installation angle of 80°, and a 
distance of 260 mm between the IGV and dynamic 
vane, a total pressure increase of 187.64 Pa and a 
noise reduction of 5.32 dB are achieved. 

Keywords: Inlet guide vane, Large axial flow fan, 
Multi-Objective Optimization, PANS model, 
SVM 

NOMENCLATURE 
Cp [-] Pressure coefficient 
D [m] Diameter 
E [-] Mathematical expectation 
F [-] Sample matrix 
Lref [m] Reference Lenth 
m1 [-] Number of IGVs 

m2 [-] Number of OGVs 
n [r/min] Rotating speed 
p [Pa] Pressure 
ptp [Pa] Total pressure 
Q [m3/min]Volume flow 
r [-] Failure indicator function 
R2 [-] Linear regression coefficient 
Si [-] Global Sensitivity Indicator 
V(·) [-] Variance Operator 
Vref [m/s] Reference velocity 
xi [-] Random variable 
y+ [-] A dimensionless parameter 
yl [-] Response 
Z [-] Number of moving blades 
zl [-] Random variables 
ρ [kg/m3] Density 
η [-] Efficiency 
ν [m2/s] Kinematic viscosity 
Subscripts and Superscripts 
RSM  Response Surface Model 
GERSM  Gradient-Enhanced Response Surface 

Model 
IGV  Inlet guide vane 
MSE  Mean Square Error 
NSGA-II Non-dominated Sorting Genetic 

Algorithm-II 
OGV  Outlet Guide Vane 
PANS  Partially-Averaged Navier–Stokes 
SPL  Sound Pressure Level 

1. INTRODUCTION  
This study focuses on optimizing the structure of 

a large nuclear-grade axial fan (1250 mm diameter) 
used in nuclear power plant ventilation systems, 
operating at medium pressure (Mach < 0.3, 
Reynolds > 4000). Optimizing the fan is urgent due 
to potential risks in the internal flow field that could 
lead to motor damage, instability, and shutdowns, 
causing significant economic and social impacts [1,2]. 
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The goal is to increase pressure and reduce noise 
without increasing fan size, in line with China’s 
carbon neutrality policies [3,4]. 

Approximate models are often employed to 
reduce computational costs in fan optimization. For 
example, CHOI et al. [5] used RSM to improve total 
pressure and efficiency by 5.2% and 2.0%, TANG et 
al. [6] applied GERSM to a transonic fan, and NISHI 
et al. [7] achieved a 9.1% efficiency increase with 
RSM in a small axial fan. 

Unlike previous studies on single-stage blades, 
this work optimizes a large axial fan by applying 
global sensitivity analysis to identify key factors for 
pressure and noise, uses a Kriging model with 
NSGA-II for optimization, and validates the results 
with performance and noise tests, offering guidance 
for other complex fan designs [8,9]. 

2. NUMERICAL SIMULATION ANALYSIS 
AND VERIFICATION 

2.1. Research objects 
Large axial flow fan mainly consists of a fairing, 

inlet guide vanes, moving blades, outlet guide vanes 
and a motor, as shown in Figure 1. 

 

Figure 1 Axial fan structure diagram 

2.2. Computational model and 
verification 

For internal area calculations and mesh 
generation, the fan geometry was divided into five 
components: inlet, IGV, rotor, OGV, and outlet, as 
illustrated in Figure 2.

 

Figure 2. Division of axial fans 

Figure 3 shows grid delineation. The important 
parts (moving vanes, IGVs, OGVs) were structurally 
meshed to improve the mesh quality. The meshes of 
IGV, rotation and OGV grids are respectively 
displayed in Figure 3. In this case, the first node was 
placed in the region of the viscous substratum with 
y+ ≤ 5. The y+ empirical formula is expressed as Eq. 
1:  

                           
7 1
8 8

6
2

ref ref
wall

V L
Y y

v

−

+   
=    

   
             (1) 

where, Vref denotes the reference velocity 
characteristic of the area-averaged inlet velocity, and 
Lref represents the reference the fan diameter. 

 

Figure 3. Computational grid of blade 

For experimental validation, a C-type air 
chamber was used according to "GB/T 1236-
2017"[10] . The fan was tested at room temperature 
and pressure, with air parameters recorded using an 
atmospheric pressure, temperature, and humidity 
tester at the inlet. 

 

Figure 4. Comparison of experimental and 
numerical simulation performance curves 

Figure 4 compares the numerical simulation 
with experimental data, showing good agreement. 
The total pressure simulation was slightly lower, 
with a maximum error of under 5%. Efficiency 
differences were minimal, with a maximum error of 
9.09% at low flow rates and under 3% at other points, 
indicating high reliability of the model. 

Noise tests followed "GB/T 2888-2008 Fan and 
Roots Blower Noise Measurement Method,"[11] with 
the noise receiving point set at 1,250 mm and 45° 
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horizontally from the outlet center. The schematic of 
the noise monitoring points and experimental setup 
is shown in Figure 5(a). 

 

 

Figure 5. Noise test (a) Noise experimental setup 
(b) Experimental and numerical simulation noise 
results 

Figure 5(b) shows experimental and simulation 
noise results. At a flow rate of around 70,000 m³/h, 
the simulated noise was slightly lower than the 
experimental value, with a maximum error of under 
3%. At flow rates above 75,000 m³/h, the values 
became more consistent. At the designed flow rate, 
the average experimental and simulated noise were 
111.52 dB and 110.88 dB, respectively, with a 
relative error of ≤ 0.57%. 

According to JB/T 8690-2014 (Fan Noise 
Limits)[12], the maximum permissible operational 
noise level for axial flow fans is 109 dB, and its 
aerodynamic performance was suboptimal, 
necessitating optimization. Given the fan’s non-
standard design and complex structure, analyzing 
these factors is crucial. 

3. DETERMINATION OF OPTIMIZED 
STRUCTURE 

3.1. Global sensitivity analysis method 
and implementation method 

Global sensitivity analys is gives the relationship 
between the partial derivatives of the output 

concerning the input variables over the entire input 
variable space, i.e. ( ) ( ) / |ff P θθ θ θ ∈Θ= ∂ ∂ , or a 
sensitivity indicator used to indicate the importance 
of the input variables and to rank the importance of 
the input variables, so it is also known as importance 
measure analysis. 

The global sensitivity metric is defined[13-15] as: 
[ ( | )]

( )
F i

i
F

V E I xS
V I

=  
(2) 

1, Invalid Domain
( )

0, Invalid DomainF

x
I x

x
∈

=  ∉

 (3) 
2 2 2( ) ( ) ( ) ( ) ( )F F F F FV I E I E I E I E I= − = −  (4) 

where V(IF) is the variance operator, ( | )F iE I x  is 
the mathematical expectation of the failure indicator 
function IF under the condition of random variable xi, 
and IF is the failure domain indicator function. 

For some input variable xi, the global sensitivity 
principal indicator is: 

2 2 2

2 2

2 2

2

[ ( | )] ( ( | )) ( ( |
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( ( | )) ( )
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−
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(5) 

The fan mainly consisted of IGV, moving vane, 
OGV, etc. Therefore, a total of 14 parameters[13], 
namely the number of IGV ω1, the number of moving 
vane ω2, the number of OGV ω3, hub ratio ω4, IGV 
and moving vane spacing ω5, moving vane and OGV 
spacing ω6, blade top clearance ω7, IGV bending 
angle ω8, IGV chord length ω9, moving vane bending 
angle ω10, moving vane swept angle ω11, OGV 
bending angle ω12, OGV chord length ω13, fan 
diameter ω14, were analyzed by the Sobol' global 
sensitivity analysis method. The analysis procedure 
is specifically displayed in Figure 6 and the 
schematic diagram of structural parameters is shown 
in Figure 7. 

 

Figure 6. Flow chart of sensitivity analysis 

  

Figure 7. Structural parameters 
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The global sensitivity values of each parameter 
to the total pressure and noise of the fan were 
obtained, as illustrated in Figure 7. In general, the 
influence of parameters such as IGV bend angle ω8, 
IGV and moving vane spacing ω5, and IGV chord 
length ω9 was greater, among which moving vane 
bend angle ω10 and IGV bend angle ω8 had the 
highest total global sensitivity values to pressure, 
which were 31.214 % and 30.113 %, respectively, 
and IGV bend angle ω8 and IGV and moving vane 
spacing ω5 had the highest total global sensitivity 
values to noise, which were 33.124 % and 30.145 %, 
respectively. 

 

Figure 8. Summary of global sensitivity 

According to the above analysis, IGV and 
moving vane had a large impact while OGV had a 
relatively small impact on the aerodynamic 
performance and noise. The internal flow 
characteristics of the fan will be analyzed as follows 
to further clarify the optimization objective. 

3.2. Analysis of the internal flow 
characteristics of the fan 

The radial section of the hub with blade flow 
surface R = 280 mm (0.5 times the blade height, 
Plane1) was selected to study the internal flow 
characteristics of the fan, and a vertical section was 
made over the center of the fan circle (as shown in 
Plane 2). Figure  9 shows the schematic diagram of 
the radial section of the hub. 

 

Figure 9. Internal structure of the fan 

Figure 10 shows the velocity vector distribution 
on Plane 1. There was an obvious vortex in the IGV 
area, which was located between the IGVs. The 
vortex was mainly concentrated on the pressure 
surface of the IGV, which was attributable to the 
blade shape of the guide vane. At the same time, 
there was a low-speed region in the reflux area, while 
a high-speed region on the suction surface of the 
moving blade, which resulted in flow disorder in the 
dynamic-static coupling zone between the IGV and 
the moving vane. 

 

Figure 10. The velocity vector distribution  

As a part of the fan, IGV deflected the air flow 
before entering the hub, increased the flow rate and 
pressure drop. It was hence an important part of a 
large axial flow fan. The above analysis also 
indicates that the structural design of the IGV was 
not rational and had a significant impact on the 
performance and noise of the fan, so IGV was 
identified as the optimization objective of this study. 

4. KRIGING MULTI-OBJECTIVE 
OPTIMIZATION 

4.1. Parameterization 
The parameters of the IGV are shown in Figure 

11. The IGV midline was determined by chord length 
σa, angle α corresponding to the chord, tip deflection 
angle was defined as β, and the axial distance from 
the nearest point of the IGV midline to the leading 
edge of the moving vane as σb. These four parameters 
were optimized in this study. 

 

 

Figure 11.  Structure parameters of IGVs 
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A single circular arc blade is generally adopted 
in the nuclear power fans. The new IGV midline can 
be obtained by controlling parameter change and 
characterizing profile change. Under the premise of 
ensuring the smooth curvature of the blade, the 
variable range of each parameter is determined as 
follows: σa: 234~350 mm, α: 44~68 °, β: 58~86 °, σb: 
208~312 mm. 

4.2. Kriging model and optimization 
This study and [13] share similar test rigs and 

parameter ranges, but here we introduce a big data-
driven optimization workflow and broader 
sensitivity analysis, making the results more robust 
and widely applicable. 

Kriging model is an unbiased estimator with 
minimum variance. The design variables 

[ ]1 2, , , T
i nx X x x x∈ = 

 and response values 

[ ]1 2, , , T
l ny Y y y y∈ = 

 were assumed to follow a 
standard normal distribution. The unbiased 
estimation yl

* of the random inputs xi corresponding 
to yl is shown as: 

( ) ( )* , 1, 2, ,T
l ly f x z x l qβ= +     = 

 (6) 

( ) 11 1T TF R F F R Yβ
−− −=  (7) 

( )
( )

( )* 1l
T

z x
R Y F

r x
γ β−= = −  (8) 

To establish the Kriging model, samples should 
be obtained through experimental design. The 
optimal Latin hypercube experiment design (Opt 
LHD) is generally adopted to overcome the 
deficiencies of random sample space selection and 
sample concentration in Latin hypercube method. 
And its formula is expressed as: 

( ) 2
1 1

1N N

L
i j i i j

G
x x= = +

=
−

∑ ∑  
(9) 

 

Figure 12. Spatial distribution of samples 

As shown in Figure 12, 55 spatial samples were 
generated using the overshoot method, with the first 

50 used to draw IGV profiles. The samples are 
evenly distributed in the design space. The design 
variables are IGV chord length (σa), rounding angle 
(α), tip deflection angle (β), and shortest axial 
distance (σb), with total pressure and noise as 
optimization objectives. The mathematical model is 
as follows: 

( )( )
( )( )
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, , ,

234 350
. .

44 68
57 86

208 312

a b
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(13) 

 

Figure 13. Kriging model fitting results of design 
variables and total pressure and SPL 

 

Figure 14. Fitted mean square error MSE 

Figures 13 and 14 show the Kriging model fitting 
results and MSE, with values below 0.1 for noise 
and 0.15 for pressure, indicating good accuracy. 
NSGA-II was used for optimization, with optimal 
results in Table 2. Table 3 shows further reduced 
MSEs, confirming the effectiveness of the multi-
objective optimization. 



6 
 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

Table 2. Comparison of parameters before and 
after optimization 

 σa 
(mm) α (°) β (°) σb 

(mm) 
Original 292 56 72 260 

Optimization 298 61 76 310 

Table 3. MSE before and after optimization 

 Variable MSE 

Original SPL 0.0434 
p 0.0895 

Optimization SPL 0.0235 
p 0.0338 

4.3. Optimization result and model 

 

Figure 15. Settings optimization model structure  

Fig. 15 shows the settings optimization of IGV. 
The chord length σa of the IGV was increased by 55 
mm, the corresponding circular angle α by 5°, the 
nearest distance σb from the IGV to the moving vane 
by 48 mm, and its angle with the y-axis β by 3°. The 
physical models are compared in Figure 16. 

   (a) (b) 

Figure 16. Comparison models (a) Original 
model (b) Optimization model 

5. COMPARISON BEFORE AND AFTER 
OPTIMIZATION 

5.1. Simulation result before and after 
optimization 

To study the internal flow characteristics of the 
optimized fan, three planes were intercepted in the 
hub radial direction along the blade height located at 
R=150 mm (10% blade height), R = 280 mm (50 % 
blade height) and R = 430 mm (90 % blade height) 
in the hub radial direction. The rotary surface is 
shown in Figure 17. 

  

Figure 17. Schematic diagram of the rotating 
surface 

 

Figure 18. Streamlines coloured by flow velocity 
at different spans 

Figure 18 compares IGV streamlines before and 
after optimization, showing that vortices present at 
all heights were eliminated, leaving only low-speed 
zones. Figure 19 displays simulated static pressure 
distributions at IGV heights, with Cp calculated 
using Eq. 13 [16,17]. 

p
21

2

p pC
vρ

∞

∞ ∞

−
=

 
(14) 

Figure 20 shows static pressure distributions. 
After optimization, Cp increased, pressure gradients 
decreased, and the separation point shifted, leading 
to smoother pressure and fewer vortices, thus 
reducing noise. 
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Figure 20. IGVs pressure distribution (a) 
Original (b) Optimization 

(a) 

(b) 

Figure 21. Numerical simulation results of 
aerodynamic performance (a) Q (b) SPL 

Figure 21 shows the numerical simulation 
results before and after optimization. After 
optimization, total pressure and efficiency improved 
at all flow rates. Total pressure increased by 140.97 
Pa at flow rates above 70,000 m³/h, while efficiency 
improved by 2.06% at flow rates below 85,000 m³/h, 

as shown in Figure 21(a). Noise was reduced by 3.08 
dB at all flow rates at the design condition, as shown 
in Figure 21(b). 

5.2. Experimental result before and after 
optimization 

Figure 22 shows the total pressure and efficiency 
curves for the original and optimized fans across the 
full range of flow rates. At the design operating point 
(82,400 m³/h), the optimized model achieves a total 
pressure increase of 156.4 Pa and an efficiency 
improvement of 0.86% compared to the original 
design. All values are area-averaged outlet 
measurements based on the GB/T 1236-2017 
standard. Minor differences between plotted and 
tabulated values are due to sampling and 
measurement uncertainty. 

 

Figure 22. Comparison of performance curves  

Referring to the noise test standard, noise 
receiving points were set at 45 ° from the center of 
the outlet surface, one time that of the diameter  at a 
horizontal position, and the noise of the optimized 
fan was also tested. 

 

Figure 23. Comparison of noise spectrum  

Figure 23 compares the far-field SPL spectra of 
the original and optimized fans at 82,400 m³/h. Both 
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show peaks at 14, 302, and 604 Hz. After 
optimization, the fundamental frequency peak drops 
from 111.7 dB to 105.3 dB, indicating reduced 
discrete noise. 

6. CONCLUSIONS 
This study conducted multi-objective 

optimization of an IGV for a large axial fan using 
NSGA-II, validated through experiments and 
simulations. 

(1) Sobol' global sensitivity analysis showed that 
the IGV bending angle and moving blade bending 
angle are most sensitive to total pressure, while the 
distance between the IGV and moving blade affects 
noise the most. Internal flow analysis revealed 
significant vortex formation between IGVs, 
concentrated on the pressure surface. 

(2) Numerical simulations of IGV pressure 
distribution showed smoother static pressure 
gradients and reduced vortex shedding post-
optimization. Experimental results confirmed 
improved fan performance, with a total pressure 
increase of 156.4 Pa, a 0.85% efficiency gain, and a 
6.4 dB noise reduction. 

(3) The NSGA-II optimized Kriging model 
proved effective for multi-objective IGV design and 
provides new ideas for optimizing large axial fans. 
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ABSTRACT 

Pressure differences at given locations along 

radial direction on the walls of the spiral casing of a 

hydraulic turbine, anticipated for the use in Winter-

Kennedy measuring, are computed for a range of 

water flow rates through the turbine. Different types 

of boundary condition at the stay-vane side (zero-

gradient outlet, average pressure, integral flow rate) 

are tested first. Several approaches to turbulence 

handling are also investigated (eddy-viscosity 

models: realizable k- and k- SST, then elliptic-

blending Reynolds-stress model, as well as large-

eddy simulation without subgrid-scale modelling). 

The simulations are done for a case from an 

operating hydropower plant, and the results are 

compared to the pressure values measured in the 

spiral casing and the flow rates obtained from the 

recorded output power of the electric generator in 

real working conditions. The results of numerical 

simulation agree very well with the measured 

pressure values. Consequently, a relation between 

the pressure difference at the monitoring points and 

the incoming flow rate is established in the form of a 

power function. 

Keywords: computational fluid dynamics (CFD), 

flow rate measuring, hydraulic turbines, 

hydropower plants, Winter-Kennedy method 

NOMENCLATURE 

D [m] inner diameter of the inlet pipe 

PT [W] turbine output power 

Q [m3/s] flow rate 

c [-] a coefficient of proportionality 

g [m/s2] gravitational acceleration 

h [m] net head 

n [-] exponent 

p [Pa] static pressure 

t [s] time 

y+ [-] non-dimensional wall distance 

zps [m] vertical position of the pressure 

  sensor 

  operator of subtraction, difference 

 [-] turbine efficiency 

 [kg/m3] water density 

1. INTRODUCTION 

Output power of water turbines is a time-

dependent function of the available water net head in 

a power plant, the water flow rate, and the turbine 

efficiency, which is usually written in form such as 

in Eq. (1): 

 

𝑃T(𝑡) = 𝜌 𝑔 ℎ(𝑄(𝑡)) 𝑄(𝑡) 𝜂T(𝑄(𝑡)) . (1) 

 

Time variation of the turbine output power is 

imposed by electric-grid demands. Neither net head 

nor turbine efficiency can be directly controlled and 

varied during regular everyday turbine operation. 

Practically, the only remaining quantity to control 

and adapt the turbine output power is the flow rate. 

The output power is directly dependent on the flow 

rate Q, but variation of the flow rate also  produces 

variable power losses, affecting thus the net head and 

the turbine efficiency. Hence, monitoring and 

management of the water turbines’ performance 
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require reliable estimation of the water flow rate 

during their operation.  

One of the methods used for measuring water 

flow rate in hydropower plants is the Winter-

Kennedy method [1-8]. The method is based on 

action of centrifugal forces in curved pipes or ducts. 

The centrifugal forces result in increase of static 

pressure on the outer side of the curved pipe, and its 

decrease on the inner side of the pipe. In theory, the 

pressure difference in radial direction is proportional 

to the square of the mean velocity of flow through 

the pipe, thus it is proportional to the square of the 

flow rate. Accordingly, the dependence of the flow 

rate on the radial pressure difference is described by 

Eq. (2): 

 

𝑄 = 𝑐 (Δ𝑝)𝑛 . (2) 

 

Theoretically, the exponent n is equal to 0.5, 

while the coefficient c is a positive real number 

describing the fluid properties, the geometric 

properties, and real conditions of the curved pipe. In 

reality, complex shapes and other geometric 

properties, such as surface irregularities, roughness, 

flow regime etc., yield certain deviations from 

theoretical values, so  in practice n ≠ 0.5. 

By measuring p, one can get the information on 

the flow rate using the relation Eq. (2). The method 

is simple, it does not require moving parts, it is not 

invasive in the pipe flow, so it does not trigger 

additional energy loss. It can be applied continuously 

during the operation. In hydropower plants pressure 

measuring is installed on spiral casing of a turbine. 

However, the method requires reliable a priori 

calibration of the coefficients c and n for each 

specific turbine, usually by (model) experiments in 

the lab conditions. 

Accuracy of water pressure measurement in 

realistic operational conditions in the spiral casings 

of hydraulic turbines may decrease over long time 

periods. This may be a consequence of water debris, 

sedimentation in the pipe interior, malfunction of an 

element in the measuring system, occurrence of local 

pressure variations due to temporary irregular flow 

patterns etc. Therefore, use of numerical simulation 

to establish pressure – flow-rate relation for the 

purpose of flow-rate assessment in operating 

conditions, or some of protective functions, can be 

important and improve working processes in 

hydroelectric power plants. 

In this paper a method to obtain coefficients in 

relation of the pressure difference and the water flow 

rate in a spiral case of a water turbine by computer 

simulation using computational fluid dynamics 

(CFD) instead of experimental calibration is 

investigated. 

2. METHOD 

Relation between flow rate and radial pressure 

difference, as anticipated for use with Winter-

Kennedy method, is investigated in case of a real 

Francis turbine of a medium-head hydropower plant.  

Computer program Simcenter STAR-CCM+ [9] 

is used for meshing, computing, and visualization, 

where a finite-volume method is applied to discretize 

the balance equations of mass and momentum, as 

well as turbulence transport equations (where these 

are used). Thus obtained systems of linear equations 

are solved by an algebraic-multigrid method. 

Water is considered as incompressible, viscous 

fluid. The flow field is calculated in parallel using 6 

processors for steady-state runs or 64 processors for 

time-dependent runs. For a series of prescribed water 

flow rates, the pressure values are evaluated at the 

monitoring points, corresponding to the locations 

used in Winter-Kennedy measuring method [1-2], 

see Figure 1.  

Verification of the results is done comparing the 

results with the data recorded in the power plant in 

real conditions or the data calculated from them.  

 

 

Figure 1. Geometric model of the spiral casing, 

with the pressure monitoring locations indicated 

(dark-grey points): the top view (above) and the 

horizontal view perpendicular to the axis of the 

inlet pipe, with the section through the 

monitoring points (below) 

2.1. Computational setup 

In order to increase the overall processing speed 

the computational domain is focused on spiral 

casing, including stay vanes, Fig. 1. The guide vanes 

and the turbine runner are avoided. Instead, outflow 

boundary of cylindrical shape is created in the region 

between the stay vanes and the guide vanes.  

The geometric model of the spiral casing is 

obtained by 3D scanning from the interior (this can 

be done, for example, during a regular inspection 

period, when the spiral casing and the turbine are 
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empty). The resulting point cloud is used to create an 

appropriate triangulated surface.  

The inflow boundary (not shown in figure) is 

defined as a perpendicular cross section of the inlet 

pipe, located 4D upstream from the entrance to the 

spiral casing. At the inflow boundary, integral flow 

rate is prescribed and kept constant in every single 

calculation run. Spiral casing and stay vanes are 

considered as fixed, impermeable no-slip walls. 

Hence, both the tangential and normal component of 

velocity are set to zero. The wall pressure values are 

obtained by extrapolation from the near-wall cells. 

Three different types of boundary condition are 

tested at the outflow boundary, in the region between 

the stay vanes and guide vanes: (a) integral flow rate 

with specified slope of flow direction, (b) developed 

outlet flow (with local flow directions extrapolated 

from the domain interior and zero-gradient condition 

of physical quantities), and (c) specified surface-

averaged pressure over the boundary. 

The computational mesh inside the CAD model 

is automatically generated and refined depending on 

the boundaries’ curvature, see Figure 2. The mesh 

consists of cubic cells, trimmed near the boundaries 

to adapt to their shape, and 20 layers of prisms along 

the walls in order to capture velocity gradients in the 

boundary layer regions. The final mesh contains 

about 5 030 000 cells.  

 

Figure 2. Computational mesh in the horizontal 

section plane of the spiral casing 

Turbulence is resolved using: realizable k- 

model [10] (in this paper also denoted as R KE), k- 

SST model [11] (denoted as KW SST), elliptic-

blending Reynolds-stress model [12] (EB RSM), and 

large-eddy simulation without subgrid-scale 

modelling (denoted as LES or LES w/o SGS). 

Implementations of all Reynolds-averaged Navier-

Stokes equations (RANS) models used in this work 

are capable of handling a wide range of y+ values, 

from viscous sublayer to logarithmic region. LES 

w/o SGS reduces, practically, to solution of laminar-

flow model, so its wall boundary condition does not 

involve any special wall treatment and wall distance 

was not calculated. 

Although, formally, LES methods require much 

finer spatial resolution than RANS models, for sake 

of keeping computing costs and time demands 

reduced, LES w/o SGS is done on the same mesh as 

the RANS models, yielding thus comparison of 

results obtained with conditions the same or similar, 

as much as possible. 

All simulations are done aiming at steady-state 

scenario, so the RANS models (R KE, KW SST, and 

EB RSM) are run ignoring the time dimension and 

the inertial contribution to the balance of forces, 

while LES, as imposed by the model,  is run in time. 

Once again, all boundary conditions are kept 

constant. Since the final solution is expected to be 

stationary, in case of LES the inertial term of the 

momentum equation is first discretized by 1st-order 

accurate implicit Euler scheme, and the time step of 

0.005 s was adopted, to provide some numerical 

damping while marching in time. Also convective 

term is discretized by 1st-order accurate upwind 

scheme at the beginning. In order to refine the 

computation, discretization order is increased during 

simulation (described later in the text), typically after 

2 s to 3 s of simulated time, depending on the flow 

rate. For the details on numerical methods and 

discretization techniques the reader is referred to, for 

example,  the books [13, 14] or the software 

documentation [9]. 

2.2. Reference measuring 

The pressure in the spiral case is measured on a 

turbine operating in real conditions, at two points 

along the same radial section, already shown in 

Fig. 1. Pressure transducers with strain gauges, a 

measuring range of 0–20 bar, accuracy class 0.3, and 

nominal sensitivity of 0.2 mV/bar, are used. One 

transducer is calibrated using a hydraulic scale with 

an accuracy class of 0.1, and the sensitivity of the 

second sensor is adjusted to match the readings of the 

first one. The measurement signal is acquired and 

amplified by a SPIDER8 amplifier and recorded 

using CATMAN software [15]. The pressure 

difference is measured during stationary turbine 

operation at seven different power levels, ranging 

from 12 MW to 30 MW. Power stabilization and 

achievement of conditions for pressure measurement 

is monitored by measuring the signal from the 

opening grade of the turbine guide vanes. 

Due to different vertical positions of the two 

paired sensors, gravity-induced pressure difference 

is obtained in the recorded values. These are 

corrected through manual calculation, subtracting 

the gravity contribution gzps. 

In addition to the pressure differences, a number 

of corresponding operating data is recorded, 

including net head, and the output power of the 

electric generator.  
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For the reference and comparison with the 

simulated results, the flow rate is not directly 

measured, but it is found through a “backward”-

calculation from the recorded generator output-

power, which is a common procedure for hydraulic 

turbines in operating conditions. One takes into 

account efficiency of the generator, power losses in 

mechanical transmission, and the efficiency of the 

turbine (from the corresponding hill chart, for the 

given net head and vane opening). Thus, the input 

power of the turbine PT/T is obtained, from which 

the water flow rate is obtained using Eq. (1) having 

the net head known. 

3. RESULTS 

In Figure 3 the results of computer simulation 

are shown for two different types of the outflow 

boundary condition: zero-gradient outlet and 

constant average pressure, both of them computed 

with R KE turbulence model. The reference values – 

the measured pressure difference and the 

corresponding flow-rate calculated from the 

recordings in the power-plant – are shown as well. 

Both boundary conditions provide the expected trend 

of the pressure-difference variation. Deviations of 

the results obtained with zero-gradient outlet 

condition from the reference data exhibit 

overestimation in the entire range of the observed 

flow rates, and are larger than deviations arising in 

use of average-pressure condition. For both types of 

boundary condition, the deviations increase with the 

increase of the flow rate. The computations with the 

integral flow-rate condition with specified flow 

direction at the outflow boundary are not shown in 

the diagram, but they yield the results similar to those 

achieved with average-pressure condition. 

 

Figure 3. Comparison of average-pressure and 

zero-gradient-outlet boundary condition 

Figure 4 shows a comparison of the results 

obtained with different types of turbulence 

modelling applied to the case with the average-

pressure outflow boundary condition. The results are 

quite close to each other, and they are very close to 

the reference data. This allows conclusion that the 

choice of turbulence model is not decisive for the 

overall flow behaviour reflected in the observed 

pressure-difference and flow-rate relation. 

 

Figure 4. Different turbulent flow simulations 

with average-pressure outflow boundary 

The trend of the curves in Figs. 3 to 4, 

representing the computational results, approximates 

quadratic parabola, as expected. By fitting a curve in 

form of Eq. (2) through the these data (i.e. through 

arithmetic average of results obtained with different 

turbulence models for each single flow rate), 

including corrective translation along the p-axis, 

which accounts for the part of pressure difference 

caused by gravitational effect and difference in 

pressure-sensor elevations gzps, one can obtain the 

relation: 

 

𝑄 = 49.6392 (
Δ𝑝 − 𝜌𝑔Δ𝑧ps

100 000
)

0.5004

 . (3) 

 

Note that this relation holds only for the speific spiral 

casing geometry in the presented simulations. Eq. (3) 

delivers an error less than 0.5% as compared to the 

flow rates at sampling points (simulated results). 

Fitting a curve of the same form through the 

measured data delivers the relation: 

 

𝑄 = 46.1312 (
Δ𝑝 − 𝜌𝑔Δ𝑧ps

100 000
)

0.4348

 . (4) 

  

The resulting exponent in Eq. (4) is clearly lower 

than the theoretical one. This can be addressed to 

realistic conditions in the measurement, such as wall 

roughness and other sources of energy losses. On the 

other hand, simulation does not take these into 

account, so the relation resulting from fitting of 

simulation data has the exponent much closer to the 

ideal conditions. 

Figure 5 shows convergence history of 

simulations with R KE turbulence model for the 

minimum (above) and the maximum (below) flow 

rate from the investigated range, Q=15 m3/s and 

Q=35 m3/s respectively, using all three types of 

outflow boundary condition. While the average-

pressure and the integral flow-rate boundary 

condition show very similar convergence behaviour, 
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the zero-gradient outlet condition shows again an 

overestimation. According to the case of the lowest 

flow rate (Fig. 5, above), the rate at which the final 

result is approached is the fastest (i.e. it is achieved 

in the fewest number of iterations) in the condition 

of flow-rate with the prescribed flow direction (about 

500 iterations). 

 

 

Figure 5. History of the pressure difference at 

the monitoring points, calculated for different 

types of outflow boundary condition: Q=15 m3/s 

(above) and Q=35 m3/s (below) 

The computational results obtained by LES 

reveal that the flow exhibits small unsteady effects. 

In Figure 6, history of the pressure difference is 

shown. In the period from 0 s to 2 s, the flow is 

calculated using the 1st-order accurate upwind 

scheme for discretization of the convective term in 

the momentum-balance equation to promote stability 

and damping with the relatively coarse time step. 

From 2 s to 2.5 s of simulated time, discretization 

scheme for the convective term is switched to the 2nd-

order accurate linear-upwind scheme, and after 2.5 s 

of simulated time the discretization scheme of 

inertial term is also switched to the 2nd-order accurate 

one, with the time step reduced to 0.001 s. 

Consequently, the simulation detects slight 

oscillations of the pressure difference between the 

monitoring points about 0.314 bar for the flow rate 

of 25 m3/s. Fluctuations of the pressure difference 

amount to less than 0.5 %, which can be regarded as 

negligible. Also, a look at the pressure field, such as 

shown in Figure 7 for a typical instant of time, 

implies that the monitoring pressure locations are 

installed in the region of stable, non-fluctuating flow. 

4. CONCLUSIONS 

Water flow through the spiral casing of a 

hydraulic turbine is simulated using a computer 

program for CFD analysis. For the given range of 

water flow rates static pressure at the pre-defined 

monitoring points is calculated. The results of 

numerical simulation with the created computational 

model give a very good agreement with the measured 

pressure values. Thus, a relation between the 

pressure difference at the monitoring points and the 

incoming flow rate is established. This relation can 

be used for continuous estimation of the water flow 

rate in the turbine in operating conditions, by 

measuring static pressure at the given points.  

 

Figure 6. History of the pressure difference at 

the monitoring points, calculated with LES w/o 

SGS for Q=25 m3/s 

 

Figure 7. Instantaneous static-pressure field 

from LES w/o SGS, with the pressure 

monitoring locations indicated 

Since the computational domain includes only 

inlet pipe, spiral casing, and the stay-vanes ring, for 

proper simulation appropriate boundary condition is 

needed at the outflow surface (downstream the stay 
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vanes). Imposed surface-averaged pressure at the 

outflow boundary gives the best agreement with the 

reference data. Testing different turbulent handling 

approaches  did not give substantial differences. 

Based on the authors’ experience, realizable k- can 

model can be adopted for steady-state runs or 

unsteady runs with relatively slow dynamics, and 

LES w/o SGS modelling with at least 2nd-order 

accurate discretization in space and time can be used 

for the simulations, where small-scale time 

variations of the flow properties are analysed. 
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ABSTRACT

When thin, flexible structures, such as the ro-
tors of a quadcopter, are subjected to airflow, aer-
oelastic phenomena can occur due to the interaction
of elastic, inertial, and aerodynamic forces. Due to
these phenomena, the flexible structures lose their
stability at a critical flow velocity. Flutter is an
aeroelastic instability that leads to dynamic stabil-
ity loss. In this paper, we examine the flutter of the
rotor blades during the forward flight of the quad-
copter. In this regime, the relative wind experienced
by the rotor blades changes periodically. This results
in parametric excitation, which can lead to a reduced
critical velocity compared to the case without para-
metric excitation. To consider that the relative wind
changes along the radius of the rotor, we construct a
three-dimensional reduced-order model by chaining
multiple two-degree-of-freedom aeroelastic models.
The aerodynamic forces acting on the two-degree-of-
freedom models are computed using a quasi-steady
aerodynamic model.

We apply the reduced-order model to compute
the stability chart of a real quadcopter. To achieve
this, we perform simple measurements on the rotor
to obtain the geometric parameters, the stiffness, and
the damping coefficients. We then compute the sta-
bility chart for the quadcopter by solving the equa-
tions of motion of the reduced-order model numer-
ically. Using the computed stability chart, we can
determine, for a given rotor speed and forward flight
velocity, the minimal speed increase required for the
rotors of the quadcopter to lose their stability. We call
this minimal speed increase the flutter safety margin.
We gather velocity data during the flight of a quad-
copter and compute the flutter safety margin during

the flight.

Keywords: aeroelasticity, fluid-structure interac-
tion, numerical stability analysis, parametric ex-
citation, quadcopter

1. INTRODUCTION
Aeroelastic phenomena affect several types of

slender elastic structures subjected to airflow, such as
flexible wings, helicopter rotor blades, and wind tur-
bines. Aeroelasticity studies the interactions between
inertial, elastic, and aerodynamic forces on flexible
structures that are exposed to airflow. The theory
of aeroelasticity is extensively covered in the literat-
ure [1, 2, 3]. One dangerous aeroelastic instability is
called flutter, which is a dynamic stability loss [4]. A
famous example of flutter is the vibrations and struc-
tural failure of the Tacoma Narrows bridge [5, 6].

Airflow oscillations can cause parametric ex-
citation in aeroelastic systems [7]. Parametric ex-
citation differs from external forcing. The excita-
tion source during parametric excitation is the time-
varying modification of a system parameter. In the
case of airflow oscillations, the parameters of the
aerodynamic lift and moment are time-varying. The
interaction of self- and parametric excitation can in-
crease or decrease the critical wind velocity.

Typically, a two-degrees-of-freedom (2-DOF)
reduced-order model is used to investigate flutter and
compute the critical velocity [8]. However, one ma-
jor disadvantage of this model is that it assumes a
uniform velocity along the wing, while rotorcraft,
such as drones, have a linear velocity distribution
along the span of their wings. Thus, it is important to
study a more complex reduced-order model to gain
a better understanding of flutter safety for these air-
craft.
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This work investigates a three-dimensional
reduced-order model subjected to periodically vary-
ing airflow to study flutter in flying drones. In Sec-
tion 2, we introduce the mathematical model. In Sec-
tion 3, we compute the stability charts. In Section 4,
we introduce the flutter safety margin and compute it
during the flight of the drone. In Section 5, we sum-
marize the results.

2. MATHEMATICAL MODEL
In this section, we will describe the three-

dimensional reduced-order aeroelastic model. The
building block of this model is a two-degrees-of-
freedom (2-DOF) aeroelastic model shown in Figure
1. The two degrees of freedom in the model are the
pitching (α) and plunging (h) degrees of freedom.

Figure 1. The 2-DOF aeroelastic model.

In this model, we assume that the center of grav-
ity (denoted by G) is located in the middle of the
wing. We denote the distance between the elastic
axis and the center of gravity by ab and the semi-
chord by b. The equations of motion of this model
are [9].

mḧ + chḣ + khh = −L,
Iαα̈ + cαα̇ + kαα = M,

(1)

where h and α describe the vertical (plunge) displace-
ment (positive downwards) and angular (pitch) dis-
placement (positive in the clockwise direction), re-
spectively. The mass of the wing is m and Iα is the
moment of inertia. The stiffness and damping coeffi-
cients for the plunge DOF are denoted by kh and ch,
respectively. For the pitch DOF, these coefficients are
denoted by kα and cα. L and M denote the aerody-
namic lift and moment (together they will be called
the aerodynamic forces). To compute the aerody-
namic forces L and M, we apply the quasi-steady
approximation of the Theodorsen lift function [10].
Thus,

L = 2πρU2bS
[
α +

ḣ
V
+ b

(
1
2
− a

)
α̇

V

]
,

M = 2πρU2b2S
(
a +

1
2

) [
α +

ḣ
V
+ b

(
1
2
− a

)
α̇

V

]
,

(2)

where S is the span of the wing, a is defined via Fig-
ure 1, ρ is the density of the air and V is the velocity
of the air. One big disadvantage of this model is that
it assumes a constant velocity distribution along the
span of the wing. This assumption is not valid for
rotorcraft, since in their case the velocity increases
linearly from the hub to the tip of the wing.

We eliminate this disadvantage by chaining mul-
tiple two-degrees-of-freedom (2-DOF) models into
a three-dimensional reduced-order model through a
pair of springs. Each wing segment (i.e., a single 2-
DOF model) has a pitch and plunge DOF, with the
plunge DOF corresponding to the bending motion
of the wing. These DOFs are coupled to those of
the neighboring wing segments by springs. The con-
struction is shown in Figure 2 for two wing segments.

Figure 2. The three-dimensional reduced order
model.

This construction consists of wing segments con-
nected to each other by identical springs in a series
configuration. The model is shown for two wing seg-
ments for simplicity, but it can be easily generalized
for more segments. The equation of motion for this
three-dimensional model is

Mẍ +Cẋ + Kx =


L1

(
ḧ1, ḣ1, α1, α̇1, α̈1

)
M1

(
ḧ1, ḣ1, α1, α̇1, α̈1

)
L2

(
ḧ2, ḣ2, α2, α̇2, α̈2

)
M2

(
ḧ2, ḣ2, α2, α̇2, α̈2

)
 , (3)

where Li

(
ḧi, ḣi, αi, α̇i, α̈i

)
,Mi

(
ḧi, ḣi, αi, α̇i, α̈i

)
are

the lift and moment acting on the i-th wing segment,
M, C, and K are the mass, damping, and stiffness
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matrices respectively, and x = [x1, x2, x3, x4]T is the
state vector. The four variables in the state vector are
the two plunging displacements h1, h2 and the two
pitching displacements α1, α2, i.e., x1 = h1, x2 =

α1, x3 = h2, x4 = α2. The mass and stiffness matrices
are derived using the principles of Lagrangian mech-
anics and are given by

M =
[
∂2Ek

∂ẋi∂ẋ j

]
(4)

K =
[
∂2U
∂xi∂x j

]
, (5)

where Ek is the kinetic energy and U is the potential
energy of the system. We assume proportional damp-
ing, meaning that the damping matrix C is a multiple
of the stiffness matrix K, i.e.,

C = dK, (6)

where d is a constant.
For the model we have taken the structural para-

meters from [9] but scaled them to match the dimen-
sions and mass of our drone’s propeller. The result-
ing parameters are shown in Table 1.

Parameter name Parameter value
a 0
b 0.017 m
ch 0.003 kg/s
cα 0.006 kgm2/s
Θ 0.00023 kgm2

kh 250 N/m
kα 0.49 Nm/rad
m 0.008 kg
S 0.167 m
ρ 1.2 kg/m3.

Table 1. Numerical values of the parameters in
the three-dimensional reduced order model.

Now we will describe the parameters of the indi-
vidual wing segments based on the parameters of the
whole wing given in Table 1. The mass, moment of
inertia, and span of the i-th wing segment are given
by

mi =
m
n
, Θi =

Θ

n
S i =

S
n
, (7)

where mi, Θi, S i are the mass, moment of inertia,
and span of the i-th wing segment, respectively, and
n is the number of wing segments. We approximate
the stiffness coefficients by a linear function as

kαi = kα(n − i + 1), khi = kh(n − i + 1), (8)

where kαi , khi are the pitching and plunging stiffness
coefficients of the i-th wing segment, respectively. It
is not straightforward to determine the damping coef-
ficient of the i-th wing segment. However, it was de-
termined by [11] that the use of

cαi = cα
√

n, chi = ch
√

n, (9)

leads to the fastest convergence of the critical velo-
city as a function of n. For this reason, we use these
functions to obtain the damping coefficient of the i-th
wing segment.

We will now compute the critical velocity of the
model, which is the flow velocity at which the system
loses its stability and flutter oscillations occur. First,
we assume a constant velocity distribution along the
wing. To compute the critical velocity, we determ-
ine the eigenvalues of the system’s Jacobian for wind
velocities starting from 0, increasing by 1 m/s up to
100 m/s. As the velocity increases, a pair of complex
conjugate eigenvalues will cross the imaginary axis.
The velocity at which this occurs is the critical velo-
city. The critical velocity as a function of the number
of wing segments is shown in Figure 3.

Figure 3. The critical velocity as a function of the
number of wing segments assuming constant ve-
locity distribution.

The critical velocity of the two-degrees-of-
freedom (2-DOF) model is 52m/s, which corres-
ponds to n = 1. As the number of wing seg-
ments increases, the critical velocity also increases
and converges to 70m/s. Thus, the use of the three-
dimensional model results in approximately 35%
higher critical velocity, which confirms that this more
complex model is indeed necessary to obtain accur-
ate results even for fixed-wing aircraft.

Now we will investigate the critical velocity
for drones, which have a linear velocity distribution
along the wing, as follows:

vi = v
i
n
, (10)

where vi is the wind velocity at the i-th wing segment.
The critical velocity as a function of the number of
wing segments is shown in Figure 4.
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Figure 4. The critical velocity as a function of the
number of wing segments assuming linear velo-
city distribution.

The critical velocity of the two-degrees-of-
freedom (2-DOF) model is 52m/s, which corres-
ponds to n = 1. As the number of wing seg-
ments increases, the critical velocity also increases
and converges to 82m/s. Thus, the use of the three-
dimensional model results in approximately 58%
higher critical velocity. This critical velocity is
also approximately 17% higher than in the previous
case where we assumed constant velocity distribution
along the wing.

3. STABILITY CHARTS
In this section, we will compute stability charts

for the three-dimensional model, which show as a
function of the rotor speed and the forward flight ve-
locity, whether flutter occurs, i.e., the stability of the
system.

As a first step, we need to compute the time-
varying relative wind velocity experienced by the ro-
tor blade as a function of the rotor speed and the for-
ward flight velocity. This velocity is time-varying be-
cause, as the rotor blade travels forward (in the same
direction as the rotorcraft is flying), the relative velo-
city due to the flight of the drone is subtracted from
the relative velocity due to the rotor rotation. As the
blade travels backward (in the opposite direction to
the rotorcraft flight), the opposite happens and the
relative velocity increases. The relative velocity can
thus be written as

v(t, s) = ωs + v f sin(ωt), (11)

where s is the distance from the hub of the rotor ω
is the angular velocity of the rotor and v f is the for-
ward velocity of the drone. Additionally we define
the rotational velocity of the wing tip as

vr = ωs. (12)

We computed the stability chart of the three-
dimensional model by carrying out numerical simu-
lations with the initial condition α1(0) = 0.1. We ran
the simulations for 100 s and considered the system
unstable if the tip rotation exceeded 0.1 at any point
during the simulation, i.e., the system is considered
unstable if

∃t : αn(t) > 0.1. (13)

The stability charts for different n values are
shown in Figures 5, 6, 7. The blue region indicates
the unstable region, while the yellow region indicates
the stable region.

Figure 5. Stability chart for n = 1.

Figure 6. Stability chart for n = 5.
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Figure 7. Stability chart for n = 10.

For a stationary drone, where the forward velo-
city v f = 0, the critical velocity is 88 m/s as shown
in the previous section. As the forward velocity v f
increases, the rotor will lose its stability at various v f
values depending on the tip velocity vr. If vr < 50
m/s, the stability loss occurs at 50 ≤ v f ≤ 90 m/s.
However, these forward velocities are not attainable
since the drone is not able to fly forward faster than
the tip velocity. For 50 < vr < 65 m/s, the stability
loss occurs at v f > 90 m/s. Above vr = 65 m/s, the
stability boundary starts to decrease as vr increases
and reaches v f = 0 m/s at the critical velocity vr = 88
m/s. The stability charts corresponding to a lower
number of wing segments have a similar shape but
the unstable regions are larger.

4. FLUTTER SAFETY MARGIN
In this section, we define the flutter safety mar-

gin and compute it during a flight of the drone. The
flutter safety margin is defined as the minimal in-
crease in the relative wind velocity at the tip of the
wing, which would result in flutter oscillations. This
is defined mathematically as the distance between the
point (v f , vr) and the stability boundary, i.e.,

S(v f , vr) = dist((v f , vr),B), (14)

where S is the flutter safety margin, v f is the forward
velocity of the drone, vr is the rotational velocity of
the wing tip, and B is the stability boundary in the
(v f , vr) plane.

To compute the flutter safety margin during the
flight of the drone, we first measured the rotor speed
corresponding to different forward flight velocities.
The goal of the measurement was to determine the
working range of a general drone propeller, not to
validate the model. We carried out this measurement
in the departmental wind tunnel. The drone was fixed
inside the wind tunnel on a force measurement device
so that we could measure the aerodynamic forces act-

ing on the drone. We then set a constant wind ve-
locity and increased the velocity of the drone rotors
until the net force acting on the drone was zero. In
this state, the lift of the rotors counteracts the aerody-
namic drag and gravity. This means that the velocity
of the drone rotors is the same as it would be during
forward flight. The measurement setup is shown in
Figure 8.

Figure 8. The measurement of the drone rotor ve-
locities in the wind tunnel.

The result of the measurement is shown in Figure
9 and Table 2, where f denotes the rotational velocity
of the propeller in revolutions per minute.

Figure 9. The rpm of the drone rotor at different
forward flight velocities

v [m/s] n [rpm]
0 3205
2 3206
4 3286
6 3503

Table 2. The velocity of the drone rotor at differ-
ent forward flight velocities

As the forward velocity of the drone increases,
the rotor velocity also increases, which becomes
more apparent at higher forward velocities. Note
that these rotor velocities result in a rotor tip velocity
above the critical velocity for the two-dimensional
reduced-order model (which is 52 m/s). Thus, this
measurement confirms that the three-dimensional
reduced-order model is indeed more accurate than
the two-dimensional one.

We show the drone’s forward flight velocities
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and the corresponding rotor tip velocities on the sta-
bility chart in Figure 10 with a black line.

Figure 10. The rotor tip velocities and their cor-
responding forward flight velocities shown on the
stability chart.

The drone stays well away from the stability
boundary during forward flight, so flutter does not
occur. This again confirms that the three-dimensional
model results in more accurate results than the two-
dimensional model since the latter predicts that the
drone is in the unstable regime during flight. The flut-
ter safety margin is shown in Table 3. As the drone
accelerates, the flutter safety margin decreases, but
remains above 20m/s, so there is no risk of flutter.

v [m/s] n [rpm] S [m/s]
0 3205 25.95
2 3206 25.93
4 3286 24.53
6 3503 20.74

Table 3. The flutter safety margin during forward
flight

5. SUMMARY
In this paper, we develop a three-dimensional

reduced-order model for wing flutter. This model is
built by chaining multiple two-dimensional reduced-
order models together using linear springs. As a
result, each wing segment in the three-dimensional
model has a pitch and a plunge degree of freedom,
but these are influenced by the motion of the neigh-
boring wing segments.

First, we computed the critical velocity (i.e., the
smallest velocity at which flutter is present) for the
three-dimensional model as a function of the number
of wing segments. We found that the use of multiple
wing segments results in an increase in the critical
velocity. As the number of wing segments increases,

the critical velocity converges to a fixed value and
does not increase indefinitely. We also concluded
that the use of a linear velocity distribution along the
wing results in an even greater critical velocity.

Next, we computed stability charts using the
three-dimensional model for various n values and
found that increasing the number of wing segments
results in the enlargement of the stable region. Based
on the stability chart, we defined a flutter safety mar-
gin as the distance from the stability boundary. To
compute the flutter safety margin during flight, we
performed wind tunnel measurements to obtain the
rotor tip velocity for different forward flight velo-
cities. Based on the measurement results, we com-
puted the flutter safety margin during forward flight
and found that it decreases as the drone accelerates,
but never approaches zero, so flutter does not develop
during the flight of the drone.
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ABSTRACT 
When the blade of a horizontal-axis wind turbine 

is replaced with a circular cylinder and a ring plate is 
installed downstream, a necklace vortex forms at 
their intersection. As the cylinder rotates, this vortex 
remains stationary on the opposite side of its motion, 
generating lift and driving the turbine. This is known 
as a necklace vortex-driven cylinder-blade wind 
turbine. Developed by the authors, this turbine 
rotates at less than 1/20th of the peripheral speed of 
conventional blade-type turbines while generating 
over ten times the torque. Its low speed eliminates 
noise and vibration, and the soft-material cylinder 
blades enhance safety, making it suitable for 
installation near human living spaces. The turbine 
consists of a single cylinder as the blade and a ring 
plate positioned in its wake. Key design parameters 
include the cylinder’s diameter and length, the ring 
plate’s diameter and radial width, and their spacing. 
This presentation examines how these factors 
influence power characteristics. 

Keywords: cylindrical blade, horizontal axis wind 
turbine, necklace vortex, vertical vortex 

NOMENCLATURE  
CP [-] power coefficient 
d [mm] diameter of cylinder blade 
D [mm] diameter of ring plate 
FL [N] lift force on cylinder blades 
L [mm] length of cylinder blade 
n [rpm] rotational speed of blades 
N [-] number of blades 
s [mm] gap between blade and ring plate 
T [Nm] Torque acting on rotating shaft 
U [m/s] wind velocity 
W [mm] width of ring plate 
 
Subscripts and Superscripts 
max maximum value a series of measurements 

1. INTRODUCTION 
When a cylindrical bluff body is placed in a 

uniform flow, periodic shedding of Kármán vortices 
from both sides generates fluctuating lift forces. If 
the shedding frequency matches the natural 
frequency of the structure, resonance can occur, 
leading to large-amplitude oscillations that may 
damage the structure. To suppress such wake 
instabilities and vortex shedding, Rashidi et al. [1] 
systematically reviewed existing control strategies 

Figure 1.  Longitudinal vortices at cross-section of 
cruciform system with cylinder and flat plate. 

Figure 2.  Mechanism of lift force generation 
by Necklace vortex. 
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and classified them into two categories: active 
control and passive control. Active control involves 
manipulating the flow using external energy, while 
passive control modifies the flow without external 
input by changing the geometry of the body or 
attaching devices such as splitter plates[2-5]. Passive 
control is generally simpler in structure and easier to 
implement, making it more practical for engineering 
applications [6]. 

Our group has developed a passive control 
method to suppress Kármán vortex-induced 
excitation by placing a secondary circular cylinder 
downstream in a cruciform arrangement [7,8]. 
Experiments revealed that this configuration not only 
reduces oscillation amplitude but can also induce 
vibrations in the upstream cylinder. Two types of 
longitudinal vortices—trailing vortex (TV) and 
necklace vortex (NV)—were observed near the 
intersection, depending on the gap ratio (s/d). Kato et 
al. [9] later replaced the downstream cylinder with a 
strip plate, which proved more effective in enhancing 
resonant vibrations. This concept was further applied 
to develop a micro power generator utilizing 
longitudinal vortex-induced vibration (LVIV) [10]. 

Longitudinal vortices, with their rotational axis 
aligned with the flow direction, are periodically 
generated in the cylinder-plate system shown in 
Figure 1, which consists of a crossed arrangement 
with a prescribed gap in uniform flow. As shown in 
Figure 2, when the cylinder moves parallel to the 
plate, a relative angle of attack is introduced, 
disrupting the periodicity of the necklace vortex and 
localizing it on the opposite side of the cylinder’s 
motion. At this point, a steady lift force acts on the 
cylinder due to the reaction force of the suction flow 
at the front of the cylinder, induced by the necklace 
vortex [11]. 

The longitudinal vortex-driven cylindrical blade 
wind turbine is a novel wind turbine concept in 

which a rotating shaft is attached to the cylinder as a 
blade, driven by the necklace vortex flowing through 
the gap between the ring plate and the trailing edge 
of the cylinder [12]. However, the effects of this 
phenomenon have not been fully considered in 
practical wind turbine systems (Figure 3). Sakamoto 
et al. demonstrated that varying the ring plate width 
W for a given cylindrical blade diameter d influences 
performance and that an optimal face width ratio 
exists [13]. 

Therefore, this study aims to clarify the effect of 
curved flats on performance characteristics and 
propose a method for predicting wind turbine 
performance based on geometric parameters. 

2. EXPERIMENTAL APPARATUS AND 
METHODS 

Figure 4 shows the experimental apparatus and 
each parameter. The apparatus was set up in a wind 
tunnel with a test section of 320 mm × 320 mm × 
1000 mm. The center diameter D of the ring plate 
was varied for different combinations of the 
cylindrical blade diameter d and the ring plate width 
W, while maintaining a constant wind velocity U. 

Figure 4.  Schematic of wind turbine device and each parameter. 

d 10~50mm 
W 10~80mm 
D 60~250mm 
s 4~21mm 
L 220, 280mm 
U 10m/s 

FIGURE 3.  DIFFERENCE DUE TO THE CURVATURE 
GIVEN TO THE FLAT PLATE. 
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Figure 5. Effect of ring plate diameter D on 
the measured torque and lift per blade. 
(d=10mm, W=10mm, s=4mm, L=280mm, 
N=6, U=10m/s) 

(c) Center diameter of the ring-plate 
vs. Maximum lift force 

(a) Rotational speed vs. Torque 
 

(b) Center diameter of the ring-plate 
vs. Maximum torque 

 

Figure 6.  Relationship between the ring plate 
diameter and the maximum lift force for various 
cylinder blade diameters and ring plate widths 
(L=280mm, s=4-7mm, U=10m/s, N=2-6). 
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Figure 7. Effect of Effective Area of Blade dW on 
Maximum Power Coefficient (d=10-40mm, 
W=10-60mm, D=155 mm, L=220 mm, s=4-15 
mm, N=2, U=10m/s). 

(a) Results for all d and W 

(b) Results restricted to 1 ≤ W/d ≤ 2 
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A load was applied to the wind turbine's rotating 
shaft using an electromagnetic brake (HB0.5, 
OGURA CLUTCH Co., Ltd.). The torque T and 
rotational speed n were measured with a torque meter 
(UTMII-0.2Nm, Unipulse Co., Ltd.). 

 

3. RESULTS AND DISCUSSION 

3.1. Measured toque and evaluated lift 
force per blade 

As shown in Figure 5(a), the torque of this wind 
turbine increases linearly as the rotational speed 
decreases when a load is applied to the rotating shaft 
under a constant mainstream wind speed. Therefore, 
this torque curve was extrapolated using a linear 
approximation, and the maximum torque Tmax was 
defined as the value obtained when the rotational 
speed reaches zero. Figure 5(b) illustrates the 
relationship between the diameter D of the ring plate 
and Tmax, while Figure 5(c) presents the relationship 
between the maximum steady lift force per blade FL 

max /N and D, which was obtained by dividing Tmax by 
D. Figure 5(c) indicates that FL max /N is nearly 
independent of D under these conditions. 

This suggests that when the cylindrical blade's 
diameter d and ring width W are sufficiently small, 
the difference in radius of curvature or 
circumferential velocity between the inner and outer 
regions of the ring does not affect the lift, even as the 
ring diameter D decreases. Additionally, the effect of 
the vortex generated at the wingtip remains minimal, 
even if D increases and approaches the wingtip. 

Figure 6 shows the maximum steady lift per 
blade, FL max /N, when D is varied for an arbitrary 
combination of d and W. For the d = 10 mm, W = 10 
mm combination shown in Figure 5(c), FL max /N 
remained approximately constant regardless of 
changes in D. However, for the d = 10 mm, W = 15–
20 mm combinations, a decrease in FL max /N was 
observed for both large and small values of D. When 
D is small, the difference in circumferential velocity 
between the inner and outer diameters of the ring 
becomes relatively large. Additionally, as D 
decreases, the size of the hub that supports the 
rotating shaft and blades remains unchanged, 
increasing the ratio of flow obstruction to the inner 
opening area of the ring. These factors contribute to 
the decrease in FL max /N in the small D region. 

3.2. Effective area of blade relative to lift 
In a cylindrical-blade wind turbine driven by a 

necklace vortex, the lift force is concentrated near the 
intersection of the blade and the ring plate. 
Increasing the blade diameter d and ring width W 
expands the area over which the lift force acts, 
leading to a corresponding increase in lift. To   
quantify this effect, dW is introduced as a new 
parameter representing the lift-affected area. 

Figure 7(a) shows the maximum power 
coefficient per blade for various combinations of 
blade diameter d (10 mm to 40 mm) and ring width 
W (10 mm to 60 mm), obtained by measuring power 
characteristics. The proportionality to dW does not 
hold due to performance-interfering phenomena 
affecting the wind turbine. 

Figure 8. Map illustrating the shape factors required for a viable cylindrical-blade 
wind turbine. 

! > 1 $⁄ $& + $

! ≦ − 1 $⁄ $& + *

feasible

W =10 mm
D =240 mm

W =10 mm
D =60 mm

W =100 mm
D =155 mm

not feasible

W =50 mm
D =260 mm

W =160 mm
D =155 mm

W =50 mm
D =40 mm
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Figure 7(b) plots a subset of results from Figure 
7(a), including only cases where the normalized ring 
width W/d is between 1 and 2. In this range, the 
proportional relationship between the power 
coefficient and dW is maintained across a wide range. 
This suggests that designing wind turbines within 
1≤W/d≤2 can help suppress performance-
deteriorating effects. 

3.3. Conditions for shape factor to be 
valid as a wind turbine 

A cylindrical-blade wind turbine has four shape 
factors: blade diameter d, blade length L, diameter of 
ring center D, and ring width W. These factors are 
not entirely independent, and two constraints must be 
satisfied to ensure the formation of a necklace vortex 
and the generation of lift. 

The first condition is that the cylindrical blade 
must not obstruct the inner hole of the ring plate. 
Since the necklace vortex forms by wrapping around 
the ring in the direction of its width, a large d with a 
small D may block the hole, preventing stable vortex 
formation. Therefore, the inner hole diameter, D−W, 
must be larger than d. Given that dW is used as a 
design index for wind turbines, this relationship can 
be expressed as Equation (1). 

 
𝐷 > (1 𝑑⁄ )𝑑𝑊 + 𝑑	 (1) 

 
The second condition is that the blade must 

extend beyond the outer edge of the ring. If the blade 
length L is too short and its tip remains inside the 
outer diameter of the ring (D+W), the necklace 
vortex will not form. This condition can be expressed 
as the following equation. 

 
𝐷 ≦ −(1 𝑑⁄ )𝑑𝑊 + 𝐿 (2) 

 
For wind turbine design, these conditions are 

plotted on a plane with the ring plate diameter D on 

the vertical axis and dW on the horizontal axis, 
producing the map shown in Figure 8. A wind 
turbine is geometrically feasible if its parameters fall 
within the triangular region bounded by the magenta 
Equation (1) and the green Equation (2). Figure 8 
also illustrates examples of wind turbine shapes at 
characteristic locations both inside and outside this 
region. 

3.4. Distribution of maximum lift force 
in dW-D map 

The maximum lift force of wind turbines with 
various shapes, measured experimentally, are plotted 
on the dW-D map in Figure 8. An example is shown 
in Figure 9, where the color of each point represents 
the magnitude of the maximum lift coefficient. 
Additionally, the two blue vertical lines in the figure 
correspond to W/d=1 and W/d=2. Wind turbines with 
shapes outside the triangular region defined by 
Equations (1) and (2) hardly rotated. However, 
within this triangular region and between the blue 
vertical lines, the cylinders experienced a stable lift 
force. Furthermore, within this region, a larger dW 
results in a higher maximum power coefficient. 

4. SUMMARY  
In cylindrical-blade wind turbines, which rotate 

using the lift force from the necklace vortex as the 
driving mechanism, four key geometric parameters, 
blade diameter, blade length, ring plate diameter, and 
ring plate width, were analyzed for their combined 
effect on power characteristics. Based on these 
findings, a design guideline was developed to 
maximize the maximum power coefficient for a 
given blade length. 
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ABSTRACT 

Thrombus formation is crucial for blood-

contacting medical devices. Current models focus on 

platelet activity or coagulation factors but overlook 

the interplay between these two processes, essential 

for accurate thrombus prediction. In this work, a 

thrombus generation model was developed, which 

couples platelet activity with the coagulation cascade. 

By utilizing the fibrin and thrombin, the product of 

the coagulation cascade, to regulate thrombus 

formation, the two processes are integrated. A 

reduced-order coagulation cascade model is 

employed, enabling the model to more closely align 

with human physiological processes while 

improving computational efficiency. The model’s 

prediction of volume exhibited an error within 20% 

compared to experimental results and can effectively 

capture the evolutionary patterns of thrombus 

formation over time. This thrombus model is 

expected to be a reliable predictive tool for thrombus 

generation in blood-contacting medical devices. 

Keywords: thrombus, blood-contacting medical 

devices, hemodynamics  

NOMENCLATURE 

Ci [mol/m3] concentration of component i 

Di [N] diffusion coefficient of i 

kapa [/s] rate of platelet chemical activation 

kspa [/s] rate of shear-induced activation 

kaps [/s] activation rate due to other 

platelet-synthesized agonists 

t [s] time 

v [m/s] absolute velocity vector of blood 

vT [m/s] absolute velocity vector of 

thrombus 

μ [Pa· s] dynamic viscosity of blood 

ϕ [-] thrombus volume fraction 

τ [Pa] scalar shear stress 

γ [/s] shear rate 

1. INTRODUCTION  

Blood-contacting medical devices have gained 

widespread clinical use in the management of 

cardiovascular and cardiopulmonary diseases.  

However, hemocompatibility-related complications, 

including bleeding and thrombosis, remain critical 

clinical challenges. For instance, left ventricular 

assist devices (LVADs) are an effective treatment for 

end-stage heart failure-related diseases. Nevertheless, 

device-induced thrombus may lead to stroke, 

neurological events, or compromised mechanical 

efficiency, ultimately necessitating device 

replacement [1]. Consequently, elucidating the 

mechanisms underlying thrombus formation in 

blood-contacting medical devices constitutes a 

critical research imperative to advance both device 

design optimization and clinical implementation. 

Thrombus formation is a complex phenomenon 

governed by the coupled hemodynamic and 

physiological mechanisms, wherein platelets and 

biochemical mediators interact through cascade 

reactions, ultimately driving platelet activation, 

aggregation, adhesion, and stabilization. Given the 

incomplete understanding of device-induced 

thrombotic mechanisms and the inherent risks and 

difficulties of conducting clinical trials in patient 

populations, computational modeling of thrombus 

formation has emerged as an indispensable tool for  

bridging the fap between in vivo and in vitro 

experimentation [2]. For example,  Fogelsen [3] 

pioneered simulations integrating platelet activation, 

agonists transport, and platelet bulk aggregation 

within continuum-model framework. The inherent 

complexity of modeling thrombus formation in 

blood-contacting devices - stemming from the 

coupled interactions of platelets with numerous 

biochemical species - necessitates a critical 

compromise between model fidelity and 

computational efficiency. Fogelsen and Guy [4] 

compared a microscale model of platelet aggregation 

with a continuum model of platelet aggregation and 

found that the continuum model took only 1% of the 
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computational time of the microscale model to obtain 

results similar to those of the microscale model.  

Based on the Fogelsen continuum model, Sorensen 

et al. [5] proposed a two-dimensional thrombus 

model for blood contact with medical devices that 

incorporates multiple biochemical agonists of 

platelets to more accurately describe the mechanisms 

of platelet activation. Goodman et al. [6] extended 

previous models [3, 5] by incorporating shear stress 

effects on platelet activation, enabling their model to 

achieve real-time spatial prediction of thrombus 

growth. Taylor et al. [7] modified the model of [3, 5] 

by proposing a simple computational network 

capable of doing verifiable macro-scale prediction of 

thrombus at the same spatial scale as cardiovascular 

devices on time scales ranging from minutes to hours. 

Wu et al. [8,9] further extended the former  model [5] 

that accurately predicted thrombus generation under 

different flow conditions and biological 

environments and was the first to predict thrombus 

generation and growth in an axial blood pump, with 

results consistent with clinical observations. Blum et 

al. [10] developed an accelerated thrombosis model 

by simplifying a previous model [7] with a time step 

10,000 times larger than the time step required by the 

pre-simplified model, which significantly improves 

the computational efficiency. Moreover, Li et al.  

[11–13] established a predictive model focusing on 

platelet dysfunction induced by supraphysiological 

shear stresses in blood-contacting devices. While 

these models focus on platelet activity, but as 

mentioned earlier, thrombus formation remains 

intrinsically regulated by coagulation cascades. 

Meanwhile, some studies have also started from the 

coagulation cascade reaction to predict thrombus 

generation and growth by modeling the kinetic 

process of the coagulation cascade [14–17]. Existing 

thrombus models typically focus on a single specific 

subprocess in thrombus formation, limiting their 

ability to comprehensively reveal the complex 

mechanisms of thrombus formation. This limitation 

arises from the trade-off between computational 

efficiency and the precision of capturing 

physiological processes. Specifically, thrombus 

models based on platelet activity often overlook the 

regulatory effects of the coagulation cascade on 

platelet behavior, while models based on the 

coagulation cascade, due to involving numerous 

reactants and complex reaction networks, result in 

excessively high computational costs, making 

efficient simulations challenging.  

To address the limitations of previous research, 

this work proposes a coupled thrombosis model that 

integrates hemodynamics, platelet activity, and the 

coagulation cascade. The model regulates platelet 

activation, aggregation, adhesion, and stabilization 

through the intermediate and terminal products of the 

coagulation cascade. To improve computational 

efficiency, this study utilizes a reduced-order 

coagulation cascade model. Additionally, the model 

incorporates dynamic interactions between blood 

flow and thrombus formation, with particular 

consideration of shear stress effects in thrombus 

breakdown under hemodynamic conditions. This 

thrombus model was then applied to a backward-

facing step geometry and validated in space and time 

against the experiments to assess the accuracy of the 

predictions of model. 

2. METHODS 

This work develops a mathematical model of 

thrombosis. The model couples the fluid governing 

equations and introduces convection-diffusion-

reaction equations (CDR equations) to describe the 

transport of a range of biochemicals such as platelets 

and coagulation factors. Chemical activation and 

shear activation are considered for platelets, and 

platelet deposition is considered in terms of 

biochemical concentration aspects and flow aspects. 

A resistance term is added to the fluid governing 

equation to represent the obstruction of blood flow 

by thrombus. 

2.1 Governing Equations of Blood Flow 

The flow of blood was represented using a 

modified Navier–Stokes equations (N-S equations): 

 

0v =  (1) 

( )
( )( )2 2

1
T

Cdv
v v p v f v v

dx
  



 
+  = − +  + − 

− 

 
(2) 

 

where ρ is the density of the blood, μ is the kinetic 

viscosity of the blood, v is the flow rate of the blood, 

and vT is the speed of the thrombus. The source term 

C2f(ϕ)(v-vT)/(1- ϕ) is the resistance exerted by the 

thrombus to the fluid, where f(ϕ) = ϕ (1+6.5ϕ); ϕ is 

the thrombus volume fraction. 

2.2 Biochemical Component Equations 

The thrombus model contains two sub-models, 

the platelet activity model and the coagulation 

cascade model, which describes the process of 

platelet aggregation, adhesion, deposition on the 

surface of a blood-contacting device, which is 

modulated by the coagulation cascade reaction, and 

finally by the concentration of fibrin monomers 

leading to the formation of a stable thrombus. The 

platelet activity model incorporates a platelet-

released agonist, adenosine diphosphate (ADP), 

three states of platelets: resting platelets (RP), 

activated platelets (AP), and bound platelets (BP), 

and residence time. The residence time (RT) is used 

to determine the flow stagnation and recirculation 

zones. The coagulation cascade model contains nine 

coagulation factors and heparin. Some coagulation 

factors promote thrombin production, while some 

coagulation factors consume already produced 

thrombin thereby slowing down the progress of the 

coagulation cascade reaction. As shown in Figure 1, 
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when blood contacts the foreign surface, factor XII 

adsorbs to the surface, and triggers the coagulation 

cascade response. 

 
(a) 

 
(b) 

Figure 1. Schematic diagram of thrombus 

modeling mechanisms showing the role of the 

coagulation cascade in regulating platelet 

activity. (a) Platelet activity model. (b) Simplified 

coagulation cascade reaction with fibrin as the 

end product. 

The transport phenomenon of biochemical 

substances is represented by the CDR equation: 

 

 
 ( )  ( )i

i i i i

C
v C D C S

t


+  =   +


 (3) 

 

where [Ci] denotes the concentration of component i, 

Di denotes the diffusion coefficient of i, and Si is the 

source term of component i. The detailed diffusion 

coefficients and source terms are presented in [18]. 

The source term for platelet activation is defined 

as (Eq. (4)): 

 

APS apa spa apsk RP s RP k RP=  +  +   (4) 

 

where kapa represents the rate of platelet chemical 

activation, kspa denotes the rate of shear-induced 

activation, and kaps refers to the activation rate due to 

other platelet-synthesized agonists.Since BP is not 

transported with blood, its governing equation is: 

 

tBP b

BP
S

t
k −


=


 (5) 

 

where ktb denotes the rate for thrombus breakdown, 

with a detailed definition provided in Table A1 in the 

appendices and [18]. 

RP directly attaches to the wall surface, 

transforming into AP, while FXII adhesion to the 

foreign surface. Both processes are governed by flux 

boundary conditions [5]. ADP is released when RP 

is converted to AP, and FXII adsorbed to the surface 

of the device is converted to FXIIa. Consequently, 

the boundary conditions for both processes are also 

expressed using flux boundary conditions. The 

boundary condition expressions are provided in 

Table A2 in the appendices. 

2.3 Simulation Setup 

The thrombus model is first validated in the 

backward-facing step (BFS) geometry, and the 

simulation results are quantitatively compared with 

the experimental data of Yang et al. [19]. The detail 

of the BFS geometry and mesh is shown in Figure 2. 

Mesh generation uses structural meshes. A boundary 

layer consists of 10 layers, and mesh refinement is 

applied in the BFS region. Given that the coagulation 

cascade in the model is initiated by contact activation, 

the numerical algorithm incorporates wall flux 

boundary conditions to implement this mechanism. 

Consequently, the size of the wall mesh will 

influence the accuracy of the model. To address this 

issue, three sets of grids with varying degrees of 

refinement were generated in the BFS region: 80% 

refined mesh, baseline mesh, and 120% refined mesh, 

in order to validate the accuracy of thrombus 

formation predictions. Based on the experimental 

setup, the inlet flow rate was set to 1.67 × 10⁻⁵ m³/s, 

the outlet was specified with a zero-pressure 

boundary condition, and all wall surfaces were 

considered as foreign surfaces. Since heparin was not 

used in the experiments, the initial concentration of 

heparin was set to 0, and γt was adjusted to 10 s⁻¹[20], 

while other settings remained unchanged. The initial 

conditions for the thrombus model are outlined in 

Table 1. 

Table 1. Initial conditions for some biochemical 

species 

species unit value 

RP PLT/m3 1.85×1014 

AP PLT/m3 1%[RP] 

XII mol/m3 9.36×10-8 

heparin mol/m3 1×10-4 
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Figure 2. backward-facing step geometry 

3. RESULT and DISCUSSION 

As the coagulation cascade model is activated 

through the adsorption of FXII onto foreign surfaces, 

triggering the intrinsic coagulation cascade, the size 

of the boundary mesh is one of the key numerical 

factors in the thrombus model. To validate the mesh 

independence of the model, point A was selected in 

the BFS region, as shown in Figure 3(a). Figure 3(b) 

and Figure 3(c) present the temporal variation of 

concentrations of fibrin and AP at points A. The 

maximum deviations between the 80% refined, 

baseline, and 120% refined meshes were all below 

3%, and as time progressed, the discrepancies among 

the three meshes progressively diminished and 

converged, ensuring the mesh independence of the 

thrombus model. Therefore, the baseline mesh, 

consisting of approximately 540,000 mesh elements, 

was chosen for the analysis.  

Figure 4 shows the streamlines in the BFS region 

before thrombus formation. A recirculation zone is 

observed, with zero velocity at the corner after the 

sudden expansion and at the reattachment point 

downstream of the expansion, where the strain rate is 

less than 10 s⁻¹. Figure 5(a) presents a snapshot of the 

thrombus formed at t=20 s in the BFS region. Figures 

5(b-e) illustrate the development of the thrombus and 

the corresponding velocity contours around the 

thrombus. The thrombus initially forms at the corner 

of the sudden expansion, with further thrombus 

formation occurring at the reattachment point 

downstream of the expansion. This is due to the low 

flow velocity and strain rate at both the step corner 

and reattachment point (Fig. 4), which promotes 

thrombus formation at these locations. This 

observation is consistent with the experimental and 

simulation results of Goodman et al. [6] and the 

simulations of Taylor et al. [7] However, this 

phenomenon was not observed in the experiments of 

Yang et al. [19], possibly due to the resolution 

limitations of MRI. Subsequently, the thrombus 

formed at the step corner propagates downstream, 

while the thrombus formed at the reattachment point 

propagates upstream, until the thrombi formed at 

both locations merge into a single thrombus. 

Additionally, both the thrombus growth and the 

corresponding velocity contours indicate that the 

thrombus formation alters its surrounding flow field. 

 
(a) 

 
(b) 

 
(c) 

Figure 3. Mesh independence validation of the 

thrombus model. (a) Points A was  selected for 

mesh independence validation, with coordinates 

A(0, -0.004, 0). Temporal variation of (b) fibrin 

and (c) AP concentrations at point A for the 

three grid  

 
(a) 

 
(b) 

Figure 4. At t=1s, (a) streamline plot with a mark 

representing the reattachment point, (b) fluid 

strain rate. 
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(a) 

  

 

(b) (c) 

  
(d) (e) 

Figure 5. Simulated thrombus and flow field. (a) 

Simulated thrombus formed at t=20 s and 

streamline plot. (b-e) Simulated thrombus 

formed at t=2 s,6 s,10 s,14 s and velocity 

contours at the central cross-section. 

The simulation results of the thrombus model in 

the BFS geometry are quantitatively compared with 

the experimental results of Yang et al. in both spatial 

and temporal domains, as shown in Figure 6. The 

time scale represented in Figure 6 is accelerated. 

Simulated results for thrombus volume, length, and 

height are in good agreement with the experimental 

data, demonstrating the model’s capability to predict 

thrombus formation. Figure 6(a) compares the 

simulated thrombus volume with the experimental 

data. Thrombus formation begins at t=2 s, with the 

growth rate reaching its peak between t=3 s and t=7 

s, after which the thrombus formation rate gradually 

slows. Figure 6(b) shows the comparison of the 

simulated thrombus length with the experimental 

results. Between t=2 s and t=6 s, the thrombus length 

increases rapidly. From t=6 s to t=8s, the growth rate 

of thrombus length significantly slows, and after t=8 

s, the thrombus length hardly changes. Figure 6(c) 

illustrates the change in thrombus height over time, 

with the thrombus rapidly growing to nearly the 

height of the step before t=6 s, after which the 

thrombus height shows little further increase. 

Importantly, it is observed that during thrombus 

growth, the phenomenon of reattachment point drift 

occurs in the flow field. The numerical simulation 

framework is capable of effectively identifying this 

dynamic process. Notably, the consistency between 

the predicted thrombus distribution near the 

reattachment point and experimental results may be 

attributed to the model’s ability to preset the 

reattachment point location, thereby ensuring a 

stable computational flow field and aligning 

simulation predictions with experimental 

observations. 

Figure 7 illustrates the temporal evolution of 

concentration distributions for certain biochemical 

species. Figure 7(a) shows the distribution of AP 

concentration. Due to the strong platelet activation 

during the computational domain, the temporal 

variation in AP concentration is not significant. The 

concentration distribution of fibrin, as depicted in 

Figure 7(b), is influenced by a recirculation region 

downstream of the sudden expansion. Consequently, 

fibrin first accumulate at the corner of the sudden 

expansion and the reattachment point downstream, 

resulting in elevated concentrations. However, as the 

coagulation cascade progresses, the fibrin 

concentration becomes more uniform downstream. 

Notably, thrombus formation is influenced by both 

physiological factors and hemodynamic conditions.  

Over time, the fibrin concentration on the foreign 

surface tends to become consistent, but not all 

regions with high AP and fibrin concentrations 

develop into thrombi (Figure 7(c)). This is because 

platelet stabilization also depends on fluid shear 

stress. Only in low-shear regions can APs convert to 

BP, thereby forming a thrombus, as shown in Figure 

8. 
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(c) 

Figure 6. Quantitative comparison of the 

simulated thrombus with experimental data in 

both spatial and temporal domains. (a) Volume, 

(b) Length, (c) Height, with data obtained from 

Yang et al. [19]. 

 
(a) 

 
 (b) 

 
(c) 

Figure 7. Concentration distribution of selected 

biochemicals and simulated thrombus volume 

fraction at t=5, 15 and 30s. (a) concentration 

ofAP. (b) concentration of fibin. (c) similated 

thrombus volume fraction.  

 

Figure 8. Fluid strain rate at t=5, 15 and 30s.  

5. SUMMARY  

This study proposes a thrombus formation 

model that integrates blood flow, platelet activity, 

and coagulation cascade to predict thrombus 

formation behavior in blood-contacting medical 

devices. The model was validated in a backward-

facing step geometry, with its numerical simulation 

results achieving a high degree of consistency with 

experimental data. This research establishes a 

foundation for future studies and applications. By 

applying the proposed model to thrombus prediction 

in blood-contacting medical devices, it provides a 

scientific basis for optimizing device design, clinical 

treatments, and prognostic evaluations. 
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APPENDICES  

Table A1. Parameter relate to platelets activity 

model 

terms expression description 

kapa 

0, 1.0

, 1.0

1 1
,

ct

act ct act

t

t t t


 


 

 

 




 

Platelet 

activation due 

to chemical 

agonists occurs 

only when the 

agonist 

concentration 

exceeds a 

certain 

threshold, 

triggering the 

chemical 

activation 

reaction. 

Ω 
   

ADP IIa

t t

ADP IIa
w w

ADP IIa
+

 

The agonist 

equivalence,  

wADP and wIIa , 

represent the 

specific weight 

factors of ADP 

and thrombin in 

their role in 

platelet 

activation. 

ktb kbb×f(τ) 
The rate of 

thrombus 

breakdown[21] 

kbb 200 

constant 

related to  the 

thrombus 

breakdown 

rate[21] 

f(τ) 

2

2 2

t



 +
 

Switching 

function related 

to ktb, the 

greater the 

scalar shear 

force acting on 

the thrombus 

unit, the faster 

the thrombus 

breakdown. 

ϕ 
[ ]

t

BP

BP
 

Thrombus 

volume 

fraction. 

BPt=1×1012PL

T/m3 

λj 2.4×10-8 

The 

amount of ADP 

released by 

each activated 

platelet. 

 

Table A2. Expressions of flux boundary 

conditions 

species expression description 

RP -Sθkrpab[RP]wall 

Consumpti

on due to RP 

directly 

adsorbing onto 

the foreign 

surface 

AP Sθkrpab[RP]wall 

Generated due 

to RP directly 

adsorbing onto 

the foreign  

surface 

ADP λj Sθkrpab[RP]wall 

ADP released 

by platelets 

during the 

conversion of 

RP to AP. 

XII -k1[XII] 

Consumpti

on due to FXII 

directly 

adsorbing onto 

the foreign 

surface 

XIIa k1[XII] 

Generated 

due to FXII 

directly 

adsorbing onto 

the foreign  

surface 
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ABSTRACT 

Improving mixing efficiency, product quality 

and process sustainability are the core challenges in 

the design of multi-impeller stirred tank reactors. In 

this study, Euler-Euler numerical simulation and 

Particle Image Velocimetry (PIV) technology were 

used to systematically explore the solid-liquid 

mixing performance in a double-impeller mixing 

tank. Combined with the surrogate model and 

sensitivity analysis method, the flow field 

characteristics and suspension performance in the 

mixing tank of itched blade turbine (PBT) and 

curved blade turbine (CBT) were studied 

qualitatively and quantitatively. The results show 

that the solid-liquid suspension performance of CBT 

is better than that of PBT. The arc chord distance of 

the upper impeller and the blade angle have a great 

influence on the power consumption and particle 

distribution. When the arc chord distance of the 

upper impeller is 4mm and the blade inclination 

angle is 50°, the stirred tank can significantly 

improve the mixing performance and reduce the 

power consumption. The research results have 

certain guiding significance for the optimization 

design of curved blade turbine and similar mixing 

tank. 

Keywords: solid-liquid mixing, CFD, PIV, 

sensitivity analysis 

NOMENCLATURE 

B [mm] baffle width 

C [mm] off-bottom clearance 

D [mm] impeller diameter 

ds [mm] solid particles diameter 

g [m/s2] gravitational acceleration 

H [mm] liquid height 

h [mm] baffle height 

K [-] interphase momentum transfer 

coefficient 

p [Pa] phase pressure 

S [mm] blade spacing 

T [mm] tank diameter 

α [-] phase volume fraction  

θ [K] particles temperature 

λ [m2/s] phase dynamic viscosity 

μ [Pss] phase dynamic viscosity 

ρ [kg/m3] phase density 

τ [-] viscous stress tensor of phase 

 

Subscripts and Superscripts 

 

l liquid phase 

s solid phase 

u upper impeller 

 

1. INTRODUCTION 

As a typical fluid machinery, the multi-impeller 

stirred tank has been widely used in the industrial 

field due to its excellent mixing and mass transfer 

performance [1]. However, with the development of 

the industry, the requirements for hydraulic 

performance, mixing efficiency and energy 

consumption are increasing [2], and the mixing 

equipment is facing the trend of transformation and 

upgrading. The traditional empirical standard design 

method is difficult to meet the growing demand for 

product performance. It has become a hot issue for 

scholars at home and abroad to improve the 

comprehensive performance of the tank by designing 

a new stirring main structure [3]. 

The solid-liquid double impeller stirred tank is 

one of the conventional multi-impeller reaction 

equipment, and its solid particle suspension 

performance directly affects the product 

crystallization and precipitation quality [4, 5]. In 

order to optimize the performance of the mixing tank, 

the process parameters are often used as the research 

object. Gu et al. [6] found that at the same speed, the 
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fractal blade impeller is superior to the inclined blade 

impeller in terms of particle dispersion. Davoody et 

al. [7] showed that the impeller parameters were the 

key factors affecting the performance of the mixing 

system, and the structure of the curved blade impeller 

had a significant effect on the volumetric mass 

transfer coefficient of the gas-solid-liquid three-

phase mixing. The above research shows that the 

non-standard blade structure design at the 

appropriate scale can effectively improve the mixing 

efficiency. 

Nowadays, Computational Fluid Dynamics 

(CFD) has been widely used in the performance 

analysis of various types of stirred tanks, which can 

effectively simulate the nonlinear and strong 

pulsation characteristics in the flow field [8]. 

However, numerical simulation methods usually 

need to be combined with experimental analysis to 

verify the accuracy of the prediction results. Martina 

et al. [9] used conductance probe to measure the local 

solid concentration at different heights and radial 

positions in the container, and studied the particle 

distribution and suspension state. Guha et al. [10] 

used radioactive particle tracer technique to 

investigate the hydrodynamic characteristics of high 

concentration solid-liquid suspension system in 

stirred tank, which provided data support for 

evaluating the accuracy of CFD model of slurry 

reactor. Montante et al. [11] used Particle Image 

Velocimetry (PIV) technology to study the behavior 

of dilute solid particles, and analyzed the influence 

of dispersed phase on the average velocity and 

turbulence intensity of continuous phase.  The 

purpose of this study is to combine CFD and PIV 

methods to optimize the performance of mixing 

tanks more conveniently and accurately. 

In order to clarify the optimization direction in 

the design process, many scholars have introduced 

sensitivity analysis technology to identify the key 

parameters that affect the design objectives [12, 13]. 

In this study, the effects of key structural parameters 

of the curved blade turbine on the solid-liquid mixing 

performance were systematically analyzed by Euler-

Euler numerical calculation and PIV experimental 

technology, combined with Multiple-response 

Gaussian Process (MRGP) approximation model and 

Extended Fourier Amplitude Sensitivity Testing 

(EFAST) method. Finally, a curved blade turbine 

structure with better comprehensive performance 

was obtained, and the optimization results were 

verified by PIV test. 

2. CALCULATION METHOD AND 
MODEL VALIDATION 

2.1. Numerical simulation calculation 
method 

In this study, the Eulerian-Eulerian multiphase 

flow model is used to simulate the flow of two phases, 

each of which is considered as a mutually coherent 

continuum, in order to solve the Reynolds-averaged 

continuity equation and the momentum conservation 

equation for each phase. The controlling equations 

for phase q (liquid phase q=l, solid phase q=s) are as 

shown below [14]: 

Continuity equation: 

 

( ) ( )q q q q q
0u

t
   


+ =


 (1) 

 

where q
  is the volume fraction of the q-phase, 

q
u is the velocity of the q-phase, and   is the 

density of the q-phase. 

Liquid phase momentum conservation equation: 

 

( ) ( )
( )

l l l l l l l

sl l l l l

•

•

   

   

 + =

−  + + − +

u u u
t

p K u u g

 

(2) 

 

where p  denotes the thermodynamic pressure, 

g is the gravitational acceleration,  is the viscous 

stress tensor of the liquid phase, and K  is the 

interphase momentum transfer coefficient. 

Solid phase momentum conservation equation: 

 

( ) ( )s s s s s s s

s s s s s sl

•

•

   

    
 
 

+

 + =


−  − + − +

u u u
t

p p K u u g

 

(3) 

 

where   is the viscous stress tensor of the solid 

phase, and 
s

p  is the solid phase pressure. 

In this study, a k-ε mixed turbulence model is 

used to calculate the turbulent kinetic energy and 

dissipation rate of the liquid phase, assuming that 

both phases have the same k and ε. The k and ε 

equations describing the model are as follows: 

 

 

t,m
k,m b,m

k

   



    



   
   
   

 
 
 
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m m
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(5) 

where 
m

  is the mixture density, 
m

  is the 

molecular viscosity, 
m

u  is the velocity. 

Neglecting the effects of virtual mass force, lift 

force and mass transfer, this paper only considers the 

drag force which has a large impact on the simulation 
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results [15]. The momentum exchange coefficients 

are calculated using the Huilin-Gidaspow model. 

This study employs the Multiple Reference 

Frame (MRF) method, designating the rotating 

region of the impeller as the moving zone and the 

remaining regions as stationary zones. A pressure-

based transient implicit solver was utilized, with 

pressure-velocity coupling handled by the Phase 

Coupled SIMPLE algorithm. A second-order upwind 

differencing scheme was adopted, with the 

convergence criterion set to variable residuals falling 

below 10⁻⁴ or exhibiting stabilized residual curves. 

Standard wall functions were applied to model near-

wall fluid motion. The top boundary was assigned a 

symmetric boundary condition to simulate the free 

surface, while all other geometric walls were 

assumed to have no-slip boundary conditions. 

2.2. PIV Experimental validation 

With the development of experimental 

measurement techniques, PIV is widely used in 

hydrodynamic measurements as a non-contact type 

measurement technique capable of providing rich 

fluid flow information for stirred reactors. In this 

study, a 2D PIV system was used. The two-

dimensional (2D) PIV system adopted in the present 

work consisted of a dual Vlite series 532 nm dual 

pulse laser, a high-resolution CCD camera with 

6600*4400 pixels, a synchronizer, and the 

commercial software MicroVec-V3.6.9 The test 

principle is shown in figure 1(a) and the 

experimental setup is shown in figure 1(b). 

  

Figure 1. PIV test system (a) PIV test principle 

(b) PIV Experimental Apparatus 

The designated region for PIV experimentation is 

delineated in Figure 2, wherein H signifies the 

cylinder's height, T corresponds to the cylinder's 

diameter, and B denotes the width of the baffle. The 

laser plane intersects the baffle plane at a 5° angle, 

and the LED light source forms a 30° angle with the 

measurement plane. This setting ensures that the 

image is clear and undistorted. In the context of the 

solid-liquid biphasic flow field under examination 

through PIV, the application of specific filters 

facilitates distinct analyses: a laser light source 

enables liquid flow assessment, while an LED light 

source enables particle flow evaluation. The PIV 

experiment employs fluorescent particles as tracer 

agents and hollow glass beads as representative solid 

particles. The liquid medium utilized is pure water. 

Table 1 provides the relevant parameters for liquid 

and solid particles. 

  

Figure 2. PIV measurement area (a) Mixing tank 

(b) PIV measurement plane 

Table 1. Physical properties parameters 

Parameter Symbol Value 

Liquid density ρL 1000kg/m3 

Hydrodynamic viscosity μ 0.001Pas 

Solid particles density ρS 1430 kg/m3 

Solid particles diameter dS 0.15mm 

Solid volume fraction φS 5.6% 

 

Owing to the inherent rotational periodicity of 

the stirring process, only half the flow area requires 

measurement during flow field characterization in 

stirred tanks. As depicted in Figure 3, liquid-phase 

average velocity fields obtained from numerical 

simulations and PIV experiments demonstrate close 

agreement. Within the r/R range of 0.3 to 0.4, a 

circulating vortex structure forms near the blade tip, 

from which fluid discharges diagonally downward at 

maximum velocity. Upon impinging the tank bottom, 

the majority of fluid establishes impeller-induced 

global circulation, while localized particles gradually 

settle to form an inverted conical region at the base. 

 

Figure 3. Fluid mean velocity field (a) CFD 

simulation (b) PIV experiment 

3. RESEARCH OBJECT AND ITS 
PARAMETERIZATION 

3.1. Stirring equipment 

In the context of a mixing tank characterized by 

a substantial height-to-diameter ratio, the utility of a 

solitary impeller becomes limited. This study 

focuses on a dual-impeller configuration for solid-

liquid mixing, as illustrated in Figure 4. The primary 
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flow field constituents encompass the tank body, 

tank bottom, baffle, and agitator, encompassing the 

mixing shaft, upper impeller, and lower impeller. 

Refer to Table 2 for the structural specifications of 

the mixing tank and impeller. Within the prototype 

configuration, the upper and lower impellers are 

designed as pitched blade turbine (PBT), 

representing a prevalent choice for mixed-flow 

impellers within solid-liquid mixing systems. Both 

impellers are in up pumping mode. 

 

Figure 4. Structure of dual impeller mixing tank 

Table 2. Structural parameters of mixing tank 

and impeller 

Parameter Symbol Value 

Tank diameter T 500 mm 

Liquid height H2 1.6 T 

Baffle width B2 0.1 T 

Baffle height h 1.35 T 

Impeller diameter D 0.5 T 

Off-bottom clearance C 0.3 T 

Blade spacing S 0.75 T 

3.2. Impeller structure parameterization 

The structural characteristics of the stirrer 

significantly influence the tank's flow field and the 

mixing performance of two-phase media. Axial 

impellers are good for improving the deposition of 

particles at the bottom, while the shear flow 

generated by radial impellers is crucial for particle 

suspension. In the dual impeller mixing tank under 

study, impeller size, blade spacing, and off-bottom 

clearance all affect particle suspension performance. 

However, due to constraints from the shaft bore and 

motor positioning, the latter is typically difficult to 

adjust. Traditional PBT impellers fail to meet 

practical requirements, making impeller structural 

redesign essential. Consequently, a curved blade 

turbine (CBT) design is introduced aimed at 

enhancing energy utilization efficiency. Figure 5 

illustrates the structural configuration of the CBT 

impeller. 

 
Figure 5. Impeller structure diagram (a) CBT 

impeller (b) structure parameters of impeller 

As in Figure 5, the cross-sectional profile of the 

blade is shown schematically. The point O is the 

center of the impeller hub, and there is a straight line 

N1N2 across the point O, which is the chord length of 

the curved blade, and N1MN2 is the mid-arc of the 

blade. In this study, the position of point O is fixed, 

and the length of straight line N1N2 is unchanged. 

Take the upper impeller OM distance as 1, ON2 and 

x-axis angle as θ1. Take the lower impeller OM 

distance as 2, ON2 and x-axis angle as θ2. These 

four parameters are the main design variables. 

Define n as the arc-chord distance and θn as the 

blade angle. When n = 0 mm and θn = 45°, the CBT 

form is the same as PBT. 

4. SENSITIVITY ANALYSIS 

A distinct interface forms between the 

suspended solids and the clear liquid layer in the 

stirred tank, and the height of this interface is defined 

as the cloud height. Matthias indicated that cloud 

height reaches full suspension at 90% of the liquid 

height. Therefore, the cloud height can be used as an 

important parameter to evaluate the mixing degree. 

In this study, cloud height is analyzed by numerically 

tracking the average solids concentration isosurface, 

defined as the maximum axial height of this 

isosurface. Taking the four parameters mentioned 

above as input variables, cloud height and power as 

output values, the corresponding surrogate model is 

established by MRGP model, and the sensitivity 

analysis of variables is carried out by EFAST method. 

The MRGP model is an extension of the Kriging 

model. The traditional Kriging model can only deal 

with multivariate single response output problems, 

while for multi-dimensional response output, 

multiple Kriging models need to be constructed, and 

this approach does not consider the coupling-related 

problems of response values. Therefore, the MRGP 

model for multivariate multi-response problems is 

gradually gaining attention. MRGP model unites m 

functions into a specific implementation of a multi-

response Gaussian process [16]: 

 

T( ) ( ) ( )= +G x f x B Z x  
(6) 

where the polynomial regression function f(x) is 

the same as the Kriging model, but the regression 

coefficient B is an n*m matrix and Z(x) is also 
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expanded to a 1*m row vector. The covariance of Z(x) 

is expressed as a covariance matrix of size m*m: 
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2 2
1 2 1

2
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( , ) ( , )
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 
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(7) 

 

In this paper, the MRGP model is selected as the 

approximation function, and the approximation 

model is established using the sample data of 50 sets 

of variables with corresponding responses obtained 

through Optimal Latin Hypercube Design (Opt LHD) 

combined with numerical simulations. 

Due to the limitation of parameter selection, the 

constructed MRGP model will have certain errors. In 

order to verify the accuracy of the model, it is 

necessary to test it by the relevant accuracy test 

formula before prediction solving. In this paper, a 

global sensitivity analysis based on the EFAST 

method is used. The basic idea of the EFAST method 

is derived from Bayes' theorem, which holds that the 

sensitivity of the model output results can be 

reflected by the variance of the model results. The 

sensitivity of parameter x can be expressed by the 

following equation: 

 

( )
( )

x

x

 
 =

var E Y X
Sensitivity

var Y

 
(8) 

 

where Y is the output value of the model, x is the 

input parameter, E(Y|X) is the expectation of Y when 

x takes a certain value, and varx is the variance when 

x traverses a range of values. 

The total variance of the model and the first-

order variance due to parameter i, neglecting the 

coupling with other parameters, yields the first-order 

sensitivity values: 

 

( )xi i

i

var

( )

 
 =
E Y x

S
var Y

 
(9) 

 

And for the total sensitivity index of a parameter 

i after considering the effect of parameter coupling, 

we need to consider the coupling part between the 

parameters: 

 

( )xi -i

Ti
1

( )

 
 = −

var E Y x
S

var Y

 
(10) 

The first-order sensitivity indicates the degree of 

influence of a single influencing factor on cloud 

height and power, while the overall sensitivity 

reflects not only the degree of influence of a single 

influencing factor on cloud height and power, but 

also the interaction with other influencing factors. 

Therefore, when the difference between the first-

order sensitivity of a variable and the overall 

sensitivity is large, it can be considered that the 

factor has an obvious interaction. The normalized 

influence factors of each variable parameter are 

shown in Figure 6. 

 

Figure 6. Influence factors of different variables 

(a) First-order sensitivity (b) Total sensitivity 

The first-order sensitivity and overall sensitivity 

analyses show that the upper impeller structure 

parameters 1 and θ1 have a greater degree of 

influence on the cloud height and power of the 

mixing tank. Therefore, it can be inferred that the 

upper impeller possesses a more significant effect on 

the mixing performance of the flow field. In order to 

reduce the complexity of the study, the subsequent 

study in this paper will keep the lower impeller as the 

prototype structure and mainly study the flow field 

characteristics and mixing effect of the upper 

impeller after the modification. 

5. ANALYSIS OF RESULTS 

5.1. The effect of impeller form on the 
flow field 

 Due to the symmetry of the stirring structure, 

the flow field shows a symmetrical distribution, 

which is consistent with the uniform segmentation of 

the baffle. Figure 7 shows the velocity contours of 

PBT and CBT impellers, showing similar radial and 

circumferential flow patterns. When the fluid rotates 

with the impeller, the flow in the front of the baffle 

is relatively smooth, but the backflow vortex will be 

formed after flowing through the rear of the baffle. 

Compared with the PBT impeller, the vortex scale 

generated by CBT is smaller, indicating that the 

mixing efficiency is higher and the energy 

consumption is lower. The CBT impeller design 

enhances the circumferential emission capacity, 

which can promote high-speed circulation and 

reduce the flow stagnation area compared to the PBT 

impeller. 
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Figure 7. Plane velocity distribution of different 

impellers (y=0.25H2) (a) PBT (b) CBT 

It is very important to analyze the vortex 

structure of the impeller to optimize the efficiency of 

the stirred tank. Figure 8 shows the three-

dimensional structure of the wake vortex 

downstream of the impeller blade. It can be found 

that each blade channel produces obvious vortex 

structure. These vortices absorb most of the energy 

transmitted by the impeller and limit its diffusion to 

the distant flow field. The wake vortex of PBT 

impeller has large scale, narrow shape and wide 

diffusion range, which hinders efficient energy 

transfer. In contrast, the CBT impeller design 

changes the dynamic characteristics of the wake 

vortex, resulting in a more compact wake and 

significantly reducing energy dissipation. 

 

Figure 8. Three-dimensional structure of the tail 

vortex for different impellers (a) PBT (b) CBT 

5.2. Effect of impeller form on solid 
phase distribution. 

Understanding the distribution characteristics of 

solid particles within stirred tanks holds fundamental 

research significance. Figure 9 illustrates the three-

dimensional distribution of solid-phase volume 

fraction. For both impeller types, particle 

accumulation zones form beneath the impellers 

while clear liquid layers emerge at the upper liquid 

surface. However, compared to PBT impeller, CBT 

impeller significantly mitigate particle sedimentation 

at the tank bottom while simultaneously enhancing 

particle suspension capability in upper regions. This 

demonstrates the superior mixing performance of the 

CBT design, attributable to its curved-blade 

configuration. The blade curvature expands the 

discharge area, generating a more powerful high-

speed jet. This jet flow enhances the velocity 

gradient between fluid layers, increasing local 

energy dissipation rates and thereby improving 

mixing efficiency. 

 

Figure 9. Overall solid phase distribution of 

different impellers (a) PBT (b) CBT 

Figure 10 presents the solid concentration 

distribution along the axial height at different radial 

positions (r=0.1~0.9R) in the stirred tank. Compared 

with PBT impeller, the CBT structure shows a more 

uniform solid phase concentration distribution, and 

its concentration gradient is significantly reduced, 

indicating that the particle suspension performance 

is improved, especially in the near-axis area and near 

the tank wall. Under the synergistic effect of CBT 

and PBT double impellers, the original symmetrical 

flow field structure is broken, and the energy transfer 

efficiency between fluids is enhanced, thereby 

improving the mixing efficiency of the system. 

 

Figure 10. Local axial solid phase distribution of 

different impellers (a) PBT (b) CBT 

5.3. The effect of arc-chord distance 

Turbulent kinetic energy and turbulent energy 

dissipation rate serve as pivotal determinants in the 

assessment of both mixing duration and the quality 

of solid-liquid suspension [17]. Manipulation of 

parameters such as mixing time is facilitated by 

elevating turbulent kinetic energy and turbulent 

energy dissipation rate. The non-dimensional 

distribution of turbulent kinetic energy and turbulent 

energy dissipation rate across varying arc-chord 

distances is illustrated in Figures 11 and 12, 

respectively. Across all instances, the apex values of 

turbulent kinetic energy and turbulent energy 

dissipation rate emerge proximate to the impeller 

blade's tip, while values away from the blade's 

influence tend to be subdued. CBT engenders a 

discernible enhancement in the turbulent kinetic 

energy and turbulent energy dissipation rate within 

the mixing tank, particularly in proximity to the 

impeller. This phenomenon can be attributed to the 

alteration in flow field angle of incidence brought 

about by CBT's arc curvature. This modification 

augments shear forces and concurrently diminishes 

discharge resistance. As the arc-chord distance 

increases, turbulent kinetic energy and turbulent 

energy dissipation rate initially rise, exhibiting a 

slight decline once the arc-chord distance surpasses 

an optimal range. The most substantial increments in 

turbulent kinetic energy and turbulent energy 

dissipation rate occur at the arc-chord distance of 4 

mm. 
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Figure 11. Effect of arc-chord distance on local 

radial turbulent kinetic energy (a) y = 0.25H2 (b) 

y = 0.65H2 

  

Figure 12. Effect of arc-chord distance on the 

dissipation rate of local radial turbulent kinetic 

energy (a) y = 0.25H2 (b) y = 0.65H2 

5.4. The effect of blade angle 

Figures 13 and 14 depict the profiles of 

dimensionless turbulent kinetic energy and turbulent 

energy dissipation rate, respectively, for varied blade 

angles. CBT accomplishes a judicious transition 

between axial and radial flows through blade angle 

adjustment. The turbulent kinetic energy and 

turbulent energy dissipation rate exhibit an initial rise 

in tandem with an increase in blade angle; however, 

they exhibit a marginal reduction when the blade 

angle surpasses a certain threshold. The most 

noteworthy escalation in both turbulent kinetic 

energy and turbulent energy dissipation rate is 

discerned at a blade angle of 50°. 

 

Figure 13. Effect of blade angle on the kinetic 

energy of local radial turbulence (a) y = 0.25H2 (b) 

y = 0.65H2 

 

Figure 14. Effect of blade angle on the kinetic 

energy dissipation rate of local radial turbulence 

(a) y = 0.25H2 (b) y = 0.65H2 

5.5. PIV experiments 

A CBT with an arc chord distance of 4 mm and 

a blade angle of 50° was processed and analyzed for 

PIV experiments. The volume fraction distribution 

of solid phase particles in the stirred tank is shown in 

Figure 15, where it can be seen that the particle 

buildup at the bottom of the CBT is significantly 

lower than that of the PBT, and the upper clear zone 

is significantly reduced. Figure 16 shows the velocity 

distribution of the particles in the stirred tank. It can 

be seen that the degree of axial circulation of CBT 

particles is obviously increased, and the transient 

visible moving particles are obviously increased, 

which indicates that the suspension effect of particles 

in the stirring tank of CBT is obviously better than 

that of PBT, and proves that the analytical results are 

reliable.  

      

Figure 15. Volume fraction of solid particles 

measured by PIV (a) PBT (b) CBT 

      
Figure 16. Particle velocity distribution measured 

by PIV experiment 

6. CONCLUSION 

In this paper, the MRGP approximation model 

and EFAST sensitivity analysis method are used to 

optimize the solid-liquid mixing performance of the 

double-impeller stirred tank under solid-liquid 

mixing conditions, and the optimization results are 

verified by PIV experiments. The main conclusions 

are as follows: 
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(1) The CBT impeller generates a high-speed jet 

during the rotation process, which effectively 

reduces the wake vortex scale and increases the 

turbulent kinetic energy and turbulent dissipation 

rate, thereby improving the solid-liquid suspension 

quality. 

(2) The curved blade parameters significantly 

impact the solid-liquid mixing performance within 

stirred tanks. When the arc chord spacing is 4mm and 

the blade inclination angle is 50°, the mixing 

performance of the stirred tank can be significantly 

enhanced while reducing power usage. 

(3) In this paper, the influence of arc blade 

parameters on mixing performance is systematically 

studied, which provides theoretical guidance for the 

design of non-standard curved blade turbines in 

similar stirred tanks. 
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ABSTRACT 
Wastewater pumping stations play a crucial role 

in modern sewage systems by transporting 
wastewater from lower to higher elevation areas, 
ensuring a continuous flow to the following pumping 
stations or treatment facilities. These stations are 
vital for preventing blockages, overflows, and health 
hazards associated with untreated sewage. They help 
maintain the efficiency of sewage systems, 
safeguarding both public health and the environment. 

However, several challenges surround 
wastewater pumping stations. These stations are 
frequently susceptible to clogging due to debris, 
grease, and non-biodegradable materials, which can 
disrupt their operation. In addition, suction chambers 
that tend to accumulate extensive sedimentation 
deposits have to be cleaned more frequently, which 
requires additional personnel and results in high 
costs.  

In the presented paper, a planned suction 
chamber concept is scaled using hydraulic similarity 
principles using the Froude number and checked for 
its susceptibility to sedimentation. Subsequently, 
optimisation cycles are carried out in order to 
minimize the sedimentation that occurs. In the course 
of this process, inlets, pumps, intake manifolds, 
sloped walls, among others are analysed and 
modified with regard to the DWA 120 – „Pumping 
systems outside of buildings”. The average 
sedimentation in the suction chamber was 
significantly reduced in the course of this project. 

Keywords: physical model, pumping station, 
sedimentation, wastewater  

NOMENCLATURE 
𝑑𝑑 [mm] Particle size  
𝐹𝐹𝐹𝐹 [-] Froude number 
𝑄𝑄 [m³/s] flow rate 
𝑅𝑅𝑅𝑅 [-] Reynolds number 

𝑇𝑇 [s] time 
𝑣𝑣 [m/s] velocity  
𝑊𝑊𝑊𝑊 [-] Weber number 
𝜈𝜈 [m²/s] kinematic viscosity 
𝜌𝜌 [kg/m³] density 
𝜎𝜎 [N/m] surface tension 
 
Subscripts and Superscripts 
 
A Average 
M model 
MAX Maximum 
O original 
P Peak 
 

1. INTRODUCTION 
The coordinated removal of domestic and 

industrial wastewater and its subsequent treatment is 
a vital contribution to both public health and a 
responsible treatment of the environment. An 
undisturbed wastewater transport through the sewer 
systems to the treatment plant plays a crucial role in 
maintaining this flow. Essential components in this 
system are wastewater pumping stations, which can 
be used to transport wastewater from the incoming 
free-flow sewer via pressure pipes to elevated 
regions. However, due to the high proportion of 
solids in the composition of wastewater [1, 2], a 
variety of challenges such as sedimentation, 
swimming layers, pump clogging [3] or air 
entrainment [4] occur in pumping stations. In order 
to implement the most trouble-free and low-
maintenance operation possible, special attention 
must be paid in the design phase to aspects such as 
the shape of the pit, the layout of the inlet, the 
geometry of the sloped walls, the pumps and much 
more. To validate these parameters, an investigation 
using hydraulic models is recommended [5, 6]. 
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1.1. Wastewater Pumping Stations 
Wastewater transport using pressure pipes can 

be realized by upstream wastewater pumping 
stations. These structures can vary greatly in size and 
design. In principle, they can be classified according 
to the pumps used. Dry-installed pumps are housed 
in separate machine rooms, as shown in Figure 1a). 
While this allows easier maintenance and inspection 
of the machines, it requires increased constructional 
investment. Wet-installed pumps are placed directly 
in the suction chamber, as shown in Figure 1b) [7].  

 

 

Figure 1. Wastewater pumping station with a) 
dry-installed and b) wet-installed pumps [7] 

The pumping station described in this paper is a 
variant with dry-installed pumps. The relevant 
standards contain recommendations for these 
systems for pumps positioned next to each other. 
This constellation often results in a suction chamber 
which is rectangular in shape and provides increased 
opportunities for particle deposits around the edges. 
In order to achieve a higher flow velocity and thus 
better activation of particles, a circular suction 
chamber with dry-installed pumps was developed as 
the initial concept. A central cone was used to 
increase particle movement and prevent the 
formation of a swimming layer in the outer channel. 
A schematic top view of the pump station is shown 
in Figure 2a). A sectional view is shown in Figure 
2b). Dashed arrows symbolize the wastewater flow 
in both illustrations from inlet to the pumps. The left 
and middle outlets represent the two rainwater 
pumps, and the right pipe shows the position of the 
dry weather pump. 

 

 

Figure 2. Concept of a round suction chamber 
with central cone, a) top view, b) sectional view 

The connection to the wastewater network takes 
place in two stages over several years, during which 
the number of inhabitants covered increase. In order 
to cover the two operating requirements, both 
expansion stage 1 with a lower incoming volume 
flow and expansion stage 2 with an increased flow 
are taken into consideration in the following 
investigations. 

2. METHOD 

2.1. Dimensioning 
In order to carry out a fluidic analysis using a 

hydraulic scaled model, a calculation according to 
the relevant similarity laws is of immense 
importance. For an application with free water 
surfaces, as it is the case in the suction chamber 
under consideration, modelling according to the 
Froude similarity, which shows a ratio of inertial 
force to gravitational forces, is suitable [8, 9]. 

 
𝐹𝐹𝐹𝐹 =

𝑣𝑣

�𝑔𝑔 ∙ 𝐷𝐷
 (1) 

 
In order to calculate the similarity, the Froude 

numbers of the original and the model must remain 
identical [8, 9]. 

 
𝐹𝐹𝐹𝐹𝑀𝑀
𝐹𝐹𝐹𝐹𝐺𝐺

= 1 (2) 

 
When determining the scaling dimension, 

viscosity effects and surface tensions must be taken 
into account. By including the Reynolds number Re 
and Weber number We, scaling limits can be 
identified [6].  

Inertial and viscous forces are considered using 
the Reynolds number Re. 

 

𝑅𝑅𝑅𝑅 =
𝑣𝑣 · 𝐷𝐷
𝜐𝜐

 (3) 

 
The Weber number We is used to account for 

inertia and surface forces.  
 

𝑊𝑊𝑊𝑊 =
𝑣𝑣2 ∙ 𝐷𝐷 ∙ 𝜌𝜌

𝜎𝜎
 (4) 

 
Recommendations for value limitations for the 

selection of these two key figures can be found in the 
relevant literature. According to [6, 10], the 
Reynolds number should be in a range of Re > 3x104 

and the Weber number should be greater than We > 
120. An additional safety factor of 2 is recommended 
for both values.  

 The geometrical similarity must likewise be 
maintained. In this context, all dimensions od the 
systems under consideration must be in a fixed ratio 
to reach other [8]. 

a) b)

a) b)
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𝑀𝑀 =
𝐿𝐿𝑀𝑀
𝐿𝐿𝑂𝑂

= 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. (5) 

 
Table 1 provides the conversion of various 

dimensioning parameters between the model and the 
original.  

Table 1. Froude similarity scaling rules [9] 

Parameter Conversion 
Lengths 𝐿𝐿𝑂𝑂/𝐿𝐿𝑀𝑀 = 𝑀𝑀 
Areas 𝐴𝐴𝑂𝑂/𝐴𝐴𝑀𝑀 = 𝑀𝑀2 
Velocities 𝑣𝑣𝑂𝑂/𝑣𝑣𝑀𝑀 = 𝑀𝑀1/2 
Times 𝑇𝑇𝑂𝑂/𝑇𝑇𝑀𝑀 = 𝑀𝑀1/2 
Flow rates 𝑄𝑄𝑂𝑂/𝑄𝑄𝑀𝑀 = 𝑀𝑀5/2 
Forces 𝐹𝐹𝑂𝑂/𝐹𝐹𝑀𝑀 = 𝑀𝑀3 

 

2.2. Test Rig Design 
After applying the design parameters presented 

in advance, a scaling factor of 1:3.66 was selected. 
In order to be able to observe comprehensive 
sedimentation investigations, the suction chamber 
was constructed out of transparent polyvinyl chloride 
(PVC) and methyl methacrylate (PMMA). In 
addition, a water supply network with a water supply 
tank and speed-controlled pumps were implemented 
to enable different volume flows and water levels in 
the modelled suction chamber. A particle injection 
and filter were installed as well. All components 
assembled form the test rig are shown in Figure 3.  

 

 

Figure 3. Test rig 

The components shown in the graphic include 1) 
the water supply tank, 2) inlet pipe into the model 

tank, 3) the model tank, 4) particle filter, 5) particle 
injection chamber, 6) pumps, 7) magnetic-inductive 
flow meter, 8) suction pipe exciting the model tank. 
The inlet and outlet pipes as well as the pumps are 
fitted with additional connecting pipes to ensure a 
dispensing of air of the individual lines. 

The selected resulted scale of the model tank is 
shown in Table 2. 

Table 2. Model suction chamber dimensions 

Parameter Value 
Scale 1:3.66 
Diameter 0.93 [m] 
Height 1.46 [m]  
Volume 0.99 [m3] 
Number of Pumps 3 

 

2.3. Artificial Wastewater 
The composition of particles in wastewater 

systems has been subject of numerous studies. 
Crabtree [1] created a classification of different 
sediments, which was expanded by Kirchheim [2]. 
Further investigations regarding the wastewater 
medium were conducted by Mitchell in [3]. Table 3 
shows a selection of the particles found in sewer 
systems.  

Table 3. Selection of wastewater particles 

Label 
 

Density 
ρ [kg/m3] 

Particle size  
d [mm] 

Gravel, sand, 
sludge 1,000-2,150 0.4-15 

Fine sand 1,230-2,000 0.5-9 

 
As the sources describe very high deviations in 

the weight and density of the respective particles, 
depending for example on the time of year and the 
catchment area, different coloured plastic granules 
were selected to illustrate the different particle 
behaviour. Red granulate, which is shown in Figure 
4a), with a density of 1,080 [kg/m3] describes fine 
sand. Heavy black granulates, which is shown in 
Figure 4b), with a density of 1,470 [kg/m3] 
represents heavy particles.  

 

Figure 4. Sediments used to replicate artificial 
wastewater a) light granulate, b) heavy granulate 
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The purpose of the particles used is not to 
achieve an accurate representation of the wastewater, 
due to its high deviation of particles, but to identify 
zones with average high sediment accumulations. By 
using two different types of particles, it is easier to 
visualise the deposition areas of lighter and heavier 
sediments. Optimisation of these areas can be 
achieved in subsequent steps.  

2.4. Experimental Procedure 
The test sequences are based on a realistic 

pumping station operation. The inlet volume flows 
and pump volume flows are applied based on the 
average daily hydrograph. The average dry-weather 
discharge QA, the expected dry-weather peak QP and 
the maximum volume flow during a rain event with 
mixed water inflow QMAX provide the operating 
points under consideration. The scaled values of the 
inflow, respective pump flow and the corresponding 
activation and deactivation levels of the two 
expansion stages can be found in Table 4. 

Table 4. Parameters of used volume flows and 
water levels 

Expansion stage 1 QA  QP QMAX 
Inflow  
[l/s] 0.71 1.24 2.49 

Outflow  
[l/s] 1.99 1.99 2.40 

Activation level  
[m] 0.22 0.22 0.30 

Deactivation level 
[m] 0.11 0.11 0.11 

Expansion stage 2    
Inflow  
[l/s] 1.24 3.11 4.56 

Outflow  
[l/s] 3.00 3.00 4.40 

Activation level  
[m] 0.27 0.36 0.42 

Deactivation level 
[m] 0.11 0.11 0.11 

 
At the respective operating point, a constant inlet 

volume flow fills the model tank. When the defined 
activation level is reached, the respective pump is 
switched on and discharges water from the tank until 
the water level reaches the deactivation level. Filling 
and draining the tank between these two levels is 
referred in the following as a pump iteration. When 
carrying out experiments, a defined quantity of red 
and black particles is added to the inlet flow, which 
are collected again with a filter unit at the end of the 
test rig. 420 g red particles and 267 g of black 
particles, which correspond to a poured volume of 
600 ml and 300 ml in the respective cases, are used. 
The particle injection takes place in the active inlet 
flow during the first pump iteration.  After a 
thorough review phase, the maximum number of 

pump iterations was set to 10. In almost all cases, 
particle movement could hardly be observed after the 
intervals had elapsed. If all particles are removed 
from the model tank before the tenth pump cycle is 
reached, it is regarded as a stop criterion. At the end 
of the test, the black and red particles are removed 
from the filter, separated, dried and then weighed. 

In addition, to the validation of the discharged 
particles, remaining sediments in the model tank are 
documented. To ensure a precise description of the 
deposition formation, the base of the test setup was 
marked as illustrated in Figure 5. 
 

 

Figure 5. Marked model tank base 

These investigations help to understand the basic 
behaviour of the pump sump and to identify the 
isolated influence of volume flows and water levels 
on the particles.  

3. RESULTS 

3.1. Modification A 
Modification A is the implementation of the 

concept of a suction chamber with a central cone 
presented in chapter 1.1., which is illustrated in 
Figure 6. 

Figure 7 shows the sketched particle deposits 
after ten pump iterations during operation in 
expansion stage 1. As depicted in Figure 7a), both 
the lighter red particles and the heavier black 
particles sediment immediately after reaching the 
pump sump. The detachment of some particles and 
the movement along the clockwise direction, i.e. 
against the intended flow direction in the channel to 
the pumps, can be seen. During operation, the suction 
flow of the pump dominates and activates a part of 
the sedimented particles. In Figure 7b), when using a 
higher volume flow of QP, an activation of red 
particles towards the pumps can be seen. However, 
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due to the channel flow that appears, sedimentation 
zones form again in the area of the cone, which 
cannot be broken down. Nevertheless, the flow 
conditions in the pump sump are not yet sufficient to 
activate the black particles. As expected, the best 
effect can be observed during a rain event with a 
volume flow of QMAX depicted in Figure 7c). Both 
types of particles were almost completely removed.  

 

 

Figure 6. Round suction chamber with a central 
cone 

a) 

 

b) 

 
c) 

 

 

Figure 7. Outline of the particle depositions in 
expansion stage 1 at a volume flow of a) QA, b) 
QP and c) QMAX 

Figure 8 shows the discharges particle quantities 
in percent of the respective investigations.  

 

 

Figure 8. Percentage of discharges particles at 
expansion stage 1 

For the subsequent expansion stage 2 with a 
higher volume flow, a significantly better movement 
of the particles can be observed compared to 
expansion stage 1. During operation at QA in Figure 
9a), activation of the light sediments can already be 
seen. However, the heavier black sediments still did 
not reactivate. Significantly higher discharge 
quantities of particles were achieved in operation at 
QP as shown in Figure 9b). As in the previous 
expansion stage 1, almost all particles could be 
discharges from the model at the high-volume flow 
QMAX during a rain event as illustrated in Figure 9c). 
 

a) 

 

b) 

 
c) 

 

 

Figure 9. Outline of the particle depositions in 
expansion stage 2 at a volume flow of a) QA, b) 
QP and c) QMAX 

A significantly better removal of the particles in 
expansion stage 2 is also underlined by the increased 
discharge quantities shown in Figure 10.  
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Figure 10. Percentage of discharges particles at 
expansion stage 2 

In the course of further investigations, several 
additional concepts were developed and examined. 
These included, among other things: 

 
- Test series with different pump positions 
- Eccentric cone placement  
- Increasing of the cone diameter 
 
Even though some of the measures listed were 

able to remove higher quantities of particles, it was 
not possible to achieve a conversion with a complete 
particle removal after ten pump iterations in any of 
the test series. For this reason, a fundamentally 
different modification was implemented.  

3.3. Modification B 
Modification B follows the approach of making 

maximum use of the vortex created by the tangential 
inflow and the particle transport it supports. Figure 
11 shows the particle transport for a) QA, b) QP, c) 
QMAX without built-in sloped walls. Even without 
installations, a clear movement of the particles 
towards the center of the model tank can be 
observed.   

 

 

Figure 11. Particle transport with tangential 
inflow at a) QA, b) QP and c) QMAX 

Based on this idea, a circular suction chamber 
with three dry-installed pumps was developed, in 
which the pump positions are shifted by 45°. 
Movable pipes make it possible to vary the positions 

of the individual suction intakes and to investigate 
different considerations, such as a central suction 
intake or three intakes at an identical distance from 
the center. A design layout with a) top view and b) 
sectional view is given in Figure 12. 

 

 

Figure 12. Design of Modification B, a) top view, 
b) sectional view 

The investigations with the new pump sump 
design started with the test series of expansion stage 
1 with the lowest volume flow QA. All particles were 
discharges from the suction chamber after just the 
third pump iteration. Figure 13 shows a view from 
below of the model tank after a) one, b) two and c) 
three pump iterations.  

 

  

Figure 13. View from below into the model tank 
at a volume flow QA and a) one, b) two, c) three 
pump iterations 

The high discharge performance was maintained 
across all test scenarios at operating point QA, QP and 
QMAX for both expansion stage 1 and expansion stage 
2.  

3.4. Comparison of Results 
Modification A showed good results in 

removing the particles at higher volume flows QMAX 
and partially QA. However, with the exception of rain 
events, it was never possible to completely remove 
all particles within ten pump iterations. Even further 
optimizations of modification A could only show 
partial improvements.  

The use of modifications B resulted in a 
significant increase in particle removal. Even at 
expansion stage 1 with volume flow QA, it was 
possible to achieve early test termination due to 
complete particle discharge. 

In further investigations, an adjustment of the 
activation and deactivation level as well as a flow 
simulation of the pump sump should be aimed for.  
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4. CONCLUSION 
It was shown that hydraulically scaled model 

investigations are a very efficient tool for the 
validation and optimization of a wastewater pumping 
station with regard to sedimentation. Numerous 
parameters can be varied and evaluated for their 
influence. 
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ABSTRACT
Plesiosaurs are secondarily aquatic reptiles with

a fossil record that extends for over 140 million
years, and their remains have been found in local-
ities representing both warm, equatorial waters and
cold, high-latitude environments. They are usually
portrayed as a snake threaded through the body of a
sea turtle. However, due to a general absence of pre-
served soft tissues, reconstructing the life appearance
of particularly long-necked forms is anything but a
straightforward task. Moreover, animals with such
an oddly-shaped body are unlikely to survive in cold-
water environments. To investigate the ability of
these ancient marine reptiles to inhabit high-latitude
waters, we examined the heat transfer in two virtu-
ally reconstructed plesiosaurs: one built according to
conventional wisdom (i.e., with a long and narrow
neck) and one equipped with a peripheral layer of in-
sulating blubber. We compared several modelling ap-
proaches (gradually increasing the complexity of our
approach) to assess their pros and cons. We also in-
vestigated the temperature distribution within the two
body types and tested their hydrodynamic perform-
ance by simulating a cruising plesiosaur at a steady
velocity. The results of our endeavours show that
an insulating blubber layer must have been present
to assure a suitable temperature distribution within
the plesiosaur body when it inhabited cold water re-
gions.

Keywords: blubber, heat transfer, plesiosaurs,
temperature distribution

NOMENCLATURE
cp [J/(kg K)] specific heat at constant pres-

sure
L [m] length
MR [W/kg] metabolic rate
R [m] radius
T [K] temperature

t [s] time
q [W/m3] heat source
α [m2/s] thermal diffusivity
κ [W/(m K)] heat conductivity
ϕ [W/m2] heat flux per unit area
ρ [kg/m3] density

1. INTRODUCTION
Palaeontology is an interdisciplinary science that

incorporates methods from various fields, including
Computational Fluid Dynamics (CFD) [1]. Plesi-
osaurs (an iconic group of Mesozoic marine rep-
tiles) have garnered some attention in recent years
due to their peculiar body shape (long neck, turtle-
like body, and four flippers), making them interest-
ing subjects for CFD analyses [2, 3]. While some ex-
periments have been conducted on their swimming
performance [2, 3], little is known about their ther-
modynamic capabilities. Notably though, plesiosaur
fossils have been recovered from high-latitude en-
vironments [4, 5], to suggest that they were capable
of surviving in cold water regimes, something that
likely would have necessitated some sort of insula-
tion. Modern whales and even a species of sea turtle
(Dermochelys coriacea; the Leatherback turtle) util-
ize a combination of high metabolism, large body
size and blubber (a peripheral insulating tissue) to
resist the effects of cold water. Blubber was ap-
parently also present in at least some derived ich-
thyosaurs, another group of extinct marine reptiles
[6]. Thus, we hypothesize that plesiosaurs, in which
endothermy (warm-bloodedness) has been proposed
[7, 8, 9], likewise employed some sort of peripheral
tissue layer to enable life in cold water environments.

Modelling heat transfer in an animal poses a
number of challenges. To start with, there are sev-
eral body regions (e.g., muscles, the brain) with heat
production that are hard to assess. The heat conduct-
ivity of tissues is also difficult to measure accurately,
and the circulatory system that regulates heat transfer
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between different body parts is challenging to model
[10]. Furthermore, if a species is extinct, then the
required parameters have to be estimated from ana-
logies in living animals.

Several models are available that replicate phys-
ical phenomena involved in heat transferring pro-
cesses. However, by adding more details, the com-
plexity of the models is amplified, in turn increasing
both the required computing resources and human ef-
forts to set-up and analyse the cases. Furthermore,
when there are several unknown parameters, a model
with increased complexity does not necessarily yield
better results.

The purpose of this study is to compare model-
ling approaches at different levels of complexity to
simulate a plesiosaur living in a cold water environ-
ment. We also test the effects of an added blubber
layer on hydrodynamic drag.

2. METHODS

2.1. One-dimensional analysis

The simplest model assumes that the blubber
layer thickness is small relative to the surface area
of the skin. For such a condition, the heat trans-
fer through the blubber can be presumed to be one-
dimensional and thus assessable by Fourier’s law of
heat conduction (Eq. 1). Fourier’s law can be used,
e.g., to estimate the heat flux if the heat conduct-
ivity, blubber thickness and temperature difference
between the surrounding environment and inner body
temperature are known.

ϕ = −κ
∆T
∆x

(1)

For this initial model, blubber thicknesses and
thermal conductivity values for various whale spe-
cies were adapted from [10, 11] and references
therein. Leatherback turtle blubber thickness was ob-
tained from [12], and the thermal conductivity value
was assumed to be 0.24 W/(m K). The thermal con-
ductivity value for human fat was acquired from [11].

2.2. Cylindrical model

Due to their overall elongate body form, the
heat transfer characteristics of several marine an-
imals were investigated by assuming a cylindrical
shape. For example, Hokkanen [10] studied the tem-
perature regulation of marine mammals using such a
model. By neglecting end-effects, heat transfer can
be evaluated in one (radial) direction. This model
has the advantage of considering volume and surface
area effects compared to the one-dimensional model
presented in the previous sub-section.

Here, we estimated the heat flux transferred
across a blubber layer with an inner radius Rin and
outer radius Rout for an animal of length L using Eq.
2[13].

Q = 2πκL
∆T

ln(Rout/Rin)
(2)

The heat flux was calculated using body di-
mensions of the modern Right whale [10, 14], Har-
bour porpoise [10, 15], Leatherback turtle [12, 16],
and two plesiosaur models: one with a thin (1
cm) layer of blubber and a second geometry with
a thicker (7 cm) layer of blubber; the required
parameters being adopted from [10, 12, 14]. The
total length of the plesiosaur cylinder model was
set to 11.7 meters based on a reconstruction of the
extremely long-necked elasmosaurid, Albertonectes
vanderveldei (TMP 2007.011.0001).

2.3. 3D heat conduction
Heat conduction in an arbitrary three-

dimensional geometry, which can include heat
sources, can be investigated by solving the Poisson
equation (Eq. 3). For this purpose, the laplacian-
Foam solver implemented in OpenFOAM v.2306
[17] was used.

∂T
∂t
= ∇ · (α∇T ) +

q
ρ cp

(3)

Two plesiosaur geometries were constructed us-
ing FreeCAD [18]: one without blubber and a second
one coated in an insulating layer (based on actual
blubber thicknesses of the Leatherback turtle [12]).
The total length of the geometry was set to 11.7
meters. The thickness of the muscle tissues encas-
ing the skeleton was approximated from comparisons
with modern reptiles [19, 20, 21]. In the blubber-
coated model, this peripheral tissue was added to
all parts of the body except the flippers. Figure 1
shows a perspective view of the reconstructed geo-
metry without (top) and with blubber (bottom).

The heat conductivity of blubber
(≈ 0.30 W/(m K)) is significantly lower than
that of muscles (≈ 0.57 W/(m K)) [10]; therefore, it
is important to investigate the impact of regions with
different heat conductivity on the resulting thermal
balance. Furthermore, the heat source in the present
case is due to metabolism, which depends on the
activity level of the animal [22].

As a result, a third geometry was created to in-
clude simplified viscera (internal organs), arteries
and a brain (which, for simplicity, hereafter is re-
ferred to as the ’organ region’). This simplified re-
gion is located inside the reconstructed plesiosaur
body as shown in Figure 2. The division of the
geometry into multiple regions primarily affects the
mesh generation process. At the interfaces separ-
ating the regions, internal boundaries (referred to
as ’baffles’ in OpenFOAM terminology) are intro-
duced. Additionally, the mesh is refined in these re-
gions to better capture temperature gradients. From
the solver’s perspective, the entire mesh remains as
a single computational domain; the purpose of the
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various regions is solely to assign different material
properties.

a).

b).

Figure 1. Perspective view of the adopted plesio-
saur geometry a) without and b) with blubber.

Figure 2. Side view of the adopted plesiosaur geo-
metry with the internal region marked in red.

Tissues in the geometries were assigned thermal
conductivity values reported for extant marine anim-
als: muscle and organ region (0.57 W/(m K)) [10],
and blubber (0.30 W/(m K)) [10, 11, 22]. In cer-
tain cases, the thermal conductivity of the blubber
was adjusted to 0.57 W/(m K) to replicate vasodila-
tion of the circulatory system in the blubber tissue
[23], since this is a known physiological adapta-
tion of marine animals [10, 24]. A specific heat of
3.75 kJ/(kg K) was applied to all tissues [22]. Two
different metabolic rates were assigned to the mod-
els: a lower rate (MR = 0.083 W/kg) corresponding
to an inactive cold blooded animal, and an elevated
value (MR = 1.51 W/kg) typical of a Leatherback
turtle exercising [24]. The heat-generating regions
were either assigned to the entire body or only to
the organ region. A metabolic rate was not, how-
ever, assigned to the blubber as this is not a heat
generating tissue. A water temperature of 12 oC
(285.15 K) was chosen because it is comparable to
what A. vanderveldei would have experienced [4].
Prescribing the water temperature directly on the skin
neglects the thermal boundary layer formed in the
water in the immediate vicinity of the body. As a
consequence, the cooling effect of the water is over
predicted. Nevertheless, according to the analysis in
[10], the associated error likely is small.

2.4. Hydrodynamic force computations
In addition to heat balance, an added blubber

layer affects the hydrodynamic forces acting on the
body. In order to estimate this impact, two additional
computations were performed. The flow around the
two plesiosaur geometries was solved using the sim-
pleFoam solver included in OpenFOAM v.2306. The
pressure-velocity coupling is based on the SIMPLE
algorithm (see, e.g., [25]). The computational do-
main extended from (-40 m, -25 m, -25 m) to (100
m, 25 m, 25 m) (Figure 3), the model being located
at (0,0,0). The k-omega SST turbulence model de-
veloped by Menter [26, 27] was employed. The ve-
locity magnitude was set to 1.5 m/s; i.e., close to the
estimated cruising speed of other extinct marine rep-
tiles [28]. A sensitivity study involving grids with
1.2, 3.0, 9.1, and 31.4 million cells indicated that 9.1
million cells were sufficient for our purposes.

Figure 3. The computational domain used in our
flow computations.

3. RESULTS
3.1. One-dimensional analysis

The effects of blubber thickness and the thermal
conductivity of this tissue can be clearly seen in Fig-
ure 4. The proportionally thin layer of fat in a human
allows for a larger heat flux relative to fluxes pre-
dicted for cetaceans that have both thicker blubber
and lower thermal conductivity values. Notably, a
plesiosaur inhabiting cold water environments would
benefit from possessing a peripheral layer of insulat-
ing blubber.

3.2. Cylindrical model
Using Eq. 2, the total heat flux was estimated

for two versions of the modelled plesiosaur (one with
and one without blubber), as well as for a number of
comparative extant tetrapods. The adopted paramet-
ers and the estimated heat fluxes for an assumed tem-
perature difference of ∆T = 20 K are summarized in
Table 1.

A Northern right whale (a species that is well-
adapted for life in cold waters) at approximately the
same length as our modelled plesiosaur (~12 meters),
but with a greater volume and blubber thickness, has
a significantly lower heat flux compared to the plesi-
osaur version without blubber. An addition of seven
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Figure 4. Predicted heat flux values for select ex-
tant tetrapods.

Table 1. Heat flux predicted for plesiosaurs and
select modern animals.

Animal Rout Rin L κ Q
[m] [m] [m] [ W

mK ] [W]
Harbour por-
poise 0.08 0.06 1.6 0.1 70

Right whale 1.45 1.29 12 0.3 3867
Leatherback
Turtle 0.52 0.45 2 0.3 1093

Plesiosaur (no
blubber) 0.43 0.42 11.7 0.3 18736

Plesiosaur
(blubber) 0.49 0.42 11.7 0.3 2860

centimetres of blubber (which is similar to the blub-
ber layer covering an adult Leatherback turtle) to the
plesiosaur model significantly reduces the heat flux
to an order of magnitude that is comparable to that
of the other considered species. This reduction sug-
gests that plesiosaurs would have benefited from an
insulating blubber layer.

3.3. Three-dimensional heat transfer cal-
culations

The purpose of these computations was to invest-
igate the temperature within the plesiosaur body in
a variety of scenarios. In all simulations, the wa-
ter temperature was set to 12oC. Moreover, based
on experiments conducted on hatchling sea turtles
[29], the lowest temperature that a plesiosaur prob-
ably could comfortably tolerate is 15oC, whereas the
highest temperature is 40oC. Hence, the color scales
used in the figures that follow span the 12–40oC in-
terval (i.e., 285.15–313.15 K) (Optimal temperatures
are considered to be regions coloured either dark-
blue or red).

There are two important regions to consider.
Firstly, due to the long and narrow neck, the water
might cool the brain to dangerously low temperat-
ures. Secondly, the torso has a low surface area-to-
volume ratio, and thereby may be prone to overheat-

ing.
We investigated the impact of the main paramet-

ers (such as the metabolic rate, heat conductivity and
presence of a peripheral blubber layer) on the tem-
perature distribution in the body. Additionally, a case
with three regions was set-up, where the effect(s) of
enhanced heat transfer due to an introduced circulat-
ory system was modelled, albeit in a simplified man-
ner.

3.3.1. Influence of metabolic rate

The impact of metabolic rate on the temperat-
ure distribution was evaluated for a model without
blubber. Two extreme cases were considered: one
corresponding to an inactive individual (MR =

0.083 W/kg) and one to a highly active animal (MR =
1.585 W/kg). In both cases, the heat conductivity was
set to 0.57 W/(m K).

In the low activity case (Fig. 5), the temperatures
across the body are suboptimal, the head and neck
essentially being of the same temperature as the sur-
rounding water. It is exceedingly unlikely that a ple-
siosaur would have survived under such conditions
over an extended period of time. Conversely, in the
high-activity case, the temperatures are closer to op-
timal in the brain region; however, in the torso they
are too high for comfort.

a). MR = 0.083 W/kg

b). MR = 1.585 W/kg

Figure 5. Temperature distribution in a plesio-
saur model without blubber at low a) and high b)
metabolic rates, respectively (κ = 0.57 W/(m K)).

3.3.2. Influence of heat conductivity

The heat conductivity can vary not only between
tissues, but also for the same tissue depending, e.g.,
on the influence of the circulatory system. Three
values were considered. The lowest one (κ =
0.30 W/(m K) is typical for blubber [10], whereas
the second one (κ = 0.57 W/(m K)) is representat-
ive of muscles. The third considered value (κ =
2.0 W/(m K)) was adopted to mimic improved heat
transfer by convection effects caused by the circulat-
ory system.

Figure 6 shows the temperature distribution for
the low metabolic rate case. As expected, higher heat
conductivity values lead to a more uniform heat dis-
tribution, but also to a stronger cooling effect in the
torso region.
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a). κ = 0.30 W/(m K)

b). κ = 0.57 W/(m K)

c). κ = 2.00 W/(m K)

Figure 6. The impact of heat conductivity on
the temperature distribution in the plesiosaur
without blubber. MR = 0.083 W/kg

3.3.3. Influence of blubber

The temperature distribution of a plesiosaur
model covered by an external blubber layer was eval-
uated for a number of metabolic rates and heat con-
ductivity values. In Figure 7, three parameter com-
binations are depicted.

Figure 7a shows the temperature distribution in
a low metabolic rate case. Here, the heat conductiv-
ities are typical of muscle and blubber tissues. Com-
pared to the corresponding setup of the case without
blubber (Fig. 6a), it is noticeable that there are more
favourable temperatures in most parts of the body.
Nevertheless, in the brain region, the predicted tem-
peratures are still very low.

In the second case (Fig. 7b), the blubber heat
conductivity is increased to 0.57 W/(m K). Such a
condition could mimic, e.g., improved heat trans-
fer due to vessel dilatation. As expected, there is a
stronger cooling effect in the body, but the temper-
atures are still more viable than in the case without
blubber (Fig. 6b).

The third case is characterised by a high meta-
bolic rate (Fig. 7c). Even if the blubber heat conduct-
ivity is set to higher values (typical of muscles), and
therefore a more intense cooling is assumed, the pre-
dicted temperatures for most parts of the body remain
too elevated, suggesting that the analysed metabolic
rate is too high for the adopted blubber layer thick-
ness.

3.3.4. Three-region model

Heat transfer due to convection by blood is an
important phenomenon that is difficult to account
for. Due to the range of the involved scales, an
explicit computation, even if restricted to the lar-
ger diameter parts of the vascular system would
still be too demanding from a computational point
of view. Accordingly, here we employed a sim-

a). MR = 0.083 W/kg, κmuscle =

0.57 W/(m K), κblubber = 0.30 W/(m K)

b). MR = 0.083 W/kg, κmuscle =

0.57 W/(m K), κblubber = 0.57 W/(m K)

c). MR = 1.51 W/kg, κmuscle =

0.57 W/(m K), κblubber = 0.57 W/(m K)

Figure 7. Impact of blubber layer on the temper-
ature distribution.

plified approach where the convective heat transfer
by the vascular system is accounted for by an in-
creased heat conductivity coefficient. According to
Hokkanen [10], realistic blood flow rates are in the
range of 1–4 kg/(m3 s) which cause a heat transfer
of approximately 4000–16000 W/(m3 K). By dimen-
sional analysis, the adopted heat conductivity coeffi-
cient (κ = 2 W/(m K)) results in cross sectional area
magnitudes of 125–500 mm2, which are reasonable,
given the size of the animal (the largest diameter of
the torso is approximately 1 m).

In the three-region set-up, the outermost region
corresponded to blubber (κ = 0.30 W/(m K)), the
middle region muscle (κ = 0.57 W/(m K)) and the in-
ner region was adjusted for higher heat transfer rates
(κ = 2 W/(m K)). The metabolic rate was set to a
high level (MR = 1.51); however, heat was gener-
ated only in the core region of the body. The res-
ulting temperature distribution is shown in Figure 8.
One may notice the relatively strong heat transfer in
the inner region (compare, e.g., with Fig. 5b), which
results in more favourable temperatures in the brain
region. In the torso, the temperatures remain elev-
ated, to suggests that an added blubber layer likely is
unnecessary in this region.

Figure 8. Temperature distribution in the three-
region model.
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3.3.5. Summary of the three-dimensional cases

A quantitative summary of the three-
dimensional cases is shown in Figure 9, where
the recorded temperatures are plotted at two mon-
itoring points: the first one located near the brain
and the second one located close to the centre of
the torso. For reference, the inferred minimum
and maximum viable temperatures are also plotted.
There are several cases where the torso temperature
is within viable limits. Conversely, there is only
one case where the brain temperature is suitable
for survival. However, in that particular case the
torso temperature significantly exceeds the upper
allowable limit. Nevertheless, there are other cases
where the brain temperature is close to the lower
limit. With slightly higher metabolic rates than the
minimum value and with less insulation in the torso
region, both the brain and torso temperatures should
be within viable limits.

Figure 9. Summary of the observed temperat-
ures in monitoring points located in the brain and
torso areas. The labels along the horizontal axis
indicate each case. ’S’ stands for cases without
blubber, ’B’ for the ones with an extra blubber
layer. The number after ’MR’ shows the meta-
bolic rate, while the numbers after ’HC’ indicate
the heat conductivities.

Models with increased complexity lead to longer
computation times. Table 2 summarizes the typ-
ical execution times to convergence when running
16 parallel processes on an AMD Ryzen 9 7950X3D
16-core processor. As expected, execution time in-
creases significantly with higher mesh resolution.
Moreover, higher thermal conductivity values res-
ult in faster convergence, suggesting that longer
timesteps could have been used for the lower con-
ductivity cases. Nevertheless, the required comput-
ing times are relatively short compared to the more
complex CFD simulations, and the impact of sub-
optimal timestep selection is considered to be neg-
ligible.

Table 2. Typical CPU times.

Case type MR κ Ncells tconv

[ W
kg ] [ W

mK ] [·106] [s]
No blubber 1.58 0.30 1.9 509
No blubber 1.58 0.57 1.9 314
No blubber 1.58 2.00 1.9 134
No blubber 0.083 0.30 1.9 430
No blubber 0.083 0.57 1.9 307
No blubber 0.083 0.30 1.9 137

With blubber 1.51 0.57
0.57 3.8 5260

With blubber 0.83 0.57
0.30 3.8 6434

With blubber 0.83 0.57
0.57 3.8 5496

Three regions 1.51
2.0
0.57
0.25

16.2 35036

3.4. Flow computations
These computations were performed to evalu-

ate the impact of the added blubber layer on hydro-
dynamic drag. Figure 10 shows the pressure distribu-
tion along the surface of both the original (top) and
blubber-coated (bottom) geometries. No significant
difference can be seen in the pressure distributions,
which is quantitatively reflected in a tiny (1%) in-
crease of the drag force from 100.92 (original geo-
metry) to 101.93 N (with blubber). This minor rise
indicates that the addition of blubber did not lead
to any significant penalty in hydrodynamic perform-
ance of the selected body shapes.

4. DISCUSSION AND SUMMARY
The impact of an added blubber layer on the heat

balance of a plesiosaur (marine reptile) was investig-
ated using numerical models of varying complexity.
The simple one-dimensional and cylindrical models
predicted a need for an extra insulating layer to re-
duce the simulated heat fluxes to levels observed in
modern animals living in cold-water environments.

The three-dimensional computations further
showed that a peripheral insulatory layer was a ne-
cessity to achieve a viable internal body temperat-
ure. Without an extra blubber layer, the predicted in-
ternal temperatures were lethally low for animals at
low metabolic rates. Conversely, when a high meta-
bolic rate was introduced, the predicted core temper-
atures were abnormally high. Nevertheless, as a con-
sequence of the long and slender neck, the temperat-
ures in the brain region remained too low for a real
animal.

The addition of a layer of blubber significantly
improved the viability chances for individuals with
low metabolic rates. For a highly active animal, the
added insulation turned out to be too much; the pre-
dicted temperature levels exceeded the viable lim-
its in the majority of the body. This suggests that,
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a).

b).

Figure 10. Pressure distribution along the body
for a case a) without and b) with blubber

in reality, the thickness of the blubber was probably
rather thin in certain regions of the body.

There are several inherent uncertainties in the
presented predictions. First of all, there is no widely
accepted overall body shape for a plesiosaur; our
geometry is a simplification of the general body
design, based on a real specimen [30]. The ther-
modynamic properties of tissues were further ap-
proximated based on data from modern animals.
Most of these vary between organs and tissues, and
sometimes even for the same tissue. Nevertheless,
our sensitivity study adopted realistic extreme val-
ues. Thus, real-case scenarios are expected to occur
within the predicted limits.

The predictions also significantly simplified the
heat generation within the body. For better accuracy,
several heat generation zones of different magnitudes
would be needed. Unfortunately, the information
required to set up such simulations is, at present,
scarce.

Another limiting factor in the accuracy of our
predictions is the difficulty to account for heat con-
vection by the vascular system. A simple model was
adopted to account for this phenomenon, but more
advanced modelling approaches are expected to sub-
stantially improve the accuracy of this parameter.

The adoption of a constant temperature bound-

ary condition implies that the cooling effect of the
surrounding water is overpredicted by our models.
Although the published literature suggests that this
effect is small, it will be verified in the future by a
conjugate heat transfer simulation.

We conclude that even if there are unavoidable
sources of error in the predictions presented in this
paper, our results nonetheless suggest that the cur-
rently widely accepted plesiosaur body shape needs
to be refined by the addition of a peripheral blubber
layer.
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ABSTRACT 
Electric vehicles are recognized as the solution 

for the future to reduce emissions, especially in the 
city center, where health-related issues are due to the 
high population density and pollutant concentration. 
Due to this, the automotive industry has to change 
several paradigms to introduce more efficient 
vehicles and overcome the reluctance to change the 
user. In this sense, the thermal management of the 
vehicles has to be re-designed to manage the 
operating temperature of high-power devices such as 
drivers and motors. In the present investigation, a 
lumped parameter model has been developed to 
study the dynamic thermal behaviors of electric 
vehicle power trains. The study analyses the 
interaction between the heat exchanger and the 
operation of two electric motors and a single inverter. 
To set up the model, a computational fluid dynamics 
simulation has been carried out to characterize the 
thermal-fluid dynamic characteristics of the relevant 
components of the system, such as the cooling 
systems of the inverter and the electric motor. 
Stationary and transient analyses have been carried 
out considering the variation of the thermal load 
according to the vehicle route. The effects of thermal 
inertia and the effects of the control logic system 
have also been highlighted. 

Keywords: electric vehicle, thermal management, 
lumped-parameter model, computational fluid 
dynamics, dynamic simulations 

NOMENCLATURE 
H [bar]  pump head 
h [W/m2K] heat transfer coefficient 
P [W]  power 
p [bar]  static pressure 
Q [l/min]  volume flow rate 
T [°C]  temperature 
t [s]  time 
Δ [-]  difference 

1. INTRODUCTION 
Thermal management of an electric vehicle is 

crucial to extend the rangeability and reduce electric 
consumption. Recent estimations show that the 
thermal management system accounts for 60 % of 
the total electric usage [1 – 3]. The modeling of such 
systems determines several challenges related to the 
cross-correlation between devices designed to 
accomplish different tasks (e.g., cabin temperature, 
heat rejection of the power train, etc.) [1]. To study 
such a system, low-order models help run several 
scenarios representing the operating conditions 
involved in automotive applications. Lumped-
parameter models (LPM) are among the most known 
low-order models. The LPM model is based on a set 
of equations representing the physical phenomenon 
and, simultaneously, a set of coefficients or datasets 
representing the relationship between independent 
variables and the characteristics of each modeled 
device/system. Lumped parameter models allow the 
schematization of the system with details related to 
cross-correlation phenomena coming from the 
thermal systems, transmission, and driver 
characteristics [4, 5], showing the possibility of using 
the model to optimize the systems by reducing fuel 
consumption. 

Similarly, LPM has been used to assess the 
interaction between electrical devices in electric-
powered vehicles, showing the possibility of 
studying complex phenomena using low-order 
models [6]. The LPM could be fed by experimental 
data or numerical data obtained by high-order 
models such as computational fluid dynamic 
simulations. In [7], the LPM of a heat pipe based on 
CFD simulations is proposed. The three-dimensional 
simulations were used to estimate the heat transfer 
coefficients in a complex geometry. At the same 
time, the LPM results could be checked by CFD 
simulations, increasing the usefulness of the LPM 
model to reduce the computational effort in the case 
of several simulating runs [8 – 10]. 



2 
 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

1.1. Aim of the paper 
In the present paper, an LPM has been developed 

to study the thermal behavior of the electric power 
train of a single-seater racing car. The present results 
refer to the analysis of the cooling circuits designed 
for the racing car involved in the Formula SAE 
competition [11]. The present modeling process 
consists of a framework created using a lumped 
parameter model in which a set of data and 
parameters have been obtained by CFD simulations. 
The CFD analysis was used to characterize the on-
purpose design component devoted to managing the 
thermal behavior of electric motors and inverter. 
Using the LPM, stationary and dynamic simulations 
were carried out to describe the cooling systems and 
assess temperature variation during an endurance 
test. In this scenario, the control logic based on 
temperature data can increase car efficiency, reduce 
consumption, and manage electric power trains. 

2. COOLING CIRCUIT 
The designed cooling circuit consists of 

numerous components designed or selected for this 
specific application. The full-electric racing car 
includes four electric motors (four-wheel drive 
concept) and a single inverter that manages the 
electric power supplied by the battery pack to the 
electric motor according to the driver's needs and 
circuit layout. To control the operating temperature 
of motors and inverter, the cooling circuit is 
composed of the following elements: 

 recirculation pump; 
 heat exchanger with cooling fan; 
 water jacket for cooling the electric motor; 
 cold plate for cooling the inverter; 
 rubber hose and fittings. 
The cooling circuit and its devices have been 

reported in a three-dimensional layout proposed in 
Fig. 1. A recirculating pump supplies the flow rate 
through the cold plate. After that, the tee fitting was 
placed  to  split  the  water  flow  rate  into   two  water 

 

Figure 1. The cooling circuit layout 

jackets to cool down the electric motor. After the 
water jacket, the two lines were re-joined 
immediately before the heat exchanger. This layout 
was implemented in the LPM by using Simcenter 
Amesim software. 

3. COMPONENTS CHARACTERIZATION 
In the following paragraphs, the characterization 

of the relevant devices has been reported to create the 
most representative LPM of the cooling circuit. 

3.1. Pump, heat exchanger and fittings 
The pump and the heat exchanger were selected 

from the market based on their performance, space 
requirements, and weight. Such components were 
characterized by manufacturers, and in this section, 
only the relevant characteristics related to the LPM 
have been reported. 

The pump performance (provided by Vovyo 
Technology Co., LTD.) is reported in Fig. 2 
according to the flow rate versus head. Since the 
competition rules impose water as cooling media, the 
characteristics curve used in the LPM corresponds to 
that reported in Fig. 2. 

Regarding the heat exchanger, the AKS DASIS 
model DASIS320100N has been selected for the 
present application. The heat exchanger has a heat 
rejection value of 10 kW. Such a value is greater than 
the estimated thermal power that has to be 
exchanged. However, installing the heat exchanger 
in the car's side pods determines the nominal air flow 
rate reduction, reducing the heat exchanger 
capability. The heat exchanger has been coupled 
with a circulating fan to ensure the greatest safety of 
the electric circuits. The fan is the type VA14-BP7 
from the manufacturer SPAL Automotive Spa. In the 
present design, the fan activation is controlled by a 
control logic based on the temperature value 
measured in correspondence with critical devices 
such as the electric motor and inverter. Such a 
condition will be implemented in the LPM to study 
the most severe condition of the circuits. 

Finally, the connection between the devices has 
been described. According to Fig. 1, the cooling 
circuit develops  according to the car length, from the 

 

Figure 2. Pump performance: head (H) versus 
flow rate (Q) 



3 
 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

rear to the front section. The circuit consists of pipes 
suitable for hot water delivery, mainly used as a 
flexible connection in the cooling circuits of 
automotive engines. They are made of black EPDM 
rubber with synthetic textile reinforcing inserts 
inside to overcome the pressure. 

3.2. Water jacket 
The water jacket is used to cool the electric 

motor. Using a water jacket is known in the literature 
as a good solution to manage the temperature of 
electric motors, increasing efficiency and reliability. 
In [12, 13], analyses of different water jackets 
designed for cooling the electric motor are reported. 
In the present analysis, the water jacket's specific 
design must be accounted for. The water jacket is 
designed to adhere externally to the electric motor. It 
is characterized by a coil that wraps around them 
through which the cooling fluid flows. The external 
surface of the electric motor is smooth, allowing a 
sealing process with grooves in the water jacket. 
Therefore, the cooling water is directly in contact 
with the electric motor and is supplied through the 
water jacket in a spiral shape. In Fig. 3, the three-
dimensional shape of the designed water jacket and 
the sketch with relevant dimensions are reported. It 
is realized using a 3D printer process and PA 12 
material filled with carbon fiber. 

The water jacket performance was discovered 
through CFD simulations. A numerical analysis is 
mandatory to find the relationship between water 
flow rate and performance data, such as pressure 
losses and heat exchange parameters. To do this, a 
numerical model was setup. The computational 
domain comprises the electric motor external surface 
and the entire geometry of the water jacket reported 
in Fig.3. The model setup is similar to that described 
in [14]. The calculation is based on commercial Flow 
Simulation software embedded in the Solidworks 
suite. The computational model is discretized using 
a cut-cell approach by 530k Cartesian-grid elements 
while the low Reynolds number k–ε model, as in the 
Lam–Bremhorst formulation, is used [15]. A proper 
independent  grid  analysis  was  performed  to  assess 

 

Figure 3. Water jacket to cool the electric motor 

the model's reliability. A refinement ratio 1.2 was 
used, and the selected mesh was the finest. A 
deviation from the coarsest grid (370k elements) and 
the finest (530k) was estimated to equal 6.3 % on the 
water jacket pressure drop. The spatial derivatives 
are approximated with implicit difference operators 
of second-order accuracy. The CPU time for the 
finest grid was 2 h on a workstation equipped with 8 
physical processors. 

A volume flow rate value was imposed at the 
inlet section, while a static gauge pressure equal to 0 
Pa was imposed at the outlet section. Three 
representative volume rates have been used to 
characterize the thermal behavior equal to 4, 8, and 
12 l/min. From the CFD simulations, the heat 
transfer coefficient at the electric motor surface and 
the water jacket pressure losses have been assessed. 
In Fig. 4, the contour plot of the heat transfer 
coefficient obtained for the highest flow rate value is 
reported. Table 1 reports the CFD results helpful to 
represent the water jacket performance in the LPM 
as a function of the volume flow rate Q. Pressure 
losses (Δp) are intended as the difference between the 
static pressure at the inlet and the outlet. The heat 
transfer coefficient (h) is intended as the average 
value on the electric motor surface. 

3.3. Cold plate 
The inverter gets significantly overheated during 

the operation at the full power. The latter is placed 
on top of a cold plate to dissipate the heat developed 
by the inverter. This is an aluminum alloy plate 
traversed on the inside by tubes through which the 
cooling fluid passes. The design of the cold plate is 
reported in Fig. 5. It was provided by the 
manufacturer of the inverter (AMKmotion GmbH), 
who  reported the  proper fittings  for the inverter  and 

 

Figure 4. Heat transfer coefficient at the electric 
motor surface (12 l/min) 
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Table 1. Water jacket performance 

Q 
[l/min] 

Δp 
[bar] 

h 
[W/m2K] 

4 0.01 7.6 
8 0.05 8.3 
12 0.11 8.6 

 
all the electrical devices. The cold plate is made of 
aluminum alloy (AlMgSi0.5), and an internal 
circular-shaped groove characterizes it. 

Similar to the previous analysis, the cold plate 
has to be characterized in terms of pressure drop and 
heat exchange performance. A numerical model has 
been defined in line with the model proposed for the 
water jacket (software suite, turbulence model, and 
boundary conditions). A cut-cell approach by 400k 
Cartesian-grid cell has been used. A similar analysis 
related to the grid independence analysis was 
adopted. Even in this case, a refinement ratio of 1.2 
was used, and the deviation between the coarsest and 
the finest (selected) grid was 3.2 % for the cold plate 
pressure drop. The CPU time for the finest grid was 
1.5 h on a workstation equipped with 8 physical 
processors. The cold plate performance was 
computed for three different volume flow rate values 
equal to 8, 16, and 24 l/min. In Fig. 6, the contour 
plot of the heat transfer coefficient obtained for the 
highest flow rate value is reported. Table 2 reports 
the CFD results helpful in representing the cold plate 
performance in the LPM. 

 

 

Figure 5. Cold plate design 

 

Figure 6. Heat transfer coefficient at the cold 
plate internal passage (24 l/min) 

Table 2. Cold plate performance 

Q 
[l/min] 

Δp 
[bar] 

h 
[W/m2K] 

8 0.18 4046 
16 0.46 6491 
24 1.01 8879 

4. LUMPED PARAMETER MODEL 
After the component characterization, the LPM 

can be assembled. The LPM comprises libraries and 
specific blocks used to define the behavior of 
relevant components. The LPM has been created in 
the Simcenter Amesim environment. The first step is 
to select the proper libraries. In this project, five 
libraries have been used: 

 Cooling system: this library includes a set of 
specific components fully compatible with 
the Thermal Hydraulic and Thermal 
libraries useful to study cooling systems in 
which temperature variation and fluids are 
involved; 

 Thermal Hydraulic: this library is dedicated 
to designing hydraulic systems in which 
fluid temperature variations greatly 
influence the overall system behavior. It is 
based on a transient heat transfer approach 
used to model thermal phenomena in 
liquids (energy transport, convection) and 
to study the thermal evolution of these 
liquids in a hydraulic system; 

 Thermal: this library deals with modeling 
heat transfer phenomena (conduction, free 
and forced convection, and radiation) 
involving solid materials; 

 Thermal Hydraulic Resistance: this library 
is dedicated to the analysis of the evolution 
of pressure drops and flow rates in 
hydraulic networks where changes in fluid 
temperature have a significant influence on 
the overall behavior of the system being 
modeled; 

 Signal Control: this library describes the 
power signal characterizing the inverter and 
electric motors. 

After defining the proper libraries, a block was 
selected to create the adequate boundary condition 
and modeling strategy for the relevant components. 

The boundary conditions blocks are listed as 
follows: 

- THSD00: to define the materials of the 
devices (cold plate and water jackets); 

- CSMP1: represents the mission profile. 
This block helps study both stationary (100 
km/h, 600 s) and dynamic conditions 
(endurance test); 

- CSES0: to define the ambient condition of 
the simulation; 

- CSED0: to define the vehicle data; 
- TFFD3: to define thermal-hydraulic 
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properties. 
Specific blocks were used to model the relevant 

components. The description of such blocks is 
reported in the following paragraphs. 

4.1. Pump, heat exchanger, and fittings 
models 

The recirculating pump was modeled by the 
TFPUC0 block (Thermal-hydraulic resistance 
library) coupled with a PM000 electric motor to 
realize the assembly called the electric pump. The 
motor block allows the modification of the pump 
rotational speed if required. The pump performance 
curve (volume flow rate versus head) was added by 
using the AMETable subprogram. This curve is 
expressed through discrete values obtained from the 
manufacturer (see Fig. 2). 

The most appropriate solution to model the heat 
exchanger is based on the CSRA022 block. Two 
additional blocks were used to increase the reliability 
of the present model. The TRIG0 block allows, being 
connected to a temperature sensor at the radiator's 
output, to detect if the temperature in the radiator is 
getting too high (above a threshold value imposed by 
the user) and consequently give the input to activate 
the fan. The CSDATA000 block helps in the 
specification of vehicle velocity (e.g., the air velocity 
on the radiator surface). 

Using the layout proposed in Fig. 1, the tube 
length and diameter have been assessed. To model 
the cooling circuit in terms of length and fittings 
(bend, tee, etc.), the following blocks have been 
used: 

 TFL000: used for straight pipe; 
 TFBP11: used for bend; 
 TFDC10: used for diameter changes; 
 TF206: used for three-way fitting. 

4.2. Water jacket and cold plate models 
The water jacket and the cold plate have been 

modeled by the CSEN032 block. Such a submodel 
allows the definition of the heat flow source and a 
heat flow rate, which are specified according to the 
data related to inverter and electric motor heat 
generation. In stationary conditions, such a value will 
be kept constant. In contrast, in dynamic simulation, 
the values of the heat flow rate will vary according 
to the power consumption related to the endurance 
test. In addition to these data, the heat transfer 
coefficient is mandatory, representing the heat 
exchange process between the coolant fluids 
(simulated in the LPM) and the electrical devices 
(inverter and electric motor). These numbers were 
obtained by the CFD simulations, and they are 
reported in Tables 1 and 2. 

5. STATIONARY CONDITION 
A sensitivity analysis of the LPM was 

performed to evaluate the cooling circuit's 
performance in several operating conditions (thermal 
power, vehicle speed, cooling flow rate, etc.). In the 
present manuscript, a representative stationary 
condition has been reported. The ambient 
temperature has been set at 36 °C (summer 
condition), while the threshold temperature for the 
cooling fan is imposed equal to 65 °C. The thermal 
power at the cold plate was equal to 2000 W, while 
at the electric motor, a thermal power of 1200 W was 
imposed. The vehicle speed was imposed equal to 
100 km/h, representing the condition in which the 
estimated maximum speed is reached using the 
maximum of the inverter and the electric motor. The 
results of the LPM model allow the identification of 
the operating point of the cooling pump and the 
related head that  overcomes the  pressure losses over 

 

 

Figure 7. LPM of the cooling circuit realized in the Simcenter Amesim environment 
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Table 3. Results of the stationary simulation 

Component 
Δp 

[bar] 
ΔT 

[°C] 
Water jacket 0.056 1.8 
Cold plate 0.619 1.5 

Heat exchanger 0.002 3.3 
Pump head 0.721 0.0 

 

Figure 8. Pressure trend over the cooling circuit 

 

Figure 9. Temperature trend over the cooling 
circuit 

the circuit. Similarly, the temperature difference 
across each component can be obtained. The results 
are reported in Table 3. Figures 8 and 9 report the 
pressure and the temperature values over the cooling 
circuits. The charts show the pressure and 
temperature values according to the cooling water 
flow path, which starts from the pump outlet section. 

From the results obtained in the stationary 
condition for the worst scenario, it is possible to draw 
several indications. The internal pressure is lower 
than the critical value reported for each component 
and suitable for the selected rubber hose. 

Similarly, the highest temperature is lower than 
the critical values for pure water. At the same time, 
the working temperature values of the electrical 
device (inverter and motor) are within the safe range 
defined by the manufacturer. At the same time, the 
temperature differences obtained with the LPM 
simulation are lower than the critical values (ΔT < 5 
°C for cold plate and water jacket). 

6. DYNAMIC SIMULATION 
A dynamic simulation was carried out using the 

LPM in order to simulate the car performance during 
the endurance test, with particular attention paid to 
the behavior of the cooling system during the 
execution of subsequent identical laps. 

The first step is the definition of the typical lap. 
From the data previously recorded by the racing 
team, a typical is 1 km long and repeated 22 times. 
In addition to this overall data, the electrical power 
for the inverter and electric motor have been 
assessed. These data represent the thermal load of the 
cooling circuits, which change according to the lap 
layout (straights and curves). Using the mission 
profile block (CSMP1), the sequence of straights and 
curves (15 steps) regarding thermal power and 
vehicle velocity has been reproduced. In Fig. 10, the 
mission profile regarding vehicle speed has been 
reported. The maximum speed is reached at the end 
of the straight, while the average velocity is between 
50 km/h and 60 km/h. The vehicle speed is divided 
into 15 steps and is the basis for estimating the 
thermal input for the cooling circuit. 

The electrical power and vehicle speed can be 
matched by using the datasheet provided by the 
manufacturer. The calculation estimated the current 
intensity coupled to the voltage values for the 
electrical motor and, thus, the water jackets. The 
combination of these values results in the thermal 
power profile proposed in Fig. 11. It is important to 
note that the thermal power experienced at the 
inverter section follows the trend of the water jacket 
and vice versa.  This is due to the correlation between 

 

Figure 10. Mission profile: vehicle speed 

 

Figure 11. Mission profile: thermal input at the 
cold plate and water jacket 
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the power supplied by the inverter and the electric 
power at the motor. Such a condition determines that 
the cooling circuit has to overcome the contemporary 
presence of the highest values of thermal input in 
both the cold plate and water jacket. 

The last required data for the dynamic 
simulation is the initial condition. Since no data are 
available, the initial condition will be kept equal to 
the worst scenario, as represented by the stationary 
condition that was reported early. This allows the 
cooling circuit performance to be evaluated when it 
operates at full load immediately before the start of 
the endurance test. 

Figures 12 – 15 report the temperature trend 
obtained during the simulation of the endurance test. 
Figures 12 – 14 refer to the temperature values 
obtained in correspondence with the inlet and outlet 
sections for the water jacket, cold plate, and heat 
exchanger. It can be noted that after the initial phase 
(which is estimated to be 8 laps long), the cooling 
circuit achieves a cyclic condition characterized by 
the repetitive sequence of straight and curves 
described with the mission profile reported in Fig. 
10. All temperature differences remain 
approximately constant, and the proper performance 
of the system is constantly verified and satisfied, 
ensuring adequate heat removal from the inverter and 
electric motors during the endurance test. 

 

Figure 12. Inlet and outlet temperature trends for 
the water jacket during the endurance test 

 

Figure 13. Inlet and outlet temperature trends for 
the cold plate during the endurance test 

 

Figure 14. Inlet and outlet temperature trends for 
the heat exchanger during the endurance test 

 

Figure 15. Thermal power trends at the heat 
exchanger during the endurance test 

Figure 15 shows the thermal power exchanged 
by the radiator. The local variations (peaks and 
valleys) are visible due to the instantaneous variation 
of the thermal inputs. At the same time, an almost 
constant average value of the thermal power can be 
seen, approximately 3500 W. 

7. CONCLUSIONS 
In the present analysis, a lumped parameter 

model has been used to assess the stationary and 
dynamic performance of a cooling circuit used in an 
electric car. The present design refers to the thermal 
management of an electric powertrain used in a 
single-seater racing car. 

The modeling process involves the schematic 
representation of the three-dimensional layout of the 
circuits and the analysis of the devices devoted to 
cooling the inverter and the electric motors. In 
particular, the designed-on-purpose cold plate (for 
the inverter) and the water jacket (for the electric 
motor) were characterized using CFD simulations. 
The LPM model has been completed by adding the 
manufacturer's pump and heat exchanger data. 

After defining the library set and the most 
suitable block, a stationary simulation was 
performed. The worst scenario regarding operating 
temperature and thermal power input has shown that 
the cooling circuit allows the preservation of the 



8 
 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

operating characteristics of devices, matching the 
safe condition provided by the manufacturer. 
Starting from the stationary condition, a dynamic 
simulation was set up to study the cooling circuit 
performance during an endurance test. The model 
results show the temperature and the thermal power 
trends according to the laps. Even starting from the 
conditions related to the maximum thermal load, the 
cooling circuit can overcome the endurance test, 
ensuring suitable thermal management of the entire 
system. 

Using the methodology presented in the present 
work, it is possible to check the system's reliability 
during the design phase and, simultaneously, 
increase the efficiency of the vehicle, reducing the 
consumption and thus increasing the rangeability or 
the performance of the entire vehicle. 
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ABSTRACT
An accurate characterization of the trajectory and

dynamic behavior of particles is crucial for processes
such as particle manipulation, design of efficient heat-
ing and cooling mechanisms, pollutant dispersion, and
biomedical applications. Despite significant progress
in the simulation of particle-fluid interactions, the dy-
namics of non-spherical particles, especially when
heat transfer is considered, is still an active area of
research. The focus of this study is on prolate particles
in shear flows using four-way direct numerical sim-
ulation (DNS). For this purpose, we employ a hy-
brid computational framework, in which the lattice
Boltzmann method is used for simulating the fluid
flow, the finite-difference approach for solving the en-
ergy equation, the immersed boundary method (IBM)
to capture fluid-particle interactions and the Discrete
Element Method (DEM) for modeling particle colli-
sions. This enables us to accurately model the beha-
vior of particles under isothermal and non-isothermal
conditions while varying particle size. The effect of
heat transfer on final equilibrium position and dy-
namic behavior of prolate particles in shear flows are
computed and analyzed. The results indicate that the
confinement ratio, defined as the ratio of particle ma-
jor radius to channel width, has a significant impact
on both the time it takes for a particle to reach its
equilibrium position and the vertical location of that
position.

Keywords: Lattice Boltzmann method, Particulate
flow, Prolate particle, Shear flow

1. INTRODUCTION
Understanding particle behavior in fluid flows is

fundamentally important for a broad spectrum of in-
dustrial, environmental, and biological applications.
The investigation of particle migration under vary-
ing flow conditions is essential for advancing the un-
derstanding of particulate motion in complex fluid

environments. Given that particles in real-world ap-
plications often deviate from idealized spherical geo-
metries, a detailed investigation into the dynamics of
non-spherical particles is essential for enhancing the
predictive accuracy and applicability of particle-laden
flow models. The dynamics of spheroidal particles
suspended in shear flows have long been a subject of
fundamental research in fluid mechanics. Jeffery [1]
already provided an analytical description of the rota-
tional kinematics of isolated spheroidal particles im-
mersed in a viscous fluid under linear shear conditions,
assuming negligible inertial effects corresponding to
the limit of zero particle Reynolds number. While
analytical methods are generally constrained to sim-
plified flow configurations, direct numerical simula-
tions enable the exploration of a broader spectrum of
physical phenomena in diverse flow regimes. How-
ever, with increasing fluid inertia, the symmetry of
the flow field surrounding the particle is broken, giv-
ing rise to more intricate and nonlinear particle dy-
namics. Fox et al. [2] conducted a study on spherical
particles in inertia-dominated shear flows and iden-
tified a supercritical pitchfork bifurcation occurring
beyond a critical particle Reynolds number (Rep), res-
ulting in the stabilization of two symmetric off-center
equilibrium positions. More recently, Lauricella et al.
[3] demonstrated that ellipsoidal particles exhibit dis-
tinct behavior, tending to return to the centerline at
elevated Rep, in contrast to spherical particles, which
display instability under similar conditions. In our pre-
vious work [4], we studied the dynamic behavior of
a thermal spheroidal particle with fixed size in shear
flows. The present study investigates the influence
of particle size on the dynamic behavior of thermal
non-spherical particles. Such insights may serve as
a foundational step toward the development of novel
techniques for the thermal and hydrodynamic manip-
ulation of particles. The lattice Boltzmann method
(LBM) has emerged as a widely adopted computa-
tional framework for simulating fluid flow systems in-
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volving particulate suspensions [2, 5, 6]. In the present
study, a hybrid computational framework is utilized,
combining LBM for fluid flow, Finite-Difference (FD)
schemes for the thermal field, the Immersed Bound-
ary (IB) method for fluid–structure interaction, and
the Discrete Element Method (DEM) for modeling
particle dynamics and collisions. This integrated ap-
proach enables high-fidelity simulations of coupled
fluid-particle-thermal interactions. All simulations are
carried out using the extensively validated in-house
solver ALBORZ [7].

2. NUMERICAL METHODS
Employing the LBM, this study conducts flow

field simulations. Using a finite-order spectral method
with Hermite polynomials, the Boltzmann equation
is discretized in phase space. The ensuing system
of interconnected hyperbolic equations is resolved
by integrating along the characteristics, yielding the
"stream-collide" equation for discrete populations fi:

fi(x + eiδt, t + δt) = fi(x, t) + Ωi + Fext
i , (1)

where x represents the fluid node’s spatial location, t
denotes time, Fext

i describes the external forces, and
ei corresponds to the discrete velocity vectors, de-
termined based on the lattice structure chosen, and
eiδt denotes the positional shift in different directions.
Throughout this investigation, the focus will be ex-
clusively set on the D3Q27 stencil. In Equation (1),
Ωi is the discrete collision operator. In this study, a
modified Hermite central moments space collision
operator is utilized, which allows to control bulk vis-
cosity independently. Unlike the traditional Hermite
polynomial space, this modified formulation allows
for the independent relaxation of trace-free and trace
components of the second order moments,

Ωi = T
−1ST ( f eq

i − fi) + Ei, (2)

where S corresponds to the diagonal matrix of the
relaxation rates, T represents the transform tensor
for moments, while T −1 represents its inverse, which
are determined based on the set of Hermite polyno-
mials. In Equation (2), f eq

i is the discrete equilib-
rium distribution. The equilibrium distribution func-
tion in discrete form is determined through an expan-
sion at a given reference temperature of the Maxwell-
Boltzmann distribution, equivalently reference iso-
thermal speed of sound cs, via Hermite polynomi-
als. The expansion allows then the use of the Gauss-
Hermite quadrature to satisfy exact recovery of the
desired number of moments of the distribution func-
tion on the selected set of discrete velocity vectors
leading to:

f eq
i = wi

N∑
n=0

1
n!c2n

s
Hn(ei) : aeq

n

(
ρ,u,

p
ρ

)
, (3)

where “:” represents the Frobenius inner product and
wi represents the lattice weight factor based on Equa-
tion (4) for three-dimensional cases. Hn denotes the
Hermite polynomial tensor of rank n. The quantity aeq

n

is the corresponding equilibrium Hermite coefficient,
u corresponds to velocity, p signifies pressure, ρ rep-
resents fluid density, and N indicates the expansion
order.

wi ={w0 =
8

27
,w1−6 =

2
27
,w7−18 =

1
54
,

w19−26 =
1

216
}

(4)

In Equation (2), Ei is a term that takes into ac-
count for variations in the diagonal elements of the
equilibrium third-order moments [6]. This term en-
sures that Galilean invariance is maintained in the
discretized representation. In fact, the lack of inde-
pendent support for diagonal terms in third-order mo-
ments by standard lattices causes viscosity to exhibit
an unconventional dependence on fluid velocity, i.e.,
non-Galilean-invariant (GI) viscous stress. Defined
as follows, the moments transformation tensor T is
constructed using a series of modified central Hermite
polynomials:

T = [|T 0⟩, ...,T N⟩], (5)

where column vectors |T i⟩ are based on Hermite poly-
nomials.

The energy equation for incompressible flows
but variable properties, when disregarding viscous
heating, can be simplified to:

∂(ρCpT )
∂t

+ ∇.(u ρCpT ) = ∇.(k∇T ) + Q, (6)

in which T denotes temperature, k signifies thermal
conductivity, Cp represents the specific heat capa-
city, and Q represents the heat source term. A Finite-
Difference (FD) technique is employed here for solv-
ing the energy equation. The third-order WENO ap-
proach is employed for discretizing the advection term
in the energy equation, ensuring stability even in re-
gions with large gradients. For handling the diffusion
terms, a fourth-order central finite difference (FD)
scheme is used for spatial discretization, while a first-
order explicit Euler discretization is applied in time
to update the relevant fields. The term for buoyancy
force (FB) within the flow-field equation is computed
using the Boussinesq approximation in this investiga-
tion. This approximation assumes a linear relationship
between the buoyancy term and the temperature differ-
ence. As a result, the momentum and energy relations
become coupled, as expressed by:

FB = ρ f ,0gβ(T − T0), (7)

The thermal expansion coefficient β, reference tem-
perature T0, gravity acceleration g, and fluid density
at the specified reference temperature ρ f ,0 appear in
this equation. The Exact Difference Method (EDM)
force scheme is used to incorporate the bulk forces F
and buoyancy force FB arising from particle-fluid in-
teraction through IBM into Equation (1). The Grashof
number, defined in Eq. (8), quantifies buoyancy in
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relation to viscosity

Gr =
ρ2

f g β D3
p∆T

µ2 , (8)

In this study, the Direct-Force IBM is employed
to represent the fluid-particle interaction forces includ-
ing heat transfer. Following the approach introduced
by Uhlmann [8] and later extended to thermal IBM
by [9], the force term (Fb) at each Lagrangian node
(Xb) is computed based on the desired velocity (Ud),
as outlined in Equation (9). At each Lagrangian node,
the heat source term (Qn

b) is computed using the same
way based on the desired particle temperature (T d

p)
using Equation (10):

Fn
b =

Ud − UnoF

∆t
, (9)

Qn
b =

T d
p − T noH

∆t
, (10)

in which ∆t is the time step, n denotes current time
step, and UnoF denotes the velocity at next time step
that would be calculated in the absence of any external
forcing (noF, for no forcing). For simulations conduc-
ted in three dimensions, the computation of UnoF is
based on Equation (11), relying on velocity values at
Eulerian points (ui, j,k).

In the same way, regarding heat source term com-
putations at each Lagrangian node, the "no heat source"
temperature T noH can be calculated using Equation
(12) according to the temperature at the Eulerian points
(Ti, j,k). This leads finally to:

UnoF =
∑
i, j,k

ui, j,k D
(
xi, j,k − Xb

)
(∆h)3, (11)

T noH =
∑
i, j,k

Ti, j,k D
(
xi, j,k − Xb

)
(∆h)3. (12)

Here, xi, j,k is the Eulerian nodes’ position, the
lattice size is denoted by ∆h, and Xb indicates the
Lagrangian points’ position. The discretized Dirac
delta function (D) is calculated using the 4-point delta
function, as proposed by Peskin [10].

The force applied to each Eulerian node and the
heat source on the Eulerian nodes can be determined
using Equations (13) and (14).

Fi, j,k = ρ f

∑
b,n

Fn
b D

(
xi, j,k − Xb

)
∆Vb, (13)

Qi, j,k = ρ f Cp, f

∑
b,n

Qn
b D

(
xi, j,k − Xb

)
∆Vb, (14)

where ∆Vb represents the unit volume of the relevant
Lagrangian boundary point segment. To incorporate
the particle forces into the LBM, the force Fi, j,k is
added to Equation (1) using EDM force scheme; to
incorporate the particles heat source term into the FD
solver, the heat source Qi, j,k is included in Equation

(6).
At each Lagrangian point, the desired velocity Ud

is formulated as follows:

Ud = Up + Ωp × (Xb − Xc), (15)

where Xc represents the particle center, and Ωp and
Up denote the particle angular and translational ve-
locities, respectively. By applying the fundamental
laws of motion, both velocities can be updated using
Equations (16) and (17):

Mp
dUp

dt
= −

∫
FbdV+M f

dUp

dt
+(ρp−ρ f )Vpg+Fc,

(16)

T = I
dΩp

dt
+ Ωp × IΩp, (17)

where the subscripts "p" indicate particle properties,
while " f " refers to fluid properties. The quantity Fc is
the summation of particle–particle and wall-particle
collision forces, M represents the mass, I stands for
the moment of inertia and T denotes the total torque
experienced by the particle’s center.

In the case of heat transfer, for a particle con-
sidered as being at a given temperature, one can dir-
ectly set the values of T d

p . Otherwise, for particles
with varying temperature, the exchanged heat (in the
following example, a heat generation Qg

p) is added to
Equation (10):

Qn
b =

T d
p − T noH

∆t
+ Qg

p. (18)

In this study, the contact interactions between
particles are modeled using the soft-sphere Discrete
Element Method (DEM), wherein the contact forces
are computed based on the overlap between interact-
ing particles. The total collision force consists of both
normal and tangential components, each derived ac-
cording to Hertzian contact mechanics [11]. The nor-
mal contact force between particle i and particle j is
given by:

Fn,i j = −kn δn ni j − ηn ∆vn,i j, (19)

where, kn is the normal stiffness coefficient and is
considered to be 8 × 104 N

m in this work, δn is the
overlap distance in the normal direction, ηn is the
normal damping coefficient and is considered to be
102 kg

s , ∆vn,i j is the relative normal velocity between
particles. The tangential contact force, based on the
Mindlin-Deresiewicz [12] model, is computed as:

Ft,i j = −kt δt ti j − ηt ∆vt,i j, (20)

where, kt is the tangential stiffness coefficient and is
set to 4 × 104 N

m , δt is the integrated tangential dis-
placement over the contact duration, ηt is the tan-
gential damping coefficient and is considered to be
50 kg

s , ∆vt,i j is the relative tangential velocity between
particles.

To ensure consistency with physical frictional lim-
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Figure 1. Illustration of the computational domain.

its, the tangential force is bounded by the Coulomb
friction criterion:

|Ft,i j| ≤ µi j|Fn,i j|, (21)

where µi j is the coefficient of friction between particles
i and j.

3. RESULT
In the present investigation, we examine the flow

behavior between two parallel plates moving in op-
posite directions, each with a constant velocity U, as
depicted in Figure 1. The separation distance between
the plates is denoted by H, and the computational do-
main is defined with dimensions 2H × H × H, such
that the flow direction extends twice the length of the
transverse dimensions. The velocity of the fluid at the
walls satisfies the no-slip condition, while periodic
boundary conditions are imposed along the remaining
directions of the domain.

The suspended particle under consideration is a
thermally active prolate spheroid, characterized by a
major radius a and a minor radius b. The particle’s
aspect ratio is defined as r = a/b, and its degree of
spatial confinement within the channel is quantified
using the confinement ratio K = a/H. The shear rate
for the considered geometry is defined as

G =
2U
H
, (22)

To analyze particle dynamics within the flow, we con-
sider a particle initially positioned at (x0, y0, z0) in the
computational domain. The particle Reynolds number,
using the major radius a as the characteristic length
scale, is expressed as:

Rep =
Ga2

ν
, (23)

where ν denotes the kinematic viscosity of the fluid.In
this study, a particle Reynolds number of Rep = 30 is
considered for all cases.

This study aims to investigate the influence of
the confinement ratio on the equilibrium lateral posi-
tion of the heated prolate particle in the shear-driven
flow. Figure 2 illustrates the migration trajectory of a
neutrally buoyant prolate spheroidal particle, initially
positioned at z∗0 = z0/H = −0.1, in an isothermal

Couette flow. In this scenario, the balance among
hydrodynamic forces, inertial lift and wall-induced
interactions drives the particle toward a stable vertical
equilibrium position near the lower wall. Particles
with lower confinement ratios (i.e., smaller relative
size compared to the channel height) tend to take
longer to reach this equilibrium, which itself occurs
at a lower vertical position due to altered balance of
forces.

Next, the particle is assumed to be hot with a
constant temperature, and a Dirichlet boundary con-
dition—set to the same temperature as the initial
fluid domain—is applied on the moving plates. When
thermal effects are introduced, as shown in Figure 3
for a thermal case with Gr = 80, the presence of
heat transfer significantly alters the particle’s equi-
librium behavior. In the case with a Grashof number
Gr = 80, the thermally induced drag forces arising
from buoyancy-driven convection dominate over grav-
ity and other hydrodynamic contributions. As a result,
the particle stabilizes in the upper region of the chan-
nel. Interestingly, decreasing the confinement ratio in
the thermally active case leads to an increase in the
final equilibrium height, bringing the particle closer
to the upper wall. This behavior indicates a stronger
influence of convective forces in less confined envir-
onments.

To examine the influence of neighboring particles
on the migration dynamics and equilibrium position-
ing of a heated particle, a configuration of eight particles
with aspect ratio K = 0.1 is considered. With this con-
sideration, the packing ratio—i.e., the ratio of particle
volume to total volume—is equal to 0.004. All particles
are initially positioned at z∗0 = −0.1, but have differ-
ent initial streamwise locations x0 within the domain,
with a center-to-center distance of 2.5a. by th Figure 4
presents the time evolution of the normalized ver-
tical position z∗ = z/H for eight thermally active pro-
late spheroidal particles. The trajectories labeled P0
through P7 correspond to individual particles, while
the curve labeled Mean represents the ensemble aver-
aged position over time.

Initially, all particles undergo a transient migra-
tion phase, during which they move from their initial
positions toward a stable equilibrium location. This
transient period is most pronounced for T ∗ < 50, re-
flecting rapid vertical displacement primarily driven
by the dominance of convective drag forces in the
early stages.

As reported earlier for the single-particle case,
the vertical position eventually stabilizes near z∗ ≈
0.4. However, the presence of multiple particles intro-
duces considerable fluctuations around this equilib-
rium height. These deviations are attributed to hydro-
dynamic interactions and flow disturbances caused by
neighboring particles. Nevertheless, the mean traject-
ory converges to a steady-state position similar to the
single-particle case, with reducing fluctuations at later
times.

Based on the simulation results, the time-averaged
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Figure 2. Migration trajectory of an isothermal
prolate particle vs. dimensionless time (Gt) at vari-
ous confinement ratios.

Figure 3. Migration trajectory of a hot prolate
particle vs. dimensionless time (Gt) at various con-
finement ratios for Gr=80.

center-to-center nearest neighbor distance is approx-
imately 3a. The increased fluctuation amplitude ob-
served in the multi-particle case highlights the transi-
ent influence of inter-particle interactions, although
the long-term equilibrium behavior remains qualitat-
ively consistent with that of single particle. how ever
that such behavior may change significantly at higher
packing fractions. However, it is important to note
that this behavior may change significantly at higher
packing fractions.

4. CONCLUSION
In this study, we employed a hybrid computa-

tional framework combining the Lattice Boltzmann
Method (LBM), Immersed Boundary Method (IBM),
a finite-difference (FD) scheme, and the Discrete Ele-
ment Method (DEM) to investigate the dynamic beha-
vior of non-spherical particles in a shear-driven flow.
The results reveal that the confinement ratio signific-
antly influences both the time required for a particle to
reach its equilibrium position and the vertical location
of that position.

In the isothermal case, particles with lower con-

Figure 4. Migration trajectory of eight hot prolate
particle vs. dimensionless time (Gt) at confinement
ratio K=0.1 for Gr=80.

finement ratios (i.e., smaller particles relative to the
channel height) migrate more slowly toward their equi-
librium positions compared to larger particles. Con-
versely, in the thermal case, smaller particles reach
equilibrium more quickly, suggesting that thermally
induced forces accelerate vertical migration.

Furthermore, in both isothermal and thermal con-
figurations, particles with lower confinement ratios
tend to equilibrate farther from the channel centerline.
The presence of multiple particles within the domain
introduces complex interactions. Particle-particle col-
lisions, coupled with hydrodynamic interactions and
flow disturbances, lead to chaotic fluctuations in the
vertical equilibrium positions. However the mean tra-
jectory position is consistent with that of single particle.
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ABSTRACT 

Cardiovascular diseases remain a major global 

health challenge, often driven by uncontrolled 

thrombus formation. A comprehensive 

understanding of its biochemical, biological, and 

mechanical mechanisms is crucial. Due to the 

complexities and limitations of in-vivo studies, 

computational fluid dynamics (CFD) has emerged as 

a viable and cost-effective alternative. This research 

presents a novel smoothed particle hydrodynamics 

(SPH)-based methodology for modelling thrombus 

formation and growth. Optimised for graphics 

processing unit (GPU) execution, the approach 

significantly reduces computational time for 

thrombus simulations. Two distinct thrombus growth 

strategies—the penalty approach and the dissipation 

approach—are investigated to determine the most 

effective method. The penalty approach incorporates 

a fibrin-linked velocity penalty term, while the 

dissipation approach integrates the Einstein equation 

with fibrin concentration. The model captures the 

coagulation cascade by simulating key biochemical 

components, including thrombin, prothrombin, 

fibrinogen, fibrin, and both activated and resting 

platelets. The implementation utilises the 

DualSPHysics solver, incorporating wall shear stress 

effects to enhance thrombus modelling. To validate 

the model, simulations were performed in a 

backward-facing step, demonstrating the 

effectiveness of SPH in predicting device-induced 

thrombosis. This study offers a promising step 

toward advancing cardiovascular research and 

improving clinical outcomes. 

Keywords: Thrombosis, Thrombus formation, 

Coagulation cascade, Thrombin, Fibrin, 

DualSPHysics, GPU, CFD, Smoothed particle 

hydrodynamics. 

NOMENCLATURE  

Due to space constraints, only a selection of key 

nomenclature used in this study is provided below. 

 

Biochemical Parameters 

𝐶𝑡ℎ [M] Thrombin 

concentration 

𝐶𝑓𝑏 [M] Fibrin concentration 

𝐶𝑝𝑡 [M] Prothrombin 

concentration 

𝐶𝑟𝑝 [PLT ml−1] Resting platelet 

concentration 

𝐶𝑎𝑝 [PLT ml−1] Activated platelet 

concentration 

𝑘𝑡ℎ [UPLT−1s−1μM−1] Thrombin generation 

rate constant 

τ [Pa] Wall shear stress 

1. INTRODUCTION  

Thrombosis is a major contributor to 

cardiovascular diseases, as it can obstruct blood flow 

within vessels, potentially leading to life-threatening 

emergencies by restricting circulation to vital organs. 

The symptoms vary depending on the clot’s location 

and may include chest pain, breathing difficulties, 

and skin discoloration, as well as severe conditions 

like stroke, pulmonary embolism, or ictus. 

According to Virchow's triad [1], three primary 

factors contribute to vascular thrombosis: increased 

blood coagulability, altered blood flow (stasis), and 

damage to the vessel wall or endothelium. The 

process of thrombus formation, also known as the 

coagulation cascade, involves a series of complex 

biochemical reactions. It is primarily initiated 

through two pathways—the intrinsic and extrinsic 

pathways—which eventually converge in the 

coagulation process. In vascular injury, 

subendothelial cells become exposed to blood flow, 

and prolonged exposure triggers biochemical 

interactions between tissue factors and blood cells, 

leading to platelet activation and adhesion. 

Simultaneously, the coagulation cascade is activated, 

promoting fibrin formation, which stabilizes the clot 

and facilitates thrombus growth. 

Over the years, extensive efforts have been 

devoted to understanding the intricate mechanisms 

underlying thrombus formation, drawing from both 
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fluid mechanics and chemical kinetics. Given the 

complexity of this process, numerical methods, 

including semi-empirical and computational 

modelling, play a crucial role in gaining a 

macroscopic understanding of thrombus formation. 

Computational fluid dynamics (CFD) has 

emerged as a powerful tool for integrating the 

hydrodynamics of blood flow with biochemical 

reactions, building on the success of computational 

techniques in analysing and predicting 

haemodynamics in various cardiovascular diseases 

and medical devices [2]–[5]. While research in this 

field is not new, its continued importance drives 

ongoing efforts to refine existing models and develop 

novel methodologies. Leiderman and Fogelson [6] 

were pioneers in developing an early spatiotemporal 

mathematical model for platelet aggregation and 

blood coagulation under flow conditions. Their 

model provides a comprehensive framework for 

understanding coagulation biochemistry, chemical 

activation, platelet deposition, and the dynamic 

interaction between fluid dynamics and the growing 

platelet mass. In a similar vein, Govindarajan et al. 

[7] introduced an innovative model designed to 

simulate thrombus formation under venous flow 

conditions. After validating their model against the 

work of Colace et al. [8], they further explored the 

hydraulic resistance caused by platelets and 

thrombus, offering valuable insights into the 

complex interactions within the bloodstream. 

Particle tracking and time history are crucial for 

thrombus modelling and are well-suited to the 

Lagrangian description of motion. Additionally, 

fluid-structure interaction (FSI) between thrombus, 

blood, and the cardiovascular vessel plays a key role 

in accurately simulating thrombus growth and its 

subsequent breakdown. Recently, there has been an 

increasing trend in using particle-based Lagrangian 

approaches for modelling thrombus formation. 

Tsubota et al. [9] investigated thrombus formation 

following Fontan surgery using a moving particle 

semi-implicit scheme. In their model, thrombus 

formation and attachment were governed by shear 

rate thresholds and spring attraction forces. While 

other simplified particle-based models, which 

consider thrombus shells as thrombin species, exist, 

they fail to incorporate biochemical reactions. 

In recent years, meshless methods, particularly 

Smoothed Particle Hydrodynamics (SPH), have 

gained traction as effective tools for simulating 

cardiovascular haemodynamics [10], [11]. Chui et al. 

[12] applied SPH to develop a basic clotting model 

based on local shear rate, where clotting begins in 

areas subjected to shear stress below a certain 

threshold. Al Saad et al. [13] advanced SPH 

modelling by describing thrombus formation with 

platelet adhesion and aggregation, utilising elastic 

forces dependent on the distance from an injured 

vessel. Wang et al. [14] built on this by introducing 

biochemical reactions and a velocity decay term 

linked to fibrin concentration. However, focusing 

solely on fibrin presents a potential limitation. More 

recently, Monteleone et al. [15] presented an SPH 

model incorporating various biochemical factors like 

thrombin, prothrombin, fibrin, and activated 

platelets. This model used convection-diffusion 

equations to estimate primary concentrations and 

switching functions based on threshold 

concentrations to simulate platelet activation. Upon 

reaching a critical concentration of bound platelets, 

particles transition to solid form, mimicking 

thrombus formation. However, this model overlooks 

advection terms, wall shear stress in thrombus 

modelling, and the gradual reduction of platelet 

velocity in response to rising fibrin concentrations. 

The current study proposes a novel methodology 

based on SPH to model thrombus formation, 

accumulation, and growth, addressing the limitations 

of Monteleone et al.’s model [15]. The key 

innovation lies in combining SPH nearest-neighbour 

searching to simulate platelet activation with the 

mesh-like effects of fibrin networks. This approach 

also incorporates advanced modelling techniques to 

capture particle deposition within the thrombus. Two 

unique approaches are employed: a penalty 

approach, which applies a velocity penalty term 

based on fibrin concentration to simulate restriction 

effects, and a dissipation approach, where fibrin 

concentration is linked to the Einstein equation to 

introduce an additional dissipation term. To further 

enhance the model, wall shear stress from recent 

work is integrated to couple mechanical influences 

with biochemical processes. A novel method has 

been introduced to dynamically activate and drive 

the model based on wall shear stress. The 

methodology has been rigorously validated against 

experimental data, including thrombus formation. 

The more detailed work of the thrombus modelling 

could be found in the recent publication from same 

authors [16]. 

2. MATERIAL AND METHODS 

In this section, a brief description of the SPH 

formulation is provided. In SPH, the continuous 

approximation of a scalar field function 𝐴(𝑟) at a 

point 𝑟 in a one-dimensional domain is expressed in 

by integral representation, written as: 

𝐴(𝑟): = ∫𝑊(𝑟 − 𝑟′, ℎ)𝐴(𝑟′) 𝑑𝜔 (1) 

where 𝑊 is a smoothing function or smoothing 

kernel, ℎ is the smoothing length in the support 

domain of the kernel function and ω is the volume of 

the integral.  

The discrete form of Eq. (1) can be written as, 

𝐴𝑖 =∑𝑊(𝑟𝑖 − 𝑟𝑖 , ℎ)𝐴𝑗  𝑉𝑗

𝑁

𝑗

 (2) 

where 𝜔 is discretized into 𝑁 computational 

nodes or particles. Here, 𝑖 and 𝑗 represent the 

interpolating and neighbouring particles, 
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respectively, and V is the volume of the particle, 

defined as 𝑉 = 𝑚 /𝜌, with 𝑚 being the mass and 𝜌 

the density of the particle. 

The choice of a smoothing function directly 

impacts the solution. Various smoothing kernels are 

available in the literature [17]. In this work, 

Wendland 𝐶2 kernel has been selected due to its 

higher-order (5th) nature, which allows it to capture 

higher-order effects with improved accuracy [17]. 

The Wendland kernel is defined as follows [18], 

 

𝑊(𝑟, ℎ)

= {
𝛼𝑑 (1 −

𝑞

2
)
4

(2𝑞 + 1) ,     0 ≤ 𝑞 ≤ 2

0
0                                         𝑞 > 2

} 

 

(3) 

 

where 𝑞 = |𝑟𝑖𝑗|/ℎ and 𝛼𝑑 is 
3

4ℎ
,

7

4𝜋ℎ2
,

21

16𝜋ℎ3
 for 

1D, 2D, and 3D, respectively. For further 

information on the SPH method, the reader is 

directed to [19] and [20]. 

The governing equations for the haemodynamics 

are the mass and momentum conservation. To solve 

these equations, the domain is discretised, and 

approximate values for the field functions are 

calculated at specific points. Throughout the SPH 

simulation, the mass of each particle is kept constant 

while the density of the particles changes according 

to the continuity equation. The general form of the 

continuity equation is as follows,  

whereas the SPH discrete form of Eq. (4) can 

take the following form [21], 

D𝜌

Dt
= 𝜌𝑖∑

𝑚𝑗

𝜌𝑗
(𝐮𝑖 − 𝐮𝑗) ∙ ∇𝑊𝑖𝑗

𝑗∈𝑃

 (5) 

where 𝐮 is the velocity of the particle and 𝑡 
denotes physical time. Herein, 𝑖 and 𝑗 denote the 

interpolating and neighbouring particles respectively 

and 𝑃 = 𝐹⋃𝐵 where 𝐹 and 𝐵 denote the fluid and 

boundary particles respectively.  

The momentum conservation equation can be 

written as, 

D𝐮

𝐷𝑡
= −

1

𝜌
∇𝑝 + Г + 𝐟 (6) 

where 𝑝 is the pressure, Г is the dissipative term 

and 𝐟 represents external forces. In SPH notation, Eq. 

(6) can be expressed as, 

D𝐮

Dt
= −∑(

𝑝𝑖 + 𝑝𝑗

𝜌𝑖𝜌𝑗
)∇𝑊𝑖𝑗𝑚𝑗 + 〈Г〉 + 𝐟

𝑗∈𝑃

 (7) 

The above equation satisfies the momentum 

conservation. 

Instead of the widely used artificial viscosity 

scheme, a combination of Shao and Lo operators a 

large eddy Sub-Particle Scale (SPS) [22] turbulence 

model has been used in the present study as described 

by Dalrymple and Rogers [23]  to define the 

dissipation term. In this scheme, the momentum 

equation is given by, 

D𝐮

Dt
= −

1

𝜌
∇𝑝 + 𝐠 + 𝜈∇2𝐮 + 

1

𝜌
∇ ∙ 𝝉 (8) 

where 𝜈∇2𝐮 is the laminar viscous stress and it 

can be expressed as [24], 

(𝜈∇2𝐮)𝑖

= ∑𝑚𝑗 (
4𝜈𝐫𝒊𝒋 ∙ ∇𝑖𝑊𝑖𝑗

(𝜌𝑖 + 𝜌𝑗) + (𝑟𝑖𝑗
2 +  0.01ℎ2)

)

𝑗∈𝑃

𝐮𝑖𝑗 
(9) 

The last term in the right-hand side of Eq. (8) is 

accounted for by the SPS stress tensor and that term 

can be expressed by the means of Favre averaging 

which is generally used to compute compressibility 

in weakly compressible SPH [23]. The term is as 

follows, 

1

𝜌
∇ ∙ 𝜏𝑖

𝛼𝛽
=∑𝑚𝑗 (

𝜏𝑖
𝛼𝛽
+ 𝜏𝑗

𝛼𝛽

𝜌𝑖𝜌𝑗
) ∙ ∇𝑖𝑊𝑖𝑗

𝑗∈𝑃

 
      

(10) 

here, 𝜏 is the SPS stress tensor and has been 

defined in Einstein notation over superscripts 𝛼 and 

𝛽 (spatial coordinates). 

Therefore, the momentum Eq. (8) can be 

expressed in SPH terms by,  
D𝑢𝑖

𝑎

Dt

= −∑(
𝑝𝑖 + 𝑝𝑗

𝜌𝑖𝜌𝑗
)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛼 𝑚𝑗 + f𝑖

𝑎

𝑗∈𝑃

+∑𝑚𝑗

(

 
 

4𝜈𝑟𝑖𝑗
𝛽 𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽 𝑊𝑖𝑗

(𝜌𝑖 + 𝜌𝑗) + (𝑟𝑖𝑗
2 +  0.01ℎ2)

)

 
 

𝑗∈𝑃

𝑢𝑖𝑗
𝑎  

+ 

∑𝑚𝑗 (
τ𝑖
𝛼𝛽
+ τ𝑗

𝛼𝛽

𝜌𝑖𝜌𝑗
)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
𝑊𝑖𝑗

𝑗∈𝑃

 

(11) 

 

Most of the hydrodynamic problems can be 

approximated by the weakly compressible SPH 

(WCSPH) scheme. To compute the fluid pressure 

based on the density of the particle, an equation of 

state (EOS) is employed, and by regulating the 

compressibility, the speed of sound is kept 

artificially low. As a result, the numerical speed of 

sound is restricted to be at least ten times the speed 

of the maximum velocity of the system which retains 

the density variation to less than 1%. This resembles 

closely an incompressible flow approach.  

In the present study, Tait’s EOS is used [25], 

[26] which is given by, 

D𝜌

Dt
= −𝜌∇ ∙ (𝐮) 

   

(4) 
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𝑃 =  
𝑐2𝜌0
𝛾
 ((
𝜌

𝜌0
)
𝛾

− 1), 
        

(12) 

 

where 𝛾 = 7 is the polytrophic index, 𝜌0 is the 

density of the reference fluid at the beginning of the 

simulation, and the 𝑐 is the speed of sound at the 

reference density. In the present work the smoothing 

length has been taken 1.7 times of the particle 

spacing and the viscosity of the fluid has been chosen 

like blood which is 3cP. 

2.1. Physiology of the thrombus 
formation 

The key physical processes involved in 

thrombus formation, which will be incorporated into 

the present model, are outlined below. Thrombus 

formation begins with primary haemostasis, where a 

platelet plug is formed, followed by the activation of 

the coagulation cascade. When vascular injury 

occurs, the exposure of collagen initiates this 

process.  

Vasoconstriction: The initial response to vascular 

injury involves the constriction of blood vessels, 

reducing blood flow to the affected area. 

Platelet plug formation: Platelets adhere to the 

exposed collagen at the injury site, become activated, 

and aggregate to form a temporary plug that helps 

prevent further blood loss. 

Activation of the coagulation cascade: Once 

primary haemostasis is established, the coagulation 

cascade is triggered, leading to secondary 

haemostasis. 

Final clot formation: As the coagulation cascade 

progresses, fibrin concentration increases, 

reinforcing the clot with a dense fibrin network. This 

marks the final stage of thrombus formation. 

Eventually, after tissue repair is complete, 

fibrinolysis occurs, breaking down and dissolving 

the clot. 

2.2. Modelling of the thrombus 
formation 

The modelling process begins with identifying 

damaged zones where high wall shear stress (𝜏ℎ >
10𝑃𝑎) is activating platelets on a damaged vessel 

surface, and low wall shear stress (𝜏𝑙 < 0.02𝑃𝑎) 

promotes platelet adhesion and accumulation. Fluid 

particles within a distance of 2ℎ (smoothing radius) 

from the damaged wall are considered contributors 

to thrombus formation. Prothrombin concentration 

reduces with thrombin formation, governed by an 

advection-diffusion equation (Eq. 13) Following the 

methodology proposed by Monteleone et al. [15], a 

source term has been selected based on the chemical 

kinetics. 

∂𝐶𝑘
∂t
= ∇ ∙ (𝐷𝑘∇𝐶𝑘) − ∇ ∙ (𝐮𝐤𝐶𝑘) + 𝑅𝑘 (13) 

where 𝐶 is the concentration of the bio-chemical 

species, 𝐷 is the diffusion coefficient, 𝐮 is the 

velocity of the particle and 𝑅 is the respective source 

term. Eq. (13) has been solved for 

prothrombin, thrombin, fibrin and activated platelet 

respectively. The above equation discretised and 

computed through SPH approximation. The SPH 

version of the equation for a particular species is as 

follows, where 𝑖 and 𝑗 represent the interpolating and 

neighbouring particles, respectively,  

The source term for the prothrombin and thrombin 

are as follows, 
∂𝐶𝑖
∂t

= ∑𝑚𝑗 (
4𝐷𝑖𝐫𝒊𝒋 ∙ ∇𝑖𝑊𝑖𝑗

(𝜌𝑖 + 𝜌𝑗) + (𝑟𝑖𝑗
2 +  0.01ℎ2)

)

𝑗𝜖𝑃

𝐶𝑖𝑗

+ 𝐶𝑖∑
𝑚𝑗

𝜌𝑗
(𝐮𝑖 − 𝐮𝑗) ∙ ∇𝑊𝑖𝑗

𝑗𝜖𝑃

+ 𝐮i∑
𝑚𝑗

𝜌j
(𝐶𝑖 − 𝐶𝑗) ∙ ∇𝑊𝑖𝑗 ,

𝑗𝜖𝑃

   + 𝑅𝑖 

(14) 

𝑅𝑡ℎ = 𝑘𝑡ℎ
𝑟𝑝
𝐶𝑟𝑝𝐶𝑝𝑡 + 𝑘𝑡ℎ

𝑎𝑝
𝐶𝑎𝑝𝐶𝑝𝑡 (15) 

𝑅𝑝𝑡 = −𝑅𝑡ℎ (16) 

where 𝑘𝑡ℎ
𝑟𝑝

 and 𝑘𝑡ℎ
𝑎𝑝

 is the kinetic constant of the 

resting and activated platelets for the thrombin 

conversation from the prothrombin. 𝐶𝑟𝑝, 𝐶𝑎𝑝, 𝐶𝑝𝑡 are 

the concentration of the resting platelet, activated 

platelet and prothrombin, respectively. 

 When thrombin concentration of a particle 

exceeds a threshold (𝐶𝑡ℎ_𝑡ℎ), they are considered as 

activated platelets. Biochemical interactions 

between prothrombin, thrombin, and fibrin, 

governed by Michaelis-Menten kinetics, drive this 

process, while activated platelets are drawn toward 

the wall or nearby activated platelets, promoting 

aggregation.  

In the final mechanistic step, velocities of the 

particles must be reduced based on the fibrin 

concentration. In the penalty approach, a velocity 

penalty term proposed by Wang et al. [14] has been 

introduced, 

𝑢𝑝𝑒𝑛𝑎𝑙𝑡𝑦 =  𝛽 (1 − (
𝐶𝑓𝑏,𝑖

𝐶𝑓𝑏,𝑖 , 𝑡ℎ
)

1.5

)  (17) 

Here 𝐶𝑓𝑏,𝑖 is the concentration of the fibrin of the 

interpolating particle and 𝛽 is a penalty factor 

considered 1 in the present case. This term gradually 

reduces particle velocity depending on fibrin 

concentration, ultimately setting it to rest.  

𝐮𝐢_𝐧𝐞𝐰 = 𝐮𝐢 𝑢𝑝𝑒𝑛𝑎𝑙𝑡𝑦 

 

(18) 
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Table 1. Details of the computational hardware and simulation parameters 

 

Hardware Geometry domain No of particle Run Time 

NVIDIA RTX V100 GPU 120×10×10mm 

(L × B × H) 

60,550 40 min 

317,818 4 hours 

1,072,832 32 hours 

It has been demonstrated that reasonable 

prediction of thrombus formation is achieved based 

on the above modelling technique. However, the 

gradual decrease in local velocity during fibrin 

formation is based on an empirical penalty function. 

This gradual decrease in velocity is due to the 

deposition of fibrin being similar to fluid flow with 

dispersion where the viscosity may be predicted 

through Einstein constitutive equation. Therefore, in 

the dissipation approach, an additional viscous term 

is proposed. In the momentum equation the 

kinematic viscosity 𝜈 has been replaced by 𝜈𝑐 by 

using the Einstein constitutive equation for the 

viscosity, thus 

where 𝜑 is an arbitrary constant tuned based on 

the initial fluid viscosity and has a value of  𝑂(10)12, 

sufficiently large to bring the fluid to a complete 

stop. Therefore, the modified momentum equation 

based on Eq. (8) can be written as, 

 
D𝐮

Dt
= −

1

𝜌
∇𝑝 + 𝐟 + 𝜈∇2𝐮 + (𝐶𝑓𝑏,𝑖𝜑)∇

2𝐮

+ 
1

𝜌
∇. 𝝉 

(19) 

 Evidently, while the concentration of fibrin (i.e. 

the fibrin mesh) increases, the term 𝜈𝑐 rises, leading 

to the deposition of the particles. This approach 

aligns closely with the physics of clot formation, as 

the fibrin mesh captures more platelets and reduces 

flow velocity, supporting the final clot formation. 

Thereafter, at the final stage while the concentration 

of the fibrin exceeds a threshold, velocity of the 

particles is set to zero. 

2.3. Implementation and Hardware 
Acceleration 

In this study, the thrombus model has been 

implemented in DualSPHysics [27], an open-source, 

C++-based code that leverages graphics processing 

unit (GPU) hardware acceleration. The code utilises 

the WCSPH formulation, as discussed in sub 

sections 2.1 and 2.2. The modified dynamic 

boundary condition (mDBC) proposed by English et 

al. [28] has been applied in all the validation test 

cases. For a more detailed explanation of the 

boundary condition implementation, please refer to 

[28]. Given that thrombosis is a time-intensive 

phenomenon, relying solely on CPU-based models 

can be impractical due to prolonged simulation 

runtimes. To enhance computational efficiency, the 

thrombus model in this study has been specifically 

designed and optimised for execution on GPUs. All 

simulations were conducted using the University of 

Manchester's Computational Sharing Facility 

(CSF3) with NVIDIA RTX V100 GPUs. 

Validation test case was performed in a 3D 

backward-facing step (BFS) [29]. A detailed 

description of these test cases is provided in Section 

3. Additionally, Table 1 presents the computational 

time required to run the 3D BFS test cases at 

different resolutions, illustrating the average 

simulation runtime of the thrombus model. 

3. RESULTS AND DISCUSSIONS 

Generally, direct validation of any thrombus 

model is challenging due to the limited availability 

of experimental data. Nevertheless, in the present 

work, the efficacy of the proposed model is 

demonstrated through case study as validation basis. 

considering thrombus formation in a backward-

facing step geometry as proposed by Taylor et al. 

[29]. 

Here, a three-dimensional backward-facing step 

has been chosen for the thrombus formation. This is 

a common configuration in fluid dynamics to study 

flow recirculation, separation and attachment, all of 

which are favourable for the thrombus formation. 

Moreover, this test case is one of the popular 

benchmark test cases for the validation of the 

thrombus model. A geometry of the BFS proposed 

by Taylor et al. [29] has been reconstructed as 

depicted in Fig. 1 (side view).  A steady flow of 0.2 

m/s has been prescribed at the inlet, while the outlet 

is kept at a zero constant pressure. More detailed 

parameters for this case study could be found in [16]. 

 

Figure 1. Schematic diagram of the fluid domain 

of the backward facing step test case. 

3.1. Penalty Approach 

Using the penalty approach, Fig. 2 illustrates that 

thrombus formation begins at the step corner and 

expands both axially and radially. The maximum 

thrombus length is ten times the step height, aligning 

with the findings of Taylor et al. [29]. The top view

𝜈𝑐 = (1 + 𝐶𝑓𝑏,𝑖𝜑)𝜈 (20) 
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of the thrombus in BFS geometry, resembling an 

expanding triangle, is compared in Fig. 2 with the 

experimental data from Taylor et al. [29], showing 

good agreement.  

Fig. 4 further validates the proposed model 

quantitatively by comparing thrombus height, 

length, and surface area over time. The model 

accurately predicts thrombus length, as also visually 

confirmed in Fig. 2. However, while the SPH model 

closely matches the experimental thrombus shape 

and length at the 5th time instant, it tends to slightly 

over-predict experimental results qualitatively. In 

terms of thrombus height and exposed surface area, 

the model's predictions align well with the 

experimental data from Taylor et al. [29].   

 

SPH (penalty) Experiment (Taylor et al.) 

 
 

Figure 2. Comparison of predicted thrombus 

shape in the BFS geometry against the 

experimental observation by Taylor et al. using 

the penalty approach at different times 

 

Nevertheless, at the 4th and 5th time instants, the 

simulated thrombus height slightly exceeds the 

experimental error range, with an estimated 

deviation of 5%. A similar deviation is observed for 

the exposed surface area. These results highlight the 

accuracy and reliability of the proposed model. It is 

important to note that this model represents an 

accelerated approach to thrombus formation, 

designed to reduce computational runtime. This 

expedited methodology is inspired by similar 

approaches found in the existing literature [15]. 

3.2. Dissipation approach 

After successfully implementing the penalty 

approach for thrombus modelling using the velocity 

penalty term, an alternative dissipation approach was 

explored. As previously discussed, this method is 

more physiologically relevant, incorporating an 

additional fibrin-linked dissipation term based on 

Einstein’s viscosity equation. The same test on the 

BFS geometry was repeated using the dissipation 

approach, while maintaining identical boundary 

conditions. 

As shown in Fig. 3, the dissipation approach 

reasonably predicts thrombus shapes, though some 

noise in the form of unwanted random particles—

absent in the penalty approach—is observed due to 

numerical instabilities. The thrombus shapes 

predicted by the dissipation approach are slightly 

more compressed radially than those obtained using 

the penalty approach, resulting in a closer match with 

experimental observations [29]. 

For quantitative validation, the thrombus length, 

height, and surface area predicted by the dissipation 

approach were compared with experimental results 

from Taylor et al. [29], as shown in Fig. 4. While the 

predicted thrombus length closely matches or 

slightly overestimates the initial model’s results, the 

height and surface area are slightly underestimated, 

aligning more closely with experimental data. This 

highlights the improved accuracy of the dissipation 

approach. 

It is important to note that, while the dissipation 

approach provides more physically accurate results, 

it is computationally demanding. Unlike the penalty 

approach, which employs a straightforward velocity 

reduction mechanism with small time-steps, the 

dissipation approach incorporates an additional 

viscous dissipation term, significantly increasing 

computational costs. Furthermore, the coefficient in 

Einstein’s viscosity equation plays a crucial role and 

must be carefully calibrated before implementation. 

Despite these challenges, when properly executed, 

the dissipation approach enhances the accuracy of 

thrombus modelling 

SPH (dissipation) Experiment (Taylor et al.) 

 
Figure 3. Comparison of predicted thrombus 

shape in the BFS geometry against the 
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experimental observation by Taylor et al. using 

the dissipation approach at different times 

 
  

Figure 4. Comparison of the length height, and the surface area of the thrombus shape in the BFS 

geometry predicted by the present model against the experimental observation by Taylor et al.  The length 

and height have been normalised by the step height 

4. CONCLUSION 

      This study presents a novel SPH-based 

computational model for thrombus formation, 

integrating biochemical reactions and fluid dynamics 

to capture key aspects of clot development. A unique 

platelet activation and aggregation mechanism, 

implemented through the nearest neighbours 

searching method, enhances the model’s 

physiological accuracy. Two distinct velocity 

reduction approaches were introduced: an empirical 

velocity penalty term and a physics-driven 

dissipation method based on Einstein’s viscosity 

equation. While both approaches effectively 

simulate thrombus formation, the dissipation method 

provides improved accuracy by incorporating a more 

realistic representation of fibrin-linked dissipation. 

The model successfully replicates thrombus 

formation in pressure-driven microchannels and a 

backward-facing step, demonstrating strong 

agreement with experimental observations in terms 

of thrombus size, shape, and surface area. However, 

the complexity of thrombus formation necessitates 

certain simplifications. One key limitation is the high 

computational cost, which scales with resolution, 

requiring a scaled-down time frame rather than real 

physical time- a common trade-off in similar studies. 

Despite these limitations, the model demonstrates 

the potential of SPH in simulating thrombus 

formation in complex geometries where traditional 

mesh-based methods face challenges. Its ability to 

predict device-induced thrombosis further highlights 

its relevance for cardiovascular research and medical 

applications. Future work will focus on enhancing 

the model’s physiological accuracy by incorporating 

initial pathway reactions, antithrombin dynamics, 

and a more refined treatment of clot evolution, 

ultimately improving its applicability in biomedical 

simulations.  
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ABSTRACT
Two-phase flows in diffusers often result in sig-

nificant gas accumulation due to the presence of
low-pressure separation zones, which adversely im-
pacts pressure recovery. This phenomenon limits the
performance of centrifugal pumps transporting gas-
liquid mixtures. Unlike pumps with rotating com-
ponents, diffusers offer a simpler setup for precise
experimental analysis. This study investigates the ef-
fects of geometric modifications on the upper diffuser
side, specifically grooves and bars of varying sizes.
The goal is to reduce gas accumulation by enhan-
cing turbulence and gas dispersion near the accumu-
lation. A diffuser with an increasing opening angle
was used to induce flow separation and gas accumu-
lation. High-speed imaging was employed to capture
the two-phase interactions. The results indicate that
small-sized grooves and bars have only a limited im-
pact on gas accumulation. In some cases, geomet-
ric modifications even intensify flow separation, res-
ulting in a greater gas buildup, especially under low
water flow and high air flow conditions. However,
larger-sized bars, especially the biggest ones, prove
to be most effective in reducing gas accumulation,
particularly at higher water flow rates. The outcomes
of this research will support the validation of com-
putational models and facilitate design modifications
of centrifugal pumps to improve their performance in
two-phase flow conditions.

Keywords: Grooves and bars, Turbulent two-
phase flow, Gas accumulation, Diverging chan-
nels, Diffusers, Centrifugal pumps

NOMENCLATURE
Au [m2] upstream cross-sectional area
D [m] Depth of groove (or bar)

I [cd] Light intensity
L1 [m] upstream straight pipe length
L2 [m] downstream straight pipe length
QG [m3/s] gas volume flow rate
QL [m3/s] liquid volume flow rate
W [m] Width of groove (or bar)
ReG [−] superficial gas Reynolds number
ReL [−] superficial liquid Reynolds number
dhd [m] downstream hydraulic diameter
dhu [m] upstream hydraulic diameter
p [Pa] local pressure
p2 [Pa] reference pressure (sensor 2)
uG [m/s] superficial gas velocity
uL [m/s] superficial liquid velocity
x [m] axial distance
y [m] vertical distance
ε̇ [%] gas volume fraction
µG [Pa · s] viscosity of gas
µL [Pa · s] viscosity of liquid
ρG [kg/m3] density of gas

Subscripts and Superscripts
d downstream
G gas
h hydraulic
L liquid
u upstream

Abbreviations
% RD Percentage of reading
LDA Laser Doppler Anemometry
LED Light Emitting Diode
LES Large Eddy Simulation
RSM Reynolds Stress Model
RTD Resistance Temperature Detector
VOF Volume Of Fluid
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1. INTRODUCTION
Transporting gas-liquid two-phase mixtures is

necessary in various industrial and engineering sys-
tems, including pipelines, heat exchangers, nuclear
reactors, chemical processing units, solar systems,
and oil wells [1–4]. These flows exhibit complex be-
havior due to the interaction between the two phases,
leading to uneven flow patterns and unsteady dynam-
ics. The characteristics of these flows are highly in-
fluenced by channel geometry, flow rates, and phase
properties, making their prediction and control es-
sential for optimizing system performance and avoid-
ing operational issues such as flow instabilities, pres-
sure fluctuations, and phase separation.

In channels with variable cross-sectional areas,
e.g., diverging channels or diffusers, the dynamics of
gas-liquid flows become even more intricate. Diver-
ging or expanding cross-sectional areas can lead to
significant variations in velocity due to the possibil-
ity of flow separation, influencing pressure and void
fraction distribution, leading to local gas accumula-
tion [5]. Such large pockets of gas undesirably pre-
vent the diffuser from effectively increasing pressure.
Developing techniques to inhibit or decrease gas ac-
cumulation in diverging channels is therefore crucial
for ensuring effective pressure recovery.

The gas-liquid flow patterns in this expand-
ing channel resemble those in centrifugal pump im-
pellers, where gas buildup causes flow instabilities
and reduces pump head and efficiency [6–8]. The
complex turbulence and rotational effects in pumps
further challenge the accuracy of numerical simula-
tions, especially at high flow rates [5, 9, 10]. Thus,
more experiments and improved numerical models
are essential for better prediction and control.

This research builds on turbomachinery stud-
ies, focusing on how gas buildup in diverging im-
peller channels degrades centrifugal pump perform-
ance. Designed for single-phase flows, these pumps
suffer efficiency losses, strong vibrations, flow in-
stabilities, and potential failure when gas accumu-
lates [4, 6, 11, 12]. Understanding gas-liquid inter-
actions is therefore crucial for minimizing gas accu-
mulation and managing two-phase flows effectively.

Researchers have often studied gas-liquid two-
phase flow in channels with constant cross-sections
to identify flow patterns and measure pressure drops
[2, 13, 14]. Similar studies have focused on channels
with abrupt cross-sectional changes, like sudden ex-
pansions or contractions [2, 15–18]. Other research
examined gas-liquid flow in diffusers, such as ver-
tical circular diffusers for pressure recovery [19] and
micro-scale converging-diverging rectangular chan-
nels for pressure drops [20]. Hwang et al. [20]
found that gas velocity decreased in diverging sec-
tions, leading to bubble coalescence and significant
flow changes. However, most studies used diverging
sections with constant opening angles (straight walls)
[18–24], which may not fully capture complex flow
phenomena like large gas accumulations. The study

of two-phase flow in gradually expanding channels
with increasing opening angles has received less at-
tention, underscoring the need for further investiga-
tion into gas accumulation in these geometries.

A prior study examined two-phase flow regimes
in a horizontal, gradually diverging channel [5],
identifying key parameters affecting gas accumula-
tion. It was found that large recirculation zones,
caused by flow separation, trap gas bubbles, leading
to significant accumulations. Increasing the air flow
rate resulted in larger accumulations, while increas-
ing the water flow rate initially expanded recircula-
tion zones, increasing accumulation size, until turbu-
lence intensified and reduced the accumulation again.
A notable air pocket remained near the end of the dif-
fuser, even at low gas volume fractions (0.05%), neg-
atively affecting velocity distribution and pressure re-
covery. The study concluded that reducing flow sep-
aration or increasing turbulence intensity can help
minimize gas accumulation size [5].

The potential of upstream cross-flow steps to re-
duce gas accumulation in separated turbulent flows
was recently explored [25]. These steps enhanced
turbulence intensity, breaking larger bubbles into
smaller ones and redirecting them towards the chan-
nel center, away from the accumulation region. Some
step configurations also improved pressure recovery,
particularly at higher water flow rates. However, it
is important to note that these flow modifications are
intrusive elements, affecting inlet conditions.

Several studies [9, 26, 27] validated numerical
models against experimental data from [5] to im-
prove prediction accuracy. Kopparthy et al. [9] found
that coupling the Reynolds stress model (RSM) with
the volume of fluid (VOF) method accurately pre-
dicted gas accumulation size and shape, but faced
increased errors at high flow. Hundshagen et al.
[26] highlighted the impact of turbulence model in-
accuracies, noting that the dispersed two-fluid ap-
proach sometimes failed to detect gas accumulation.
Nguyen et al. [27] achieved the most accurate pre-
dictions with a hybrid multiphase model combining
Eulerian-Eulerian, VOF, and large eddy simulations
(LES), though it was sensitive to prescribed bubble
size, requiring further development. These limita-
tions emphasize the continued importance of exper-
imental studies in two-phase flow simulations with
significant gas accumulation.

Grooves have been shown to enhance perform-
ance and mitigate undesirable phenomena in tur-
bomachinery [28]. In centrifugal compressors, they
control rotating stall, though with increased hy-
draulic losses [29], and in Francis turbine draft tubes,
they suppress swirl at the cost of added losses [30,
31]. Grooves have also reduced cavitation in pump
inducers [32, 33]. In single-phase centrifugal pumps,
micro-grooves on impeller shrouds improve velocity
distribution, reduce hydraulic losses, and lessen dif-
fuser separation by smoothing the surface and re-
ducing turbulence [34]. Macro-grooves in mixed
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and centrifugal flow pumps reduce inlet swirl, axial
thrust, and improve tip leakage flow [35–37]. Addi-
tionally, grooved front shrouds in centrifugal pumps
enhance secondary flow and improve gas-liquid mix-
ing, reducing gas accumulation [38].

This study investigates the potential to reduce
gas accumulation in two-phase flow within a hori-
zontal diverging channel by modifying the upper dif-
fuser wall, where gas typically accumulates. Grooves
and bars of various sizes were introduced to enhance
turbulence and promote gas dispersion, thus reducing
accumulation. The experimental setup and diffuser
geometry from previous work [5, 9, 25–27] were re-
tained. A diffuser with a progressively increasing
opening angle was used to induce flow separation
and gas accumulation. Two-phase flow conditions
were varied, with Reynolds numbers for the water
and air phases ranging from ReL = 59530–78330 and
ReG = 3–9.25, respectively. Single-phase flow ve-
locities were measured using Laser Doppler Anem-
ometry (LDA), while high-speed imaging captured
two-phase flow dynamics. Some tested designs ef-
fectively reduced gas accumulation. The results of
this study will be valuable for validating computa-
tional models and exploring design modifications for
centrifugal pumps operating under two-phase flow
conditions, eventually improving their performance.

2. DETAILS OF THE EXPERIMENTS
Figure 1 illustrates the experimental test rig. The

diverging section is made of transparent acrylic glass
for clear flow observation and optical measurements.
A submersible pump circulates water from a 6.0 m3

tank, while compressed air is introduced through 21
circumferentially arranged 1.0 mm holes in a mix-
ing joint. Water and air flow rates are independently
measured and regulated using control valves. An
electromagnetic flow meter (Endress+Hauser Pro-
mag 30F with ± 0.5% RD accuracy) measures water
flow, while a rotameter (Yokogawa RGC1263 with
± 2.5% RD accuracy) measures air flow. Two RTD
(Resistance Temperature Detector) sensors (Pt100,
Class B, ± 0.3 K error) monitor water and air temper-
atures before mixing. The air supply system includes
a service unit, control valve, pressure regulator, and
restriction valve for precise control. Eight pressure
sensors (Cerabar T PMC131, −1 : +1 bar, ± 0.5%
RD accuracy) track pressure changes along the dif-
fuser. The estimated average uncertainty in pressure
measurements is 2.9% of the reading. Further details
on measurement devices can be found in [5, 25].

The flow channel has rectangular cross-sections
of 40 × 44 mm upstream and 100 × 44 mm down-
stream, yielding a hydraulic diameter ratio of 1.45,
with upstream and downstream hydraulic diameters
of dhu = 42 mm and dhd = 61 mm, respectively.
The upstream section (L1 = 34dhu) ensures fully
developed flow, while the downstream section ex-
tends L2 = 15.5dhu. The diffuser features a gradu-
ally increasing opening angle to induce flow separ-

ation and air accumulation. It starts with a half-
included angle of 6◦, with the upper curve defined
by x = 13.5y − y2/10 − 230 (where x represents the
axial direction and y the vertical direction), increas-
ing to 16◦. The horizontal flow orientation, while
not exactly replicating Coriolis effects in pumps, pre-
serves lateral force interactions, unlike vertical chan-
nels where gravity acts parallel to the flow. This
setup effectively mimics gas accumulation as ob-
served in impeller channels, enabling investigations
into gas accumulation reduction methods.

Single-phase (water) velocity measurements
were performed on the upper side of the diffuser us-
ing a two-component Laser Doppler Anemometry
(LDA) system (Dantec Dynamics 2-D), with an es-
timated measurement uncertainty below 0.5%. This
accounts for statistical (sample size), spatial (grid
resolution), and calibration uncertainties. An auto-
matic traversing system acquired velocity data at 325
grid points (10 mm horizontal spacing, 7.5 mm ver-
tical spacing, see Figure 2a). The velocity was de-
termined from 25,000 samples per point, collected
at an average acquisition rate of 1.5 kHz to ensure
statistical stability in such turbulent flow. The meas-
urements were performed in the mid-longitudinal
section, which provides insights into flow phenom-
ena such as jet direction, flow separation, and tur-
bulence intensity, which are all essential for under-
standing gas accumulation in two-phase conditions.
The precise location of each point was determined
through calibration, correcting for laser beam refrac-
tion through the acrylic glass and water. Further de-
tails about the LDA system and the refraction cal-
ibration are available in [39]. Glass spheres with
10 µm mean diameter and 1000 kg/m3 density were
used as tracers. A high-speed camera captured shad-
owgraphy images, where the channel was backlit by
two LED panels positioned opposite the cameras, as
shown in Figure 2b). This setup created a dark border
at the water-air interface, providing a clear visualiza-
tion of the size and shape of gas accumulation.

The tested cases involve surface modifications
on the upper diffuser wall, specifically three grooves
and three bars of varying sizes (Figure 3). The
grooves and bars were embedded along the upper
wall with the following dimensions (Width, W ×

Depth, D) 1.0 mm × 0.4 mm for G1 and B1,
3.0 mm× 1.5 mm for G2 and B2, and 6.0 mm× 3.0 mm
for G3 and B3. Expressed in dimensionless form re-
lative to the upstream hydraulic diameter (dhu), the
corresponding sizes (W/dhu×D/dhu) are 2.4 %×1.0 %
for G1 and B1, 7.2 % × 3.6 % for G2 and B2, and
14.3 % × 7.2 % for G3 and B3. These surface struc-
tures enhance turbulence and bubble dispersion by
introducing localized disturbances along the gas ac-
cumulation path. By periodically obstructing the
flow, they promote mixing and disturb gas accumu-
lation. The study examines their impact on velocity
profiles, gas accumulation, and pressure recovery un-
der single-phase and two-phase flow conditions.
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Figure 1. Illustration of the test rig.

(a) Grid points of LDA

Test SectionFlow

LED 1 LED 2

High-speed
Camera

(b) Shadowgraphy top view

Figure 2. Details of the experiments

 
(a) Reference case (Smooth surface) 

         
(b) G1 (width × depth = 1.0 mm × 0.4 mm) 

         
(c) G2 (width × depth = 3.0 mm × 1.5 mm) 

         
(d) G3 (width × depth = 6.0 mm × 3.0 mm) 

         
(e) B1 (width × depth = 1.0 mm × 0.4 mm)  

         
(f) B2 (width × depth = 3.0 mm × 1.5 mm) 

         
(g) B3 (width × depth = 6.0 mm × 3.0 mm) 

 

 

 

 

  

Figure 3. Schematic illustration of diffusers with
different artificially introduced grooves and bars.

3. RESULTS
Building on previous studies [5, 9, 26, 27, 39],

specific flow conditions were selected to investig-
ate gas accumulation under varying two-phase flow

regimes. Two water flow rates (QL) and two air
flow rates (QG) were chosen, resulting in four dis-
tinct cases to analyze the influence of different sur-
face modifications. Table 1 summarizes the selec-
ted conditions. The superficial Reynolds numbers
(Re) for each phase were determined using Eq.1,
where ρ represents density, u is the superficial inlet
velocity (calculated via Eq.2), µ is dynamic viscos-
ity, and subscripts L and G refer to liquid (water)
and gas (air), respectively. The upstream channel
cross-sectional area is denoted as Au. These Reyn-
olds numbers characterize the flow regime of each
phase, assuming it occupies the full channel cross-
section. The inlet gas volume fraction (ε̇) of each
case is determined by by Equation 3. The experi-
mental setup ensured operation under non-cavitating
conditions to prevent misinterpretation between air
bubbles and vapor cavities. The minimum cavitation
number was computed as σ = 18.5, significantly ex-
ceeding the critical threshold (σcrit = 0.3), even at
the maximum velocity, accounting also for flow fluc-
tuations. Consequently, no cavitation was observed
during the experiments.

ReL,G =
ρL,G uL,G dhu

µL,G
(1)

uL,G =
QL,G

Au
(2)

ε̇ =
QG

QG + QL
(3)

Table 1. Flow conditions examined in this study

Case# QL

(m3/s)
×10−3

QG

(m3/s)
×10−6

ReL ReG ε̇ (%)

1 2.64 0 59530 0 0
2 3.47 0 78330 0 0
3 2.64 1.964 59530 3.10 0.074
4 2.64 5.892 59530 9.25 0.223
5 3.47 1.964 78330 3.10 0.056
6 3.47 5.892 78330 9.25 0.169
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Figure 4 shows the single-phase velocity mag-
nitudes and fluctuations for all configurations for
Case 2. The flow separation increases with groove
size due to greater boundary layer disturbance. Sim-
ilarly, diffusers with bars (B1, B2, B3) exhibit greater
flow separation than the smooth reference, with lar-
ger bars amplifying velocity fluctuations. Regions
of high velocity fluctuations expand as the bar size
increases. Further, bars, especially B2 and B3, in-
duce stronger turbulence near the diffuser inlet than
grooves, with B3 showing the highest velocity fluc-
tuations, potentially enhancing two-phase mixing.
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Figure 4. Measured velocities for different config-
urations (Case 2, ReL = 78330, ReG = 0).

Figure 5 illustrates the effects of grooves and
bars on gas accumulation in two-phase flow. G1 be-
haves similarly to the reference case, showing min-
imal impact of small grooves, while G2 and G3 in-
crease gas accumulation at low water flow, with G3
forming a huge gas cavity in Case 4 due to the in-
creased flow separation. At ReL = 78330, both G2
and G3 reduce gas buildup by enhancing turbulence
and bubble dispersion. Among bars at low flow of
water (ReL = 59530), B1 has little effect, B2 in-
creases accumulation at high gas flow (Case 4), while
B3 reduces it in Cases 3 and 4. At ReL = 78330, B2
and B3 significantly decrease gas accumulation, with
B3 performing best across all conditions.

The accumulated air consistently spanned the
entire channel width, with minor unsteady variations
near the onset of accumulation. To determine the av-
erage accumulation size, 1,500 instantaneous images
were captured at 50 Hz and processed into a gray-
scale average image. This stabilized the air-water in-
terface by filtering out transient effects and minimiz-
ing potential three-dimensional variations. The gray-
scale images were then binarized using an intensity
threshold (I) derived from their brightness spectra.
A MATLAB script automated boundary detection to
obtain the accumulation size. Further details on this
calculations are available in [5, 39].

Figures 6 and 7 present gas void fraction results,
defined as the ratio of mean accumulated gas volume
to total channel volume from the diffuser inlet. As
shown in Fig. 6, G1 closely follows the reference
case, while G2 and G3 increase void fractions at low
water flow, with G3 peaking in Case 4. At higher
flow, both G2 and G3 reduce gas accumulation, with
G3 most effective in Case 5. For bars (Fig. 7), B1
mirrors the reference, B2 increases gas buildup at
low water flow (Case 4), and B3 consistently min-
imizes void fractions, especially at high flow. These
findings highlight that G2, G3, B2, and B3 effect-
ively reduce gas accumulation at high liquid velocity,
while G1 and B1 provide little improvement. Again,
B3 provide improvements for all different conditions.
However, the geometry should be carefully selected
to control gas accumulation, as the effectiveness var-
ies with flow conditions.

Lastly, Figure 8 shows pressure recovery within
the diffuser for all cases, measured at eight axial loc-
ations (Fig. 1). To account for turbulence, data were
recorded three times at 8 Hz over 15 minutes and av-
eraged. Pressure differences were calculated relative
to sensor 2 at the diffuser inlet (x = 0). For the ref-
erence case, larger gas accumulations generally re-
duce pressure recovery. Grooves have little effect at
low liquid flow (ReL = 59530) and worsen recovery
at high gas flow (ReG = 9.25) due to excessive gas
buildup. This limited pressure recovery at low liquid
flow rates can be attributed to the adverse interac-
tion between the embedded structures (grooves and
bars) and the flow dynamics. Specifically, surface
structures intensify flow separation along the upper

5
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



Figure 5. Gas accumulations for different dif-
fusers with grooves and bars.
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Figure 6. Gas void fractions for different grooves.
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Figure 7. Gas void fractions for different bars.
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Figure 8. Pressure recovery for all cases (Legend
applies to all sub-figures).
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wall, which promotes gas accumulation and disrupts
the pressure recovery. Furthermore, in the cases of
the larger bars (B2 and B3), the reduced inlet cross-
sectional area causes flow acceleration, contributing
again to reduced pressure recovery. At higher liquid
flow, the impact of grooves remains minimal, while
all bars closely match the reference case, with B3 of-
fering slight improvement by consistently reducing
gas accumulation.

4. CONCLUSIONS
This study examined the effects of surface modi-

fications on the upper diffuser side, specifically
grooves and bars of varying sizes, to mitigate gas
accumulation in two-phase flow conditions. The
findings reveal that small-sized grooves and bars
have minimal influence on gas dispersion and, in
some cases, exacerbate flow separation, leading to
increased gas buildup. Conversely, larger-sized bars,
particularly the largest ones, demonstrate signific-
ant effectiveness in reducing gas accumulation, espe-
cially at higher water flow rates. Pressure recovery is
strongly influenced by gas accumulation, with larger
accumulations leading to reduced recovery. While
grooves have minimal impact, the diffuser with bars,
particularly B3, shows a more balanced effect, mit-
igating gas accumulation while maintaining relat-
ively stable and slightly improved pressure recovery.
These insights contribute to a better understanding
of two-phase flow behavior in diffusers and provide
valuable input for improving computational models
and optimizing centrifugal pump designs handling
gas-liquid two-phase flows.
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ABSTRACT  

The paper focuses on 3D numerical simulations 

of the decelerated swirling flow conditions in a 

swirling flow generator. The swirling flow regimes 

from 1020 rpm runaway speed to 870 rpm are 

obtained using a magnetorheological (MR) device at 

a constant discharge of 30 l/s. An 2D Lasser Doppler 

Velocimetry (LDV) measuring system has been used 

to measure the mean meridional and tangential 

velocity profiles in the divergent part of the test 

section. The 3D numerical simulations have been 

performed in agreement with real operation 

conditions. A mixing plane method has been used to 

transfer the flow between the 3D simplified domains 

of the swirling flow generator and full 3D test 

section. The turbulence model k- ω and structured 

mesh type were used for computing the flow in the 

leaned strouts, stator and rotor's domain. RSM 

turbulence model has been selected for computing 

the unsteady flow field in the test section at regimes 

corresponding to rotor's speed from 990 rpm to 870 

rpm. A time step of 10-4 seconds has been considered 

for the numerical simulations in the test section. The 

numerical results against experimental data shows 

that the employed methodology leads to good results.  

Keywords: decelerated swirling flow, 3D 

numerical simulation, vortex rope, 2D LDV flow 

field validation  

NOMENCLATURE  

 

k  [m2/s2] turbulence kinetic energy 

ε [m2/s3] turbulence dissipation 

ω [1/s] specific turbulence dissipation 

l [-] dimensionless axis length 

𝑅𝑟𝑒𝑓  [m] reference throat radius 

v [-] dimensionless velocity 

 

 

Va [m/s] axial dimensionless velocity 

Vu [m/s] tangential dimensionless velocity 

Vr [m/s] dimensionless velocity 

𝑢𝑅𝑀𝑆  [-] dimensionless root mean square  

𝑄𝑜𝑝 [l/s] operation discharge  

𝑉𝑟𝑒𝑓  [m/s] reference throat velocity   

1. INTRODUCTION  

Decelerated swirling flow is a particular type of 

flow common to various hydraulic machinery and 

combustion applications. The same for the cases of 

hydraulic turbines with fixed blades as Francis or 

propeller. While operated at partial discharges for 

power regulation of the electrical grid the decelerated 

swirling flow at the conical diffusers of Francis 

turbines leading to strong pressure pulsations and 

associated vibrations that hinder the good operation 

[1]. Moreover, start-stop cycles associated with 

nowadays operation requirements leads to stress 

loads on mechanical components and eventually 

failure of them [2-3]. To better understand the flow 

behaviour in such operating conditions and to 

address them with proper flow control methods both 

experimental and numerical work has been done in 

the last years [4-6].  Moreover, proper flow control 

methods should be address to particular flow 

configurations for better results [7].  

The paper aims to investigate via both numerical 

and experimental procedures the decelerated 

swirling flow from the swirling flow generator from 

University Politehnica Timisoara [8]. This device is 

a surrogate of Francis FLINDT hydraulic turbine and 

mimics the decelerated swirling flow from the draft 

tube cone. A magnetorheological (MR) device has 

been utilized to modify the swirling flow conditions. 

The swirling flow generator together with 

experimental and numerical setup are presented in 

section 2. Section 3 presents the flow field validation 
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and numerical results. The summarize and 

conclusions of the performed both numerical and 

experimental work are presented in the last part of 

the paper together with future research.   

2. SWIRLING FLOW GENERATOR. 
EXPERIMENTAL AND NUMERICAL 
SETUP  

2.1. Experimental setup 

To examine the swirling flow phenomena and 

quantify their effects, the swirling flow generator 

from University Politehnica Timisoara has been 

used. The test rig was designed to mimics the 

swirling flow conditions from Francis Flindt 

hydraulic turbine. As depicted in Figure 1, the test 

section installed on the test rig is assembled by a 

swirl generator [8] and a convergent divergent 

plexiglass test section [9].   The swirl generator 

consists of two rows of blades placed coaxially on a 

hub fixed by a nozzle. The stationary first row of 

blades generates an excess of tangential momentum 

as a 30 l/s discharge passes through the hydraulic 

passage. The flux of moment of momentum is then 

redistributed by the second row of blades called 

rotor. The rotor was designed with 10 blades and acts 

like a turbine near to the hub and as a pump near to 

the shroud. In this way, the total pressure of the main 

flow is increased at the shroud and decreased in the 

centre area. The conical shape of the nozzle together 

with the upper part of the test section assembly a 

convergent duct which diminishes the drag from the 

rotor's outlet. In this way, a clean swirling flow is 

generated at the inlet of the cone of the test section. 

A magneto-rheological brake was embedded in the 

rotor`s hub to modify the swirl at the inlet of the 

convergent-divergent test section [10]. Breaking the 

rotor speed of the rotor leads to different swirling 

flow configurations. Both mean velocity profile and 

unsteady pressure can be measured downstream to 

the magnetorheological controlled rotor by using a 

Dantek 2D LDV system and unsteady pressure 

sensors. The major advantage of using an LDV 

system for flow characterization consists of the non-

invasive measuring technique. The 2D LDV 

measuring system consists of a measuring probe and 

a 3D traverse system. This setup ensures a 

displacement of the probe with a step of 0.2 mm step 

along all coordinates (e.g., x, y, z). The W0, W1 and 

W2 measuring windows allows to measure the mean 

velocity profiles on both convergent and divergent 

part of the test section. The associated axis of each 

measuring window is placed perpendicular to the 

wall of the test section. The test section has a throat 

diameter of 0.1 m and the cone half-angle is 8.5° on 

a height of 0.2 m. The downstream pipe connected to 

the outlet of the divergent part of the test section has 

a diameter of 0.16 m and a length of  ≈2m.  

2.2. Numerical setup and operating 
regimes  

A 3D numerical simulation was performed using 

commercial software Ansys Fluent 6.3[11]. For all 

numerical investigated flow conditions, a constant 

discharge of 30 l/s was imposed in agreement with 

experimental setup. The full 3D unsteady 

computations for the swirl generator apparatus may 

not be a very cost-effective method due to the 

substantial computational resources required. Hence, 

some simplifications were considered. Instead of 

considering the full 3D domain of the swirling flow 

apparatus, the leaned strouts, stator and rotor domain 

were simplified in agreement with both flow and 

geometrical periodicity. In order to couple the flow 

between the simplified computational domains of the 

swirling flow generator, a mixing plane method has 

been used. According to Figure 2, the simplified 

leaned strouts domain (90°) has been discretized 

with 65k cells, the simplified domain of the stator 

(27.69°) with 132k cells and the rotor`s domain (36°) 

Figure 1. Test rig for decelerate swirling flow investigation (left), the swirling flow generator (center), 

detail of the convergent divergent test section (right) 
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with 167k cells, respectively. The convergent-

divergent test section domain (360°) has been 

discretized with about 2 million cells. The flow has 

been transferred in the normal flow direction by 

imposing at each domain's inlet the following: (i) 

axial mean velocity (ii) radial mean velocity and (iii) 

tangential mean velocity profiles together with (iv) 

turbulence quantities (e.g., k, ω or ε). At the outlet of 

each domain, the turbulence quantities have been 

imposed together with the static pressure 

distribution. Absolute steady state numerical 

simulations have been performed for the leaned 

strouts and stator's domain using fast and reliable k- 

ω turbulence model. For the rotor's domain, a 

relative steady-state has been considered using same 

k- ω turbulence model and the angular velocity of it 

has been imposed in agreement with rotational speed 

of the rotor from experimental work. The unsteady 

flow behaviour in the convergent-divergent test 

section domain with a time step of 10-4 has been 

considered together with RSM turbulence model, 

which has already proven capabilities within such 

flow configurations [12]. A SIMPLE pressure-

velocity coupling method and second order 

discretization scheme for the equation system have 

been used. For the flow computations in strouts, 

stator and rotor’s domain the absolute convergence 

criterion were set to 1e-9 to ensure an accurate 

enough result. Due to lack of experimental data at the 

outlet of the test section a radial equilibrium 

boundary condition has been imposed together with 

hydraulic diameter of 0.16 and 3% turbulence 

intensity. RSM model involve dissipation rate term ε 

which has been obtain from specific dissipation rate 

𝜔 by using the following equation: 

   𝜔 =
𝜀

𝑘𝐶𝜇
                                                           (1) 

where k is the turbulent kinetic energy and 𝐶𝜇 an 

emphiric constant (0.09).  

3. FLOW FIELD VALIDATION AND 
NUMERICAL RESULTS  

Global parameters as volumetric flow rate and 

flux of moment of momentum are critical parameters 

to be conserved along each domain considered for 

the numerical simulations performed. They have 

been monitored at each mixing plane to ensure that 

the operating regime has been conserved and 

ultimately, the computed flow in the convergent 

divergent test section is closer to the real one. 

According to our previous work, a maximum relative 

deviation of 0.3% and 3.5% has been obtained for 

volumetric flow rate and flux of moment of 

momentum, respectively along the mixing planes 

[13]. These results underlined a good transfer of the 

flow along the mixing planes.  

Since our previous work underlined that the 

computational efforts describe well the flow on the 

convergent part of the test section (mean velocity 

profile validation on measuring window W0 at 920 

and 870 rpm) those results can be found in [14] 

together with pressure pulsation validation. Hence, 

the paper extends and discuss the results and 

validation of the velocity profiles on W1 and W2 

measuring windows. W1 and W2 measuring 

windows are placed in the divergent part of the test 

section where decelerated swirling flow occurs. Due 

to the strong adverse pressure gradient and the 

conical shape, close to the axis a quasi-stagnant 

region is developed in agreement with both 

experimental and theoretical studies [15-16]. The 

mean velocity profile for meridian and tangential 

velocity has been extracted from the performed 

numerical simulation. Around 40 time-steps were 

considered to average the velocity components and 

obtain the velocity profiles. Both experimental and 

numerical data were represented in dimensionless 

form and the following formulas has been used to 

express the length of the measuring axis l (e.g., 

Figure 2. The computational domain of the swirling flow generator and mixing plane algorithm 

utilized in numerical simulations 
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associated length of W1, W2 measuring windows) 

and velocity:   

   𝑙 =
𝑥

𝑅𝑟𝑒𝑓
                                                            (2) 

   𝑣 =
𝑉

𝑉𝑟𝑒𝑓
                                                           (3) 

   𝑉𝑟𝑒𝑓 =
𝑄𝑜𝑝

𝜋∙Rref
2                                                     (4) 

l represents the dimensionless axis length, and it has 

been obtained by the ratio between x – x coordinate  

on the 𝑅𝑟𝑒𝑓 – the throat radius (0.05m). v represents 

the dimensionless velocity, and it has been obtained 

by the ratio between the measured and calculated 

velocity V to the refence velocity 𝑉𝑟𝑒𝑓corresponding 

to the throat velocity. Eq. (4) has been used to obtain 

the 𝑉𝑟𝑒𝑓 , by the ratio of the operating flow rate (𝑄𝑜𝑝-

30l/s) to the throat area. The dimensionless root 

mean square uRMS of each measuring points has 

been plotted in vertical bars to express the velocity 

fluctuation. The dimensionless form has been 

obtained using the following formula: 

   𝑢𝑅𝑀𝑆 =
√∑

1

𝑁
𝑁−1
𝑖=𝑜 ∙(𝑢𝑖−𝑢)2

𝑉𝑟𝑒𝑓
                                     (5)   

where N is the number of measured points, 𝑢𝑖 the 

instantaneous measured velocity and 𝑢̅ the average 

value of the measured velocity.  

 

Figure 3. Vortex rope sketch and 

experimental visualization 

The structure of the decelerated swirling flow 

into the draft tube cone is presented in Fig. 3. A 

vortex rope sketch together with experimental 

visualization underline the presence of the vortex 

rope phenomena. The vortex core filament has a 

spiral-like shape and wraps around a quasi-stagnant 

region (mean meridian velocity component is 

negligible). The wrap angle of the vortex core and 

associated filament is modified by the hydrodynamic 

regime (e.g. modifying the rotors speed with the 

magnetorheological device).  

The mean velocity field validation for W1 

measuring window is presented in Figures 4-6 for the 

four analysed operating regimes corresponding to 

rotors speed of 870, 960 and 990 rpm, in agreement 

with speeds obtained using magnetorheological 

breaking.  

 

 

Figure 4. Mean velocity field – meridian and 

tangential numerical velocity profiles against 

experimental data on W1 at 990 rpm 

 

Figure 5. Mean velocity field – meridian and 

tangential numerical velocity profiles against 

experimental data on W1 at 960 rpm 

 

Figure 6. Mean velocity field – meridian and 

tangential numerical velocity profiles against 

experimental data on W1 at 870 rpm 
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The breaking down the rotor's speed using the 

magnetorheological device from 1020 rpm to 870 

rpm leads to decreasing the flux of moment of 

momentum at the inlet of the test section [17]. This 

fact is supported by the results obtained both from 

3D numerical simulations using RSM model and 2D 

LDV mean velocity field on measuring window W1. 

At 990 rpm, the decelerated swirling flow conditions 

leads to a meridian velocity deficit (values close to 

0) of almost 0.3/l close to the axis. The maximum 

dimensionless value of the meridian velocity 

component is around 1 and it’s located at the 

extremities, close to the wall of the test section. A 

linear distribution of meridian velocity component 

was observed within 15% of the axis length (l) close 

to the wall at 990 rpm. While slowing down the rotor 

to 870 rpm, the meridian velocity deficit is 

diminished at around 0.1/l in the central area of the 

test section. However, the linear distribution 

evidenced at larger rotational speeds increase up to 

35% of l at 870 rpm.  

Moreover, while the meridian velocity field 

tends to become uniform, the central deficit area 

becomes a recirculation region with negative values 

for the mean meridian velocities. This behaviour is a 

consequence of the strong tangential velocity 

component together with strong adverse pressure 

gradient which tends to push the main flow close to 

the wall of the test section. The maximum tangential 

dimensionless velocity is around 1.2 close to the wall 

at 990 rpm and decrease up to 0.8 at the same area at 

870 rpm.  

Figures 7-9 provides the results obtained from 

numerical simulation vs. 2D LDV experimental data 

on W2 measuring window placed in the second part 

of the divergent area of the test section. At large 

rotor's speed (e.g., 990-960 rpm), the strong swirling 

flow conditions support the formation of the central 

quasi stagnant region close to the axis of the test 

section. The quasi-stagnant region (with meridian 

velocities oscillates around 0 value) covers up to 40-

45% of l at 990 and 960 rpm, respectively. In the 

performed 3D numerical simulations, the quasi-

stagnant region identified on W2 at large rotor's 

speeds in meridian velocity component is 

overestimated due to the lack of backflow pressure 

conditions and the radial equilibrium condition 

imposed at the outlet. As opposed to the W1, on W2 

measuring window the meridian velocity distribution 

is not linear close to the wall and has a peak-like 

distribution due to larger area of the test section at 

that region. However, while the rotor's speed 

decreased to 870 rpm, the meridian velocity 

component distribution tends to achieve the linear 

distribution but just on around 5-10% of l closed to 

the wall. If al large rotos speed of 990-960 rpm, the 

tangential velocity distribution has a central solid-

rigid behaviour close to the axis, at 870 rpm, a flatten 

region of tangential velocity has been identified. The 

results at 870 rpm show more scattering in the 

experimental data, which appears to be due to the 

magnetorheological device s failure keep the rotor 

speed constant. This happened due to washing out 

effect of magnetorheological fluid evidenced in our 

previous work [10].   

Figure 7. Mean velocity field – meridian and 

tangential numerical velocity profiles against 

experimental data on W2 at 870 rpm 

 

Figure 8. Mean velocity field – meridian and 

tangential numerical velocity profiles against 

experimental data on W2 at 920 rpm 

 

Figure 9. Mean velocity field – meridian and 

tangential numerical velocity profiles against 

experimental data on W2 at 990 rpm 

Using the RSM turbulence model to compute the 

flow in the swirling flow generator is a good cost-
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effective choice due to the results obtained at 

analysed operating points. The 3D numerical results 

describe the mean flow fields in the divergent area of 

the test section in agreement with experimental data 

measured with 2D LDV system. Moreover, this good 

agreement is supported by overlap of the numerical 

results with experimental ones within the 𝑢𝑅𝑀𝑆 band 

presented in vertical bars. The improved flow 

conditions of the swirl generator obtained with the 

magnetorheological device validates the 3D 

numerical simulations.  

4. CONCLUSIONS  

The numerical experiment has been conducted 

to better understand and validate a reliable working 

methodology for computing 3D decelerated swirling 

flow conditions in the swirling flow generator. 

The paper presents the numerical and 

experimental results obtained for different 

decelerated swirling flow configurations in the 

swirling flow generator. A 2D LDV measuring 

system has been used to obtain the mean flow field 

in the divergent part of the test section on the 

associated W1 and W2 measuring axis. A 

magnetorheological brake has been used in 

experimental work to control the rotor's speed from 

1020 to 870 rpm. The boundary conditions imposed 

in the 3D numerical setup were set to fulfil the real 

operating conditions. The overall setup and 

particular RSM turbulence model together with 

imposed boundary conditions showing good 

agreement with experimental data.  

The study stands for a good validation of the 

mean velocity flow field in the swirling flow 

generator and together with unsteady pressure field 

validation would ensure a proper understanding of 

flow behaviour. The analysis of the mean velocity 

flow field shows that the flow can be improved 

overall if the flux of moment of momentum 

decreases, and the central stagnant region is filled.   

Hence, a control method to address these 

particular types of flow should ensure a filling the 

meridian velocity deficit identified in the central area 

and diminishing the excess of high tangential 

velocity component close to the wall of the cone in 

hydraulic turbines. Building upon the validated 

numerical analysis, future work will be done to 

extend the understanding of vortex rope evolutions 

at different decelerated swirling flow configurations. 

The evolution of the associated filament of the vortex 

rope together with both unsteady pressure and mean 

velocity flow filed validation will be further done.  
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ABSTRACT

This paper presents experimental and numerical
investigations of liquid droplet/air two-phase flow
through face masks. The study aims to provide a
deeper understanding of the droplet filtration process,
generate experimental data for modeling droplet/air
two-phase flow across face masks, and develop and
validate numerical models to simulate droplet mo-
tion through the mask and downstream. Droplet in-
terception and collection in the mask are investig-
ated by detailed lattice Boltzmann simulations. Ex-
periments are conducted in a branching pipe rig to
measure filtration efficiency and droplet distribution
at the outlet. The numerical models are applied to
predict droplet motion within the experimental setup,
demonstrating good agreement in terms of droplet
emissions. The model is further employed to sim-
ulate airflow and droplet behavior around a human
face during coughing. The results reveal a signific-
ant reduction in flow velocity across the face mask
and more than a 60% decrease in droplet penetration
distance.

Keywords: LES, IPI, face mask, droplets, filtra-
tion

NOMENCLATURE

D [m−4] Darcy coefficient
F [m−3] Forchheimer coefficient
L [m] thickness
d [m] diameter
p [Pa] pressure
u [m/s] velocity
η [−] filtration efficiency
µ [m] dynamic viscosity
ρ [kg/m3] density
℘ [−] size distribution

1. INTRODUCTION
Among different measures, the use of face masks

is a key component of preventive strategies to min-
imize the spread of respiratory diseases. Due to the
large number of masks used in an potential future
pandemic, it is imperative to reduce their environ-
mental footprint while preserving their functionality
and user comfort.

Disposable masks, such as surgical masks, N95-
100 in the U.S., and FFP1-3 in Europe, pose a sig-
nificant environmental burden. It is estimated that
over 140 billion disposable masks were used glob-
ally per month during the early stages of the pan-
demic [1]. This burden encompasses everything from
greenhouse gas emissions during production to land-
filling and littering. The World Health Organization
(WHO) recommends that disposable masks be dis-
carded as municipal waste, preferably through incin-
eration [2]. While this approach has both benefits
and drawbacks, it is problematic that waste is often
disposed of in open landfills, especially in develop-
ing countries with limited resources for proper waste
management [3].

Additionally, the landfilling of mask waste gen-
erates microplastics, which are present in landfill
leachates and subsequently released into the sur-
rounding environment [4]. Recycling disposable
masks is also a complex challenge, as it may require
prior decontamination and specialized procedures for
separating the various polymer types used in masks,
which can then be repurposed, for example, as en-
ergy sources [5].

The environmental impact of face masks largely
depends on their usage. For instance, the greenhouse
gas emissions associated with producing simple cot-
ton cloth masks and disposable surgical masks are
comparable. Still, factors such as washing and trans-
portation can shift the environmental balance in favor
of either option [6].
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Thus, future face masks need to be carefully de-
signed to achieve the desired low environmental im-
pact, ensure proper comfort, and avoid significant
economic penalties. Due to the pandemic, a large
amount of published research has focused on various
aspects of face masks. Mittal et al. [7] gives a de-
tailed overview of the relevant physical phenomena,
as well as the experimental and numerical methods
used in their investigation, identifying the droplet fil-
tration model used in macroscale simulations as one
of the key challenges for numerical simulations. The
review article by Hu et al. [8] presents an overview
of various experimental methods used to investigate
the distribution of particle sizes and the airflow beha-
viors of human respiration, concluding that there is
a need for better spatial and temporal resolution and
better quantification of the impact of face coverings.

This paper reports the first steps to reach our
overall goal of developing a state-of-the-art exper-
imental and numerical platform connecting experi-
mental investigations of filtration efficiencies, Lattice
Boltzmann simulations of droplet interception in the
mask material, and large-scale Computational Fluid
Dynamics (CFD) simulations to study the impact of
face masks in realistic scenarios. The paper presents
a novel idea, inspired by the thickened flame (see,
e.g., [9]) model, to alleviate issues due to large gradi-
ents in the mask region. Furthermore, we investig-
ate the potential of using machine learning methods
to incorporate pore-scale physics in large-scale CFD
simulations efficiently.

2. METHODS
2.1. Experiments

In the experiments, the droplet distribution in
the downstream proximity of the masks is quanti-
fied using two different interferometric techniques.
The double-pulsed interferometric particle imaging
(IPI) technique is used to measure droplets larger
than approximately 5 µm. The basic principle of IPI
is the generation of two dominant glare points when
a monochromatic plane wave, such as a laser, illu-
minates a particle [10]. When the glare points are
defocused, they overlap, producing a fringe pattern
at the defocused spot. The number of fringes is pro-
portional to the size of the observed particle. IPI
measurements allow the determination of both the
size and position of individual particles. By intro-
ducing double-pulsed registration, it is also possible
to estimate velocities between two frames [11].

For smaller particles, down to a few tens of nano-
meters, the dual-view polarization-resolved holo-
graphic method is used [12]. Smaller droplets scatter
light differently depending on the polarization of the
illumination, meaning that the state of polarization
of the scattered light can be used as a metric to de-
termine the size of individual particles. Combined
with double-pulsed holographic registration and re-
construction, this method enables detailed determin-
ation of 3D size distributions and velocities. The in-

terferometric data serve as input and validation data
for the numerical simulations.

Figure 1. Experimental set-up. Air with flowrate
Qa enters through pipe 2 of diameter D2. Water
is injected with a flow rate Qw into pipe 3 with a
diameter D3. The mask material is attached at the
outlet of pipe 1 with diameter D1.

Figure 1 illustrates the experimental setup,
which consists of three interconnected pipes. The
first pipe, with a diameter of 69 mm, supplies air and
connects to a second pipe of the same diameter at
a 45-degree angle. Downstream of these branching
pipes, a smaller pipe with a 46 mm diameter is at-
tached. A face mask is mounted to the outlet. Vari-
ous face masks are used in the experiments, including
surgical masks, C-19 masks, synthetic cloth masks,
and cotton cloth masks.

The experiments were conducted with or without
leakage at the sides of the face mask. To control leak-
age, two slits perpendicular to the airflow are posi-
tioned 20 mm upstream of the face mask and can be
toggled open or closed as needed.

Air with a constant speed of 1.62 m/s enters
through the inlet denoted Qa. Water droplets are in-
jected into the upper branch of the geometry (Qw)
with a constant mass flow rate of 1.317 × 10−3 kg/s.
More details about the experiments are given in [11].

2.2. Modeling of droplet dynamics in face
mask

In this work, we employ two types of nu-
merical studies: pore-scale high-fidelity simulations
and Lagrangian Particle Tracking (LPT) of parcels
representing saliva droplets. For the former, we
carry out direct numerical simulations using a lat-
tice Boltzmann framework to elucidate the effects of
fibrous microstructures of real face masks on the dy-
namics, coalescence, and collection of droplets that
are comparable in size to the pores (10-40 microns).
The mechanisms of transport and capture of such
droplets are primarily mechanical interception and
then capillary transport, and in this work, we focus
on the former. Our simulations will predict the av-
erage distance traveled by droplets before being cap-
tured and the penetration length that takes place in
different layers of a face mask. We primarily focus
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here on the role of fiber and pore sizes rather than on
the effect of, for example, different wettabilities of
fibrous structures. Such a study is a necessary step in
formulating guidelines for designing face mask mi-
crostructures, where machine learning tools are also
to be employed.

Scientific machine learning methods represent a
promising tool to model droplet dynamics within the
face mask microstructure. A neural operator net-
work such as DeepONet [13] can be used to imple-
ment a surrogate model that predicts the droplet in-
vasion time at the microscopic scale of a face mask.
The model comprises a trunk network, which en-
codes the pore microstructure and current invasion
state, and a branch network, which processes the wa-
ter front height and distance from the inlet. Train-
ing data are produced via detailed numerical sim-
ulations of droplet transport in representative pore
geometries, ensuring that the physics of the invasion
process is accurately captured. The model outputs
a single scalar value representing the invasion time
of the central pore, thus offering a refined descrip-
tion of the local dynamics. This surrogate model can
then be integrated into a computational fluid dynam-
ics (CFD) simulation, where a simple and numeric-
ally efficient interface can represent the mask. The
possibility of bridging the scales between the micro-
scopic particle-level description of the droplet dy-
namics within the pore geometry and the continuum-
level description of the airflow through the mask rep-
resents the perfect stage for the employment of archi-
tectures like neural operators [14, 15]. The efficiency
of this approach is particularly useful under realistic
respiratory boundary conditions, as it bridges the gap
between fine-scale accuracy and large-scale perform-
ance for droplet transport analysis.

2.3. Numerical simulations of droplet/air
two-phase flow

The transport of saliva droplets has been
modeled using the reactingParcelFoam solver from
OpenFOAM v21.06 [16]. Turbulence in the con-
tinuous phase can be accounted for using either
Reynolds-Averaged Navier-Stokes (RANS) or Large
Eddy Simulation (LES) models. LPT is employed to
track parcels of saliva droplets.

The presence of a face mask must be modeled in
both the continuous and discrete phases. In the con-
tinuous phase, the face mask induces a pressure drop.
Similarly to published literature (see, e.g., [17, 7]),
this pressure drop is modeled by introducing a porous
region using the Darcy-Forchheimer model, which
describes the pressure drop across a porous material
of thickness L according to Eq. 1.

∆p/L = µDu + 0.5ρFu2 (1)

The model coefficients (D, F) are obtained from the
pressure drop measurements reported in [11].

A complicating factor is that the face mask is
typically very thin compared to the scales of other

geometries that need to be considered. Consequently,
adding source terms to impose the required pressure
drop may lead to numerical stability issues. Similar
numerical challenges arise in combustion modeling,
where very thin flame fronts create large temperature
gradients.

An approach to handle these gradients without
requiring an extremely refined mesh is the so-called
thickened flame model (see, e.g., [9]). In this
method, the diffusivity coefficient is multiplied by
a constant, while the reaction rates are divided by
the same constant, effectively thickening the flame
front by the same factor while preserving the laminar
flame speed. Here, we adopt a similar approach to
artificially thicken the face mask zone while main-
taining the required pressure drop.

In the computational domain, the face mask is
represented with a thickness multiplied by a factor
C (see Figure 2). Simultaneously, the coefficients
in the Darcy-Forchheimer model are divided by the
same factor, ensuring that the imposed pressure drop
remains unaffected (see Eq. 1).

Figure 2. Sketch of the thickened face mask
model.

To model the filtration effect of the mask on the
discrete phase, two coupled internal boundaries are
introduced in the computational domain, correspond-
ing to the two sides of the mask. When a parcel hits
one of these boundaries, the number of droplets in
the parcel is reduced according to a prescribed filtra-
tion efficiency as a function of the droplet diameter.
If all droplets are filtered out in the parcel, the par-
cel is removed. If there are droplets remaining after
filtration, the parcel is transferred to the other side of
the mask and transported further by the flow.

3. RESULTS
3.1. Droplet dynamics in a face mask mi-

crostructure
On the way to formulating a predictive model

for droplet interception, we argue that the distance
a droplet travels before interception largely depends
on the probable size of the pore that the incoming
droplet encounters when entering the fibrous me-
dium. Among other things, it is of interest to look at
the susceptibility of pores of different sizes to droplet
invasion and subsequent collection. In that sense, we
differentiate small, medium, and large pores, defined
by the relative ratios of a characteristic droplet-to-
fiber size ratio to a microstructural parameter of a
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mask (defined using porosity of the fibrous medium,
the specific surface area, and the fiber diameter). For
small pores, which are smaller than droplets, it is
straightforward that they will not be easily access-
ible, given the high capillary pressure required for
their invasion. The medium-sized pores are instead
more accessible, and should thus allow droplet inva-
sion and collection. These arguments are indeed intu-
itive, which is not the case for large pores, where we
observe a low probability of droplet invasion. Fig-
ure 3 shows that only one out of three large pores
is invaded. We explain this by the fact that large
pores are delimited by a high number of fibers along
their perimeter, which significantly reduces the pore-
throat size in their proximity. Droplet coalescence
also plays a role here, since droplets tend to accumu-
late at these small pore throats, thus limiting to an
even greater extent the access to the large pores.

Figure 3. Snapshots of 10–40 micron droplets in-
tercepted in a mask fibrous microstructure ob-
tained by lattice Boltzmann simulations. Large
pores are indicated by numbers 1-3, with only
pore 2 being invaded.

3.2. Experimental results
Figure 4 shows the droplet distribution after the

mask (green triangles), alongside the distribution of
the droplets before the mask (blue diamonds) and the
filtration efficiency (red rectangles). The droplet dis-
tribution before the mask is assumed to match the
droplet distribution measured at the outlet when the
mask is removed. The results correspond to the cot-
ton cloth and C-19 face masks, both of which exhib-
ited similar filtration efficiency [11]. For better visib-
ility, the droplet size distributions are normalized by
the maximum value without a mask.

The droplet size distribution after the face mask
is calculated according to Eq. 2, where ℘(d) repres-
ents the normalized size distribution of the droplets

Figure 4. Filtering efficiency and droplet size dis-
tributions with and without the face mask.

before the mask at droplet size d, and ℘m denotes the
size distribution of droplets after passing through the
face mask. The parameter η represents the filtration
efficiency, which is a function of droplet diameter.

℘m(d) = (1 − η(d))℘(d) (2)

The lowest filtration efficiency is approximately
80%, occurring for droplet sizes around 10 µm. In-
creasing or decreasing the droplet size leads to higher
filtration efficiency. When the droplet size exceeds
80 µm, the droplets are completely stopped by the
mask. Most droplets emitted at the outlet fall within
the size range of 20–50 µm. Ref. [11] gives a more
detailed presentation of the results.

3.3. Validation of numerical simulations
(LPT)

Figure 5 presents the velocity field and droplet
distribution in the branching pipes. The upper figure
illustrates the water droplets. The exit of the com-
putational domain is slightly extended to include the
flow downstream of the face mask. This facilitates
the counting of the leaked droplet numbers and their
size distribution. These results align well with the
experimental findings discussed in the previous sec-
tion.

The numerical results provide insight into the
droplet dynamics in the branching pipes. First, as
shown in the upper sub-figure of Fig. 5, a large num-
ber of water droplets adhere to the walls and do
not move toward the outlet. Second, the interaction
between the droplet-laden flow in the upper branch
pipe and the airflow from the lower pipe at the inter-
connection section creates a recirculating flow. As a
result, some droplets move upstream in the lower air
pipe and eventually deposit on the walls. Thus, the
droplets arriving at the face mask are only a fraction
of those injected.

The filtration efficiency obtained from the exper-
imental measurements, shown in Figure 4 as red rect-
angles, was used in the LES to determine the particle
size distribution after the mask. The particle size dis-
tribution at the outlet without a face mask was used
as the droplet size distribution at the inlet. While
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Figure 5. Instantaneous flow velocity and droplet
distribution in the pipes.

this provides a qualitatively good approximation of
the actual two-phase flow process, a more precise as-
sessment should ideally be based on measurements
of droplets directly at the inlet. As seen from the
droplet distribution in the branching pipes, a fraction
of the droplets is deposited on the walls; thus, the size
distribution at the outlet and inlet differ. The particle
size distribution near the leakage slit was sampled to
validate against the experiments.

3.4. Simulation of flow and droplet distri-
bution during coughing

LES is applied to study droplet distribution dur-
ing human coughing. The one-equation dynamic
k model is used to account for sub-grid scale ef-
fects. These computations aim to assess the impact
of wearing a mask by comparing two cases: with and
without a mask. In both cases, a single coughing
event is simulated, with the velocity profile based on
the data reported in [18] and plotted in Figure 6.

Figure 6. Velocity profile used to simulate a
coughing event

A realistic face is included only in the case where
the face mask is fitted, as it is important to account
for potential leakage in this scenario. Figure 8 il-
lustrates the adopted face geometry, highlighting the
placement of the face mask region and the possible
leakage areas around the jaw and nose, which are

marked with red ellipses. The mouth shape is sim-
plified as a 4×1 cm2 rectangle. As shown in Fig. 6, a
realistic velocity profile is used to mimic the cough-
ing process. The duration of the cough is 0.5 ms, and
the maximum velocity is set to 11.7 m/s [19]. The
LPT approach is adopted here, and 3000 parcels are
used to track the evolution of saliva droplets. The
total mass is 7.7 mg, and the droplet size distribu-
tion is plotted in Figure 7. Following suggestions in
Ref. [20], the size distribution of saliva droplets is
initialized using the Rosin-Rammler distribution law.
The mean and maximum diameters of 80 and 600 µm
are adopted based on measurements in Ref. [21].
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Figure 7. Size distribution of the injected droplets.

Figure 8. Face model with the mask.

Figure 9 shows the recorded flow rate with and
without the face mask. In the numerical simulations,
the face mask consists of a set of computational cells,
delimited by two patches, i.e., the inner patch and
the outer patch. The inner patch is the one close to
the inlet, i.e., the mouth, and the outer patch is on
the opposite side. The flow rates are calculated as∑
ρ u · n Ai, where n and Ai are the normal vector

and surface area of the i-th face on the outer patch.
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Figure 9. Flowrate with and without mask.

In the case without a face mask, the flow rate is es-
timated using a virtual patch, i.e., a sampling surface
consisting of identical faces to the outer patch. It can
be observed that the maximum flow rate is reduced
by approximately a factor of six when the face mask
is fitted. This factor is slightly lower after 0.15 ms.
The flow speed significantly decreases after passing
through the face mask due to the pressure loss across
it and the leakage of the gas around the nose and jaw.
This implies that the leakage cannot be ignored, as
it may play an important role in flow fields and the
evolution of droplets.

Figure 10. Velocity distribution during human
coughing without wearing a face mask.

Figure 10 shows the velocity field at two time in-
stances, i.e., at 0.5 s (top) and 4 s (bottom). The face
mask is absent for this case. At 0.5 s, which corres-
ponds to the end of the coughing event, a high-speed
flow region with a velocity of approximately 0.5 m/s
extends up to 1 m from the human face. By 4 s, the
velocity decreases to 0.2 m/s, reaching a distance of

1.5 m. This suggests that a coughing event may af-
fect flow fields at a distance of at least 1.5 meters,
consistent with the safety distance.

Figure 11. Velocity distribution during human
coughing when wearing a face mask.

Figure 11 shows the corresponding velocity field
for the case with a face mask. At 0.5 s, three high-
speed streams are observed, directed forward, up-
ward, and downward. The upward and downward
flow streams result from gaps between the face and
the mask around the nose and jaw. This is consist-
ent with observations in Fig. 9, i.e., the penetration
of the coughing in the bulk flow direction is reduced,
attributed to the mass flow rate of leakage near the
nose and jaw.

From Figs. 10 and 11, the impact of the face
mask on flow and droplet distribution becomes evid-
ent. Due to the significant velocity decrease across
the mask, the momentum of droplets moving forward
in the horizontal direction is substantially reduced.
By 4 s, the velocity of the front stream decreases to
approximately 0.2 m/s, reaching only 0.5 m from the
face, one-third of the distance observed without the
face mask. Additionally, the high filtration efficiency
effectively blocks the majority of droplets, thereby
reducing the spread of the virus in the air.
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3.5. Predicting invasion time with a neural-
operator surrogate

As outlined in Sec. 2.2, we employ a DeepONet-
style neural operator to predict the invasion time at
the pore scale of a facemask. Both subnetworks share
a compact, fully connected architecture: Branch net
(2 hidden layers, 32 and 16 neurons, respectively),
Trunk net (3 hidden layers with 32, 32, and 16 neur-
ons).

All hidden layers use ReLU activation; the lat-
ent dimension of each subnetwork is fixed to 32. A
single linear neuron in the output layer returns the
(scalar) invasion time. The network is trained with
Adam and mean–squared error loss; convergence is
reached after ≈ 200 epochs.
Model I: absolute time without distance. The first
model feeds the pillar diameters (branch) and the
binary occupation state of the immediate neighbours
(trunk). Its target is the absolute invasion time, meas-
ured from t = 0 of the simulation. The parity plot in
Fig. 12 (top) and the low coefficient of determination
(R2 = 0.285) reveal that these inputs are insufficient
to capture the invasion dynamics.
Model II: absolute time with distance. To provide a
clear physical proxy for front progression, we append
the absolute distance from the mask edge to the trunk
input. As expected, the network now attains excel-
lent accuracy (R2 = 0.989; Fig. 12 middle), essen-
tially learning the monotonic relationship between
distance and arrival time of the wetting front.
Model III: relative time without distance. Finally, we
withdraw the distance feature and ask the network to
predict the relative invasion time, defined as the time
elapsed since one of the adjacent pores was first in-
vaded. Although trained on the same data volume
as the previous models, Model III already achieves
a promising R2 = 0.825 (Fig. 12, bottom). This in-
dicates that local geometry and short-range state in-
formation are sufficient to reconstruct the temporal
ordering of pore invasion, provided a larger training
set.

4. SUMMARY
This paper presents experimental and numerical

studies on the filtration of liquid droplets through
face masks. Experimental investigations were con-
ducted using a branching pipe rig to analyze water
droplet filtration across various face masks, measur-
ing particle size distributions at the outlet with and
without masks. The results showed that droplets lar-
ger than 80 µm were effectively filtered out, while the
lowest filtration efficiency, approximately 80%, was
observed for droplets around 10 µm in diameter.

Lattice Boltzmann simulations of droplet inter-
ception and collection in the mask revealed that,
counterintuitively, not all large pores are penetrated
by droplets.

The analysis based on the neural operator re-
vealed that, with additional data, a distance-free sur-
rogate could faithfully reproduce pore-scale invasion

Figure 12. Parity plots for Model I (top), II
(middle) and III (bottom). The dashed line is
y = x.

dynamics. This represents an essential step toward
embedding pore physics in continuum-scale CFD
simulations.

A thickened mask model was developed within
the large eddy simulation (LES) framework to simu-
late droplet/air two-phase flow across the mask. Nu-
merical simulations using this model were performed
to study droplet and turbulent flow behavior within
the branching pipe rig. The results provided insights
into droplet motion, wall deposition, recirculating
flow, and the rapid velocity drop across the mask.

The thickened mask model was further applied
to simulate airflow during human coughing, both
with and without a face mask. The results revealed a
significantly reduced penetration distance of the for-
ward flow and detailed the airflow structure through
gaps between the mask and the nose and jaw. Future
work will focus on using the model to optimize the
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design of reusable face masks.

ACKNOWLEDGEMENTS
This work was supported by Formas (Project

number 2022-01116). The computations were en-
abled by resources provided by NAISS at NSC and
PDC, partially funded by the Swedish Research
Council through grant agreement no. 2022-06725
and no. 2018-05973.

REFERENCES
[1] Prata, J. C., Silva, A. L., Walker, T. R., Duarte,

A. C., and Rocha-Santos, T., 2020, “COVID-
19 pandemic repercussions on the use and man-
agement of plastics”, Environmental science &
technology, Vol. 54 (13), pp. 7760–7765.

[2] Corburn, J., Vlahov, D., et al., 2020, “Slum
health: arresting COVID-19 and improving
well-being in urban informal settlements”,
Journal of urban health, Vol. 97, pp. 348–357.

[3] WHO, “Coronavirus Disease (COVID-
19) Advice for the Public: When
and How to Use Masks”, URL
https://www.who.int/emergencies/
diseases/novel-coronavirus-2019/
advice-for-public/
when-and-how-to-use-masks, checked
2025.03.06.

[4] Silva, A. L., Prata, J. C., Duarte, A. C., Soares,
A. M., Barceló, D., and Rocha-Santos, T.,
2021, “Microplastics in landfill leachates: The
need for reconnaissance studies and remedi-
ation technologies”, Case Studies in Chem-
ical and Environmental Engineering, Vol. 3, p.
100072.

[5] Jain, S., Yadav Lamba, B., Kumar, S., and
Singh, D., 2022, “Strategy for repurposing of
disposed PPE kits by production of biofuel:
Pressing priority amidst COVID-19 pandemic”,
Biofuels, Vol. 13 (5), pp. 545–549.

[6] Klemeš, J. J., Van Fan, Y., and Jiang, P.,
2020, “The energy and environmental foot-
prints of COVID-19 fighting measures–PPE,
disinfection, supply chains”, Energy, Vol. 211,
p. 118701.

[7] Mittal, R., Breuer, K., and Seo, J. H., 2023,
“The Flow Physics of Face Masks”, Annual Re-
view of Fluid Mechanics, Vol. 55 (1), pp. 193–
211.

[8] Hu, N., Yuan, F., Gram, A., Yao, R., and
Sadrizadeh, S., 2024, “Review of experimental
measurements on particle size distribution and
airflow behaviors during human respiration”,
Building and Environment, Vol. 247 (October
2023), p. 110994.

[9] Detomaso, N., Hok, J.-J., Dounia, O., Laera,
D., and Poinsot, T., 2023, “A generalization
of the Thickened Flame model for stretched
flames”, Combustion and Flame, Vol. 258, p.
113080.

[10] Semidetnov, N., and Tropea, C., 2003,
“Conversion relationships for multidimensional
particle sizing techniques”, Measurement Sci-
ence and Technology, Vol. 15 (1), p. 112.

[11] Öhman, J., Gren, P., Sjödahl, M., and Lund-
ström, T. S., 2022, “Experimental investigation
of face mask filtration in the 15-150 µm range
for stationary flows”, Journal of Applied Phys-
ics, Vol. 131, p. 044702.

[12] Öhman, J., and Sjödahl, M., 2020, “Identifica-
tion, tracking, and sizing of nano-sized particles
using dual-view polarization-resolved digital
holography and T-matrix modeling”, Applied
Optics, Vol. 59 (14), pp. 4548–4556.

[13] Lu, L., Jin, P., Pang, G., Zhang, Z., and Karni-
adakis, G. E., 2021, “Learning nonlinear oper-
ators via DeepONet based on the universal ap-
proximation theorem of operators”, Nature ma-
chine intelligence, Vol. 3 (3), pp. 218–229.

[14] Laudato, M., Manzari, L., and Shukla, K.,
2024, “High-Fidelity Description of Platelet
Deformation Using a Neural Operator”, arXiv
preprint arXiv:241200747.

[15] Laudato, M., Manzari, L., and Shukla, K.,
2025, “Neural Operator Modeling of Platelet
Geometry and Stress in Shear Flow”, arXiv pre-
print arXiv:250312074.

[16] OpenFOAM, “OpenFOAM, ht-
tps://www.openfoam.com”, Checked
2025.02.18.

[17] Jia, Z., Ai, Z., Yang, X., Mak, C. M., and
Wong, H. M., 2023, “Towards an accurate CFD
prediction of airflow and dispersion through
face mask”, Building and Environment, Vol.
229 (November 2022), p. 109932.

[18] Gupta, J. K., Lin, C. H., and Chen, Q.,
2009, “Flow dynamics and characterization of
a cough”, Indoor Air, Vol. 19 (6), pp. 517–525.

[19] Gupta, J. K., Lin, C.-H., and Chen, Q.,
2009, “Flow dynamics and characterization of
a cough”, Indoor air, Vol. 19 (6), pp. 517–525.

[20] Dbouk, T., and Drikakis, D., 2020, “On cough-
ing and airborne droplet transmission to hu-
mans”, Physics of Fluids, Vol. 32 (5).

[21] Xie, X., Li, Y., Sun, H., and Liu, L., 2009,
“Exhaled droplets due to talking and cough-
ing”, Journal of the Royal Society Interface,
Vol. 6 (suppl_6), pp. S703–S714.

8
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors

https://www.who.int/emergencies/diseases/novel-coronavirus-2019/advice-for-public/when-and-how-to-use-masks
https://www.who.int/emergencies/diseases/novel-coronavirus-2019/advice-for-public/when-and-how-to-use-masks
https://www.who.int/emergencies/diseases/novel-coronavirus-2019/advice-for-public/when-and-how-to-use-masks
https://www.who.int/emergencies/diseases/novel-coronavirus-2019/advice-for-public/when-and-how-to-use-masks


1 
 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

 
Conference on Modelling Fluid Flow (CMFF’25) 

The 19th International Conference on Fluid Flow Technologies 
Budapest, Hungary, August 26 - August 29, 2025  

THE CFD-BASED DESIGN OF A BYPASS TUNNEL TO PROVIDE THE 
CROSS-FLOW USED IN THE CASE OF BLADE CASCADE AEROELASTIC 

STUDY  

Pavel PROCHÁZKA1, Chandra S. Prasad2, Pavel ŠNÁBL3, Vladislav SKÁLA4 
 
1 Corresponding Author. Institute of Thermomechanics, The Czech Academy of Sciences, Prague, Czech Republic. Tel.: 
+420266053313, E-mail: prochap@it.cas.cz 
2 Institute of Thermomechanics, The Czech Academy of Sciences, Prague, Czech Republic, E-mail: cprasad@it.cas.cz 
3 Institute of Thermomechanics, The Czech Academy of Sciences, Prague, Czech Republic, E-mail: snabl@it.cas.cz 
4 Institute of Thermomechanics, The Czech Academy of Sciences, Prague, Czech Republic, E-mail: skala@it.cas.cz 

 

ABSTRACT 
Aeroelastic stability phenomenon is still in the 

center of interest for many research groups and 
engineers, particularly in applications involving 
compressor or turbine blades in various 
turbomachinery devices. There is a lack of 
experimental data which could help to validate CFD 
simulations. Typically, the tests are running in an 
aerodynamic wind tunnel providing uniform flow 
conditions. Obviously, there is a significant radial 
flow component in the real applications when lower 
mass flow ratio occurs. The radial component can 
be responsible for the stall flutter occurrence and 
consequently the stability loss in many cases. 
Current experimental setups using planar blade 
cascades do not adequately model this radial flow 
effect. This study is devoted to the design of bypass 
(cross) flow based on CFD calculation to create 
appropriate flow conditions. The presence of cross-
flow affecting the tilted blade cascade performing 
harmonic motion driven by force excitation creates 
a complex 3D turbulent flow field. Advanced 
experimental techniques, including HW and PIV 
anemometry, are planned in the future to analyse 
flow dynamics. Additionally, the blade response 
will be measured to determine the aerodynamic 
damping parameter, providing valuable insights into 
aeroelastic stability in turbomachinery. 

Keywords: cross-flow, turbomachinery, blade 
cascade, CFD, PIV, HW  

NOMENCLATURE 
 

Δp [Pa] pressure drop 
v, U [m/s] velocity magnitude 
λ [-] friction coefficient 
ξ [-] local coefficient of resistance 

l [m] length of the tube 
D [m] diameter of the tube 
ρ [kg/m3] density 
y+ [-] dimensionless wall distance 
 
Subscripts and Superscripts 
 
inlet at the inlet of the section 
outlet at the outlet of the section 
STD standard deviation 
x, y, z Cartesian coordinate system 
V1-V3 design designation 

1. INTRODUCTION 
Nowadays, steam turbines are very often 

operated in non-design conditions due to the 
significant share of renewable energy sources in the 
energy network. In such a case, a lower mass flow 
ratio results in a redistribution of the pressure field 
along the blades and the creation of a spatial flow 
structure with a pronounced radial component in the 
middle area of the blades. Due to lower mass flow 
ratio occurrence, the inlet velocity is too low and 
the relative angle of attack is changed causing the 
tendency to stall flutter. This phenomenon, 
combined with a large radial velocity component, 
results in the appearance of vortex structures at a 
location approximately 90 percent of the blade 
span. Another vortical structure is apparent near the 
blade root as presented in Fig 1. 

A project dealing with the aeroelastic stability 
of turbine-blade cascades and the influence of 3D 
flow structures is being solved within the Institute 
of Thermomechanics. To successfully achieve the 
goals of this project, which will be solved mainly 
experimentally, it is necessary to design an 
aerodynamic tunnel with the test section that meets 
the required conditions for the non-rotating blades. 
The 3D flow condition is met even with the 
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presence of the elastic blade bodies as these blades 
will perform harmonic oscillation with torsional and 
bending modes resulting in time-varying inter-blade 
channel width. Nevertheless, the presence of two 
vortical structures (first one close to the blade root 
and second one behind the blade tip – see figure 1) 
cannot be physically modelled without creation of 
inlet flow with a radial flow component that can be 
controlled according to requirements. 

 

Figure 1. 3D flow structure around LP stage 
blade during low-load condition (Ref : [5-6]) 

There are several ways to introduce a radial 
component to channel axial flow. For example, one 
can utilize a fine mesh screen bended to an S-shape 
[1] where a shear flow is generated using the so-
called Elder´s generator. However, this is a passive 
method ensuring the desired flow parameters only 
in limited space behind the screen. Another passive 
possibility is to change the shape of the tunnel 
bottom and upper wall to change the flow direction 
or apply the test section with diverging cross 
section [2]. The design of such a test section 
adaptation is quite simple but does not offer to 
control the radial flow under various flow regimes. 
Active flow control is highly desired in this case. 
The air jet blowing [3] or suction effects [4] seems 
to be meaningful but the spatial range is not 
sufficient to excite the presence of the radial flow 
component in the entire volume of the test section. 
Finally, the authors have chosen the most robust 
solution which is not published in detail in available 
literature. This design was named as a bypass tunnel 
to create a radial velocity component across the 
tunnel test section. The bypass flow will be driven 
by a powerful ventilator which can be set 
independently of the main tunnel propulsion. This 
will allow for continuous regulation of the axial - to 
- radial component ratio and regulation of the size 
of the recirculation area.  

This article will describe the calculation of 
desired flow rate to introduce sufficient powerful 
cross-flow, the calculation of pressure losses in the 
bypass and the choice of appropriate fan and mainly 
the CFD simulation of the flow in the bypass 
critical parts. 

2. DESIGN 
The aeroelastic experiments on the blade 

cascade will be performed inside the tunnel of 
Eiffel type with under pressure test section 700 x 

700 mm. This tunnel has an axial motor - 14kW, 
709 Pa, 44 000 m3/h (12 m3/sec), maximal airflow 
velocity 20-24 m/s. The model of the blade cascade 
will consist of 13 NACA0010 blades oriented with 
the stagger angle 90° and located across the test 
section (see figure 2). There were many numerical 
simulations which determined the flow rate and 
proper orientation of the blowing orifice (in front of 
the blade roots) and suction orifice (behind blade 
tips). The details about CFD simulation and 
optimization are presented in the following section. 
Also due to the constructional reason, it was chosen 
the variant with the blowing gap 650 x 100 mm 
located approximately 350 mm in front of the blade 
cascade and with one suction gap with the same 
cross-section (0,065 m2) which can be placed at any 
location on the ceiling (preferably behind the 
cascade). The desired flow rate was assessed as 
approximately 5 000 m3/h (the volume velocity 20-
25 m/s). For similar flow conditions, the flow 
topology (figure 2) around blade cascade shows 
similar characteristics as required. 

 

Figure 2. Flow field topology for main inlet and 
bypass velocity set to 20 m/s 

To choose an adequate ventilator for a bypass 
tunnel it is crucial to know both the desired flow 
rate and the pressure losses due to friction and due 
to shaped pieces of pipeline (fittings). The main 
sources of resistance to flow are fluid velocity 
through the pipe and fluid viscosity. Pressure drop 
increases proportionally to the frictional shear 
forces within the piping network. High flow 
velocities or high fluid viscosities result in larger 
pressure losses. Low velocity will result in less 
pressure losses. Pressure drop is related inversely to 
pipe diameter to the fifth power. Pressure drop in 
the pipeline is directly proportional to the length of 
the tube. The pressure drop can be expressed as 

݌∆ = ߣ
݈
ܦ

ଶݒ

2
 (1) ߩ

݌∆ = ߦ
ଶݒ

2
 (2) ߩ

for friction taking place on the inner surface of the 
pipes and for drop due to shape changing. The exact 
value of this coefficient must be determined 
experimentally for each fitting part. 
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The flow rate through the gap is Q= 5850m3/h 
for planned volume velocity 25 m/s. However, the 
calculation should allow for much greater velocity 
in case of emergency. The table 1 shows the 
corresponding volume velocity for different tubing 
cross sections and two flow rates. It is apparent that 
dimensions less than DN300 would result in too 
high velocity values and unacceptable pressure 
losses. The assessed pressure drop for the bypass 
tunnel and for velocity 30 m/s by DN300 reached 
the value of 3,8 kPa. Bigger dimension of the pipes 
is not practical because it involves too heavy and 
big parts and, more importantly, the solution is 
really costly. 

 

Figure 3. Radial fan ART 501N, main 
dimensions: outlet 322 x 229mm, inlet Ø 310mm 

The ventilator which can deliver flow rate 
about 5 000 – 7 000 m3/h at pressure drop 4 kPa is 
already quite powerful. The axial fan cannot be 
used as the pressure drop is not sufficient. The 
radial fan ART 501, which is an industrial type 
usable for grain cleaners, air transport and strong 
filtering systems and cyclones, were finally 
selected. The operating point of this fan is 
5000 m3/h at 4 kPa (see fan characteristic) but it can 
deliver about 15 000 m3/h at minimal pressure drop.  

Table 1. Tube dimensions and flow rates 

 A 
[m2] 

7500 
m3/h 

15000  
m3/h 

DN200 0,03 69m/s 139m/s 

DN300 0,07 30m/s 59m/s 

 

 

Figure 4. Radial fan performance curves, 
www.solerpalau.com 

The pipeline of upper parts of the bypass tunnel 
is easy to build (figure 6 – DN300 to connect 
suction gap with the radial fan) as well as the tubing 
(322 x 229 mm) from radial fan to blowing gap. 
Nevertheless, there are two critical sections where 
the transition parts have to be applied to fit the 
narrow gap. The most sensitive concerning flow 
condition is the blowing orifice because it is 
preceded by one elbow. These parts of the pipeline 
had to be designed by CFD tools together and will 
be presented below. 

3. CFD OPTIMIZATION 
The CFD optimization was mainly used for the 

bypass tunnel blowing design as presented in the 
figure 6, to achieve 20 m/s vertical flow in front of 
the blade cascade. There are three design iterations 
that have been carried out to achieve the desired 
flow field.  
 
3.1 CFD numerical model discretization  
 

In the first step for the CFD modelling, 
geometry of the blowing cone is discretized using 
2D and 3D FV-elements.  The discretization 
scheme of the 1st design iteration model is 
presented in Fig 5.   

To generate 3D FV elements first the solid wall 
and intel/outlet geometry is discretized with 2D mix 
of rectangular/triangular elements - Fig. 5b. The 
fluid volume is discretized using 3D tetrahedral FV-
elements - Fig. 5c. In order to capture the viscous 
effect accurately, 3D BL discretization is adopted. 
There are 7 3D BL elements used with 1st layer 
thickness 0.0135 mm, to obtain y+ < 1, Fig. 5d. The 
mesh parameters are given in table 2 below. 
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(a)                                       (b) 

 
 
(c)                                             (d) 

 

Figure 5. CFD numerical model geometry 
discretization using 3D FVM. (a) 1st iteration 
geometry (b) 2D wall surface mesh for CFD (c ) 
interior flow field discretization using 3D 
tetrahedral FV-elements. (d) 3D boundary layer 
elements around the solid walls 

Table 2. CFD numerical model discretization 
parameters 

Mesh parameters Value 

Mesh type FV 

Average element size 7 mm 

Number BL 7  

Y+ < 1 

First layer thickness 0.0135 mm 

Mesh size 0.56 millions 

Therefore, the entire fluid domain is discretized into 
0.56 million FV elements. A mesh convergence 
study is performed prior to selecting the correct 
element size for discretization.  

3.2 CFD numerical model 
 

A k-omega ( K-߱)  SST (Shear-Stress 
Transport) Reynold Averaged Navier-Stokes 
(RANS), turbulence model is employed as CFD 
numerical method for the incompressible flow field 
simulation. Furthermore, K-߱ SST turbulence 
model is a widely used two-equation eddy-viscosity 
model in computational fluid dynamics (CFD). It is 
designed to combine the advantages of the k-omega 
and k-epsilon (k-ߝ) models, providing accurate 
predictions in both near-wall and far-field regions 
[7]. The details about mathematical formulation K-

߱ SST RANS model can be found in any standard 
CFD textbook on RANS turbulence modelling or 
ANSYS Fluent user manual. The 2 equation K-߱ 
SST model is available in ANSYS Fluent 2023R1, 
commercial software package. All the CFD   
simulation for the optimization purpose is carried 
out in the ANSYS-Workbench 2023R1 
environment.   

In order to obtain the correct solution the proper 
boundary conditions (BC) need to be imposed in 
CFD models. Therefore, three main BC is imposed 
to correctly estimate the flow field within the 
blowing cone: 1) Velocity inlet type BC at INLET 
section of the cone - Fig 5a, 2) pressure outlet type 
BC at the OUTLET section - Fig 5a 3) No-slip BC 
are applied at the tunnel walls.  

The steady state CFD simulation is carried out 
for all cases of optimization. The simulation time 
for each case approximately takes 5 hrs on 6-core 
AMD Ryzen 7 9800X3D processors to fully 
converge. Time for discretization and post 
processing is not included in this. However, the 
computational time can be reduced by using 
reduced order CFD methods, [8-10]. But in the 
present case it is not the utmost priority.  
 
 

 

 

Figure 6. The design of bypass tunnel with 
circular pipes for suction part and an elbow and 
a transition part for blowing (a); CFD-optimized 
blowing part with several vanes to preserve the 
flow separation - preliminary design (b) 
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4. RESULTS 
There were designed many variants of the 

pipeline to get from almost square cross-section to a 
very narrow rectangular shape (650 x 100 mm) 
while the flowing air must be turned by 90° to 
penetrate the main channel flow perpendicularly 
with perfect homogeneity. There is one of the 
preliminary variants in figure 6 where the change in 
cross-section takes place in the horizontal part, 
which is followed by an elbow with six guide vanes 
and constant cross-section. This strategy will be 
also applied for further variants as it is the easiest to 
manufacture.  

There were progressively designed and CFD-
verified final three variants (V1, V2 and V3) which 
meet the requirements also with regard to spatial 
possibilities. V1 is the least space-demanding as it 
utilizes a relatively sharp inner radius and four 
equidistant blades. Second and third variants are 
designed according to general requirements [7] 
utilizing four and five blades, respectively. The 
blade radius is 300 mm and the trailing edge is 
extended by 80 mm. The leading edge is shortened 
by 4 angular degrees. All blades are positioned 
proportionally with a 45° inclination. The blade 
thickness was set to 2 mm. The considered flow rate 
was set to 1.258 m3/s. 

For all three variants, the design is not space-
intensive and the elbow has very low pressure drop. 
There is a demand for outlet velocity profiles to be 
homogeneous along the gap width with velocity 
vectors only slightly deviated from the 
perpendicular axis. There is velocity distribution for 
mentioned variants inside the elbows in figure 7. 

(a)                                      (b) 

 
 
(c)                                              

            

Figure 7. CFD simulation of the flow distribution 
inside the elbows. (a) 1st variant, (b) 2nd variant 
and (c) 3rd variant 

 

 

 

(a)                                      (b) 

 
 
(c)                                              

         

Figure 8. CFD simulation of the velocity 
distribution within the outlet gap. (a) 1st variant, 
(b) 2nd variant and (c) 3rd variant 

The figure 8 is plotted to show the homogeneity 
of the jet to be blown. This is a crucial parameter to 
get a constant radial flow velocity component 
across the tunnel test section. It is obvious from the 
velocity distribution that the first variant suffers 
from the flow separation just behind the inner 
elbow radius and also the wakes behind all vanes 
negatively influence the smoothness of velocity 
distribution. Likewise, the third variant is not 
homogeneous along the gap. To compare more 
precisely, the velocity profiles at the centerline will 
be plotted in figure 9 for all three variants. 

A solid red profile is plotted for the 1st variant. 
A blue dashed line and a green dash and dot line is 
made for variant No. 2 and 3, respectively.  

 

Figure 9. Velocity profiles at the outlet from the 
elbows V1, V2 and V3; grey area denotes the gap 
dimensions 

All variants have an almost equivalent averaged 
velocity value (19.5 m/s) at the centerline. 
However, the velocity is not constant along this line 
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at all. Variant No. 1 suffers from outstanding 
velocity decrease inside vane wakes (peak-to peak 
value 7.6 m/s). The other two variants have smaller 
deviations (peak-to-peak is 4.1 and 5.8 m/s for V2 
and V3). A decisive indicator is the standard 
deviation of outlet velocity magnitude. The worst 
value is connected with the 1st variant where 
standard deviation is equal to 2.98 m/s. The third 
option is much better - 1.59 m/s.  Second variant 
with only four vanes demonstrates the smallest 
value equal to 1.52 m/s. To specify the direction of 
outlet velocity vectors, the averaged angle α was 
evaluated based on streamwise and spanwise 
velocity components. The third variant has the best 
ratio, the second design is only slightly worse (see 
table 3). 

Table 3. Results summary 

 V1 V2 V3 

STD_U [m/s]  2.98 1.52 1.59 

α [°] 3.87 1.66 0.81 

5. CONCLUSIONS 
The bypass tunnel was designed to meet the 

criteria by a solution of the project dealing with 3D 
flow structures affecting the aeroelastic behaviour 
of the blade cascade with two degrees of freedom. 
The radial flow component will be controlled by 
setting of the radial fan revolutions and also by a 
possibility to change to position of the suction gap. 
While blowing jet is applied it is very crucial to 
design the orifice and connecting pipeline to get 
constant flow features along the blowing gap. This 
part was designed using CFD tools. Based on 
numerical calculations and data analysis, the second 
design of the elbow was selected. 

Ansys Fluent proved to be very helpful in 
designing the partial sections of the bypass tract, 
which saved a lot of time when it was not necessary 
to tune the properties of the outlet flow. Even so, it 
must be taken into account that other improvements 
will have to apply to improve the output flow 
parameters. 

The CFD results will be validated by the 
experimental measurement using hot wire (HW) 
anemometry. Potentially, it would be possible to 
add a honeycomb section and a fine mesh screen 
behind the elbow vanes to improve the character of 
the output jet. 
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ABSTRACT
We construct a chain oscillator whose block

masses are connected by linear springs and linear
dampers and each block is capable of 2D movement.
This capability for moving in two directions gives
rise to geometric nonlinearity in both the spring and
the damping forces.

We investigate the behaviour of the planar sys-
tem for initial conditions resulting in both linear and
nonlinear response. The oscillator chain will be sub-
jected to simultaneous forcing of each of its block
masses, whose results will be compared for different
forcing magnitude and parametrisations of the sys-
tem.

The mean positions of the planar oscillator’s
block masses are compared to the velocity fields
arising in simple fluid flows in pipes. It is demon-
strated that for certain parametrisations of the oscil-
lator, the model can reproduce the velocity profiles
of real pipe flows. In particular, the mean position
of the masses follows a quadratic profile for forcing
similar to the constant pressure gradient which facil-
itates Poiseuille flows.

Keywords: flow modelling, nonlinear dynamics,
pipe flow

NOMENCLATURE
E [−] energy
c [−] damping
f0 [−] scaling parameter of the for-

cing
k [−] spring stiffness
l [−] free spring length
m [−] element mass
n [−] number of elements
p [−] fitted polynomial
t [−] time
x [−] horizontal position
y [−] vertical position
R2 [−] fit quality
Fd [−] damping force

Ff [−] forcing
Fs [−] spring force
r [−] position vector
σ [−] scaling parameter

Subscripts and Superscripts
i, j indices
¯ temporal average

1. INTRODUCTION
The mechanistic turbulence (MT) model depic-

ted in Fig. 1 was first introduced as an attempt
to explain Richardson’s eddy hypothesis [1] with a
mechanical system. It consists of a binary tree of
masses connected by springs, with damping between
the blocks that constitute the two bottom levels.
For gradually decreasing block masses connected by
with linear springs it is able to exhibit an energy dis-
tribution across its scales, that is similar to the tur-
bulent energy spectrum [2] derived by Kolmogorov
[3] for 3D homogeneous isotropic turbulence. This
turbulent energy cascade is enabled by irreversible
transfer of energy from the largest scales of the tur-
bulent flow towards the smallest, dissipative scales.

By introducing cubic nonlinearity to the springs
connecting the last two levels of the binary tree (as
seen in Fig. 1), the model was found to be capable
of efficient targeted energy transfer (TET) towards
the nonlinear, dissipative elements for both impuls-
ive and harmonic excitation of the top blocks which
have the largest masses [4]. This irreversible transfer
of energy results in efficient dissipation [5], and has
been used for both vibration absorption [6, 7] and en-
ergy harvesting [8]. Thus, the TET found in the non-
linear MT model produces an energy cascade from
the largest mass scales to the smallest mass scales,
where the energy is ultimately dissipated. This pro-
cess is chaotic for impulsive excitation of the largest
block masses. The model also has chaotic bands [4],
which are frequency regions where harmonic excita-
tion induces chaos in the system according to Chen
et al. [9].
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Figure 1. Mechanistic turbulence model with
n = 3 levels, and springs with cubic nonlinearity
between the last two levels

Despite its success in nonlinear dynamics, the
MT model so far had only limited applications in
modelling fluid mechanics. The aim of this paper
is to introduce a planar version of the MT model
that features geometric nonlinearity as shown in Fig.
2. We show that this planar oscillator is capable of
expressing certain features of simple fluid flows –
namely the velocity profile of a Poiseuille flow with
constant pressure gradient [10] – while being able to
exhibit nonlinear phenomena found in the MT model
as well.

2. MODEL DESCRIPTION
The planar oscillator shown in Fig. 2 consists of

a chain oscillator with n blocks connected by springs
and dampers with linear characteristics. A wall and
a symmetry boundary condition is applied at the bot-
tom and the top blocks, respectively. The mi masses,
ci dampings, ki stiffnesses, and li spring lengths fol-
low the relations

mi = σ
n−i, i = 1, . . . , n

ci = 0.01, i = 1, . . . , n + 1
ki = 1, i = 1, . . . , n + 1
li = σn+1−i i = 1, . . . , n + 1,

(1)

where σ > 0 is a scaling parameter. Note that the
quantities introduced throughout this paper are taken
to be dimensionless, as it focuses on the qualitative
behaviour of the system. The power laws and the
light damping in Eq. (1) are introduced to obtain a
parametrisation in line with the MT model that is de-
scribed in [2, 4].

The elements of the chain oscillator are the block

Figure 2. General form of the planar oscillator
with a wall and a symmetry boundary condition

masses. These are treated as point masses, i.e. they
have no rotational degrees of freedom. The equation
of motion determining the ri = (xi, yi) position of
element i = 1, . . . , n is

mir̈i = Fd,i,i+1 −Fd,i−1,i +Fs,i,i+1 −Fs,i−1,i +Ff,i, (2)

where Fd,i, j and Fs,i, j are the damping and spring
forces acting on element i, defined as

Fd,i, j =

(
r j − ri

)
·
(
ṙ j − ṙi

)
∣∣∣∣∣∣r j − ri

∣∣∣∣∣∣2 ci

(
r j − ri

)
,

Fs,i, j =

1 − li∣∣∣∣∣∣r j − ri

∣∣∣∣∣∣
 ki

(
r j − ri

)
,

(3)

and Ff,i is the forcing applied to element i. This
means that the damping force Fd,i, j and the spring
force Fs,i, j act only along the line connecting the ele-
ments i and j.

Element i = 1 is connected to a wall, i.e., the bound-
ary condition

r0(t) = 0, (4)

is applied. At the other end of the chain oscillator a
symmetry boundary condition is applied to element
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n, resulting in

xn+1(t) = xn(t),

yn+1(t) = 2
n∑

i=1

li + ln+1 − yn(t).
(5)

This means that the position of the masses mn and
mn+1 are reflections of each other with respect to the
symmetric boundary.

The total energy of the system is defined as the
sum of the potential energy of the springs and the
kinetic energy of the blocks, i.e.,

E(t) =
n+1∑
i=1

ki

2(1 + δn+1,i)
(||ri(t) − ri−1(t)|| − li)2

+
1
2

n∑
i=1

mi ||ṙi(t)||2 ,

(6)

where δn+1,i is the Kronecker delta.

3. SIMULATION RESULTS
The equation of motion (2) of the planar oscil-

lator was solved numerically with boundary condi-
tions (4)-(5) for different values of theσ scaling para-
meter introduced in Eq. (1). While the qualitative be-
haviour of the system is not sensitive for the partic-
ular value of σ, different issues arise upon choosing
a too high or low value significantly increasing the
computational time. For high values (when σ is close
to 1) the system requires a large number of blocks to
include a wide range of mass scales. For lower values
of the scaling parameter (σ ≤ 0.5) simulating more
than n ≈ 10 levels is computationally challenging,
because the proportion of the largest and the smal-
lest mass and length scales becomes large enough
that the simulation requires much finer time discret-
isation, leading to increased computational time.

3.1. Impulsive excitation
The planar oscillator is considered with n = 30

levels and σ = 0.8, as this combination of parameters
was found to provide a sufficiently broad range of
mass scales in Eq. (1) without adversely affecting
the computation accuracy and time.

The initial conditions providing the impulsive
excitation for the simulations are given by

ri(0) =
[
0
1

] i∑
j=1

l j, i = 0, . . . , n,

ṙi(0) = 0, i = 0, . . . , n − 1,

ṙn(0) =
[
0
1

]
or
[
1
0

]
,

(7)

meaning that every element starts in equilibrium and
only element n has nonzero initial velocity. As this
section considers impulsive excitations, no forcing
was applied to the system, i.e.

Ff,i = 0, i = 1, . . . , n. (8)

As indicated in Eq. (7), two cases are considered

with the same initial velocity magnitude for element
n. In the first one, the initial velocity ṙn(0) has a zero
x component, i.e.,

ṙn(0) =
[
0
1

]
. (9)

This results in linear behaviour, as the only source of
nonlinearity in the planar oscillator is the geometric
nonlinearity facilitated by movement in the x direc-
tion. The second case has a nonzero x component
and a zero y component, i.e.,

ṙn(0) =
[
1
0

]
, (10)

introducing nonlinear effects.
Interestingly, the linear case given by the initial

condition in Eq. (9) provides a stronger dissipation
of the total energy E(t) compared to the nonlinear
case given by Eq. (10), as seen in Fig. 3. This means
that the geometric nonlinearity did not facilitate the
efficient energy dissipation seen in some nonlinear
dynamical systems [5, 6, 7, 8].

r

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r

n(0)=(1,0)
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Figure 3. Total energy over time with impulsive
excitation given by the initial conditions in Eqs.
(7)-(10)

3.2. Poiseuille flow
As a next step, the equation of motion of the

planar oscillator was solved with a forcing similar
to those driving Poiseuille flows [10]. The invest-
igations are carried out for three different values of
the scaling parameter σ, which are shown in Tab. 1.
along with the number of blocks in the oscillator and
the chosen forcing parameters f0.

Table 1. Number of blocks in the oscillator for the
different values of the scaling parameter σ

σ n
0.5 10
0.8 30
0.9 30

Poiseuille flows arise as a result of a constant
pressure gradient [10]. Assuming constant density
of the fluid, this results in a force acting on any fi-
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nite fluid element proportional to the fluid element’s
mass. Analogously to Poiseuille flows, the static
force applied to element i is defined here as

Ff,i(t) =
[

f0mi
0

]
, i = 0, . . . , n, (11)

where f0 is the parameter determining the strength of
forcing. In this section, possible values of 0.01, 0.1,
and 1 are examined.

This time the initial conditions for the equation
of motion (2) were set as

ri(0) =
[
0
1

] i∑
j=1

l j, i = 0, . . . , n,

ṙi(0) = 0, i = 0, . . . , n,

(12)

which means that every spring is initially relaxed and
every element starts at rest.

The displacement solutions x(t), y(t) were calcu-
lated, then the total energy of the system was also
obtained using Eq. (6). The resulting time histor-
ies of the total energy E(t) are shown in Fig. 4. for
some values of f0 and σ. In every examined case,
Fast Fourier Transform shows that the total energy
has harmonic behaviour, with the exception of the
case σ = 0.5 and f0 = 0.01, which has the smallest
energy content. In that case, additional modes are
present in the rn(t) solution compared to every other
investigated case.

The oscillations of the total energy E(t) are
caused by the fact that the potential energy corres-
ponding to the Ff,i static forces is not taken into ac-
count when calculating E(t) according to Eq. (6).

The horizontal displacements exhibit the same
qualitative behaviour as E(t). For instance, the ho-
rizontal displacement xn(t) of the block at the sym-
metry boundary is shown in Fig. 5.
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Figure 4. The total energy E(t) of the system as
a function of time for some values of σ, n, and f0
according to Tab. 1, forcing according to Eq. (11),
and ICs given in Eq. (12)

The vertical displacement yn(t) of the block at
the symmetry boundary is shown in Fig. 6. for some
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Figure 5. The horizontal displacement xn(t) of the
block at the symmetry boundary as a function of
time for some values of σ, n, and f0 according to
Tab. 1, forcing according to Eq. (11), and ICs
given in Eq. (12)

of the examined values of σ and f0. We observed that
the frequencies of the components in yn(t) change
as f0 varies for each value of σ. Nonetheless, for
σ = 0.5 and σ = 0.9 the emergent behaviour re-
mains the same. In contrast, yn(t) for σ = 0.8 shows
drastically different behaviour for different f0 values.
Thus we conclude that unlike the horizontal position
xn(t), the qualitative behaviour of the vertical dis-
placements of the blocks are strongly dependent on
the parametrisation of the system and the magnitude
of the forcing.

For Poiseuille flows in a circular pipe or between
two plates with constant cross section and pressure
gradient, the velocity profile is a second degree poly-
nomial of the distance from the pipe axis [10]. As
the Hagen-Poiseuille equation is a second order dif-
ferential equation for the flow velocity, similarly to
the equation of motion (2) for the displacement of
the blocks, it is reasonable to test a second degree
polynomial p(y) fit to the (x̄i, ȳi) mean displacement
of the blocks.

An example of this is shown in Fig. 7 with f0 =
0.1 for each value of the scaling parameter σ given
in Tab. 1. Similarly good quality fits were found for
the remaining combinations of σ and f0. This result
is non-trivial, as the second degree polynomials of
the mean displacements arise despite the fact that the
forcing given in Eq. (11) is an exponential function
of the block index.

Tabs. 2-4 show the best fit found for the ex-
amined cases by minimising the root-mean-square of
the xi − p(yi) differences. The table suggests a trend
towards decreasing R2 values as the f0 forcing para-
meter is increased, regardless of the value of σ. This
observation, along with the relatively large drop in
R2 for f0 = 1 suggests that for sufficiently large val-
ues of the forcing parameter, the system undergoes a
transition whereby the x̄i mean horizontal displace-
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Figure 6. The vertical displacement yn(t) of the
block at the symmetry boundary as a function of
time for some values of σ, n, and f0 according to
Tab. 1, forcing according to Eq. (11), and ICs
given in Eq. (12)

ments lose their quadratic characteristic.
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Figure 7. The (x̄i, ȳi) mean displacement of the ele-
ments and the fitted second order polynomial for
f0 = 0.1, with σ and n according to Tab. 1, forcing
according to Eq. (11), and ICs given in Eq. (12)

Table 2. Second degree polynomials fitted to the
(ȳi, x̄i) dataset for different values of the f0 forcing
parameter, with σ = 0.5

f0 Fitted polynomial R2 value

0.01 −0.380y2 + 1.14y − 0.00102 0.9999
0.1 −1.42y2 + 4.25y − 0.0669 0.9993
1 −10.3y2 + 30.7y − 1.23 0.9965
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Table 3. Second degree polynomials fitted to the
(ȳi, x̄i) dataset for different values of the f0 forcing
parameter, with σ = 0.8

f0 Fitted polynomial R2 value

0.01 −0.188y2 + 1.69y + 0.000403 0.9997
0.1 −0.872y2 + 7.84y − 0.634 0.9979
1 −7.03y2 + 63.2y − 12.2 0.9864

Table 4. Second degree polynomials fitted to the
(ȳi, x̄i) dataset for different values of the f0 forcing
parameter, with σ = 0.9

f0 Fitted polynomial R2 value

0.01 −0.0835y2 + 1.52y + 0.0608 0.9995
0.1 −0.357y2 + 6.52y − 0.705 0.9994
1 −2.81y2 + 51.3y − 12.9 0.9961

4. SUMMARY
A planar oscillator chain was introduced with

geometric nonlinearity. The behaviour of this oscil-
lator was tested for initial conditions resulting in lin-
ear and nonlinear behaviour (see Eqs. (9) and (10),
respectively) for impulsive excitations. It was found
that the vertical initial velocity resulting in linear be-
haviour is somewhat more efficient at dissipating the
initial energy of the system.

A constant forcing was introduced, analogously
to the Poiseuille flow with a constant pressure gradi-
ent. The forced system was examined for three dif-
ferent values of the scaling parameter σ, each with
three different f0 forcing parameters. The total en-
ergy and the horizontal displacement of the block
at the symmetry boundary showed harmonic beha-
viour over time in all cases, except for σ = 0.5 and
f0 = 0.01.

The vertical displacement of the blocks exhib-
ited massive qualitative changes for the investigated
combinations of σ and f0 indicating high sensitivity
of the system to these parameters. Yet, the oscillator
is capable of reproducing the quadratic profile seen
in Poiseuille flows regardless of the value of σ and
f0.

In future works, we plan to compare the results
of constant forcing to Poiseuille flows quantitatively
as well, and extend the analysis by comparing the
behaviour of the planar oscillator chain during har-
monic forcing with flows induced by an oscillating
pressure gradient.
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ABSTRACT
Concentric coaxial (annular) pipe flows are

numerically investigated using a stochastic one-
dimensional turbulence (ODT) model. ODT offers
full-scale resolution of the radial boundary layers and
their dynamical variability. Based on the latter, it
is demonstrated for various Reynolds numbers that
spanwise wall-curvature affects low-order and de-
tailed velocity statistics. Wall curvature leads to ra-
dial asymmetry in the flow statistics, limiting the ap-
plicability of conventional wall-function models that
assume a universal von Kármán constant and a loc-
ally flat surface. Resolving the near-wall turbulence
is essential for predictive capabilities, but a computa-
tional burden that is addressed by the dimensionally
reduced modeling within ODT. The model is able to
reproduce and predict consistent low-order and de-
tailed turbulence statistics. By utilizing boundary-
layer theory, it is shown how the model can be used to
obtain curvature-aware velocity wall function, which
is of broader relevance for modeling engineering ap-
plications such as coaxial heat exchangers.

Keywords: annular pipe flow, spanwise wall
curvature, stochastic modeling, turbulence stat-
istics, turbulent boundary layer

NOMENCLATURE

E [−] Eddy event
D+ [−] Parametrization coefficient
P [Pa] Pressure
Ri, Ro [m] Radius of inner and outer cyl-

inders, respectively
Reb [−] Bulk Reynolds number:

4ubδ/ν
Reτi, Reτo [−] Friction Reynolds number at

inner and outer walls: uτ,iδ/ν,
uτ,oδ/ν

β+ [−] Parametrization coefficient

δ [m] Half width of the gap between
inner and outer pipe walls:
(Ro − Ri) /2

δ (·) [−] Dirac distribution function
δν [−] Viscous length scale: ν/uτ
η [−] Radius ratio: Ri/Ro
ν [m2/s] Kinematic viscosity
ρ [kg/m3] Mass density of fluid
rm [m] Radial location of maximum

mean axial velocity occurs
t [s] Time
te [s] Sampled times of eddy event
ub [m/s] Bulk mean velocity
τwi, τwo [N/s2] Mean wall shear stress on the

inner and outer walls, respect-
ively

uτi, uτo [m/s] Wall friction velocity at in-
ner and outer walls :

√
τwi/ρ,√

τwo/ρ

Subscripts and Superscripts
DNS Direct numerical simulation
ODT One-dimensional turbulence
PDF Probability density function
RSS Reynolds shear stress
u, v,w Velocity component in the x, r, θ direc-

tion, respectively
x, r, θ Coordinates of the axial, radial, and azi-

muthal directions, respectively
(·) Temporal mean
(·)+ Wall coordinate
(·)′ Fluctuating component
(·)i, (·)o Values at the inner and outer walls, re-

spectively
(·)max Maximum value
(·)rms Root-mean-square value

1. INTRODUCTION
Annular pipe flow is found in various engineer-

ing applications, such as coaxial geothermal heat ex-
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changers, photochemical reactors, and gas-cleaning
devices. The investigation of turbulent annular pipe
flow is a canonical problem that provides detailed in-
sights into radial transport processes and boundary
layers over both convex and concave walls. Unlike
turbulent channel flow, the presence of curved sur-
faces leads to a closure problem, as the inner and
outer pipe wall contributions to skin friction drag
and pressure loss are undetermined and differ from
each other, resulting in a simulation result [1]. This
circumstance needs to be addressed with predictive
modeling capabilities.

In recent decades, numerous numerical and ex-
perimental studies have been carried out to bet-
ter understand the characteristics of pressure-driven
(Poiseuille) turbulent flow in concentric annular
pipes. In the last century, a major debate centered
on whether the location of maximum radial velo-
city coincides with the point of zero shear stress.
Several experimental studies were conducted on this
topic [2, 3]. Chung et al. [4] performed the first com-
prehensive DNS study of turbulent annular pipe flow
at a fixed bulk Reynolds number Reb = 8900, analyz-
ing the effect of spanwise curvature in turbulent prop-
erties for two radius ratios, η = Ri/Ro = 0.1 and 0.5,
where Ri (Ro) denotes the radius of the inner (outer)
pipe as sketched in Fig. 1 below. Here, the bulk
Reynolds number is defined as Reb = 4ubδ/ν, with ub
representing the bulk mean velocity, δ = (Ro −Ri)/2,
and ν being the kinematic viscosity of the fluid. Bo-
ersma and Breugem [1] studied turbulent flow in
an annular pipe using DNS at a small radius ratio
(η ≤ 0.1) over a moderate range of Reynolds num-
bers. More recently, Bagheri and Wang [5] conduc-
ted a DNS study to examine the effects of radius ratio
on turbulent statistics and structures in both physical
and spectral spaces across multiple radius ratio cases
( eta = 0.1, 0.3, 0.5, and 0.7). As an extension, tur-
bulent heat transfer in the annular pipe flow, coupled
with passive scalar, has also been discussed [6, 7].

Despite the efforts described above, a theoret-
ical justification of empirical pressure loss properties
has remained elusive, as the boundary layer near the
curved inner wall is virtually inaccessible to meas-
urement. Furthermore, high-fidelity numerical sim-
ulations have high-resolution requirements [1] such
that high Reynolds numbers have not been assessed
until recently for wide annular gaps [8, 9]. Klein et
al. [9] conducted annular pipe flow simulations us-
ing the conventional LES-WALE model and found
that this approach may not be ideal for accurately
capturing small-scale flow physics near curved walls.
The objective of this study is to pave the way toward
the development of improved wall functions applic-
able to spanwise curved walls for utilization in clas-
sical large-eddy and Reynolds-averaged simulations.
This is achieved by adopting an alternative approach
that utilizes Kerstein’s one-dimensional turbulence
(ODT) model [10, 11], which evolves instantaneous
boundary layer profiles. The model extension to cyl-

indrical geometry [12], calibrated for annular pipe
flow [13], is utilized here as a stand-alone tool. The
model formulation and mesh-adaptive implementa-
tion provide full-scale resolution of the instantaneous
radial profiles of the velocity vector across the annu-
lar gap. Dimensional model reduction offers major
cost reduction, making high Reynolds number cases
feasible.

The rest of this paper is organized as follows.
Section 2 gives some details of the annular pipe flow
setup investigated. Section 3 provides an overview of
the ODT model formulation and the governing equa-
tions. Section 4 discusses the main results in terms of
velocity statistics, focusing on examining the impact
of spanwise curvature on some turbulence properties.
Last, section 6 summarizes the key findings of this
work.

2. ANNULAR PIPE FLOW
An incompressible, constant-property Poiseuille

flow confined between two concentric coaxial cyl-
inders is considered, as sketched in Fig. 1. No-
slip boundary conditions are prescribed at the pipe
walls, and an axial mean pressure gradient force is
applied to drive the flow. The numerical domain of
the stochastic ODT simulations (ODT domain) rep-
resents a single radial coordinate spanning the entire
gap between the cylinders.

Figure 1. Schematic of the annular pipe flow con-
figuration investigated. The wedge-shaped, radi-
ally oriented ODT domain is exaggerated. No-slip
boundary conditions are prescribed at the walls
as indicated.

3. NUMERICAL MODEL
3.1. ODT Model Formulation

In the ODT model, the conservation equations
are dimensionally reduced and solved numerically by
representing turbulent advection as a stochastic pro-
cess. The flow in axial and azimuthal directions is as-
sumed to be statistically homogeneous. This process
employs instantaneous spatial mapping events that
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intermittently modify the deterministic flow evol-
ution. Following [12] and applying the notation
from [14], the dimensionally reduced ODT equations
for temporally evolving flow are given by

∂ui

∂t
+

∑
te

Ei δ (t − te) =
1
r
∂

∂r

(
rν
∂ui

∂r

)
−

1
ρ

dP
dx
δix .

(1)

Here, ui, i = x, r, θ, represents the model-resolved
instantaneous velocity vector with cylindrical com-
ponents ux = u, ur = v, uθ = w, corresponding to the
axial, radial, and azimuthal directions, respectively. t
indicates the time, te the stochastically sampled times
of eddy event Ei (i = x, r, θ) occurrences, δ(t) the
Dirac distribution function. dP/dx denotes the pre-
scribed mean pressure-gradient force in the axial dir-
ection, δi j the Kronecker delta, ν the kinematic vis-
cosity, and ρ the mass density of the fluid.

ODT utilizes map-based advection model-
ing [10] to represent instantaneous modifications to
the flow profile associated with the turnover of a no-
tional eddy. In this study, the generalized baker’s
map denoted “triplet map B” (TMB) [12] is spe-
cifically used, as it ensures scale-locality, equidistant
fluid parcel displacement, and adheres to physical
conservation principles for radial transport. Fur-
ther details on the formulation of the eddy events Ei
and the cylindrical mapping techniques can be found
in [12, 14]. The calibration of ODT model paramet-
ers for turbulent annular pipe flow is thoroughly dis-
cussed in [13, 8] and is not repeated here.

3.2. Grid Sensitivity Analysis

The radially oriented ODT domain is discretized
using an adaptive grid, capable of resolving all rel-
evant scales of the flow locally. The grid must be
fine enough to resolve the viscous sublayer and the
smallest emerging features at and off the wall in the
evolving transient solution. To ensure that the res-
ults are independent of the grid resolution and that
numerically, mesh-adaptive transport is negligible, a
grid sensitivity study was conducted.

Table 1 presents the ODT test cases with vary-
ing grid resolutions. Case A represents the resolu-
tion used throughout this study. Case B uses a finer
grid, with half the grid size of Case A; Case C em-
ploys a medium resolution with double the grid size
of Case A; and Case D corresponds to a coarser res-
olution, with four times the grid size of Case A.
The parameters ∆rmin and ∆rmax denote the minimum
and maximum grid cell sizes in the ODT model, re-
spectively, keeping the adaptivity range constant at
∆rmax/∆rmin = 20. The difference in friction Reyn-
olds number between Case A and the finer Case B
is found to be less than 0.1%. Compared to the
reference DNS data from [4], where Reτi = 179
and Reτo = 141, Case A achieves excellent agree-
ment, with deviations of less than 0.1% at both the
inner and outer walls. This confirms that Case A

provides a sufficiently effective resolution to ensure
accurate predictions of near-wall small-scale phys-
ics. Additionally, since ODT does not involve multi-
dimensional mesh geometry, traditional grid quality
metrics, such as skewness and aspect ratio, are not
applicable in this modeling framework.

Table 1. Friction Reynolds numbers at the in-
ner and outer walls for different grid resolutions.
Case A corresponds to the resolution used for all
simulations in this study, while the other three
cases (B, C, and D) are included for grid resolu-
tion testing and comparison.

Cases ∆rmin ∆rmax Reτi Reτo
A δ/1000 δ/24 179.12 144.46
B δ/2000 δ/48 179.24 144.69
C δ/500 δ/12 182.73 144.56
D δ/250 δ/6 206.01 149.15

3.3. Statistical Convergence
The ODT model presents the simulation res-

ults in ensemble-averaged form over long simulation
times. To ensure statistical stationarity, the data col-
lection began after a warm-up phase that was estim-
ated by short presimulations.

To assess statistical convergence, mean axial ve-
locity profiles from two test cases with different num-
bers of generated eddy events (Neddy) are shown in
Fig. 2. On average, the model generates approx-
imately three eddy events per second of wall-clock
time. The case with 4400 eddy events is shown to
be sufficiently qualified to reproduce the mean pro-
file of the reference DNS. In practice, all simulations
used in this study were run for a sufficient duration
to generate an adequate number of eddy events such
that second-order statistical moments converged in a
similar manner. These results confirm the robustness
of the reported statistics with respect to both ran-
dom initialization and simulation duration, indicating
that the simulations have achieved statistical conver-
gence.

4. RESULTS AND DISCUSSION
4.1. Mean Velocity Profile

Fig. 3 compares the mean axial velocity profiles
with the DNS data [4]. Mean velocity is normalized
by bulk mean velocity ub. An excellent agreement is
observed between the ODT results and DNS data for
radius ratio η = 0.1 and 0.5 with fixed bulk Reyn-
olds number Reb = 8900, that the boundary layer ra-
dial asymmetry is correctly represented. The asym-
metry results in the development of a thicker bound-
ary layer over the outer cylinder surface compared to
the inner cylinder surface. This is more pronounced
in the radius ratio η = 0.1 case than η = 0.5 case.

The influence of wall curvature is noticeably
stronger near the inner pipe wall than at the outer
pipe wall. This effect becomes even more significant
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Figure 2. Comparison of two ODT axial mean ve-
locity profiles, normalized by ub, at η = 0.1 and
Reb = 8900, after accumulation of Neddy = 700
and 4400 implemented stochastic eddy events, re-
spectively. Reference DNS data is from [4].

in smaller radius ratios, where the velocity gradient
at the inner pipe wall is steeper. The dotted vertical
lines in Fig. 3 represent the calculated location of the
maximum mean axial velocity umax determined us-
ing the Kays–Leung relation, which has been exper-
imentally validated [3]. The location rm, where the
maximum mean axial velocity occurred, depends on
the radius ratio of the inner and outer pipes and is
parameterized as

rm − Ri

Ro − rm
=

(
Ri

Ro

)0.343

. (2)

A quantitative comparison of rm as predicted by
ODT to the Kays–Leung relation yields an error of
less than 0.5. This is remarkable, considering the
simplicity of the ODT model, and demonstrates that
the map-based stochastic modeling approach effect-
ively captures large-scale mixing-length effects.

Figure 3. Radial profiles of the mean velocity u
normalized with the bulk velocity ub for radius ra-
tio η = 0.1 and 0.5, respectively. The bulk Reyn-
olds number is Reb = 8900. Reference DNS data
is from [4].

4.2. Velocity Boundary Layer
Fig. 4 extends the comparison from mean velo-

city profiles to the logarithmic velocity profiles. For
the normalization purpose, the local friction velocit-
ies at the inner and outer walls are defined as

uτi =

√
ν

∣∣∣∣∣du
dr

∣∣∣∣∣
wall,i

, uτo =

√
ν

∣∣∣∣∣du
dr

∣∣∣∣∣
wall,o

, (3)

where uτi and uτo denote the friction velocity on the
inner and outer pipe walls, respectively. The normal-
ized mean velocity is defined as u+ = u/uτ,o/i and
the corresponding radius as r+ = |r − Ro/i| uτ,o/i/ν.
The friction Reynolds numbers are defined as Reτi =
uτiδ/ν and Reτo = uτoδ/ν at the inner and outer walls,
respectively.

Fig. 4(top) shows the velocity boundary layer
profiles at the inner and outer pipe walls for radius
ratio η = 0.5. It is found that wall curvature does
not significantly impact the inner and outer velocity
boundary layer profiles in the radius ratio η = 0.5
case. Both normalized profiles align with the mas-
ter profile, corresponding to the classical law-of-the-
wall for pipe flow [15]. The linear viscous sublayer
and logarithmic-law region are captured for radius
ratio η = 0.5. However, this is not the case for ra-
dius ratio η = 0.1.

Fig. 4(bottom) exhibits the velocity boundary
layer profiles at both sides of the pipe walls for ra-
dius ratio η = 0.1 compared with DNS data [4]. It is
seen that the deviation between the inner and outer
boundary layers is significant, and the law-of-the-
wall profile cannot capture the behavior of the inner
profile. This deviation is attributed to the effect of
wall curvature, which results from the decrease in the
inner cylinder radius. To quantify the effect, velocity
boundary layer analysis is applied to the model res-
ults, using a similar approach as previously employed
in [1]. Consequently, the boundary layer over the in-
ner pipe wall is divided into a viscous-dominated re-
gion and a mixing-length-dominated region.

4.2.1. The viscous-dominated region

Assuming that the flow is fully developed, all
flow statistics are invariant in the axial and azi-
muthal direction, so that only steady balance equa-
tions for the radial dependence of the statistical mo-
ments of the flow variables remain. Application
of the Reynolds-averaging procedure to Eq. (1), re-
arranging, and integrating once over the radial co-
ordinate r yields the shear stress balance equation as

u′v′ − ν
∂u
∂r
= −

r
2

1
ρ

dP
dx
+

C1

r
, (4)

C1 = −
1
ρ

τoRi − τiRo

Ri/Ro − Ro/Ri
. (5)

Here, C1 is an integration constant determined
by the flow solution and the wall-shear stresses. The
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Figure 4. Velocity boundary layer at the inner
ui
+ and outer uo

+ pipe wall, respectively, normal-
ized by the local friction velocity for radius ratio
η = 0.1 and 0.5 with fixed bulk Reynolds number
Reb = 8900.

term u′v′ represents the ensemble effect of turbulent
eddy events and serves as the model analog of the
Reynolds stress [10, 14]. In the region very close
to the wall, where r < δν ( with the viscous length
scale defined as δν = ν/uτ), it is assumed that the vis-
cous stress dominates, meaning u′v′ ≪ ν(du/dr). For
asymptotically small radius ratios, as η → 0, Eq. (4)
simplifies to

u+i (r+) ≈ R+i ln
(

r+ + R+i
R+i

)
, (6)

where R+i = Ri uτ,i/ν is not a constant but a parameter
influenced by the wall geometry and the turbulent
flow state. Specifically, it depends on the curvature
radius and the wall-shear stress acting on the cyl-
indrical inner wall. It is noted that, in this expres-
sion, the near-wall region deviates from the purely
linear behavior described by the classical law of the
wall and instead transitions to a logarithmic behavior.

4.2.2. The mixing-length-dominated region

In the mixing-length-dominated region, it is as-
sumed that the total stress is primarily carried by the
turbulent stress, such that ν(du/dr) ≪ u′v′. The
influence of the radius is not negligible. For small
asymptotic values of η → 0, C1 is simplified by as-
suming Ro ≫ Ri, which retains radial information.
Next, following [1], a conventional turbulent eddy
viscosity νt parameterization is adopted. As sugges-
ted by [1], turbulent eddy viscosity can be expressed
as νt = β

√
τi/ρ (r − Ri), where β is an unknown pro-

portionality factor that has to be estimated with data.
Eq. (4) reduces to

u+i (r+) ≈
1
β+

ln
(

r+

r+ + R+i

)
+ D+ , (7)

where β+ and D+ are parametrization coefficients that
need to be determined with flow profile data.

Figure 5 presents the velocity boundary layer
profiles at the inner pipe wall for three bulk Reyn-
olds numbers (Reb = 8900, 105, and 106), with the
radius ratio fixed at η = 0.1. The profiles are valid-
ated using boundary layer theory. The corresponding
values of the coefficients β+ and D+ for each case
are summarized in Table 2. Based on these three
test cases, empirical correlations for the coefficients
β+ and D+ as functions of Reb (at fixed η = 0.1)
are proposed as: β+(Reb) = 0.02 ln(Reb) − 0.02 and
D+(Reb) = 6.92Re0.1

b . These correlations serve as
a preliminary model for characterizing the boundary
layer behavior in annular pipe flow.

In the viscous-dominated region, Eq. (6)
provides an accurate prediction of near-wall velocity
profile, with a slightly extended validated length up
to r+ ≤ 10, compared to the conventional linear wall
expression. In the mixing-length-dominated region,
Eq. (7) effectively captures the dominant statistical
features of the turbulent boundary layer on the cyl-
indrical inner wall across a range of Reynolds num-
bers. It is found that as the Reynolds number in-
creases, a thicker boundary layer is found, and the
curvature effect remains noticeable up to Reb = 106.

Figure 5. Velocity boundary layer at the in-
ner pipe wall for various bulk Reynolds num-
bers Reb = 8900, 105, 106 keeping the radius ratio
η = 0.1 fixed.

Table 2. Coefficients in Eq. (7) for three test cases
with fixed η = 0.1 varying the bulk Reynolds num-
ber.

Reb 8900 105 106

β+ 0.1756 0.2617 0.2841
D+ 17.34 22.21 27.99
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4.3. Reynolds Stress Components
Fig. 6 shows the Reynolds shear stress (RSS)

−u′v′
+

as a function of the wall-normal distance
(r − Ri)/δ for radius ratio η = 0.1 and 0.5. The res-
ults show good agreement with the reference DNS
data [5]. It is notable that the zero-crossing point
for Reynolds shear stress (where −u′v′

+
= 0) aligns

with the location of the maximum mean axial velo-
city umax. This position is closer to the inner pipe
wall for the minor radius ratio case, and the RSS pro-
file becomes more symmetrical as the radius ratio in-
creases. The difference in boundary layer thickness
on the inner and outer pipe walls can also be clearly
compared in this plot, as it is determined by the point
where −u′v′

+
= 0. This finding has already been

discussed in Fig. 3. It is also observed that the mag-
nitude of the RSS −u′v′

+
is higher on the outer pipe

wall than on the inner pipe wall, and this difference
is more pronounced as the radius ratio decreases.

Figure 6. Radial profile of the Reynolds shear
stress −u′v′

+ for radius ratio η = 0.1 and 0.5, re-
spectively, and fixed bulk Reynolds number Reb =

8900. Reference DNS data is from [5].

Fig. 7 shows radial profiles of the axial com-
ponent, u′u′

+
, of the normal Reynolds stresses in

the vicinity of the inner and outer pipe walls with
fixed radius ratio η = 0.1 and bulk Reynolds num-
ber Reb = 8900 compared with reference DNS data
[5]. Recall that u′u′

+
= (urms

+)2 is the variance or
squared root-mean-square (RMS) axial velocity fluc-
tuation. The axial velocity variance is a proxy for
the turbulence intensity. The objective is to asses the
model’s capabilities to capture the radial asymmetry
of velocity fluctuations across the gap. High u′u′

+

value indicates the intense turbulence region. It is
found that the maximum value of u′u′

+
appears in

the buffer layer, within the interval 5 < r+ < 30,
which is in accord with the boundary layer over a flat
surface. Compared to the profile of u′u′

+
on the inner

pipe wall, it is evident that the turbulence intensity on
the outer pipe wall is stronger than on the inner pipe
wall.

In contrast to the reference DNS data [5], ODT
significantly underestimates the near-wall turbulent
fluctuation peak at r+ ≈ 15, but it does capture
the trend for the curvature influence. This beha-
vior is consistent with the mean profiles discussed
earlier, while underestimating turbulent fluctuations
is a known modeling artifact [16, 12, 14]. The
magnitude deficit of fluctuation and the underestim-
ation of turbulence intensity do not necessarily im-
ply incorrect radial fluxes. In fact, accurately captur-
ing radial asymmetry requires a physical represent-
ation of radial fluxes in the dimensionally reduced
model. As already shown in Fig. 6, this is achieved
through map-based turbulence modeling within the
eddy events, which are responsible for the advec-
tion of the radial velocity fluctuations, denoted as
v′. It is also suggested that the ODT model may not
be ideal for the low Reynolds number investigated.
The model is primarily designed for highly turbu-
lent flows, where no reference DNS data is available
for turbulent annular pipe flow to support its applic-
ation in this context. Therefore, the weaker turbu-
lent fluctuations observed, in comparison to the DNS
data, can be attributed to the effects of a finite Reyn-
olds number. According to other ODT model stud-
ies [14], this type of modeling error tends to van-
ish for fluxes at high asymptotic Reynolds numbers.
Therefore, based on the current model validation, the
ODT model can be applied with greater confidence to
heat exchangers, chemical reactors, and gas-cleaning
devices that involve concentric pipe flows.

Figure 7. Radial profiles of the axial component of
the Reynolds normal stresses in the vicinity of the
inner and outer pipe wall, respectively, for bulk
Reynolds number Reb = 8900 and radius ratio η =
0.1.

4.4. Detailed Velocity Statistics
To better understand the variation in axial velo-

city fluctuation statistics with distance from the wall,
the probability density function (PDF) of the fluctu-
ating axial velocity is analyzed over the simulation
time. Two distinct locations from both sides of the
walls are selected: r+ = 5 in the viscous-dominated
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region and r+ = 30 in the mixing-length-dominated
region. From Fig. 7, it is known that at r+ = 30,
the difference of turbulent intensity between the outer
and inner profiles is more extensive than at r+ = 5.

Fig. 8 compares the PDF of the normalized fluc-
tuating axial velocity u/urms, on the inner and outer
pipe walls for two selected r+ locations, with a ra-
dius ratio η = 0.1 and a bulk Reynolds number
Reb = 8900. The results indicate that the PDF curves
generally exhibit a Gaussian-like distribution. How-
ever, as the location of r+ changes, the peak of the
PDF shifts toward higher magnitudes of u/urms, lead-
ing to a modification in the shape of the distribution
profiles. It is seen that the shape of the profiles on
the inner and outer pipe walls remains similar. Not-
ably, at r+ = 30, the difference in the magnitudes
of u/urms between the inner and outer PDF profiles
is more pronounced than at r+ = 5. This indicates
that the curvature effect on the fluctuating axial ve-
locity is more significant at r+ = 30 than at r+ = 5.
It is also observed that, compared to the PDF profile
on the outer pipe wall, the magnitude of u/urms on
the inner wall is generally higher, with the difference
between each other becoming more pronounced as
the distance from the pipe wall increases.

Figure 8. Probability density functions (PDFs) of
the axial velocity fluctuations u normalized by the
RMS urms at r+ = 5 in the viscous sublayer and
r+ = 100 in the turbulent log layer on the inner
and outer pipe walls for fixed radius ratio η = 0.1
and bulk Reynolds number Reb = 8900.

5. UTILIZATION OF THE CURVATURE-
AWARE WALL FUNCTION IN RANS

The application of the modified law-of-the-wall
to predictive RANS-based modeling is demonstrated
next. Equation 6 is applied as a wall function for
the turbulent eddy viscosity in a 1-D finite-volume
RANS solver using cylindrical coordinates (infin-
itesimal wedge). A mixing-length turbulence model
with van Driest damping is used as a starting point,
with the model coefficients obtained via fitting to
DNS data from [4].

Figure 9 shows the mean velocity profile pre-
dicted by RANS using the modified wall function on
the inner pipe wall in comparison to the reference
DNS solution for η = 0.1 and Reb = 8900. The two
profiles are in close agreement, although the mean
velocity on the inner pipe wall appears to be under-
estimated. Forthcoming research is devoted to eval-
uating the effectiveness of the spanwise curvature-
aware wall function when utilized in multi-purpose
CFD software.

Figure 9. Comparison of RANS coupled with
wall function from equation 6 with reference DNS
data [4].

6. CONCLUSIONS
In the present study, stochastic one-dimensional

turbulence (ODT) modeling of the pressure-driven
flow in a concentric annular pipe has been presen-
ted and validated with available reference DNS.The
stochastic model is formulated using the boundary-
layer approximation. It can capture radial trans-
port processes with full-scale resolution, even at high
Reynolds numbers. The results demonstrate that the
standalone ODT model offers a cost-effective ap-
proach to investigate statistical and dynamical fea-
tures of fluctuating boundary layer flows.

For model validation, the profiles of mean ve-
locity, law-of-the-wall on the inner and outer pipe
walls, Reynolds shear stress, and axial Reynolds
stress components are compared with reference DNS
data [4, 5] at a fixed bulk Reynolds number of Reb =

8900. Overall, the calibrated model reasonably re-
produces low-order flow statistics. However, the
model tends to underestimate axial velocity fluctu-
ations, especially in the buffer layer, which is a well-
known modeling artifact [16] that persists here at low
radius ratios and high Reynolds numbers. Neverthe-
less, the model is able to capture fairly accurately the
radial asymmetry and Reynolds shear stress distribu-
tion, which is a key asset for the present application.

It is observed that spanwise curvature affects the
asymmetry of the mean velocity profile and, con-
sequently, the thickness of the boundary layers on
the inner and outer pipe walls. A lower radius ra-
tio results in a thinner boundary layer on the inner
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pipe wall. To enhance the wall-function-based pre-
diction for the velocity boundary layer on the in-
ner pipe wall, a theoretical analysis has been con-
ducted, separately examining the viscous-dominated
and mixing-length-dominated regions. By applying
boundary-layer and mixing-length theories, the ana-
lysis successfully predicts the exact boundary layer
profiles close to and farther away from the walls.
This provides a reasonable basis for the development
of curvature-aware wall functions as demonstrated
by preliminary results for a low-Reynolds-number
formulation.
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ABSTRACT 

The European Green Deal aims to make Europe 

the first climate-neutral continent by 2050, 

emphasizing the transformation of energy systems 

towards affordability, efficiency and circularity. 

Within this context, biofuels like renewable 

Dimethyl Ether (rDME) are pivotal in reducing 

carbon footprints by replacing fossil fuels. Dimethyl 

Ethers (DME) advantage over hydrogen lies in its 

transportability and combustion properties, making it 

a viable alternative for energy-intensive industries 

such as steel industry. 

As part of the EU-funded "Butterfly" project, 

DME is synthesized from organic residues using 

advanced processes like Sorption Enhanced DME 

Synthesis (SEDMES). This method positions DME 

as a carbon-neutral biofuel option when derived from 

syngas produced through organic waste 

materials. [1] 

This paper explores various simulation 

approaches for DME combustion within a swirl-

stabilized cold air burner and compares them with 

experimental data obtained from an in-house test 

stand. The study focuses on key parameters such as 

exhaust gas composition, furnace temperature and 

the energy balance within the furnace. Particular 

attention is given to air pollutants like nitrous 

monoxide (NO) and carbon monoxide (CO). 

The results offer insights into how conventional 

burners designed for natural gas and propane respond 

when fired with DME and contribute to 

understanding how renewable fuels can be integrated 

into existing infrastructure while meeting stringent 

environmental standards. By comparing simulated 

outcomes with real-world data, this research supports 

the transition towards cleaner energy sources in line 

with global climate goals. 

Keywords: CFD, Combustion, dimethyl ether, 

pollutant formation, RANS  

NOMENCLATURE 

 

Ḣ [kW] enthalpy stream 

LHV [J/kg] lower heating value 

M [kg/mol] molar mass 

Q̇ [kW] heat stream  

T [°C] temperature 

cp [J/K] heat capacity at constant pressure 

lmin [-] stoichiometric air-fuel-ratio 
m [-] stochiometric factor 

ṁ [kg/s] mass flow 

n [-] stochiometric factor 

o [-] stochiometric factor 

o2,min [-] stoichiometric oxygen-fuel-ratio 

p [-] stochiometric factor 

q [-] stochiometric factor 

r [-] stochiometric factor 

λ [-] air-fuel-equivalence-ratio 

 

Subscripts and Superscripts 

 

DME  regarding DME 

air  regarding air 

combustion regarding enthalpy of combustion 

cool  regarding cooling air 

in  streaming in 

off-gas  regarding off-gas 

out  streaming out 

wall  regarding wall 

  ̅  averaged over relevant 

  temperature range 

1. INTRODUCTION 

The exploration of renewable alternatives to 

fossil fuels is a subject of current research. The 

transition to renewable alternatives is indispensable 

to achieve the goals of the Paris Climate Agreement. 

However, the use of chemical energy carriers 

remains the state of the art, especially for energy-

intensive processes that require high spatial energy 
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density. Current research is therefore focused on how 

fossil fuels like natural gas (NG) or liquefied 

petroleum gas (LPG) can be replaced by renewable 

alternatives such as hydrogen (H2). The paper 

addresses this research question and examines the 

use of DME as a fuel in a conventional cold air 

burner. Focus is placed on the effects of DME 

combustion on the formation of air pollutants such as 

NO or CO. 

The simulation of combustion processes is very 

computationally intensive, as it requires modelling 

not only the flow field but also a temperature field 

and reaction kinetics. Reaction modelling can be 

realized through various approaches. This paper 

examines the results of Flamelet Generated Manifold 

(FGM) combustion modelling. It then compared the 

results of different kinetic mechanisms and different 

NO-postprocessing approaches and compares them 

with experimental data obtained from a burner test 

stand. 

2. METHODOLOGY 

In this work, different combustion simulations 

are conducted and compared with measurements 

from a burner test stand.  

Similar studies have already been carried out in 

a previous conference paper by this author [2]. 

However, in that case, the combustion modelling was 

performed using an adiabatic FGM. One conclusion 

of that study was to simulate the combustion using a 

non-adiabatic FGM matrix to achieve more accurate 

results regarding NO- and CO-concentrations in the 

exhaust gas. Additionally, other kinetic mechanisms 

such as those proposed by Li et al. [3] should be 

considered. [2] 

Besides optimising the combustion simulation, a 

more precise simulation of heat losses through 

cooling should also be pursued. [2] 

2.1 Combustion Calculation 

With the help of combustion calculations, 

theoretical values for the exhaust gas composition of 

the main reaction products can be determined. The 

basis for this calculation is Eq. (1) [4]. 

 

 

Here, it is assumed that carbon atoms fully react 

to carbon dioxide (CO2) and hydrogen atoms fully 

react to water (H2O). This simplification is possible 

because it involves a fuel-lean combustion where 

unburned oxygen (O2) is found in the exhaust gas. 

From Eq. (1), Eq. (2) [4] can be derived to 

determine the stoichiometric oxygen-fuel-ratio.  

 

 

For pure DME combustion, this results in a 

stoichiometric oxygen-fuel-ratio of 3 molO2/molDME. 

With a simplified air composition of 21 vol.‑%, the 

stoichiometric oxygen-fuel-ratio can be converted 

into the stoichiometric air-fuel-ratio using 

Eq. (3) [4]. 

 

 

The stoichiometric air-fuel-ratio for DME is thus 

14,29 molair/molDME. 

In the next step, based on the given power and 

air ratio, the required mass flows for fuel and 

combustion air are calculated. The experiments 

discussed in this paper are operated at a power of 

30 kW and an air-fuel-equivalence-ratio of 1,1. Using 

the known lower heating value (LHVDME = 

16,46 kWh/m3) from Teng et al. [5], Eq. (4) [4] 

yields a fuel mass flow rate of 0,001039 kg/s. 

 

������	
���

������

= �� ��� = 0,001039 ��
�  (4) 

 

Based on the known stoichiometric air-fuel-

ratio, together with the air-fuel-equivalence-ratio, 

Eq. (5) [4] results in an air mass flow rate of 

0,01028 kg/s. 

 

��� ∙ " ∙ �� ��� ∙ #$�%
#���

= �� $�%

= 0,01028 ��
�  

(5) 

 

These mass flows ensure consistent energy input 

for both numerical modelling and investigations at 

the test stand. The same combustion values are set 

for both simulations and burner tests to compare 

numerical modelling results with test stand 

experiments effectively. 

Additionally, using known mass flows and 

combustion reactions, a theoretical exhaust gas 

composition can be calculated. Eq. (6) [4] shows the 

adjusted reaction equation for a fuel-lean combustion 

with correct exhaust ratios. 

 

(�� )* + ,� + -
4 − 0

21 )2

→ �()2 + -
2 �2) 

(1) 

02,�� = � + -
4 − 0

2 = 3 (2) 

with 

    � =  2 

    - =  6 

    o   =  1 

 

��� = 3
0,21 = 14,29 (3) 
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(2�5)6 + 7 )2 + 8 92 → 

2()2 + 3�2) + : )2 + 8 92 (6) 

with 

    7 =  " ∙ 02,��  

    8 = " ∙ 02,�� ∙ ;,<=
;,26 

    : = >" − 1? ∙ 02,��  

 

 

These chemical considerations result in a 

calculated moist exhaust gas composition, which is 

shown in Chapter 3, along with measurement and 

simulation results. 

2.2 Test stand 

The combustion chamber has a square base with 

a side length of 640 mm. The height of the 

combustion chamber is 1000 mm. Figure 1 shows a 

cross-section through the middle of the combustion 

chamber. 

 

 

Figure 1. Cut through the burner test stand 

The burner, type BIC HB65 by Honeywell [6], 

is mounted firing upwards in the centre of the bottom 

plate. At the top of the combustion chamber, four 

cooling tubes are installed. These are air-cooled to 

establish a load condition, allowing the test stand to 

reach a steady state.  

The cooling tubes are designed as a pipe-in-pipe 

construction. Cool air flows in through the outer tube 

and out again through the shorter inner tube. The 

lower end of the outer pipe is welded shut so that the 

oven atmosphere and the cooling air are not mixed. 

The heat flux of the cooling air corresponds to the 

power acting on the process or product in an 

industrial furnace. The cooling tubes are cylindrical 

with a diameter of 60 mm and a length of 800 mm. 

The central axis of the cooling tubes is positioned at 

56 mm from the wall. 

The square bottom plate has a side length of 

600 mm, creating a gap of 20 mm through which 

exhaust gases can be extracted from the combustion 

chamber. The extraction is controlled to maintain a 

constant furnace pressure of 35 Pa. The test stand is 

insulated with a 300 mm thick refractory layer.  

The off-gas concentration measurements are 

performed using different measurement systems. 

The Ultrakust Hygrophil H 4230-10 is uses 

psychrometric humidity measurement to measure the 

wet off gas concentration of H2O. The other 

concentrations in the off gas are measured in the dry 

offgas. An Emerson X-Stream measures CO and 

CO2 concentration using a Non-Dispersive Infrared 

(NDIR) Sensor and O2 using a paramagnetic sensor. 

An Emerson CLD is used to measure the NOX-

Concentration using Chemiluminescence. 

In experiments at the burner test stand, besides 

measuring exhaust gas composition and temperature, 

both volumetric flow rate and temperatures of the 

cooling air before and after passing through the 

cooling tubes are measured.  

Additionally, the wall temperature is measured 

at mid-height on the inner side of the refractory 

material. All thermocouples used were of type N 

class 1. At temperatures over 1100 °C the error of 

these thermocouples is rounded up to 2 K. 

The volume flow of the cooling air is measured 

using a pitot tube. The measurement uncertainty 

results in an error of 1 Pa. 

2.3 Energy Balance 

From the values measured in the test stand, along 

with the known mass flows from Section 2.1, the 

exhaust gas enthalpy and the enthalpy difference of 

the cooling air can be calculated. The enthalpy input 

from the heat of combustion air and fuel gas is 

neglected due to low entry temperatures. The energy 

flows considered are shown in Figure 2. 

 

 

Figure 2. Energy Balance (after [7]) 
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Previous experiments have demonstrated that a 

steady state can achieved with a cooling air heat flux 

of around 8 kW. The test stand and simulation 

boundary conditions are set accordingly. Based on 

the considered energy streams, an energy balance of 

the furnace can be established. Thus, the energy 

balance can be calculated using Eq. (7). 

 

 

The combustion enthalpy amounts to 30 kW and 

remains constant for all experiments. The exhaust 

gas enthalpy is determined according to Eq. (8), 

where the average heat capacity is determined based 

on each measured exhaust concentration according 

to VDI 4670 (2016) [8].  

 

 

The off-gas enthalpy is calculated in this way for 

the test stand and the simulation data. 

The cooling air enthalpy difference is calculated 

using Eq. (9). 

 

 

The average heat capacity is also determined 

according to VDI 4670 (2016) [8]. 

Additionally, wall losses are compared, although 

they are difficult to determine experimentally. 

Therefore, they are only calculated from the energy 

balance for experiments. 

2.4 Mesh and Boundary Conditions 

The simulation volume exactly corresponds to 

that of the test stand. It begins 30 mm below the swirl 

plate and ends in the exhaust channel 75 mm below 

the base plate. The exhaust channel is simulated to 

this extent to prevent backflow. 

The mesh is based on a poly-hexcore mesh and 

is created using ANSYS© Fluent. Firstly, a grid 

independence study is performed. Therefore, the cell 

sizes are varied. In the coarsest mesh the largest 

hexahedra have an edge of 20 mm, with the finer 

meshes having maximum cell lengths of 16 mm, 

14,4 mm and 12,8 mm respectively. A simulation is 

performed for all four mesh sizes and the 

temperature over different hights is compared. 

Figure 3 shows the temperature over the height along 

the burner axis. 

 

 

Figure 3. Temperature over the height along the 

burner axis 

After the grid independence study the 2,4 mio. 

cell mesh is chosen as the temperature curve deviates 

only slightly from the 2,9 mio. cell mesh. The 

2,4 mio. cell mesh corresponds to a maximum edge 

length of 14,4 mm. The mesh includes five mesh 

refinement levels that are determined based on the 

flame shape. Consequently, the smallest cells within 

the swirl plate have a size of 0,45 mm. Figure 4 

shows the simulation geometry and the form of the 

mesh refinement levels. 

 

 

Figure 4. Simulation Geometry and Mesh 

Refinement 

The outer walls of the combustion chamber are 

simulated using one-dimensional heat conduction 

with external convection. The conduction consists of 

two layers. An inner layer representing the refractory 

material with a thickness of 300 mm and an outer 

layer modelled after the 15 mm thick steel body of 

the test stand. The external temperature is assumed 

to be 300 K. The burner walls and the inner side of 

the exhaust channel are assumed as adiabatic. The 
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cooling tubes are assumed to have a constant heat 

flux, resulting in the previously defined cooling 

capacity of 8 kW. The fuel and air temperatures are 

300 K. 

2.5 Numerical Modelling 

The simulations in this work are conducted using 

the commercial simulation software ANSYS© 

Fluent 2024R2. The simulations are Reynolds-

Averaged Navier-Stokes (RANS) simulations.  

Previous simulations showed that the k-omega 

SST turbulence model [9] generates unsteady flow 

fields that negatively affect combustion modelling. 

For this reason, the realizable k-epsilon model [10] 

was selected for the simulations in this study. 

Radiation is represented using a 4x4 Discrete 

Ordinates model [11–13]. 

Combustion modelling, alongside the choice of 

kinetic mechanism, is an important consideration in 

combustion calculations. There are various 

modelling approaches that differ in accuracy and 

computational time. 

In this paper, combustion is modelled using the 

Flamelet Generated Manifold (FGM) model [14], 

which is coupled with a presumed-shape Probability 

Density Function (PDF) to capture turbulence-

chemistry interaction. 

Two simulations with different kinetic 

mechanisms are performed. One simulation is based 

on the mechanism by Prince et al. [15,16] and the 

other on the mechanism by Li et al. [3]. Further 

comparisons between these mechanisms can be 

found in the preceding paper [2]. 

The spatial discretisation becomes more 

complex with increasing simulation accuracy. The 

final simulation uses the PRESTO! algorithm for 

pressure interpolation and a first-order upwind 

scheme for radiation calculation. The other transport 

equations are solved using a second-order upwind 

scheme. 

2.6 NO-Post-Processing 

The FGM model resolves only the twelve most 

significant species by proportion, so NO is not 

calculated. Therefore, various post-processing 

calculations were conducted to determine the NO 

concentration. These transport equations are post-

processed from converged combustion simulations. 

This approach is valid, as the NO concentration is 

minuscule compared to the main combustion 

products.  

For this work, three approaches to NO modelling 

integrated in ANSYS© Fluent were selected: 

 

1. NOX Modelling (NOX) 

2. Decoupled Detailed Chemistry (DDC) 

3. Reactor Network Modelling (RNM) 

 

The ANSYS© Fluent NOX model used in this 

work simulates thermal and prompt NOX formation. 

NOX prediction is achieved by solving transport 

equations for NO and intermediate nitrous 

oxide (N2O). The incorporated rate models originate 

from the Department of Fuel and Energy at the 

University of Leeds and open literature. [17] 

The Decoupled Detailed Chemistry Model in 

Fluent is based on the same idea as the NOX model. 

However, instead of using rate models embedded in 

Fluent, any kinetic mechanisms can be loaded. [17] 

The reactor network model simulates species 

and temperature fields in a combustor using detailed 

chemical kinetics. A kinetic mechanism is imported 

and solved within the reactor network. Therefore, the 

combustor is divided into a few perfectly stirred 

reactors, with mass fluxes determined from the CFD 

solution. This approach efficiently captures finite-

rate chemistry effects, particularly for NO, CO and 

unburnt hydrocarbons. Since the number of reactors 

is much smaller than the cells of the mesh, it allows 

faster simulations. [17] 

The kinetic mechanism and combustion 

modelling approaches used in this work are listed in 

Table 1. The converged FGM combustion 

simulation before post-processing is labelled as 

FGM. 

Table 1. List of combustion models 

No. Name Combustion 

Model 

Kin. 

Mech. 

1 FGM Prince FGM Prince  

[15,16] 

2 NOX Prince NOX Prince  

[15,16] 

3 DDC Prince DDC Prince  

[15,16]  

4 RNM Prince RNM Prince  

[15,16] 

5 FGM Li FGM Li  

[3] 

6 NOX Li NOX Li  

[3] 

 

Only the Prince mechanism includes NOX 

chemistry. Therefore, DDC and RNM which are 

based on the chosen kinetic mechanism are only used 

in combination with the Prince kinetic mechanism. 

3. RESULTS AND DISCUSSION 

When switching from natural gas to pure DME 

combustion, the burner shut off repeatedly. To 

ensure a stable combustion, a minimal volume flow 

of 3,15E-7 kg/s natural gas is added constantly. This 

results in a DME concentration of 99,9 Vol.-% in the 

fuel. Further trials must be performed to test if the 

malfunction arises from the burner itself or the 

burner control system. The simulated combustion 

asumes 100 Vol. % DME nonetheless. 

Table 2 illustrates the temperatures from the 

simulations and test stand experiments. The FGM 
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Prince simulation deviates by 35 K. The exhaust 

temperature is overestimated, with a deviation of 

23 K. The RNM Prince simulation results in the 

highest temperatures, with both exhaust and wall 

temperatures at 1209 K, exceeding measured values 

by 96 K and 65 K, respectively. The FGM Li 

simulations also demonstrate higher temperatures 

than those recorded in the test stand, with exhaust 

temperature being 60 K and wall temperature 67 K 

above the measurements. 

Table 2. Results of Temperature 

 Toff-gas [°C] Twall [°C] 

Trial 1113±2 1144±2 

FGM Prince 1136 1179 

RNM Prince 1209 1209 

FGM Li 1173 1211 

 

There could be various reasons for these 

deviations. One possible reason could be inaccurate 

modelling of the wall and cooling tubes heat-fluxes 

or a not fully heated test stand. Another reason with 

regards to the off-gas temperature are the differing 

measurement positions between experiments and 

simulations leading to larger discrepancies in the 

exhaust channel. 

Next, the temperature fields are displayed. 

Therefore, a plane is placed diagonally along the 

burner axis so that it cuts through the centres of two 

cooling tubes. Figure 5 displays the temperature field 

of the FGM Li simulation. As the temperature field 

of the FGM Prince simulation is very similar it is not 

shown. 

 

 

Figure 5. Temperature Field of FGM Li 

The temperature before the burner swirl plate is 

the lowest. In the area after the burner swirl plate the 

temperatures in the centre and at the outer wall are 

the coolest. Between these cooler areas is a high-

temperature zone. This is explained through the 

mixing of fuel and air. Fuel is injected in the centre 

of the swirl-plate and air is injected along the outside. 

As the combustion can only take place if mixture 

between air and fuel takes place, it makes sense that 

the hot zones are between these zones. Therefore, the 

outer cold zone corresponds to an air-rich area and 

the inner cold zone corresponds to a fuel rich area. 

After the burner orifice the colder outer layer 

diffuses outwards, whereas the hotter layer narrows 

to a point as it consumes the fuel inside the central 

colder layer. At one point, the outer hot layer 

separates from the hot zone. Inside this separation a 

second hot zone begins. This layer not as clearly 

defined but it diffuses outward reaching its biggest 

extend right at the tip of the first hot zone and then 

gradually diffuses so that the hottest area narrows 

again. Inside this area a secondary reaction takes 

place. The remaining temperature field has a relative 

constant temperature except for the temperatures in 

the corners of the test stand which are shielded from 

radiation by the cooling tubes. 

The energy balance results are presented in 

Table 3. The values for cooling air enthalpy 

difference are in good agreement. Exhaust gas 

enthalpy is well captured in the simulation, even 

though the measured value is slightly higher. The 

wall losses are overestimated by the simulations by 

1,54  kW for the FGM Prince case and 1,75 kW for 

FGM Li. 

Table 3. Results of Energy Balance 

 ∆��L**M� N 

[kW] 

��*OONPQ 

[kW] 

E�RPMM  
[kW] 

Trial 8,0±0,3 16,4±0,3 5,6±0,4* 

FGM Prince 7,94 14,92* 7,14 

FGM Li 7,94 14,71* 7,35 
*calculated acc. to Eq. (7) 

 

The off-gas enthalpies of the simulation are 

lower than during the trial. By contrast, the wall 

losses calculated for the test stand are lower than the 

wall losses of the simulations. This can either be 

explained by the inaccurate wall modelling or is a 

sign, that the steady state of the temperatures inside 

the test stand wasn’t reached when the measurements 

were taken.  

The wet exhaust gas concentrations are detailed 

in Table 4. The off-gas concentrations for both FGM 

simulations deviate only by a maximum of 

0,1 vol.‑% from the calculated concentrations. The 

RNM Prince simulation yields unrealistic results 

regarding exhaust composition. 
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Table 4. Off-gas Concentrations 

 O2  

[vol.-%, 
wet] 

H2O 

[vol.-%, 
wet] 

CO2 

[vol.-%, 
wet] 

Calculated 1,7 16,9 11,3 

Trial 1,6±0,3 18,7±0,1 11,0±0,2 

FGM Prince 1,7 16,8 11,2 

RNM Prince 2,0 10,8 17,6 

FGM Li 1,7 16,9 11,3 

 

The comparison of experimental values with 

calculated ones shows that O2 and CO2 

concentrations align well. However, H2O 

concentrations from experiments exceed those 

calculated by 2 vol.‑%. This is an unrealistic 

deviation. Therefore, the O2 concentration 

measurements should be checked for errors and 

repeated if necessary. 

Table 5 presents air pollutants in dry off-gas 

concentration. The greatest deviation from measured 

values arises from Decoupled Detailed Chemistry. 

Here, NO concentration is less than 1 % of the 

measured value, while CO concentration is 

significantly overestimated at an absolute value of 

1,2 vol.‑%. As discussed in Section 2.6, FGM 

modelling does not capture NO phase. Prince FGM 

significantly overestimates CO concentration at 

749,5 ppm. Since NOX modelling only considers 

species involved in NOX formation (excluding CO), 

CO concentration also amounts to 749,5 ppm. 

However, the NO concentration closely matches 

measured values at 54,6  ppm compared to 72 ppm. 

Prince RNM underestimates NO concentration by 

about 61,2 ppm while overestimating CO 

concentration by 35,1 ppm. 

The FGM Li simulation provides the best results 

regarding CO concentration with an underestimation 

of just 4,9 ppm. The corresponding NO 

concentration of the NOX Li Simulation achieves 

also good results, with slightly lower-than-expected 

readings around 35,6 ppm. 

Table 5. Off-gas Concentrations Pollutants 

 NO  

[ppm, dry] 

CO  

[ppm, dry] 

Trial 72±5 17±3 

FGM Prince - 749,5 

NOX Prince 54,6 (749,5) 

DDC Prince 0,4 12337,2 

RNM Prince 10,8 52,1 

FGM Li - 12,1 

NOX Li 35,6 (12,1) 

 

The simulations based on the Prince mechanism 

tend towards exaggeration when calculating the 

carbon monoxide emissions. The simulations using 

the Li mechanism achieve more realistic outcomes. 

The NOX modelling of the NO postprocessing 

models available in ANSYS© Fluent achieves the 

most realistic results.  

4. SUMMARY 

In this paper, two FGM simulations based on 

different kinetic mechanisms were conducted. Once 

the simulations reached steady states, various post-

processing models were applied to determine NO 

concentration. The simulation values were compared 

with test stand measurements in terms of 

temperature, energy balance and exhaust gas 

composition. 

The burner was not able to combust pure DME. 

This should be investigated going forward. 

Temperatures were overestimated by all 

simulations. A possible cause could be inaccurate 

wall and cooling tube boundary conditions or a not 

fully established steady state during the experiments. 

The heat losses from the experiments are 

comparable to those simulated, although wall losses 

in the simulation exceed those measured. This 

suggests inaccurate representation of wall boundary 

conditions. 

When comparing the values of the main exhaust 

products, it is noticeable that the RNM simulation 

leads to an unrealistic exhaust composition. The 

same applies to the water content in the conducted 

burner trial. All other measurement and simulation 

values are in good agreement. The measurements 

should be checked for errors and repeated if 

necessary. 

Regarding air pollutants in the exhaust gas, CO 

concentration is significantly overestimated by the 

Prince mechanism. The Li mechanism results in 

more realistic CO concentrations, which are slightly 

below those measured. The most realistic simulation 

results regarding NO concentrations are achieved 

through NOX post-processing. 

In conclusion, FGM simulation followed by 

NOX post-processing and using the Li mechanism 

leads to the most realistic results. However, it would 

be of interest to investigate other mechanisms such 

as those proposed by Khare et al. [18]. 

The simulation accuracy and validation could be 

improved further. One improvement could be to 

measure the outer wall temperatures of the test stand 

to calculate the wall losses. This could be achieved 

by using a thermographic camera. It could also be of 

interest to model the air stream inside the cooling 

tubes to achieve a spatial distribution of the heat flux 

through the cooling tube. Additionally, OH* 

visualisation measurements would be valuable for 

comparing the flame shape from simulations with 

that of a real flame. 
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ABSTRACT
Collateral blood flow redistribution is crucial in

ischemic stroke recovery, yet the role of leptomen-
ingeal anastomoses (LMAs) remains poorly charac-
terized. Current computational models lack repres-
entation of patient-specific redistribution under vary-
ing ischemic conditions. As such, this study invest-
igates LMA functionality using patient-specific data.
A 0D peripheral artery model, informed by anatom-
ical measurements and Circle of Willis (CoW) ves-
sel radii from medical images, is constructed using
a stochastic sampling approach. To identify LMA
configurations that align with measured data, island
Genetic Algorithm (iGA) optimises LMA configura-
tion by minimizing residuals between computed and
measured perfusion flow rates from Single Photon
Emission Computed Tomography (SPECT), with 4D
flow MRI (magnetic resonance imaging) data serving
as inlet flow rates. Case studies of two patients
with varying degrees and locations of internal ca-
rotid artery stenosis reveal redistribution patterns
consistent with physiological observations, includ-
ing anterior-directed perfusion and inter-hemispheric
redistribution. Topology analysis reveals a trade-off
between LMA radius and pressure difference, with
larger radii forming between arteries at lower bifurc-
ation depths, enhancing flow rate despite diminish-
ing pressure differences. By leveraging measure-
ment techniques, this study offers new insights into
patient-specific LMA morphology, with potential ap-
plications in refining more detailed vascular models
for clinical and research use.

Keywords: cerebrovascular haemodynamics, col-
lateral blood flow, genetic algorithm, leptomenin-
geal anastomosis, stochastic vasculature genera-
tion

NOMENCLATURE
G [ mL/s

mmHg ] conductance
H [−] number of vascular regions
J [−] cost function
L [mm] length
Q [mL/s] flow rate
R [ mmHg

mL/s ] resistance
d [−] bifurcation depth
p [mmHg] pressure
r [mm] radius
µ [Pa · s] viscosity
τ [mmHg] fluid shear stress
λl/r [−] length-to-radius ratio
N [−] node
Reff [ mmHg

mL/s ] effective resistance

Subscripts and Superscripts
Co computed
Sp SPECT
int internal

1. INTRODUCTION
Collateral blood flow plays a critical role in

maintaining cerebral perfusion during arterial occlu-
sions [1, 2], yet its assessment remains a challenge
in both clinical and computational settings [3]. Tra-
ditional imaging techniques such as 4D Flow MRI
and SPECT provide valuable insights into cerebral
haemodynamics but are often limited by spatial res-
olution and qualitative interpretation, particularly in
the context of small collateral vessels such as LMAs.
These vessels, typically less than 0.3 mm in diameter
[4], contribute to blood flow redistribution between
vascular territories, yet their functional significance
and flow dynamics remain difficult to quantify dir-
ectly from imaging data.
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Computational fluid dynamics (CFD) offers a
complementary approach by enabling quantitative
assessment of collateral circulation. Unlike imaging-
based methods, CFD allows for controlled parameter
variation, facilitating sensitivity analyses and pre-
dictive modelling of haemodynamic changes under
different physiological and pathological conditions.
However, conventional CFD methods, including 3D
and even 1D simulations, are computationally intens-
ive and impractical for large-scale uncertainty ana-
lyses or real-time clinical application [5]. As a res-
ult, 0D modelling has emerged as a viable alternat-
ive, offering an efficient means to simulate cerebral
blood flow while preserving essential flow redistri-
bution characteristics [6].

Despite its advantages, traditional 0D models
often simplify vascular territories as isolated com-
partments, with collateral connections represented
by literature-derived resistances rather than patient-
specific data [7]. This simplification limits the abil-
ity to investigate collateral recruitment dynamics in
an anatomically realistic manner.

To improve the physiological accuracy of flow
simulations while maintaining computational effi-
ciency, a more refined 0D modelling framework is
needed—particularly for representing the peripheral
vascular network. A key challenge in this approach
is the scarcity of patient-specific vascular data, as dir-
ect segmentation of small vessels like LMAs is often
impractical in clinical settings. To address this, syn-
thetic vasculature generation offers a viable solution,
enabling the creation of vascular networks that reflect
anatomical variability with minimal input data [8].

This study presents a 0D modelling framework
that integrates flow rate measurements with syn-
thetic vascular network generation to enhance collat-
eral circulation assessment. By minimizing reliance
on explicit vascular segmentation, this approach en-
ables the simulation of patient-specific flow dynam-
ics without requiring detailed anatomical reconstruc-
tions. The model is designed to be computationally
efficient via vasculature lumping to a certain extent
without the loss of essential structural information,
allowing for rapid simulation of collateral flow scen-
arios under varying conditions. Through this frame-
work, it is hoped that it would advance the prac-
tical application of CFD in cerebrovascular research,
bridging the gap between imaging-based assessments
and predictive haemodynamic modelling.

2. METHOD
This study aims to create an explicit and com-

putationally efficient vascular network model that in-
cludes LMAs, to study how they redistribute blood
flow. Synthetic vascular trees are generated using
anatomical data, such as bifurcation patterns and
artery sizes from cadaver studies, with a stochastic
approach to model variability in the generated struc-
tures. Six vascular trees, one for each vascu-
lar region, are selected for fluid simulations, with

patient-specific 4D flow MRI data providing bound-
ary conditions to reflect real physiological condi-
tions. LMAs are then positioned to connect these
trees, mimicking the restoration of blood flow in re-
sponse to blockages. The placement of LMAs is op-
timized using iGA, which minimizes the difference
between simulated flow rates and those measured by
SPECT. This process is repeated over multiple iter-
ations to generate different combinations of vascular
trees and LMA configurations, ensuring that the best
arrangements are found while adhering to physiolo-
gical constraints. The overall goal is to identify the
LMA placements under a range of potential patient-
specific peripheral vasculature that recreate the blood
flow redistribution shown in measured data.

Figure 1. Flowchart depicting the process of de-
ducing patient-specific LMA placement for blood
flow redistribution using synthetic vascular trees
and patient-specific flow rate data.

2.1. Data Acquisition
To generate a synthetic vasculature model for

each of the six vascular regions, only the radii of
the six efferent arteries of the CoW —the anterior,
middle, and posterior cerebral arteries (ACA, MCA,
PCA) on both hemispheres—are required. This dif-
fers from traditional methods that rely on imaging
beyond the CoW, reducing the dependency on high-
resolution medical images. Any loss in model resol-
ution is addressed through uncertainty analysis, con-
sidering all plausible vasculature based on available
data.

The inlet radii of the peripheral vasculature were
derived from segmented CT images, with vessel
centrelines extracted and smoothed using software
“V-Modeler” [9]. The average radii along these
centrelines were computed for use as model inlets.
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Regional perfusion distributions were derived
from SPECT imaging [10], with patient-specific vas-
cular regions identified through shape registration
between SPECT images and an atlas vascular re-
gion map. Voxel intensity values were then used
to estimate regional flow rates. Since total cereb-
ral blood flow (CBF) measured by SPECT and 4D
Flow MRI differs, SPECT-derived flow rates were
adjusted to match total CBF, which was determined
by summing the MRI-measured flow rates of the in-
ternal carotid and basilar arteries, as 4D Flow MRI
provides the most accurate measurements in larger
arteries. Meanwhile, flow entering the peripheral re-
gions through the six efferent arteries of the CoW
was obtained from 4D Flow MRI. Similar to the
SPECT-derived values, the outflow rates at the CoW
were scaled based on inlet MRI data.

2.2. Sampling and Generation of Vascular
Tree Models

To ensure anatomical accuracy, the vascular tree
model is constructed based on observed anatomical
structures, referencing Perlmutter and Rhoton [11],
Gibo et al. [12], and Zeal and Rhoton [13]. Across
all six vascular regions, the vasculature follows a
consistent bifurcation pattern: perforating trunks tra-
verse the brain, cortical branches extend perpendicu-
larly, and perfusion arterioles supply the cortex. The
model is represented as a graph, with nodes corres-
ponding to bifurcation points and edges representing
vessel segments, starting with an inlet node at the
CoW, marking the entry to the peripheral vascular re-
gion. Given a list of candidate cortical branches from
literature, each branch is probabilistically determ-
ined based on observed frequencies. If fenestration
(multiple copies of the same branch) is observed, the
number of copies is sampled from a Poisson distribu-
tion, and the branch radius is sampled from measured
data ranges. After the first cortical branch radius is
assigned, the subsequent perforating trunk segment
radius is calculated using Murray’s law, which states
that the cube of the parent vessel radius equals the
sum of the cubes of the daughter vessel radii. This
process repeats for all candidate branches in the vas-
cular region. If at any point the perforating trunk ra-
dius reduces to zero due to sampling variability, the
entire process restarts from the first cortical branch
candidate.

Perfusion arterioles extend from each cortical
branch, assuming equal bifurcation at each level, un-
til reaching the cut-off radius of 0.025 mm. Given
depth d as the number of bifurcations from the cor-
tical branch, the arteriole radius at depth d is given
by Eq. (1):

rd = r0 ·

(
1

21/3

)d

(1)

Assuming a constant length-to-radius ratio λl/r,
the vessel resistance is computed using Eq. (2), based

on Poiseuille’s law, which is derived from the Navier-
Stokes equation under the assumptions of steady, in-
compressible flow in a cylindrical vessel:

R =
8µ · llma

πr4 (2)

Given the homogeneous structure of perfusion
arterioles, the total resistance of the arteriole tree at
depth d is obtained by series-parallel resistance ag-
gregation, as described by Eq. (3):

Reff =

d∑
k=0

Rk

2k (3)

Where the radius and resistance at each depth k
can be calculated using Eq. (1) and Eq. (2). This re-
duces the number of nodes from 2d + 1 to just 2, sig-
nificantly improving computational speed for LMA
optimization, which is essential for the large number
of fluid simulations required.

In the context of this model, an LMA’s location
is fully defined by the two arterioles it connects, char-
acterized by three parameters: vascular region, cor-
tical branch, and bifurcation depth. To incorporate an
LMA, a new node representing its connection point
is added between the cortical branch bifurcation and
the distal end of its arteriole tree. The arteriole tree’s
resistance is split into upstream and downstream por-
tions, ensuring efficient flow traversal while main-
taining computational efficiency.

Figure 2 presents a schematic representation
of a vascular tree, illustrating the node placements
for LMA connections. Nodes represent bifurcation
points, and edges correspond to blood vessel seg-
ments. Arrows indicates the direction of blood flow
from inlet to outlet. Red dashed lines depict LMA
connections to another vascular region.

Figure 2. Schematic representation of a vascular
tree
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2.3. Fluid simulation
Blood flow in this study is simulated using a 0D

haemodynamic model based on steady-state flow as-
sumptions, where vessel segments are treated as res-
istive elements. Blood is modeled as an incompress-
ible Newtonian fluid with a viscosity of 4.7 mPa·s.

The vascular network consists of six primary in-
let nodes, corresponding to arterial branches from
the CoW, and multiple outlet nodes representing cor-
tical branch terminations. Flow rate boundary con-
ditions are imposed at the inlet nodes, derived from
patient-specific 4D Flow MRI data. At the out-
let nodes, a fixed pressure value of 50 mmHg is
assigned, which approximates typical pial arteriole
pressures (∼ 50 µm in diameter). Although physiolo-
gical variability exists in outlet pressures, this fixed
value serves as a practical approximation. Future
iterations of the model could incorporate a venous
compartment to dynamically compute outlet pres-
sures, eliminating the need for fixed boundary con-
ditions.

Pressure distribution within the vascular network
is computed using a conductance-based approach,
where each vessel segment is characterized by the
inverse of its resistance. The pressure at each node
is determined by solving the conservation of mo-
mentum equation, Eq. (4):

Gi j(pi − p j) = Qi j, (4)

where Gi j represents the conductance between
nodes i and j, pi and p j denote the pressure at nodes
i and j, respectively, and Qi j represents the flow rate
between the two nodes.

To satisfy mass conservation, the sum of all in-
coming and outgoing flows at each internal node
must be zero. Mathematically, this is presented as
Eq. (5).

∑
j

Qi j = 0, ∀i ∈ Nint, (5)

where Nint denotes the set of all internal nodes,
excluding inlets and outlets.

Boundary conditions are imposed such that a
prescribed net inflow Qi , 0 is applied at inlet nodes,
while outlet nodes have fixed pressure values. This
formulation results in a sparse linear system for the
unknown nodal pressures. To efficiently solve this
system, the model employs the Compressed Sparse
Column (CSC) format, which minimizes memory us-
age and computational cost. A direct solver optim-
ized for sparse matrices is used, ensuring stability
and efficiency in handling large vascular networks.
Once the pressure field is computed, the flow rates
through each vessel segment are determined based
on Eq. (4). The total distal flow rate for each vascu-
lar region is obtained by summing the contributions
from all outlet nodes within that region. The overall
computational framework allows for rapid analysis,

with the average runtime for solving the CSC system
and determining node pressures being approximately
0.02 seconds.

2.4. Obtaining patient-specific LMA con-
figuration

This section details the optimisation process to
identify the LMA configurations that replicate ob-
served flow redistribution in cerebral vasculature.
Given the measured 4D flow MRI flow rates at inlets,
the goal is to find the LMA configuration that pro-
duces regional distal flow rates that match the meas-
ured SPECT flow rates in each region. The distal
flow rate Qcom,h for each vascular region h is determ-
ined by summing the flow rates at all outlet nodes
within that region.

Given the discrete nature of the problem, where
LMA placement is represented by a set of dis-
crete decisions rather than continuous parameters,
the problem is classified as a discrete combinatorial
optimisation problem. The search space grows ex-
ponentially with the number of candidate locations,
making an exhaustive search computationally infeas-
ible. Therefore, an iGA was chosen to perform the
optimisation. LMA configuration, encoded as a set
of potential LMA locations, serves as the decision
variable. Meanwhile, the cost function J, shown in
Eq. 6, is defined as the RMS error between computed
and observed flow rates.

J =

√√√
1
H

H∑
h=1

(QCo,h − QSp,h)2 (6)

The constraints on formation of solution are as
follows: (1) Only inter-vascular-region LMAs are
considered, with connections defined based on pre-
vious studies. These include connections from the
ACA to MCA superior trunk branches, PCA to MCA
inferior trunk branches, ACA to PCA across hemi-
spheres, and left ACA to right ACA. (2) The differ-
ence in radii at the connected arterioles is constrained
to a maximum of 0.1 mm. This ensures that the as-
sumption of arteriogenesis, by which LMAs form,
requires connections between similarly sized arteri-
oles. (3) Only arterioles that are at least three bi-
furcations downstream from the cortical branch are
considered for LMA connections. This reflects the
fact that LMAs most commonly form on the menin-
geal surface rather than within the cortical network.
(4) The maximum number of LMAs allowed in any
given configuration is set to 400, a value sufficiently
high for the cases tested. It should be noted that, in
practice, the number of LMAs in optimized configur-
ations typically remains well below this upper bound.

Shear stress is a crucial factor in arteriogen-
esis, as the mechanical forces induced by blood flow
through vessels promote endothelial activation and
subsequent vessel remodelling [14]. In the context of
the optimisation, a shear stress constraint is imposed
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to prevent the formation of inefficient LMAs. The
fluid shear stress (FSS) for a blood vessel, assuming
Poiseuille flow and neglecting tortuosity, is given by
Eq. 7.

τ =
4µQ
πr3 (7)

The FSS constraint enforces that each LMA
must maintain a minimum shear stress value for the
connection to be valid in the solution. The minimum
FSS limit is set at 2.5 Pascals, referencing the lower
end of the range measured in [15].

The inherent uncertainty in SPECT measure-
ments is assumed conservatively to be 10% [6].
Given this assumption, a solution is considered satis-
factory if the residuals for each vascular region—i.e.,
the difference between the SPECT-derived and com-
puted distal flow rates in the region—falls within
10% of the scaled SPECT flow rate. This ensures
that the maximum discrepancy between the two val-
ues remains within the uncertainty range, effectively
allowing the computed flow rate to be considered a
match to the SPECT flow rate once it falls within this
threshold. Mathematically, this can be expressed as
Eq. 8.

∣∣∣QCo, h − QSp,h
∣∣∣ ≤ 0.05 · QSp,h,

∀h ∈ {1, 2, . . . ,H} (8)

At the start of the optimisation process, a set of 6
vascular tree models is chosen from a pre-generated
pool of models. A population is initialised through
random generation of valid solutions. To enhance
the diversity of the search space and avoid prema-
ture convergence, the population is divided into mul-
tiple subpopulations, or "islands," that evolve inde-
pendently. Regular migration between islands en-
sures the exchange of promising solutions. Once the
initial population is set, each solution is evaluated by
adding the encoded LMAs to the vasculature and per-
forming fluid simulations. The cost of each solution
is determined by comparing the computed distal flow
rates with the target flow rates from SPECT data.

In the next phase, the rank-based exponential se-
lection algorithm is applied to promote solutions with
lower costs. Solutions are ranked based on their cost,
and the probability of selection for reproduction is
higher for solutions with better performance. After
selection, crossover, mutation, and solution length
adjustment operations are applied to generate new
solutions for the next generation. Crossover involves
combining parts of two parent solutions, while muta-
tion introduces small random changes to the solu-
tions. Length adjustment modifies the number of
LMAs in a solution to explore different regions of
the solution space. Solutions of the next generation
is then evaluated, and the iterative process contin-
ues until a satisfactory solution is found, or when
the maximum number of allowed generations has

elapsed, at which point no successful LMA config-
uration is found for the set of vascular tree models.
The models will be returned to the selection pool to
be selected again.

3. RESULTS
Two patient cases are examined to illustrate the

model’s practical application: CEA12, a 68-year-
old male with bilateral ICA stenosis (63% left, 65%
right), and CEA13, a 72-year-old male with severe
right ICA stenosis (91%). For each case, 2,000 vas-
cular tree models were generated per vascular region,
and 250 optimized peripheral vasculature-LMA con-
figuration pairs were collected using a stochastic se-
lection methodology. The time required to obtain one
optimized LMA configuration varied, with CEA13
taking 257.93 ± 106.53 seconds and CEA12 taking
169.87 ± 118.20 seconds, both of which are accept-
able in the scope of this study.

Figure 3. Representative model for case CEA12.
Flow direction is indicated by blue arrows, and
nodal pressure is visualized using in greyscale.

Figure 3 and 4 present schematic graph plots for
cases CEA12 and CEA13, with one peripheral vas-
culature model from each case selected as a repres-
entative sample. In CEA13, due to stenosis on the
right-hand side, the pressure in the left hemisphere
is elevated compared to the right. LMAs are high-
lighted in red, with line thickness representing con-
ductance of LMA. In CEA13, a greater number of
high-conductance LMAs are observed between the
left and right anterior cerebral arteries (ACA), re-
flecting an increased reliance on inter-hemispheric
collateral flow. This recruitment of LMAs is driven
by the pressure gradient across hemispheres, created
by the single-sided stenosis in case CEA13. The
pressure in the right PCA of case CEA13 is also
higher, reflecting the reliance on perfusion via the
healthy BA instead of the stenosed right ICA.
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Figure 4. Representative model for case CEA13,
in the same format as that for case CEA12.

Figure 5. Redistribution of flow rates through
each collateral pathway for case CEA12

Figure 6. Redistribution of flow rates through
each collateral pathway for case CEA13

Figure 5 and 6 present violin plots illustrating
the redistribution of flow rates through each collat-

eral pathway, with its pattern differing between cases.
Flow rates positioned below zero indicate redistri-
bution from the second vascular region in the label
to the first, whereas positive values indicate flow in
the opposite direction. In CEA13, inter-hemispheric
flow accounts for 11.5% of the total cerebral blood
flow, whereas in CEA12, it is significantly lower at
0.23%. Significant flow from right PCA to right
MCA aligns with expectation of collateral flow from
posterior to anterior circulation. The observed range
of redistribution is a result of variations in the vas-
cular tree structure, which alter the relative pressure
distribution between regions, in turn leading to dif-
ferences in LMA recruitment and adaptation. Not-
ably, changes in the vascular structure do not result in
unrealistic or excessive variability in flow redistribu-
tion patterns. The distribution remains unimodal, as
confirmed by Hartigan’s Dip Test, indicating a stable
adaptation mechanism despite differences in vascular
topology.

Figure 7. Flow rate vs. radius of LMA, CEA13

Figure 7 presents a flow rate versus radius plot
for CEA13, illustrating the redistributed flow rate of
each individual LMA across 250 optimized configur-
ations as a function of its respective radius. Each dot
represents a single LMA, with the colour scale in-
dicating the associated collateral pathway. The fan-
shaped void near the y = 0 line suggests that FSS
constraint is functioning as intended, as LMAs with
a high radius but low flow rate are correctly sup-
pressed, with larger radius leading to higher flow
rates in general. This confirms that the fluid simu-
lation operates as expected.

Figure 8 presents a plot of pressure difference
versus radius for CEA13, illustrating the pressure
difference between the two arterioles connected by
each LMA, plotted against their respective radii
across all 250 optimized configurations. The results
reveal a trade-off between radius and pressure dif-
ference. Due to the physiologically-based constraint
that the radius difference between the two arterioles
connected by an LMA must remain under 0.1 mm,
LMAs with larger radii typically form between ar-
teries at lower bifurcation depths, which are located
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Figure 8. Pressure difference across LMA vs.
their respective radii, CEA13

more proximally in the vascular tree. As pressure
dissipates downstream, arteries at similar depths ex-
hibit smaller pressure differences compared to arter-
ies at significantly different depths, where the up-
stream end has a much higher pressure relative to the
downstream end. In such cases where the pressure
difference is favourable for more efficient redistribu-
tion, the smaller radius of the downstream arteriole
limits the LMA’s overall radius.

While the maximum pressure difference occurs
around a radius of 0.2 mm, the maximum flow
rate continues to increase with radius, despite lower
pressure differences. This behaviour aligns with
Poiseuille’s equation, which states that flow rate is
proportional to the pressure difference but inversely
scales with the cube of the radius. Consequently, ra-
dius exerts a dominant influence over flow rate, rein-
forcing that the model accurately reflects the expec-
ted behaviour of LMAs from a fluid dynamics per-
spective.

Finally, it is important to note that the mean
LMA radius for each case was found to be 0.212 ±
0.0927 mm for CEA13 and 0.169 ± 0.0857 mm for
CEA12. These values are consistent with existing lit-
erature, with CEA12 showing a smaller LMA radius
compared to CEA13. This difference is likely due
to CEA12 needing to prioritize the pressure differ-
ence across LMAs by connecting upstream arterioles
to downstream ones. Since the inherent pressure dif-
ference between vascular regions—and between ar-
terioles at the upstream end of the cortical branch
trees—is relatively small, CEA12 compensates by
relying on the pressure difference generated by the
depth disparity between these arteries.

4. DISCUSSION
This study employs a 0D model due to its suit-

ability for capturing global flow distribution in a sim-
plified and computationally efficient manner. The de-
cision to explicitly compute the radius of each blood
vessel segment, and directly derive resistance from

anatomical parameters, eliminates the need for em-
pirical tuning. This approach makes the model ideal
for steady-state analysis of systemic haemodynam-
ics, as outlined by Shi et al. [5]. It also retains flexib-
ility and simplicity when modelling arterial flow re-
distribution.

One limitation of this study is the lack of
capillary-level analysis, which is essential for un-
derstanding microvascular perfusion. Additionally,
the model is relatively coarse, considering only six
vascular regions, which introduces significant uncer-
tainty in the redistribution of flow values. The study,
however, lays the foundation for future research that
will incorporate larger datasets and finer perfusion
partitioning at the cortical region level. This would
be particularly beneficial given the rapid advance-
ments in imaging techniques that are less invasive,
more affordable, and increasingly applicable in clin-
ical settings [16]. The increased precision in these
imaging techniques would reduce uncertainty in flow
redistribution calculations. As more regions are con-
sidered, the model would be required to satisfy more
complex redistribution conditions. While this adds
difficulty, it ultimately leads to more precise and re-
fined insights into haemodynamic behaviour.

Here, the model’s scalability should be noted, as
it can easily adapt to perfusion data of different preci-
sion levels by adjusting the partitioning of regions of
interest. Currently, the model is based on just six vas-
cular regions, but it can be extended down to the level
of individual cortical branches. This flexibility will
allow for the integration of more detailed pial per-
fusion data, which will contribute to advancing the
understanding of local blood flow dynamics. Ulti-
mately, this will enable the development of more ac-
curate, patient-specific predictive models for stroke
management.

Validation of both vasculature structure and
LMA topology remains a challenging task. It is
hoped that future advancements in imaging tech-
niques will provide more quantitative data for valid-
ation, allowing for more robust assessments of the
model’s accuracy. The study is currently advan-
cing in the direction of performing comparative ana-
lyses with a broader range of patient cases. This
work aims to deepen the understanding of the rela-
tionship between variations in both LMA topology
and overall vasculature network structure, particu-
larly in response to changes in pressure environ-
ments, physiological conditions, and distal perfusion
demands.

5. CONCLUSION
A 0D modelling framework that integrates syn-

thetic vascular network generation with flow rate
measurements to enhance the assessment of cerebral
collateral circulation was introduced. This approach
enables patient-specific simulations without requir-
ing detailed vascular segmentation whilst taking in
account peripheral collateral network, addressing
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key limitations in traditional peripheral vasculature
models, thus representing a step toward bridging the
gap between imaging-based assessments and predict-
ive haemodynamic modelling, offering a practical
approach for investigating cerebrovascular haemody-
namics in both research and clinical settings. Fu-
ture work will focus on validating LMA topology
and model performance, increasing model granular-
ity, and expanding the analysis to a broader range of
patient cases.
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ABSTRACT

The current study investigates the effects of sur-
face boundary conditions—no-slip, free-slip, and
finite-slip—on flow dynamics and heat transfer in
turbulent Rayleigh–Bénard (RB) convection for dif-
ferent Prandtl numbers. Using a three-dimensional
lattice Boltzmann method (LBM) solver in di-
rect numerical simulation (DNS) mode, simulations
are performed for three Prandtl numbers Pr =

0.786, 4.38, 10 and two Rayleigh numbers Ra = 2 ×
106, 107. The aim is to understand how surface con-
ditions influence flow patterns, thermal mixing, and
heat transfer efficiency in a cubic cavity with heated
bottom and cooled top walls. Results show that
free-slip conditions significantly enhance heat trans-
fer, yielding higher Nusselt numbers due to thin-
ner thermal boundary layers and stronger convective
currents. In contrast, finite-slip conditions produce
results similar to no-slip cases, indicating minimal
impact for the slip lengths considered. The results
demonstrate that surface boundary conditions play a
role in modulating flow dynamics and heat transfer
in RB convection.

Keywords: Lattice Boltzmann method
(LBM), Navier-slip, Prandtl number effects,
Rayleigh–Bénard (RB) convection, Surface
boundary conditions, Turbulent flows.

NOMENCLATURE

H [m] Cavity height
Nu [−] Nusselt number
Pr [−] Prandtl number
Ra [−] Rayleigh number
TKE [m2/s2] Turbulent kinetic energy

g [m/s2] acceleration due to gravity
rms [−] Root mean square
x, y, z [−] Coordinates
Th [K] Bottom wall temperature
Tc [K] Top wall temperature
Ub [m/s] Free-fall velocity
∆T [K] Temperature difference
β [1/K] Thermal expansion coefficient
κ [m2/s] Thermal diffusivity
ν [m2/s] Kinematic viscosity

1. INTRODUCTION
Surface coatings play a pivotal role in engineer-

ing applications, offering benefits such as drag re-
duction, corrosion resistance, wear resistance, and
enhanced surface properties like thermal and elec-
trical insulation. These coatings not only improve
durability and efficiency but also passively influence
scalar transfer in technical flows by modifying sur-
face energy properties and altering boundary con-
ditions. Flows over slippery surfaces are prevalent
in both natural phenomena and industrial applica-
tions [1, 2]. Hydrophobic and super-hydrophobic
surfaces, in particular, are widely used for drag re-
duction and self-cleaning in transportation systems.
Numerically, the hydrophobicity of such surfaces can
be modeled using tailored slip velocity boundary
conditions.

A common mathematical framework for these
applications involves the use of a finite slip length
formulation. The Navier slip length, defined as the
distance from the surface to the point where the
extrapolated wall-parallel velocity component van-
ishes, is a standard choice [3]. A slip length of
zero corresponds to a no-slip surface, while an infi-
nite slip length represents a free-slip surface. Typical
slip lengths range from 100 nm for hydrophobic sur-
faces to 100 µm for super-hydrophobic surfaces [4].

1
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Previous studies ([5, 6]) have explored the effects
of slip length in turbulent channel flows, focus-
ing on isotropic and anisotropic slip conditions for
drag reduction. In the context of Rayleigh–Bénard
(RB) convection, Mayeed et al. (2016) [7] demon-
strated heat transfer enhancement using hydropho-
bic bottom and hydrophilic top walls, though their
work was limited to two-dimensional flows and low
Rayleigh numbers. Experimental studies by Wu et al.
(2013) [8] further investigated the impact of surface
wettability on RB convection.

In this study, we investigate the influence of vari-
ous surface conditions on turbulent Rayleigh–Bénard
convection, a canonical problem involving fluid con-
fined in a cubic cavity with a heated bottom wall,
a cooled top wall, and adiabatic side walls [9, 10].
Three-dimensional numerical simulations are per-
formed using a lattice Boltzmann method (LBM)
solver [11], which is well-suited for efficient upscal-
ing to high Rayleigh number regimes with strong
thermal forcing. The LBM solver operates in direct
numerical simulation (DNS) mode, ensuring full-
scale resolution of the flow dynamics. The primary
objective is to examine the effects of no-slip, free-
slip, and finite-slip boundary conditions on flow and
heat transfer characteristics for fluids and chemical
solvents with different Prandtl numbers.

2. FLOW SETUP AND CONFIGURATION
Figure 1 illustrates the schematic setup for

Rayleigh–Bénard convection in a cubic cavity of di-
mensions H × H × H in the x-, y-, and z-directions,
respectively, where H is the height and serves as the
characteristic length scale. The simulations are pa-
rameterized by the Rayleigh number, Ra = βgH3∆T

νκ
,

and the Prandtl number, Pr = ν
κ
. Here, β is the vol-

umetric expansion coefficient of the fluid, g is the
gravitational acceleration, and ∆T = Th − Tc is the
temperature difference across the cavity height H. ν
and κ represent the kinematic viscosity and thermal
diffusivity of the fluid, respectively.

The cubic cavity is bounded by walls on all sides.
The bottom wall is heated and maintained at a higher
temperature Th, while the top wall is cooled and kept
at a lower temperature Tc. The vertical side walls are
treated as adiabatic, meaning no heat flux is allowed
across them. For velocity boundary conditions, three
configurations are considered: no-slip, free-slip, and
Navier-slip. In the no-slip condition, all velocity
components on the walls are set to zero. For the free-
slip condition, the wall-normal velocity component
is zero, while the wall-parallel components are spec-
ified using a Neumann boundary condition. In the
finite-slip (Navier-slip) cases, the wall-normal veloc-
ity component is zero, and the wall-parallel compo-
nents follow the Navier-slip condition: us = ls

∂u
∂n as

illustrated in Figure 2, where u is the wall-parallel
velocity component, n is the wall-normal direction,
and ls is the slip length. The simulations are per-
formed for the two Rayleigh numbers Ra = 2 × 106,

107 and three Prandtl numbers Pr = 0.786 (air), 4.38
(water),10 (ethyl alcohol). For the finite-slip cases,
isotropic slip lengths of ls = 0.00005, 0.0001, 0.0005
are considered.

Figure 1. Schematic diagram of the cuboidal
Rayleigh–Bénard convection set-up.

Figure 2. Schematic of the Navier-slip boundary
condition parameterization based on a slip veloc-
ity us and a slip length ls.

3. OVERVIEW OF THE NUMERICAL
METHODOLOGY

The current study employs an off-lattice Boltz-
mann method (OLBM). The numerical solver im-
plements the discrete velocity and temperature
Boltzmann equations within the lattice Boltzmann
method (LBM) framework to simulate flow and
thermal fields. The implementation is based on
a finite-difference approach, specifically designed
for non-isothermal flows under the linear Ober-
beck–Boussinesq approximation. To enhance nu-
merical stability, the LBM collision term is treated
implicitly. Time integration of the LBM equa-
tions is performed using a characteristic-based
Lax–Wendroff scheme, while the advection terms are
discretized using an explicit second-order central-
difference scheme. To mitigate oscillations arising
from non-dispersive central difference schemes, a
sixth-order compact spatial filter is applied. The
solver has been validated through various benchmark
problems in earlier studies [11, 12, 13], and the same
solver is utilized for the present simulations.

2
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Here, a stretched grid to achieve finer resolution
near the wall boundaries, ensuring accurate capture
of boundary layer dynamics. Initial perturbations,
analogous to those proposed by Schoppa and Hussain
(2000) [14], are introduced to the conductive initial
condition. These finite-amplitude perturbations are
designed to trigger convective instabilities, acceler-
ating the transition from the initial state.

4. RESULTS
In a previous study, preliminary results on the in-

fluence of different surface boundary conditions (no-
slip, free-slip, and finite Navier-slip) and varying slip
lengths on RB convection had been obtained for a
fixed Rayleigh number Ra = 2 × 106 and Prandtl
number Pr = 4.38. In the present study, we extend
this analysis to explore the effects of surface bound-
ary conditions on RB convection for fluids with dif-
ferent Prandtl numbers (Pr = 0.786, 4.38, 10). Sta-
tistical data were collected over sufficiently long time
periods to ensure statistical independence. The anal-
ysis includes spanwise and time-averaged isotherm
and flow pattern contours, as well as profiles of mean
temperature ⟨T ⟩, turbulent kinetic energy (TKE), and
root mean square (RMS) fluctuation of temperature
(Trms) along the cavity height for each case. The
impact on heat transfer is quantified using the Nus-
selt number (Nu). Temperature is normalized by
∆T = Th − Tc. Velocity components are normalized
using the free-fall velocity Ub =

√
βg∆T H as the

bulk velocity scale. TKE and Trms are normalized
using U2

b and ∆T , respectively.

4.1. Effect on flow and thermal patterns
The formation of convection rolls or vortex

modes is discussed in this section for different sur-
face boundary conditions for Ra = 2 × 106 and
varying Pr. Additionally, results are presented for
Ra = 107 and Pr = 4.38. Instantaneous flow con-
tours reveal multiple chaotic flow patterns for no-
slip and finite-slip boundary conditions, whereas a
single large vortex is observed for free-slip cases.
Flow reversal behavior is evident in instantaneous
contours for all configurations except the free-slip
(FS) case. Figures 3 - 11 present spanwise and time-
averaged isotherm and streamline contours, illustrat-
ing the temperature distribution and flow patterns
across the domain. While the x- and z-directions
are geometrically equivalent in our cubic domain, the
choice of spanwise averaging along the z-direction
is made for consistency in visualization. Arrows in-
dicate flow direction, with their lengths representing
velocity magnitude, while the background color re-
flects the temperature field. The vortex patterns arise
due to the buoyancy force generated by the temper-
ature gradient between the top and bottom walls. In
RB convection, the structure of these rolls typically
depends on the aspect ratio of the domain and signifi-
cantly influences heat transfer rates. In this study, the
aspect ratio is fixed at 1 for all simulations. The sur-

face boundary conditions induce substantial changes
in both the flow and thermal fields.

A finite slip length of ls = 0.0005 is considered
for slip conditions for all Prandtl number cases. The
results corresponding to Pr = 4.38 are presented in
Figures 3 - 5 for different surface conditions. For
Pr = 4.38 and 10, the flow patterns under no-slip and
finite-slip conditions exhibit a (2, 2) vortex mode,
characterized by two vortices along each horizontal
and vertical direction. Usually, the (M, N) vortex
mode denotes a flow pattern with M vortices in the
horizontal plane and N vortices along the vertical di-
rection. The (2, 2) vortex mode is attributed to the
relatively low thermal diffusivity compared to mo-
mentum diffusivity at higher Prandtl numbers. As
a result, heat is transported more slowly than mo-
mentum, and the flow is dominated by viscous ef-
fects. The results corresponding to Pr = 0.786 are
presented in Figures 6 - 8 for different surface con-
ditions. In contrast to higher Prandtl number cases,
for the lower Prandtl number (Pr = 0.786), the flow
under no-slip and finite-slip conditions is dominated
by a single large diagonal vortex, accompanied by
two smaller vortices near the other corners. This
behavior arises because thermal diffusion dominates
at lower Prandtl numbers, allowing heat to diffuse
more rapidly than momentum. The weaker momen-
tum diffusion promotes the formation of larger co-
herent structures, while the smaller corner vortices
result from local recirculation effects and nonlinear
interactions near the boundaries. Notably, higher ve-
locity magnitudes are observed for the lower Prandtl
number case, with velocity magnitudes decreasing as
the Prandtl number increases. For free-slip boundary
conditions, a single large vortex is observed across all
Prandtl numbers. This is consistent with the reduced
frictional resistance at the boundaries, which allows
the flow to organize into a more coherent, large-scale
structure.

The results for Ra = 107 and Pr = 4.38 are il-
lustrated in Figures 9 - 11, showcasing surface con-
ditions. Two different finite-slip lengths (ls = 0.0001
and 0.00005) are considered in the simulations. At
the higher Rayleigh number Ra = 107, the flow be-
comes more turbulent, and the influence of buoyancy
forces dominates over viscous effects. Under no-slip
and finite-slip conditions, the flow patterns are char-
acterized by a single large diagonal vortex accom-
panied by two smaller corner vortices, even for the
higher Prandtl number Pr = 4.38. This behavior is
attributed to the strong buoyancy forces and turbu-
lent mixing at higher Ra, which overcome the stabi-
lizing effect of viscosity. The two smaller corner vor-
tices are secondary flows driven by the interaction of
the primary vortex with the boundaries. While the
no-slip and finite-slip cases exhibit similar flow pat-
terns, the finite-slip case with ls = 0.00005 results in
lower velocity magnitudes compared to the no-slip
case. Simulations for free-slip boundary conditions
at Ra = 107 are forthcoming and will be addressed
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elsewhere.

4.2. Effect on flow and thermal statistics

In this section, the variation of first-order and
second-order statistical quantities along the cavity
height is presented for different boundary conditions.
Horizontal (x-z plane) averages of statistical quan-
tities are presented in Figures 12 - 15 , provid-
ing a detailed understanding of the spatial distribu-
tion of flow and thermal properties in the Rayleigh-
Bénard convection. Figures 12, 13 show the non-
dimensionalized mean temperature profiles along the
cavity height for Ra = 2 × 106 and various Prandtl
numbers (Pr = 0.786, 4.38, and 10). The mean tem-
perature profiles for free-slip cases exhibit steeper
gradients near the walls compared to no-slip and
finite-slip conditions. This is due to the higher flow
velocities near the walls in the free-slip configura-
tions, which result in thinner thermal boundary lay-
ers and enhanced heat transfer. The finite-slip pro-
files are similar to those of the no-slip case, indicat-
ing that the slip length considered here (ls = 0.0005)
has a small effect on the thermal boundary layer. The
thermal diffusion is dominant in the lower Prandtl
number (Pr = 0.786) cases, resulting in smoother
temperature profiles.

The profiles of non-dimensionalized turbulent
kinetic energy (TKE) along the cavity height are pre-
sented in Figure 14 for different Prandtl numbers
(Pr = 0.786, 4.38, and 10) and boundary condi-
tions. TKE is a key measure of the intensity of tur-
bulent fluctuations in the flow. In free-slip cases,
the fluid near the walls experiences minimal fric-
tional resistance, allowing for higher flow veloci-
ties and stronger turbulent fluctuations. As a result,
the TKE values are significantly larger for free-slip
boundary conditions compared to no-slip and finite-
slip cases across all Prandtl numbers. The absence of
wall friction in free-slip configurations enhances the
turbulence intensity, leading to more mixing within
the flow. This behavior is consistent with the ob-
served steeper temperature gradients and higher heat
transfer rates in free-slip cases, as discussed ear-
lier. The Prandtl number influences the TKE distri-
bution along the vertical coordinate. At lower Prandtl
numbers (Pr = 0.786), thermal diffusion dominates
over momentum diffusion, resulting in larger flow
velocities and stronger turbulent fluctuations. Con-
sequently, the TKE values are higher for the Pr =
0.786 case compared to the higher Prandtl number
cases. The difference between finite-slip and no-
slip cases is also more pronounced at lower Prandtl
numbers, with finite-slip conditions showing slightly
larger TKE values due to the reduced frictional resis-
tance at the walls. For higher Prandtl numbers, the
TKE values are lower due to the increased viscous
damping of turbulent fluctuations. The difference be-
tween no-slip and finite-slip cases is relatively small,
indicating that the effect of partial slip on turbulence
intensity diminishes for higher Prandtl numbers.

Figure 3. Time- and spanwise-averaged mean
velocity vectors (arrows) and temperature distri-
bution (colored contours) for the no-slip case at
Ra = 2 × 106 and Pr = 4.38.

Figure 4. Time- and spanwise-averaged mean ve-
locity vectors (arrows) and temperature distribu-
tion (colored contours) for the free-slip case at
Ra = 2 × 106 and Pr = 4.38.
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Figure 5. Time- and spanwise-averaged mean ve-
locity vectors (arrows) and temperature distribu-
tion (colored contours) for the finite-slip case at
Ra = 2 × 106 and Pr = 4.38.

Figure 6. Time- and spanwise-averaged mean
velocity vectors (arrows) and temperature distri-
bution (colored contours) for the no-slip case at
Ra = 2 × 106 and Pr = 0.786

Figure 7. Time- and spanwise-averaged mean ve-
locity vectors (arrows) and temperature distribu-
tion (colored contours) for the free-slip case at
Ra = 2 × 106 and Pr = 0.786.

Figure 8. Time- and spanwise-averaged mean ve-
locity vectors (arrows) and temperature distribu-
tion (colored contours) for the finite-slip case at
Ra = 2 × 106 and Pr = 0.786 .
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Figure 9. Time- and spanwise-averaged mean
velocity vectors (arrows) and temperature distri-
bution (colored contours) for the no-slip case at
Ra = 107 and Pr = 4.38.

Figure 10. Time- and spanwise-averaged mean
velocity vectors (arrows) and temperature distri-
bution (colored contours) for the finite-slip with
ls = 0.0001 case at Ra = 2 × 106 and Pr = 4.38.

The profiles of non-dimensionalized root mean
square (RMS) temperature fluctuations (Trms) along
the cavity height are shown in Figure 15 for dif-
ferent Prandtl numbers and boundary conditions at
Ra = 2 × 106. The Trms profiles provide insights
into the intensity of thermal fluctuations and the ef-
ficiency of thermal mixing in Rayleigh-Bénard con-

Figure 11. Time- and spanwise-averaged mean
velocity vectors (arrows) and temperature distri-
bution (colored contours) for the finite-slip with
ls = 0.00005 case at Ra = 2 × 106 and Pr = 4.38.
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Figure 12. Vertical profiles of the mean tempera-
ture.

vection. The steeper gradients near the walls in free-
slip cases indicate a thinner thermal boundary layer,
which is consistent with the higher heat transfer rates
observed in these configurations. The higher Trms
values near the walls in free-slip cases are because
of intense thermal mixing. The difference between
finite-slip and no-slip cases is small, indicating that
the slip length considered here (ls = 0.00050) has a
minimal effect on the thermal fluctuations. The Trms
profiles look smoother for lower Prandtl numbers be-
cause of the stronger diffusion effects.
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Figure 13. Zoomed-in view of the mean tempera-
ture profiles from Figure 12 showing the vicinity
of the bottom wall.

 0

 0.005

 0.01

 0.015

 0.02

 0.025

 0.03

 0.035

 0.04

 0.045

 0.05

 0  0.2  0.4  0.6  0.8  1

 NS        FS        Slip

 T
K

E
 

Y

Pr = 0.786 : 

Pr = 4.38 : 

Pr = 10 : 

 

 

 

 

 

 

Figure 14. Vertical profiles of the TKE.
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Figure 15. Vertical profiles of the RMS fluctuation
temperature.

4.3. Effect on heat transfer
The Nusselt number (Nu) is a key dimensionless

parameter used to quantify the heat transfer rate in

convective systems. In this study, the overall mean
Nusselt number is computed as the area average of
Nu = − ∂⟨T ⟩

∂y /
(
∆T
H

)
over the top and bottom walls. The

Nusselt number provides a measure of the efficiency
of convective heat transfer relative to conductive heat
transfer.

The Nusselt numbers for different cases are pre-
sented in Table 1. In free-slip cases, the fluid ex-
periences no frictional resistance at the walls, al-
lowing for higher flow velocities near those bound-
aries. This results in a thinner thermal boundary
layer (see Figure 13), which significantly enhance the
heat transfer rate. The free-slip condition enables the
fluid to move more freely near the walls, increasing
thermal gradients and promoting stronger convective
heat transfer. As a result, the free-slip condition con-
sistently yields higher Nusselt numbers compared to
no-slip and finite-slip conditions across all Prandtl
numbers investigated. Notably, the enhancement in
heat transfer is most pronounced for Pr = 10, where
the Nusselt number increases 170% compared to the
no-slip case. This is attributed to the combined ef-
fects of reduced viscous damping and enhanced ther-
mal gradients at higher Prandtl numbers. Finite-slip
boundary conditions, which allow partial slip at the
walls, result in heat transfer rates that are nearly iden-
tical to those observed for no-slip conditions. This
suggests that the finite-slip length considered here
(ls = 0.0005) is insufficient to significantly alter the
flow dynamics or heat transfer characteristics com-
pared to the no-slip condition. At the higher Rayleigh
number Ra = 107 and Pr = 4.38, the heat trans-
fer rates are significantly higher due to the increased
buoyancy-driven turbulence. These results indicate
that the finite-slip boundary conditions result in only
minor changes in heat transfer at high Rayleigh num-
bers. A small increment in the Nusselt number is ob-
served for the finite-slip case ls = 0.0001. Even at
higher turbulent Rayleigh numbers, the effect of par-
tial slip on heat transfer remains limited for the slip
lengths considered in this study.

Table 1. Nusselt number obtained from the differ-
ent boundary conditions simulations.

Ra Pr Walls Nu
2 × 106 No-slip 10.27
2 × 106 0.786 Free-slip 21.43
2 × 106 Slip ls = 0.0005 10.30
2 × 106 No-slip 9.97
2 × 106 4.38 Free-slip 19.99
2 × 106 Slip ls = 0.0005 9.90
2 × 106 No-slip 9.81
2 × 106 10 Free-slip 26.55
2 × 106 Slip ls = 0.0005 9.75

107 No-slip 16.76
107 4.38 Slip ls = 0.0001 17.27
107 Slip ls = 0.00005 16.74
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5. CONCLUSION
This study investigates the effects of different

surface boundary conditions—no-slip, free-slip, and
finite-slip—on flow dynamics and heat transfer in
turbulent Rayleigh–Bénard convection for various
Prandtl numbers (Pr = 0.786, 4.38, and 10). Three-
dimensional numerical simulations were performed
using an off-lattice Boltzmann method solver in
DNS mode. Free-slip boundary conditions consis-
tently produce a single large vortex across all Prandtl
numbers, as the absence of wall friction allows for
stronger convective currents and more efficient ther-
mal mixing. Free-slip conditions significantly en-
hance heat transfer, producing higher Nusselt num-
bers due to thinner thermal boundary layers and
stronger convective currents, while finite-slip condi-
tions yield results similar to those of no-slip cases,
indicating minimal impact for the slip lengths con-
sidered. Flow patterns vary with Prandtl number,
with higher Pr fluids forming smaller vortices and
lower Pr fluids exhibiting larger coherent structures.
At Ra = 107, increased turbulence leads to a large
vortex flow pattern, even for higher Pr. These find-
ings highlight the critical role of surface conditions
in modulating flow dynamics and heat transfer, with
free-slip surfaces offering significant thermal perfor-
mance improvements. Future studies will explore the
effect of slip on larger aspect ratio domains and con-
duct detailed analyses of boundary layers and energy
budgets to further advance practical applications.
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ABSTRACT
The internal carotid artery (ICA) is the primary

blood supply to the brain and exhibits complex geo-
metric variations that influence hemodynamic be-
havior. In particular, the highly curved siphon re-
gion is associated with elevated wall shear stress
(WSS), which may cause damage to endothelial cells
and contribute to disease progression. However, the
quantitative relationship between ICA morphology
and WSS distribution remains unclear. To clarify
this relationship, we developed a novel ICA center-
line classification method based on spatial geomet-
ric features and categorized the centerlines extracted
from the BraVa dataset into four types: U, V, C, and
S. Computational fluid dynamics (CFD) simulations
were then conducted to analyze the WSS distribution
in each classified geometry and to reveal differences
in flow patterns. The results show that the U-type has
two high-curvature regions, causing large WSS vari-
ations. The V-type has concentrated curvature, lead-
ing to a localized high WSS region. C-type torsion
and non-coplanar bends create a complex WSS dis-
tribution. The S-type resembles the U-type but has
a larger B2 bending angle, resulting in higher WSS.
These findings highlight the impact of vascular mor-
phology on WSS and support further studies on ICA
hemodynamics.

Keywords: Blood flow simulation, geometric clas-
sification, internal carotid artery, vascular geo-
metry, wall shear stress

NOMENCLATURE
p [Pa] pressure
u [m/s] velocity
α [◦] binormal angle
ν [m2/s] kinematic viscosity
ρ [kg/m3] fluid density
θ [◦] bend angle

1. INTRODUCTION
Cerebrovascular diseases are a leading cause of

death worldwide [1], with aneurysms presenting a
significant risk due to their potential for rupture,
which can lead to severe complications or fatal out-
comes [2]. Therefore, early diagnosis and predictive
systems are essential for improving patient prognosis
and reducing healthcare costs.

The supraclinoid segment of the ICA is a com-
mon site for aneurysm formation, and its complex
vascular structures pose challenges for treatment [3].
Understanding the relationship between ICA geo-
metry and hemodynamics is essential for early pre-
diction and non-invasive diagnosis, which can be fur-
ther advanced through CFD simulations.

The formation of aneurysms is influenced by
both hemodynamic forces and vascular geometry.
Among these, WSS plays a critical role in aneurysm
initiation.[4, 5] High WSS and high WSS gradi-
ents contribute to media thinning and bulge forma-
tion, marking the early stages of aneurysm develop-
ment. Furthermore, abnormal WSS induces cell ap-
optosis, extracellular matrix degradation, and inflam-
mation, accelerating aneurysm progression. Vas-
cular geometry directly affects local hemodynam-
ics; studies on ICA curvature have shown that high-
curvature regions are subject to elevated WSS and
WSS gradients, increasing their susceptibility to an-
eurysm formation.[6]

To further refine aneurysm risk assessment, clas-
sification methods based on vascular geometry have
been explored. Zhang’s study [7] categorized ICA
into U, V, C, and S types, revealing that vascu-
lar shape is associated with disease-related hemody-
namic patterns. Sangalli et al.[8] analyzed 65 sub-
jects and found that 70% of ICAs with aneurysms
located at or beyond the terminal bifurcation were V-
type, whereas all ICAs without aneurysms were U-
type. These findings suggest that ICA shape classi-
fication may serve as an important indicator of in-
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tracranial aneurysm risk and its underlying hemody-
namic mechanisms.

However, existing classification methods heav-
ily rely on manual segmentation by medical experts,
making them highly subjective and difficult to stand-
ardize. Such subjectivity may affect the reliability of
comparing WSS distributions among different mor-
phological types. To overcome this limitation, our
research group has been developing a novel ICA
classification method that utilizes shape features of
the vessel centerline to objectively classify ICA geo-
metry, dividing it systematically into new U, V, C,
and S types. This approach aims to eliminate subject-
ive biases and improve consistency in vascular shape
analysis.

Despite advancements in ICA morphology clas-
sification, the quantitative impact of different ICA
geometries on WSS distribution remains underex-
plored. Given that WSS plays a important role in the
initiation of intracranial aneurysms, further investig-
ation is warranted to quantitatively elucidate its rela-
tionship with ICA morphology.

To address these challenges, this study applies
the above-mentioned classification method to cat-
egorize ICA models from the publicly available
BraVa dataset [9, 10] into four distinct types—U, V,
C, and S—and analyzes their WSS distributions to
identify distinct patterns associated with each mor-
phology, emphasizing the role of geometry in shap-
ing local hemodynamics.

2. DATA ACQUISITION
This study utilizes the BraVa open-source data-

set, which provides entire cerebral vascular geometry
data from 61 healthy individuals. This study focuses
on the ICA and the proximal segment of the middle
cerebral artery (MCA) before bifurcation, as shown
in Figure 1. To account for variations in vessel length
and numerical resolution constraints, only 71 cases
were selected for further analysis.

Figure 1. Target region: entire ICA and a portion
of MCA prior to MCA bifurcation

The entire cerebral vascular network is extrac-
ted into centerline form, and after selecting the tar-
get vessels, key parameters such as curvature, tor-
sion, Frenet normals, parallel transport normals, co-

ordinates, and maximum inscribed sphere radius are
obtained using V-Modeler [11].

3. CLASSIFICATION METHOD
This study defined ICA shapes using key geo-

metric features, including bend angle (θ), maximum
curvature location, superior and inferior extreme
points, binormal angle (α), and siphon length, as
shown in Fig 2. The UVCS classification follows
the scheme illustrated in Fig 3

Figure 2. Segmentation of ICA

Figure 3. Flowchart of defining the classification
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4. 3D MODEL CONSTRUCTION
In this study, the ICA radius was determined

based on literature values [12]. Given the signi-
ficant variation in ICA diameter at different loca-
tions—4.67 ± 0.47 mm in the distal ICA and a
40% reduction (to 2.71 ± 0.37 mm) before enter-
ing MCA—a constant radius of 1.5 mm was adop-
ted. This choice ensures a physiologically reasonable
vessel morphology while preventing surface overlap
in highly curved regions. By maintaining a moder-
ate fixed radius throughout the vascular structure, this
study aims to minimize the impact of radius variation
on hemodynamic computations while preserving the
essential geometric characteristics of the ICA.

The vascular model was reconstructed using
Vascular Modeling Toolkit (VMTK) [13], which
generates the vessel surface based on the extracted
centerline data.

5. NUMERICAL METHOD
The governing equations used in this study fol-

low the incompressible Navier–Stokes framework
and are solved using the finite volume method via
the open-source CFD platform OpenFOAM (Open-
FOAM Foundation, 2024). These equations are ex-
pressed as follows:

∂ui

∂xi
= 0 (1)

∂ui

∂t
+ u j
∂ui

∂x j
= −

1
ρ

∂p
∂xi
+ ν
∂

∂x j

(
∂ui

∂x j
+
∂u j

∂xi

)
(2)

where ui, u j, and xi, x j denote the components of
velocity and spatial coordinates, respectively.

In this study, we assume that the blood flow is
in a steady state, which implies no temporal vari-
ation in the velocity field. Based on this assumption,
the steady-state solver SimpleFoam was employed to
solve the governing equations.

Although blood exhibits shear-thinning non-
Newtonian behavior at low shear rates, under high
shear conditions typical in large arteries, its viscosity
remains nearly constant. Thus, blood was modeled
as an incompressible Newtonian fluid with a dens-
ity of ρ = 1060 kg/m3 and a kinematic viscosity
of ν = 4.43 × 10−6 m2/s. Vessel walls were as-
sumed rigid, with no-slip boundary conditions, and
viscoelastic effects were neglected.

To reduce numerical artifacts from boundary
conditions, inlet and outlet planes were set perpen-
dicular to the vessel centerline and located suffi-
ciently far from the curved region. Computational
meshes were generated using ANSYS ICEM CFD
software (ANSYS Inc., 2024). Tetrahedral meshes
were applied to the vessel lumen, and refined prism
layers were constructed near the wall to improve
WSS accuracy. Each model comprised approxim-
ately 300,000–400,000 elements.

The velocity field was initialized to zero, and the

pressure was uniformly set to 0 Pa. At the inlet, flow
rate of 3.63 × 10−6 m3/s was applied, with a zero-
gradient pressure boundary condition. At the outlet,
the velocity had a zero-gradient condition, and pres-
sure was fixed at 0 Pa as a reference.

6. RESULTS
6.1. Classification Results

Table 1 presents the distribution of UVCS shape
classifications in the BraVa dataset. The results in-
dicate that the U-type is the most prevalent, account-
ing for 42 cases (59.2%), followed by the V-type with
21 cases (29.6%). The C-type comprises 7 cases
(9.8%), while the S-type is the least common, with
only 1 case (1.4%). These findings suggest that U-
type and V-type structures are more frequently ob-
served in the BraVa dataset, whereas C-type and S-
type are relatively rare. The distribution pattern is
consistent with the proportions reported in the liter-
ature.

BraVa

Type Count (Proportion)

U 42 (59.2%)
V 21 (29.6%)
C 7 (9.8%)
S 1 (1.4%)

Table 1. Results of Classification.

6.2. Geometry Comparison and Simulation
Results

Four representative UVCS models were selected
from the classified BraVa dataset, with the inlet and
outlet lengths extended accordingly, as shown in Fig
4.

Figure 4. UVCS ICA Model using in CFD

CFD computational meshes were then gener-
ated for these models to conduct blood flow simu-
lations. Additionally, the curvature and torsion of the
four ICA types were computed, as shown in Fig 5,
providing a basis for further exploration of the rela-
tionship between geometric characteristics and sim-
ulation results.
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Figure 5. Curvature and Torsion alone Centerline

6.2.1. U-type ICA

The U-type vessel is characterized by a distinct
curvature in its midsection, forming a U-type con-
figuration. This morphology results in significant
bending angles in both the inferior and posterior seg-
ments. Additionally, U-type vessels tend to lie within
the same plane, indicating a relatively low torsion
and a comparatively small alpha angle.

Figure 6. U-type Simulation Result

The curvature pattern of U-type vessels signific-
antly influences blood flow velocity and WSS dis-
tribution. As shown in Fig 5, U-type vessels in
the ICA siphon region typically exhibit two adjacent
curvature peaks, causing rapid flow deviation within
the vessel. As illustrated in Fig 6, the first curvature
peak directs the main flow toward the outer side of
bend B2, while the second curvature peak redirects
the flow toward the outer side of bend B1. Con-
sequently, due to these consecutive high-curvature
regions, U-type ICAs generally develop two distinct
areas of elevated WSS following the bends.

Furthermore, the torsion distribution in Fig 5 in-

dicates that U-type vessels exhibit relatively low tor-
sion peaks, suggesting minimal rotational deforma-
tion along the vessel’s axis. This implies that U-type
vessels primarily undergo planar curvature changes
rather than significant spatial twisting, as observed
in other vessel types.

6.2.2. V-type ICA

The V-type vessel is characterized by a promin-
ent curvature angle in the ICA siphon region. Com-
pared to U-type vessels, V-type vessels exhibit a
more concentrated curvature with fewer bends. The
distal bend of the V-type vessel has a relatively smal-
ler curvature angle, and the entire vascular structure
primarily lies within a single plane, resulting in a
smaller alpha angle.

Figure 7. V-type Simulation Result

As shown in Fig 5, V-type ICAs typically ex-
hibit a single major curvature peak in the siphon re-
gion. This curvature peak induces significant flow
deviation, particularly toward the outer side of bend
B1, resulting in a high WSS region, which is notice-
ably higher than that of U-type vessels, as illustrated
in Fig 7. Meanwhile, the central outer region of bend
B1 exhibits a low WSS area.

Furthermore, the torsion distribution in Fig 5 in-
dicates that V-type vessels also do not exhibit prom-
inent torsion peaks, suggesting an absence of signi-
ficant rotational deformation. This implies that V-
type vessels primarily exist within the same plane,
without noticeable twisting along the vessel’s axis.

6.2.3. C-type ICA

The shape of C-type vessels closely resembles
that of V-type vessels, they exhibit a distinct fea-
ture: a pronounced torsion rate after the center re-
gion, particularly near the superior portion. This sug-
gests that C-type vessels do not lie entirely within a
single plane and in cases of significant bending, the
anterior and posterior segments may be arranged per-
pendicularly.

As shown in Fig.5, the C-type vascular struc-
tures generally share a similar curvature profile with
V-type geometries. However, the torsion peaks in
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Figure 8. C-type Simulation Result

C-type vessels are significantly higher than those
in V-type vessels. Consequently, the elevated tor-
sion after the central portion may induce swirling
or eddy formation due to abrupt three-dimensional
directional changes in blood flow. In Fig.8, a high
WSS region is observed in the high-curvature cent-
ral portion of the ICA siphon. Additionally, the in-
creased torsion values cause a spatial displacement
of the high WSS region in the central part of the
ICA siphon. These combined factors contribute to
the unique hemodynamic patterns characteristic of
the C-type ICA configuration.

6.2.4. S-type ICA

The S-type vascular structure is highly com-
plex, characterized by additional bends appearing be-
fore the inferior bend, which further complicates its
hemodynamic properties. This vascular configura-
tion is extremely rare in the general population and
is scarcely documented in most vascular databases.
Consequently, defining the morphological boundar-
ies of S-type vessels remains challenging.

Figure 9. S-type Simulation Result

As observed in Fig 6, the WSS distribution of
the S-type vessel is similar to that of the U-type ves-
sel, with two distinct regions of elevated WSS cor-
responding to the two curvature peaks. In Fig 9, it
can be seen that these elevated WSS regions appear

before and after the bends. However, compared to
the U-type vessel, the S-type vessel exhibits a greater
bending angle at B2, leading to higher WSS values in
this region.

Additionally, Fig 5 shows that the torsion dis-
tribution of the S-type vessel exhibits greater fluctu-
ations compared to that of the U-type vessel. This in-
creased torsional variation may lead to more swirling
or vortex formation, resulting in spatial displacement
of WSS and contributing to a more complex flow en-
vironment.

7. DISCUSSION
In this study, ICA geometries were classified into

four types—U, V, C, and S—based on centerline fea-
tures. CFD simulations were performed to evaluate
WSS distributions for each morphology. The res-
ults showed that geometric characteristics such as
curvature and torsion were associated with the spatial
distribution of high WSS, and that each shape exhib-
ited a characteristic high-WSS pattern.

While this study has demonstrated a relation-
ship between ICA morphology and WSS distribu-
tion, several limitations should be noted. The sample
models were mainly derived from the BraVa dataset,
where S-type geometries were rare, limiting morpho-
logical diversity. Additionally, a constant vessel ra-
dius was used across all models to control for variab-
ility, and patient-specific diameter differences were
not considered. Although mesh refinement was ap-
plied near the wall, a full mesh independence study
remains necessary.

Future work may focus on increasing the num-
ber of samples and including pathological cases to
enhance the statistical power and clinical relevance
of the findings. To improve the objectivity of mor-
phological classification, Principal Component Ana-
lysis (PCA) could be applied to uniformly resampled
centerline coordinates, allowing for the extraction of
dominant shape features and identification of cluster-
ing patterns in a reduced-dimensional feature space.

Furthermore, if 3D WSS distributions could be
projected onto a two-dimensional representation of
the vessel surface, unfolded along the centerline, it
would allow for more intuitive and quantitative com-
parisons across different ICA morphologies. Such a
mapping approach may also help clarify how local
geometric features influence the distribution of wall
shear stress. In addition, machine learning tech-
niques may be applied to predict WSS patterns from
geometric input, supporting the development of per-
sonalized aneurysm risk assessment models.

8. CONCLUSION
This study classified ICA geometries from the

BraVa dataset into four distinct types—U, V, C,
and S—and analyzed their impact on WSS distribu-
tion using CFD simulations. The results highlight
the significant influence of curvature and torsion on
WSS, with high-curvature regions exhibiting elev-
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ated WSS, which may play a role in vascular remod-
eling and disease progression.

Among the ICA types, U-type is the most com-
mon, characterized by a pronounced midsection
curvature, leading to two distinct regions of elevated
WSS due to consecutive high-curvature zones. V-
type, with a single major curvature peak and fewer
bends, exhibits a highly localized high WSS region,
particularly at bend B1, with values significantly
higher than those in U-type vessels. C-type vessels
share a similar curvature distribution with V-type but
exhibit significantly higher torsion values. The pres-
ence of non-coplanar bends and extreme variations
in torsion in C-type vessels leads to a more complex
WSS distribution, where high torsion contributes to
the spatial displacement of WSS regions. S-type, the
least frequent configuration, shares a similar WSS
pattern with U-type, featuring two WSS peaks be-
fore and after the bends; however, its larger bending
angle at B2 results in even higher WSS in that region.
Additionally, the greater torsional variation in S-type
vessels leads to increased vortex formation and WSS
displacement, further complicating the flow envir-
onment. These findings emphasize the critical role
of ICA morphology in shaping hemodynamic con-
ditions, particularly WSS distribution, which could
influence vascular disease risks.

In future research, we can increase the sample
size to enhance reliability and further investigate
the correlation between shape characteristics and
WSS distribution. Establishing this relationship will
provide a foundation for the future application of ma-
chine learning in predicting WSS distribution based
on vascular geometry.
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ABSTRACT

In the computational investigations of atmo-
spheric flows in urban environments, steady-state
Reynolds-averaged Navier-Stokes (RANS) simula-
tions are still preferred to transient scale-resolving
ones due to their relatively low computational de-
mand and fast turnover times. An extensively doc-
umented challenge associated with RANS models
in atmospheric applications is the unwanted altera-
tion of the prescribed velocity and turbulence pro-
files in the streamwise direction, caused by the in-
adequate treatment of solid wall boundaries and the
well-known inconsistencies between the atmospheric
boundary layer (ABL) profiles and general-purpose
turbulence models. Although several methods have
been proposed to preserve the streamwise homogen-
eity of the neutral ABL, previously, most of these
have been developed for the k-εmodel family, which
is known to perform poorly in impinging and separ-
ated flows, making its applicability in building aero-
dynamics questionable. The present work proposes
and benchmarks two approaches, namely custom
wall functions and the sand-grain-roughness-based
boundary condition, aimed at maintaining the pre-
scribed atmospheric boundary layer inlet profiles in
steady-state calculations using the k-ω SST model,
which is better suited for investigating flows around
bluff bodies. The same approaches are also applied to
the standard k-ε and realizable k-ε models for com-
parison. The proposed methods are implemented in
both Ansys Fluent and OpenFOAM and the results
from a test case with a surface-mounted cube are
compared. Simulations in an empty domain show
significant improvements in the homogeneity of the
ABL, with the best performance achieved by a log-
arithmic atmospheric wall function formulation. The
accuracy of the proposed methods is quantified by

reproducing the surface pressure distribution of a
cuboid building model subjected to an ABL-like ap-
proach flow in a wind tunnel.

Keywords: Atmospheric boundary layer, Ansys
Fluent, k-ω SST, OpenFOAM, Surface-mounted
cube, Wall function

NOMENCLATURE
ab [−] blending function parameter
Ak [m2/s2] TKE profile parameter
Bk [m2/s2] TKE profile parameter
Ck [m2/s2] TKE profile parameter
cp [−] static pressure coefficient
Cs [−] roughness constant
Cµ [−] turbulence model constant
Dk [m2/s2] TKE profile parameter
E [−] empirical constant
fb [−] blending function
H [m] height of the cube
k [m2/s2] turbulent kinetic energy
Ks [m] sand-grain roughness height
N [−] number of pressure probes
O [−] observed (measured) data set
P [−] predicted (simulated) data set
p [Pa] static pressure
q [−] hit rate
R [−] correlation coefficient
u [m/s] x-velocity
u∗ [m/s] friction velocity
v [m/s] y-velocity
w [m/s] z-velocity
z [m] vertical coordinate
z0k [m] TKE profile reference height
z0w [m] aerodynamic roughness height
z0 [m] aerodynamic roughness height
zmod [m] modified vertical coordinate
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α [−] power-law exponent
β∗ [−] turbulence model constant
δ [m] boundary layer depth
∆abs [−] absolute error
∆rel [−] relative error
κ [−] von Kármán constant
ν [m2/s] kinematic viscosity
ω [1/s] specific dissipation rate
ρ [kg/m3] density
σ [−] standard deviation
τ [Pa] wall shear stress
ε [m2/s3] turbulence dissipation rate

Subscripts and Superscripts
i element index of the observed and meas-

ured data sets
in inlet variables
w values used in the wall function
p values at the first cell centre
re f reference values
+ nondimensional values

1. INTRODUCTION
A crucial challenge in using Reynolds-averaged

Navier-Stokes (RANS) models in atmospheric simu-
lations is creating a so-called horizontally homogen-
eous atmospheric boundary layer (HHABL) flow by
avoiding the unintended streamwise alteration of the
prescribed velocity and turbulent kinetic energy pro-
files as they travel along the numerical domain. This
alteration otherwise results in a mismatch between
the inflow and approach flow profiles and the flow
reaching the area of interest will therefore be differ-
ent to the intended one – which is a well-documented
problem, impacting the fidelity of numerical simula-
tions [1, 2, 3, 4]. This problem stems from the form-
ation of an internal near-wall boundary layer due to
inconsistencies between the wall treatment, the trans-
port equations and the inflow profiles[1, 4, 5].

Several studies have proposed methods for the
preservation of the inflow profiles of a neutral ABL
when using the k-ε model family. These include the
modification of model constants [4, 6, 7, 8], the use
of corrective source terms [4, 7, 8, 9], and custom
wall functions [4, 7, 8, 10] among others. However,
the commonly used standard and realizable k-εmod-
els are known to underperform in wall-bounded flows
compared to the k-ω SST model [11]. This is ap-
parent in flows around bluff bodies, where the over-
prediction of k by the k-ε models reduces or even
eliminates the separation behind the windward edges
of obstacles [11, 12, 13]. The k-ω SST model per-
forms significantly better in impinging and separ-
ated flows, making it a preferable alternative for bluff
body flow simulations [11].

However, the commonly used Ansys Fluent CFD
solver – hereinafter referred to as Fluent – does not
provide an option to employ user-defined wall func-
tions when using ω-based turbulence models. In-

stead, the user must rely on the rough wall boundary
condition based on the sand grain roughness model.
While formulations for a consistent set of rough-
ness parameters and inlet conditions have already
been proposed, these either rely on the drastic modi-
fication of model constants [14], or must employ
overly large cells near the wall to abide by the re-
quirements for creating a HHABL flow, originally
formulated by Blocken et al. [3] [15]. As an ex-
ample, the optimal set of roughness parameters for a
high-roughness ABL flow determined by Townsend
et al. [15] requires roughly 29 m high first cells at
full scale, which is in itself larger than many low-rise
buildings.

The current work proposes a new formulation
for obtaining an optimum set of roughness paramet-
ers using this boundary condition and shows how the
well-known contradiction in the requirements for a
high-fidelity HHABL simulation [3] can be circum-
vented with the current version of Fluent (version
2023 R1). Comparisons are drawn between the ap-
plicable wall treatment methods in OpenFOAM and
Ansys Fluent as well as between the implementations
available for the k-ε and k-ω SST models. The per-
formance of the new method for prescribing appro-
priate surface roughness for neutral HHABL flows
is assessed based on the velocity and TKE profiles
in a two-dimensional empty channel and the surface
pressure distribution of a surface-mounted cube in a
three-dimensional channel.

2. METHODOLOGY

2.1. Inflow conditions

The inlet boundary conditions are determined
based on the wind tunnel measurements of [16],
with auxiliary data supplemented from [17] and are
identical in the OpenFOAM and Fluent simulations.
A neutrally stratified, hydrostatic ABL is assumed,
where the balancing buoyant and gravitational forces
are subtracted from the equation of motion, and the
problem is regarded as incompressible. The thermal
stratification is therefore not considered in this work.
For the velocity profile, a power-law function is fitted
to the entire data set. A horizontally homogeneous
flow is assumed, with zero mean vertical and lateral
velocity components (v ≡ 0; w ≡ 0), in the form of

u (z) = ure f

(
z + zre f

zre f

)α
− ure f , (1)

where ure f denotes the reference velocity, zre f is the
reference height and α is the exponent of the power-
law profile. For the fitted values of the above para-
meters, see Table 1.

A four-parameter logarithmic-polynomial pro-
file is used for the turbulent kinetic energy (TKE)
profile. This generally offers more flexibility for fit-
ting to wind tunnel data than the commonly used pro-
file proposed by Parente et al. [7] and ensures a zero
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Table 1. Fitted parameters for the power law and logarithmic mean x-velocity profiles, the logarithmic-
polynomial TKE profile and the fb blending function.

ure f [m/s] zre f [m] α [−]
u∗w [m/s]
(Fluent)

u∗w [m/s]
(OpenFOAM) z0w [m]

0.4472 1.493 × 10−5 0.2707 0.3839 0.3759 1.060 × 10−3

z0k [m] Ak

[
m2/s2

]
Bk

[
m2/s2

]
Ck

[
m2/s2

]
Dk

[
m2/s2

]
δ [m] ab [−]

5 × 10−3 0.1149 −5.453 × 10−2 5.699 × 10−3 0.4912 0.4819 7.591

gradient at the wall [18]:

k (z) = Ak ln2
(

z + z0k

z0k

)
+ Bk ln3

(
z + z0k

z0k

)
+

Ck ln4
(

z + z0k

z0k

)
+ Dk,

(2)

where the value of z0k, Ak, Bk, Ck and Dk parameters
are listed in Table 1. The inflow profiles of ε and
ω for the respective RANS models are determined
based on the profiles of u and k:

ε (z) =
√

Cµk (z)
∂u (z)
∂z

(3)

and ω can be expressed from ε via the transformation
of Wilcox [19], adopted by Menter [20]:

ω (z) =
ε (z)
β∗k (z)

=
1√
Cµ

∂u (z)
∂z
, (4)

where β∗ and Cµ model constants are both kept at the
Fluent default value of 0.09 [18].

In the wind tunnel measurements, the appro-
priate velocity profile was created using physical
obstacles, including tripping fences and turbulence-
generating spires. These elements did not extend to
the top of the wind tunnel and the flow above them
remained uniform. To model this effect, a modified
zmod vertical coordinate is introduced, expressed as

zmod (z) = z (1 − fb (z)) + δ fb (z) , (5)

where δ is the depth of the boundary layer in the wind
tunnel and fb (z) is given as

fb (z) =
1
2

(
1 + sin

(
π

2
max (−1,min (ab (z − δ) , 1))

))
,

(6)

where ab is a fitted blending parameter. The values
of δ and ab are listed in Table 1.

2.2. Wall treatment

2.2.1. Wall treatment in OpenFOAM

In the case of the OpenFOAM simulations, a log-
arithmic law of the wall is employed. The friction
velocity u∗w and aerodynamic roughness height z0w in
Equation 7 are determined by fitting a logarithmic
profile to the velocity measurements in the range of

4 × 10−3 m < z < 6 × 10−2 m.

Uw (z) =
u∗w
κ

log
(

z + z0w

z0w

)
, (7)

where κ is the von Kármán constant, with slightly dif-
ferent default values in the two solvers (OpenFOAM:
κ = 0.41, Fluent: κ = 0.4187), hence the different
friction velocities used in the implementations in the
respective solver (see Table 1).

2.2.2. Wall treatment in Fluent

As mentioned in Section 1, user-defined wall
functions are not available for the k-ω SST model
in Fluent. Therefore, the logarithmic wall function
is only used with the standard k-ε and realizable k-
ε models, while the rough wall condition is used for
the k-ω SST model instead. For fully rough bound-
ary layers – as is the case in ABL flows in general –
the velocity in the first cell centre next to the wall is
calculated as

upu∗

τw/ρ
=

1
κ

ln
( Ez+p

1 +CsK+s

)
, (8)

where, from here on, subscript p denotes the val-
ues in the first cell centre, at the height of z = zp.
Furthermore, E = 9.793 is an empirical constant,
u∗ = C1/4

µ k1/2
p is the friction velocity, τw is the wall

shear stress, ρ is the density of the fluid and the
Cs roughness constant and Ks sand grain roughness
height are provided by the user. The z+p and K+s
values are nondimensionalized as z+p = zpu∗/ν and
K+s = Ksu∗/ν respectively, where ν is the kinematic
viscosity. In the current work, the value of Cs is
kept constant (at the Fluent default value of 0.5 [21]),
while Ks is chosen so that Eqs. (7) and (8) give the
same velocity values for the first cell centre, meaning

τw/ρ

u∗
1
κ

ln
( Ez+p

1 +CsK+s

)
=

u∗w
κ

log
(

z + z0w

z0w

)
. (9)

By rearranging Eq. (9), the roughness height can be
expressed as

Ks =
Ezpz0w

Cs

(
zp + z0w

) − 1
C+s
, (10)

where C+s contains the approximate values of the
various formulations of the friction velocity found in
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Eqs. (7) and (8):

C+s =
τw/ρ

u∗ν
Cs ≈

ν dU
dz

∣∣∣∣∣
zp

+C1/2
µ kp

C1/4
µ k1/2

p ν
Cs. (11)

With Cs being fixed at 0.5, the resulting roughness
height is Ks = 3.818 × 10−3 m. This value is higher
than the first cell centre height zp = 3 × 10−3 m and
therefore does not satisfy the minimum cell height
criterion formulated by Blocken et al. [3]. However,
the authors noted that this limitation was posed by the
available 6.2 version of Fluent at the time, and in case
of future developments in this regard, this require-
ment might need to be reconsidered. Indeed, since
version 14, Fluent does not restrict the wall-normal
mesh resolution based on the roughness height (see
section 7.4.15.3.1 in the Ansys Fluent User’s Guide
[21]). Thus the above-presented parameter values
can be employed with no apparent conflict.

2.3. Numerical setup
2.3.1. Empty channel

The wall functions and optimized roughness
parameters are first assessed using a two-dimensional
empty channel with a length of 1.2 m and a height of
1 m, matching the wind tunnel in the experimental in-
vestigations [16]. (While this domain will be referred
to as a two-dimensional, it is effectively a single-
cell-wide three-dimensional domain, as OpenFOAM
uses three-dimensional meshes exclusively. For a dir-
ect comparison of the results, the same mesh is em-
ployed in Fluent.) The numerical mesh consists of
6360 (60 × 106) hexahedral cells, with uniform hori-
zontal spacing, a first cell layer height of 6 × 10−3 m
and a wall-normal grading with a reference cell ex-
pansion ratio of 1.14.

The inflow profiles described in Section 2.1 are
imposed at the inlet, while zero gauge pressure is pre-
scribed at the outlet. The wall treatment methods are
applied to the channel floor, and a symmetry con-
dition is applied to the top boundary. In the Open-
FOAM implementation of the 2D channel, the lateral
boundaries are set to "empty", while a symmetry con-
dition is applied to them in Fluent.

2.3.2. Surface-mounted cube

After the preliminary 2D simulations, the meth-
ods are employed for a 3D channel containing
a surface-mounted cube with an edge length of
H = 0.2 m. The vertical and lateral dimensions of
the domain match the cross-section of the wind tun-
nel, while the longitudinal dimensions upwind and
downwind of the cube are set in accordance with the
guidelines of Franke et al. [22]. For the domain di-
mension, see Figure 1. The mesh is fully structured
and uses the same first cell height and vertical grad-
ing as the 2D mesh outside the vicinity of the cube,
resulting in 1.15 million hexahedral cells. At the sur-
face of the cube, 26 cells are located along the ho-
rizontal edges and 23 along the vertical edges. The

Pressure Outlet
Rough Wall

Symmetry

y
z

x

Symmetry

15.5H

5.5H
10H

5H
Velocity Inlet

Figure 1. Top: sketch of the 3D computational
domain with the surface-mounted cube. Dimen-
sions are displayed relative to the cube height
(H = 0.2 m). Bottom: close-up image of the mesh
at the surface of the cube.

3D simulation uses the same boundary conditions as
the 2D channel, except for the "empty" conditions
at the lateral boundaries in OpenFOAM, which are
replaced by the slip wall boundary condition. Addi-
tionally, the faces of the cube are treated as smooth
walls.

2.3.3. Solver settings

Air density was set to 1 kg/m3 and the kinematic
viscosity accordingly to 1.5×10−5 m2/s in the Fluent
simulations for direct compatibility with the Open-
FOAM calculations. (OpenFOAM solves for the kin-
ematic pressure p/ρ instead of the static pressure in
incompressible cases, assuming unit density.)

Table 2. Naming convention of cases. The last
character denotes the solver used in the specific
case (O– OpenFOAM, F– Fluent)

Notation Turbulence model Wall treatment

SSTKW-F k-ω SST Rough wall
SSTKW-O k-ω SST Log-law
SKE-F Standard k-ε Log-law
SKE-O Standard k-ε Log-law
RKE-F Realizable k-ε Log-law
RKE-O Realizable k-ε Log-law

The simulations were performed using steady-
state incompressible solvers in both software with
a second-order spatial discretization of the pres-
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Figure 2. Vertical profiles of u (top) and k (bottom) with their relative errors to the prescribed inlet profiles
below z = H height at the outlet, with a distance of x = 6H from the inlet.

sure, second-order upwind discretization for the mo-
mentum and first-order upwind discretization for the
turbulent variables. All 3D simulations are per-
formed on the CPU partition of the Komondor High-
Performance Computer (HPC), using 24 processor
cores of an AMD EPYC™ 7763 processor.

3. RESULTS

3.1. Empty channel

The velocity and its relative error at the outlet
(at x = 6H) of the 2D channel (Figure 2) show
that all five implementations utilizing a logarithmic
wall function behave similarly, with error values gen-
erally below 10% in the most critical, near-ground
region. Out of these cases, those using the stand-
ard k-ε model produce the highest relative error at
the first cell centre, at 9.6% and 9.3% for the Flu-
ent and OpenFOAM implementations respectively.
It should also be noted, that the OpenFOAM simu-
lations using the standard and realizable k-ε models
result in marginally smaller relative errors than their

counterparts in Fluent (average absolute deviations
from the prescribed profile below z = H: SKE-F -
2.02%, SKE-O - 1.70%, RKE-F - 1.88% and RKE-O
- 1.74%). Meanwhile, the rough wall implementa-
tion in Fluent (case SSTKW-F) produces noticeably
larger errors at almost all locations below z = H, with
a peak relative error of 32.3% immediately next to
the wall (average absolute deviations from the pre-
scribed profile below z = H: SSTKW-F - 5.49%
and SSTKW-O - 1.84%). This points to the rough
wall function behaving differently to the formulation
shown in Eq. 8, likely due to the compensation for
the cell centre height being smaller than the rough-
ness height [21]. This produces a different velocity
at the first cell centre compared to the other simu-
lations, indicating that the local near-wall speedup
of the flow may still compromise the results at this
height.

The resulting TKE profiles at the outlet show
considerable deviations from the inlet profile in all
cases. The maximum relative errors to the fitted pro-
file range from 16.19% to 24.61%, with the highest

5
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



0 0.5 1 1.5 2 2.5 3 3.5 4

s/H [-]

-1.5

-1

-0.5

0

0.5

1
c

p
 [

-]

0,4

1 2

3

0 0.5 1 1.5 2 2.5 3

s/H [-]

-1.5

-1

-0.5

0

0.5

1

c
p
 [

-]

0

1 2

3

0 0.5 1 1.5 2 2.5 3

s/H [-]

-1.5

-1

-0.5

0

0.5

1

c
p
 [

-]

0

1

2

3

SSTKW-F

SSTKW-O

SKE-F

SKE-O

RKE-F

RKE-O

Wind tunnel

Figure 3. Distribution of the pressure coefficient along the horizontal and vertical centre lines of the cube.
Error bars correspond to rms measurement values. s/H denotes the nondimensional distance along the
centre lines. (For the orientation, see the sketches in the top right corners of the plots, where the black
arrow shows the wind direction.)

error once again produced by the SSTKW-F case, us-
ing the rough wall condition. Despite the improved
formulation of the TKE profile, the fit to the ex-
perimental data is far from ideal and the measured
values themselves deviate from this profile consid-
erably, with errors comparable to those produced by
the simulations.

3.2. Surface-mounted cube
The results of the simulations in the three-

dimensional domain are validated with the experi-
mental surface pressure data from [16]. For this
purpose, the static pressure values are presented as
pressure coefficients, calculated as

cp =
p − p0
1
2ρu

2
H

, (12)

where uH = 5.412 m/s is the prescribed inflow velo-
city at z = H and the p0 reference static pressure is
sampled in the numerical domain at the same loca-
tion as in the measurement; at the channel wall, in
the lateral midplane of the cube and at the height of
0.25 m.

Figure 3 shows the distribution of the pressure
coefficient along the horizontal and vertical centre
lines of the cube. The depression on the sides of
the cube (s/H between 1-2 and 3-4 in the top plot
of Figure 3) is underpredicted by both k-ω SST sim-
ulations, while it is only significantly underpredicted
behind the top leading edge (s/H = 1 in the bottom
left plot of Figure 3) by the Fluent implementation of
the k-ω SST model. As this location is sufficiently
far from the channel floor, it is likely that this dis-
crepancy between the two simulations is not the res-
ult of the different wall treatment methods but rather
a difference in the implementations of the k-ω SST
model itself in the two solvers. The Fluent and Open-
FOAM simulations, which use the standard k-ε and
realizable k-ε models, produce largely similar pres-
sure distributions, invariably overestimating the mag-
nitude of the front overpressure and the depression
behind the top leading edge. All turbulence mod-
els generally overestimate the pressure on the wind-
ward, side and leeward walls, with the most notice-
able deviations from the experimental data shown on
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the side walls. Overall, the k-ω SST cases, and spe-
cifically the SSTKW-O case provide the best agree-
ment between the simulated and measured values.

Following the qualitative remarks, four differ-
ent scalar metrics were employed to provide a basis
for comparing the performance of the individual im-
plementations quantitatively. These are the correl-
ation coefficient (R), the hit rate (corresponding to
the value of the measurement uncertainty, q0.142), the
factor of two observations (FAC2) and the average
absolute deviation (AAD). Their calculation is as fol-
lows:

R =

(
Oi − O

) (
Pi − P

)
σOσP

(13)

q =
1
N

N∑
i=1

ni, where

ni =


1 if (1 − ∆rel) ≤ Pi

Oi
≤ (1 + ∆rel)

1 if |Pi − Oi| < ∆abs

0 otherwise,

(14)

FAC2 =
1
N

N∑
i=1

ni, where

ni =


1 if 0.5 ≤ Pi

Oi
≤ 2

1 if |Pi| < ∆abs and |Oi| < ∆abs

0 otherwise,
(15)

and

AAD = |Oi − Pi|. (16)

In the above definitions, Oi and Pi respectively de-
note observed (measured) and predicted (simulated)
pressure coefficient values at the ith static pressure tap
on the surface of the cube, with σO and σP denoting
the standard deviation of the observed and predicted
dataset, the overbars above quantities denoting mean
values and N = 175 standing for the total number
of pressure taps on the surface of the cube. For the
arrangement of the pressure taps, the reader is re-
ferred to Papp et al. [16]. Furthermore, ∆abs = 0.142
and ∆rel = 0.25 absolute and relative errors are taken
from the experimental investigations.

A high correlation coefficient serves as a neces-
sary but not sufficient condition for a good statist-
ical match. This condition is satisfied by all simula-
tions, with values of R ranging from 0.921 to 0.957.
However, a simulated pressure distribution achiev-
ing a higher correlation coefficient than another does
not automatically constitute a better overall agree-
ment with the measurement data. The hit rate and
the FAC2 metrics are calculated on a similar basis
but the latter is generally more robust as it is not
affected by outliers. It should also be noted, that
assuming smaller errors for the experimental results

Table 3. Validation metrics of the surface-
mounted cube simulations.

Case R q0.142 FAC2 AAD

SSTKW-F 0.935 0.583 0.909 0.184
SSTKW-O 0.955 0.606 0.966 0.161
SKE-F 0.954 0.463 0.886 0.180
SKE-O 0.921 0.451 0.869 0.206
RKE-F 0.957 0.463 0.886 0.186
RKE-O 0.932 0.457 0.903 0.192

Target values 1 1 1 0

would automatically narrow the criterion for a "hit"
(ni = 1 in Equation 14), leading to a lower hit rate,
indicating a worse match between the otherwise un-
changed experimental and simulated data.

The validation metrics show that the SSTKW-O
case outperforms all other simulations, with the
second-best match achieved by the SSTKW-F case
in the hit rate and FAC2 metrics. In comparison, the
validation metrics generally indicate that the k-ε sim-
ulations underperform, with the Fluent implementa-
tions achieving somewhat higher hit rates and lower
average absolute deviation values than the Open-
FOAM cases, although the same trend is not present
for the FAC2 metric.

4. CONCLUSIONS
The various implementations of the logarithmic

wall functions produced similar results in the empty
channel simulations, with maximum relative error
values for the velocity consistently below 10%,
achieving a good match between the inflow and out-
flow profiles. The rough wall formulation (necessit-
ated by the limited wall function capabilities of An-
sys Fluent) produced the largest velocity errors next
to the wall, which points to further improvements
needed regarding this method. Meanwhile, the er-
rors in the TKE profiles were significantly higher in
every case and the distinction between the perform-
ance of the logarithmic wall function and the rough
wall function became less clear. The pressure distri-
bution on the surface of the surface-mounted cube
shows the clear advantages of using the k-ω SST
model, which achieved a better match to the exper-
imental data. Based on the employed validation met-
rics, the best overall agreement with the experimental
data was achieved by the OpenFOAM implementa-
tion of the k-ω SST model, with significant differ-
ences noted between the behaviour of the Fluent and
OpenFOAM implementations.
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ABSTRACT
The aerodynamic effects of ice accretion on

wind turbine blades has been studied using numer-
ical methods. The ice accretion process on an aero-
foil was simulated using RANS based simulations.
The aerodynamic performance of the iced aerofoil
was then investigated using several turbulence mod-
els, including both LES and DES. The results show
that the shape of the ice has a profound influence on
the lift and drag of the aerofoil and a small change
in the ice shape can have a significant impact on the
performance. Also, the choice of turbulence model is
found to be important, with the results varying more
than 100% between models.

Keywords: aerodynamic performance,vice accre-
tion, LES, wind turbine

NOMENCLATURE
A [m2] cell surface area
C [−] force coefficient
F [N] aerodynamic force
M [kg] accreted ice mass
Nt [-] number of triangles
U [m/s] droplet velocity
c [m] chord length
d [m] droplet diameter
m [kg/m2] mass surface density
α [deg] angle of attack
ρ [kg/m3] density

Subscripts and Superscripts
L, D lift, drag
LWC liquid water content
cl clean aerofoil
air properties of air
d properties of droplet
i cell number
j coordinate direction
v triangle number

1. INTRODUCTION

During the past decade, a substantial amount
of wind power capacity has been developed in cold
climate regions. Driving factors for this develop-
ment are low population densities, as well as favour-
able atmospheric conditions featuring low air dens-
ities and often higher average wind speeds than in
more moderate climates. In recent years, particu-
larly large developments took place in Inner Mon-
golia (China), Northern Scandinavia and Finland, as
well as Canada.[1] Despite the overall potential for
wind power in cold-climate regions, the risk of blade
icing poses a serious challenge for the operation of
wind turbines in such areas. On the one hand, this
relates to associated security issues such as ice throw.
On the other hand, the aerodynamic degradation of
the blades due to icing can bring about notable pro-
duction losses as well as increased turbine loads.
Today, about a quarter of the global installed wind
energy capacity is expected to be prone to the risk
of icing.[2] In counties like Sweden, with more than
80% of the installed capacity in 2020 being located
in the most northerly quarter of the country, even
higher shares of the turbine fleet are situated in icing-
affected regions.[3] The modelling and forecasting of
icing events and their impact on turbine performance
and loads is therefore gaining importance for both
planning and operation of wind farms.

Modelling the impact of icing on the blades
of multi-megawatt wind turbines entails various
coupled processes that need to be incorporated. The
modelling challenge thus not only relates to the diffi-
culties in modelling each individual process, but also
in their connectivity and, consequently, the sensitiv-
ity of individual processes to the outputs of preceding
modelling steps. Significant efforts have been made
to investigate these processes including the meteoro-
logical forecasting of potential icing conditions, the
modelling of ice accretion processes on airfoil sec-
tions [4, 5, 6], the prediction of airfoil degradation
due to accumulated ice and, finally, the modelling
of power and loads of the full turbine. While some

1
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work purely focused on one of the aforementioned
involved processes, most studies seek to establish
an entire model chain comprising several connected
models, each for one respective process.

To date, the majority of studies with an en-
gineering perspective typically start from a given
time series of liquid water content (LWC), temper-
ature and wind speed. Based on such a set of in-
put variables the accretion of ice on the airfoil sec-
tions of the turbine blade can generally be modelled.
The first studies of the impact of icing on airfoils
date back to 1930’s and originated in the aerospace
community.[7, 8] Over the past two decades various
authors presented more specific studies on the accre-
tion on wind turbine blades. Among these one may
mention the work of Kangash et al [9] and Son and
Kim [10].

Due to the scale separation in time between the
flow and ice accretion, a common approach is to
compute the ice accretion and the flow around the
ice accreted airfoils in separate stages. For the flow
computations a common approach is to use simpli-
fied methods to reduce the computational efforts. For
example, a potential flow solver is used in LEWICE
(although there is a possibility to import flow fields
from other solvers) [11], whereas the panel method is
used in TURBICE (see e.g. [12]). Recently, thanks to
the increase in computational power and to the need
to account for 3D effects, it is more and more com-
mon to solve the full set of Navier-Stokes equations
(see e.g. [13, 14, 15]). Droplet transport is com-
monly modeled either in an Eulerian (e.g. [15]) or
Lagrangian (e.g. [16, 17, 13]) framework.

In the case of rime ice conditions one can as-
sume that all droplets hitting the surface freeze in-
stantaneously, thus there is no need for heat trans-
fer computations. The amount of droplets hitting
the surface is determined explicitly or specified via
the collection efficiency, depending if a lagrangian
or eulerian model is used for droplet transport. To
model glaze ice, the most common approach is to
compute 1D heat transfer problems based on the so-
called Stefan’s problem formulated for aeronautical
applications by Messinger in 1953 and further im-
proved by Myers in 2001 (see e.g. [13]).

In the case of severe icing conditions the ice
structures formed on the surfaces may significantly
change the flow topology. In order to account for
such changes, a common approach is to divide the
time interval of the entire icing event in sub-intervals.
During each sub-interval the geometry is considered
constant. Before the next time interval is computed,
the surface (and the mesh used for the flow computa-
tions) is updated to account for the ice accreted dur-
ing the previous interval. Such a multi-step approach
is used e.g. in [13]. A sensitivity study to phys-
ical and modeling parameters affecting airfoil icing
is shown in [15].

The modified lift and drag curves of the airfoil
sections resulting from the ice accretion computa-

tions can then be employed in an aerodynamic model
of the wind turbine, typically based on the blade ele-
ment momentum (BEM) method [18]. Homola et al.
[19], for instance, employed such a model chain to
investigate the impact of a generic 1h icing event on
the NREL 5MW reference turbine [20]. A similar
study was conducted by Etemaddar et al. [21]. Again
imposing generic constant icing events, the authors
investigated the sensitivity of the icing degradation to
different meteorological and operational conditions.
Later, Zanon et al. [22] also employed the aforemen-
tioned models but not in a sequential but in a weakly
coupled manner. More specifically, the BEM ap-
proach provided the instantaneous rotational speed of
the turbine during the icing event which allowed for
an adaptation of the inflow conditions in the RANS-
based accretion simulation. Others replaced the plain
BEM model with a coupled aero-elastic solver in or-
der to investigate the impact of icing on the structural
dynamics of the turbine [23, 24, 25].

Hence, the overarching aim of this project is
building the the model chain for meteorological sim-
ulations through ice accretion simulations of the
wind turbine blades to simulating the performance
of an ice accreted turbine. The particular focus of
this paper is the sensitivity of the middle link in the
chain, i.e. simulations of the ice build-up and the
aerodynamic performance of a blade section.

2. METHOD
We are considering incompressible flow around

an aerofoil, which is governed by the incompressible
Navier-Stokes equations. Two kinds of simulation
are performed, ice accretion simulations mainly per-
formed using RANS models and simulations to ac-
quire the aerodynamic forces where we employ LES
and DES models. The methods used for the different
simulations are given below.

2.1. Ice accretion simulations
In this work we assume that only rime ice is

formed, i.e. the air contains super cooled water
droplets that will freeze instantly in contact with the
wing section. To model this, we represent the liquid
water droplets using a statistical Lagrangian particle
tracking method. Each motion of each droplet parcel
is described by

dU j

dt
=
(
ρair − ρd

)
g
πd3

6
+ F j (1)

i.e. we only account for drag and gravity forces.
Since the droplets are very small (d = 27µm) we
neglect their influence on the air, i.e. one-way coup-
ling. Effects of turbulence on the droplet motion are
accounted for using a statistical particle dispersion
model in which both the direction and magnitude
are randomised and for the latter related to the local
magnitude of turbulent kinetic energy, i.e. what is
commonly known as a random walk model. The
ice accretion simulations are performed using Open-
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FOAM 4.1 in combination with an in-house tool for
morphing the aerofoil surface based on the amount
of ice accreted. The simulations are, in general, per-
formed in several steps, alternating between gener-
ating a flow field, calculating the ice accretion and
morphing the surface. Details within these steps may
vary depending on simulation strategy (i.e. choice
of turbulence model etc.). We have found that an
efficient approach to create the iced aerofoil shape
is to first create a statistically stationary flow field
using a RANS simulation. Thereafter, the LPT is
performed using this steady flow field and we ac-
count only for particle drag force and turbulent dis-
persion in the resulting differential equation of each
droplet parcel. The turbulent dispersion is done with
a stochastic model (a.k.a random walk). Each parcel
of Lagrangian particles that impacts the aerofoil sur-
face is registered. Since we are only considering rime
ice, a droplet impacting the surface is considered to
freeze immediately. It should be noted here that the
time scale of the flow and the ice accretion differ
substantially, with the icing time scale being much
longer. To increase the computational efficiency we
have therefore shortened the time scale by increas-
ing the LWC artificially. Our previous investigations
show that it is possible to decrease the time scale of
ice accretion by a factor 1000, i.e. one hour of ice
accretion is represented by 3.6 seconds of flow time.
Following each hour of ice build-up the simulation is
halted and the nodes of the aerofoil surface mesh are
moved in accordance with the amount of ice accreted
in each cell ensuring that the ice mass is conserved.
Thereafter a new computational mesh is generated
using snappyHexMesh and the aforementioned sim-
ulation steps are repeated. An example of the mesh
of morphed aerofoils are depicted in Fig. 1.

Figure 1. Example of a mesh from the ice accre-
tion simulations

2.2. Surface smoothing
The ice distribution is smoothed over the airfoil

surface. This step is motivated by the fact, that even
if the length of the LPT computations is long enough

to achieve a statistically converged ice distribution,
depending on the mesh resolution used to discretise
the airfoil, there might be small cells with no ice ac-
creted, leading to physically irregular shape of the ice
accreted surface.

The smoothing is done by transferring the in-
formation about the amount of accreted ice from cell
centers to cell vertices and vice versa. The amount
of accreted ice is stored during the CFD simulations
in cell centers. The smoothing operates on the mass
surface density, mi:

mi = Mi/Ai (2)

where Mi is the amount of ice accreted in cell i
and Ai is the area of cell i. Assuming that the amount
of ice accreted in a cell contributes equally to the
three vertices of the cell, the vertex values are com-
puted as:

mv =

Ntv∑
i=1

mi/3 (3)

In the second step the information is transferred
back to the cell centers:

mi =

3∑
v=1

mv/Ntv (4)

where Ntv is the number of triangles (cells) shar-
ing vertex v. The effect of smoothing is increasing
with increasing number of loops applying Eqs. 3 and
4. After smoothing, the accreted mass in each cell is
updated as:

Mi = mi Ai (5)

2.3. Turbulence modeling
In the ice accretion phase of the simulations we

are using the SST k-ω model[26]. To study the aero-
dynamic performance of the iced aerofoils we also
use LES and DES models. The LES approces con-
sidered are the WALE model [27] and the one equa-
tion eddy model [28]. The hybrid model considered
is the IDDES based on the Spalart-Allmaras model
[29]

3. COMPUTATIONAL SET-UP
The case considered in this study has the same

specifications as one of the rime ice cases in the wind
tunnel study by Hochart et al [30] (case 5).

The computational domain is outlined in Figure
2. The aerofoil shape is a NACA 63-415 which is
placed 6 chord lengths (c) from the inlet, the dis-
tance to the outlet from the leading edge is 10c
and the upper and lower boundaries are placed 6c
from the aerofoil. The width of the aerofoil is 0.4c.
The chord length is 0.2m and the wind speed is
36m/s which corresponds to a Reynolds number of
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Figure 2. Computational domain

Rec = 475, 000. The meshes used are hexahedral
with unstructured refinements created using snappy-
HexMesh. The number of cells is about 2.2·106 in the
LES cases and somewhat less for the RANS based
simulation 1.5 · 106, but also varies slightly between
cases due to the differences in ice shape. The cell
size in the refinement closest to the wing section is
c/320, however, where ever possible further refined
in the surface normal direction. A typical mesh lay-
out is shown in Figure 3. To get an indication of the
mesh sensitivity, we compare the lift coefficient for
the case of α = 7o with resolutions c/320 and c/160,
respectively. For the RANS based simulations, the
difference is then about 5 %, while it is about 20%
for the one equation eddy model. Considering the
wall normal resolution, y+ varies between 0.025 and
9.0 with an average value of 1.7. The velocity and
the variables for the turbulence are set as constant
values at the inlet and using the Neumann conditions
at the outlet. The pressure is defined as constant at
the outlet. The other outer boundaries of the domain
specified using the slip condition. On the aerofoil we
use no-slip conditions. For the ice accretion simula-
tions a RANS model is used (SST k-ω model[26]).

In the accretion based simulations the following
steps are taken. First a flow field is created using
a steady state simulation. The particle simulation is
then run using this "frozen" flow field. After a cer-
tain time the simulation is stopped and the aerofoil
geometry is updated based on the number of droplets
on the surface using the method outlined in Section
2.2. Here we use either 200 or 500 smoothing steps.
An new mesh is then generated and a new flow field
simulated. This is repeated until the required icing
time is achieved. It should be noted that in reality
the time scales for the flow and for the ice accretion
process differ by several orders of magnitude. The
ice accretion process has therefore been accelerated
by a factor 1000 in order to reach reasonable simu-
lation times. This is done by increasing the number
of droplets in each parcel. The total ice accretion

Figure 3. Mesh configuration, showing the local
refinements arounf the aerofoil

time in Hochart’s wind tunnel experiment was 11.8
minutes, which corresponds to 0.708 s in our simula-
tion. This was divided into 24 simulations of 0.0295
s each with morphing and smoothing of the geometry
in between simulation.

The study of the aerodynamic performance of
the iced aerofoil is performed using both geomet-
ries originating from using 200 and 500 smoothing
steps respectively. Most of the simulations here are
performed using the one equation eddy model [28],
however, in some cases we have also used the WALE
model, the IDDES model ant the SST model for com-
parison. In these simulations the angle of attack, α,
has been varied between 2 and 12 degrees.

The RANS simulations are performed using
SIMPLE approach (simpleFoam). The convective
terms are discretised using a bounded second order
upwind scheme and for the diffusive terms a second
order central scheme is used. In the LES a bounded
central scheme is used for the convective terms in-
stead and we use the pimpleFoam solver instead.

4. RESULTS
4.1. Ice mass and profiles

As can be seen from Table 1 our simulations
slightly overestimates the amount of ice accreted on
the surface compared to Hochart et al [30]. As can
also be observed, the difference in ice mass between
out two cases is also fairly small. Turning our atten-
tion to how the ice mass is distributed on the surface
we can see from Figure 4 that the iced profiles from
the two simulations are very similar. Most of the
ice is located close to the leading edge of the aero-
foil with also a a fairly large amount accreted on the
lower side, while the upper side is almost clean. This
coincides fairly well with the measured profile (red
dotted line in Figure 4. However, there are some im-
portant features missing in the simulation. The most
pronounced of these are the horn shape created on
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the upper side of the aerofoil and the waviness in
the lower side. These features, especially the horn,
might have a significant impact on the aerodynamic
performance of the aerofoil.

Table 1. Accreted ice mass for the two levels of
smoothing also comparing to the data of Hochart
et al [30] of 0.182kg/m

Smooth steps Accreted
mass [kg/m]

Difference
compared to
[30] in %

200 0.190 4.4
500 0.198 8.8

Figure 4. Aerofoil shape with ice at midspan for
different levels of smoothing during the accretion
process

Figure 5. Velocity field at α = 7 deg.

4.2. Aerodynamic forces
One would expect that an aerofoil subjected to

ice accretion would perform worse aerodynamically
than a clean one. Considering Figure 6 this is indeed
the case with two exceptions. Fo almost all angles
of attack α the lift coefficient is lower and the drag
coefficient is higher for the iced aerofoils. However,
in two cases we locally observe an opposite trend.
For the case with 200 smoothing steps in the ice ac-
cretion simulations (SM200) the performance is in-
stead significantly better at α = 9o and for SM500
similar results are found at α = 7o. In an effort to

explain this behaviour let us consider snapshots of
the speed at the four cases of interest. First con-
sider the situation at α = 7o shown in Figure 8. In
the SM200 case the flow stays attached up to about
half the chord length, where after a laminar separa-
tion occurs causing a fairly large wake. However, for
SM500 the ice layer is at a slightly different angle
causing a separation close to the leading edge with
an almost immediate reattachment and the flow stays
attached all the way to the trailing edge, with the
boundary layer becoming turbulent at about 60% of
the chord. From this the locally improved perform-
ance of the SM500 is obvious. Looking instead at
α = 9o the situation is slightly different. Here the
SM200 geometry behaves almost identically to what
we observed for SM500 at α = 7o, while the SM500
here displays a strong leading edge separation deteri-
orating the aerodynamic performance.

Figure 6. Lift and drag coefficient as a function
of angle of attack of the iced aerofoils compare to
the clean one. All simulations performed using the
one-equation eddy model

4.3. Influence of turbulence model
It might also be of interest to investigate the sens-

itivity to turbulence model for the ice accreted aero-
foil. Her we limit the study to the case α = 7o, since
that is the angle of attack used by Hochart et al [30]
and to the smoothing SM200.

5
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Figure 7. Snapshot of the speed for SM200 (top)
and SM500 (bottom) for α = 7o. All simulations
performed using the one-equation eddy model

Figure 8. Snapshot of the speed for SM200 (top)
and SM500 (bottom) for α = 9o. All simulations
performed using the one-equation eddy model

As can be seen from Table 2 the variation in
drag and lift between turbulence models is signific-
ant. Nevertheless, all these models show an increase
in drag and a decrease in lift compared to a clean
aerofoil simulated with the same turbulence model
and instead tabulating the ratios of lift and drag coef-
ficients shows a slightly different picture, as is seen
in Table 2.

5. SUMMARY
Predicting the aerodynamic performance of an

aerofoil subjected to ice accretion is a complex task.
We have shown that slight differences in the iced
geometry can have an enormous impact on the out-
come at certain angles of attack, even showing im-
proved performance. Comparing the different tur-
bulence models used we can conclude that none of
them are close to matching the data from Hochart et
al [30]. I would seem as the one equation eddy model

Table 2. Lift and drag coefficients for α = 7o,
SM200 for various turbulence models. To be com-
pared by the results of Hochart et al [30]: CL =

0.491, CD = 0.064

Model CD CL

One equation
eddy

0.078 0.360

WALE 0.021 0.808
IDDES 0.038 0.449
SST k-ω 0.026 0.850

Table 3. Ratios between lift and drag coefficients
for an ice accreted and a clean aerofoil at α = 7o,
SM200 for various turbulence models.

Model CD,ice/CD,cl CL,ice/CL,cl
One equation
eddy

1.13 0.80

WALE 1.44 0.88
IDDES 1.66 0.66
SST k-ω 1.35 0.96

does a decent job but that model significantly under
predicts the lift on the clean profile. This puts its
suitability for use in this Reynolds number range in
question. One should also mention that we have not
taken into account the effects of surface roughness
the ice generates beyond what we can resolve in our
mesh. OUr earlier studies (not yet published) indic-
ates that also adding surface roughness to a RANS
simulation of an iced aerofoil significantly alters the
aerodynamic performance.
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ABSTRACT
In this work, we discuss the application of the

One-Dimensional Turbulence-based (very) Large-
Eddy Simulation model, abbreviated as ODTLES,
to turbulent duct flow. ODTLES is a multi-scale
flow model in which an autonomous stochastic
One-Dimensional Turbulence (ODT) model, cap-
able of simulating the full bandwidth of time and
length-scales in a 1-D domain, is supplemented with
large-scale 3-D information coming from a very
large eddy simulation (VLES) grid. ODTLES is
more expensive than any other VLES, but could
be cheaper than highly resolved LES or, natur-
ally, than Direct Numerical Simulation (DNS). Un-
like Reynolds-Averaged Navier–Stokes (RANS) and
VLES, ODTLES does neither need a wall model,
nor a damping function. The correct near-wall be-
havior is naturally obtained from one SGS ODT do-
main that is locally wall-normal. The proposed hy-
brid (3-D/1-D) approach allows the resolution of all
relevant scales, modeling certain aspects of 3-D tur-
bulence on the SGS scale. Here, turbulent duct flow
is considered as an example, which poses a moderate
challenge for traditional LES due to emerging sec-
ondary flows that manifest themselves by corner vor-
tices that crucially depend on the accurate capturing
of small and large scale motions. Preliminary res-
ults indicate a reasonable match with DNS for mean
velocity profiles, although capturing secondary flow
structures remains a challenge at this stage. Further
refinements of the solver and modeling approach are
ongoing to improve accuracy and predictive capabil-
ities.

Keywords: Duct flow, Large Eddy Simulation
(LES), Multiscale modeling, One-Dimensional
Turbulence (ODT), ODTLES, Turbulence model-
ing

NOMENCLATURE

C [–] eddy rate parameter
C j−>k

i [ m
s2 ] Coupling term from grid j to

grid k for velocity component
i

Fk
i [ N

m3 ] i-th component of the forcing
field residing on an ODT line
indirection k

K [-] kernel function
P [Pa] pressure field on the LES

level
Pa,eddy [–] eddy acceptance probability
Retau [-] friction Reynolds number
T [s] simulation time
Ui [ m

s ] i-th component of the velocity
field on the LES level

Z [–] small-scale suppression para-
meter

ci [-] kernel coefficient
f (l) [-] assumed exponential distribu-

tion of eddy sizes
g(xk,0) [ 1

m ] eddy position PDF
h(l) [ 1

m ] eddy size PDF
l [m] eddy size
l−1
k [-] Deconvolution operator

lk [-] Convolution operator
uk

i [ m
s ] i-th component of the velo-

city field on an ODT line in k
direction

xk [-] ODT aligned direction
xk,0 [m] eddy position
f (xk) [-] mapping function
∆τν [s] viscous time-scale
∆tVLES [s] time step for VLES
∆tsamp [s] eddy sampling interval
ν [ m2

s ] kinematic viscosity
ρ [ kg

m3 ] density
τ [s] local time scale of a mapping

candidate
τ−1 [ 1

s ] eddy frequency
H [m] duct height
L [m] duct length
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Reτ [–] friction Reynolds number
uτ [m/s] friction velocity
M{uk

i (xk, t)} [-] eddy mapping event

Subscripts and Superscripts
e eddy event
i component of vector
k direction of ODT line
* intermediate values (non-divergence-free

values)

1. INTRODUCTION
Turbulence, known for its intricate and chaotic

flow patterns, is a phenomenon of great importance
in various engineering and scientific fields. From op-
timizing the aerodynamic performance of aircraft to
enhancing mixing processes in chemical reactors, a
thorough understanding of turbulent flows is crucial
for improving design efficiency, predicting system
behavior, and ensuring operational safety. Turbulent
flows impact the effectiveness of transportation sys-
tems, the spread of pollutants in the environment, and
the thermal management in industrial applications.
Despite its ubiquity, accurately modeling turbulence
remains one of the most challenging aspects of fluid
dynamics.

Direct Numerical Simulation (DNS) offers full
resolution of all turbulent scales and structures. The
computational demands of DNS are, therefore, ex-
tremely high when flows are highly turbulent (the
highest Reynolds number achieved to date with
DNS for turbulent channel flow is Reτ ≈ 10,000
[1]). In contrast, Reynolds-Averaged Navier–Stokes
(RANS) simulations and Large Eddy Simulations
(LES), which are more commonly used in practical
engineering applications, often struggle to achieve
the necessary accuracy, particularly in complex flow
scenarios. This is especially true for wall-bounded
flows, where traditional turbulence models rely on
simplifying assumptions such as small-scale iso-
tropy or local equilibrium of the near-wall flow,
which has notable limitations due to which altern-
ative approaches are still being actively researched
(e.g. [2]). These assumptions, including low-order
statistical closure models and the law-of-the-wall,
are inadequate when the details of small-scale tur-
bulent fluctuations are critical. To overcome the lim-
itations of wall models and diffusive or filter-based
turbulence models, alternative approaches such as
stochastic turbulence models have been developed.
One such model is the One-Dimensional Turbulence-
based Large Eddy Simulation (ODTLES) model
[3, 4] introduced more than a decade ago, and fur-
ther developed more recently by [5, 6]. ODTLES
aims to achieve the fidelity of DNS by resolving
all relevant time and length scales within colum-
nar stacks of dimensionally reduced subdomains. In
these stacks, the three-dimensional aspects of tur-
bulence are modeled using a stochastic process on
a one-dimensional domain, significantly reducing

computational costs while maintaining full-scale res-
olution. Although still in its developmental stages,
ODTLES has demonstrated promising results, par-
ticularly in simulating turbulent channel flows with
friction Reynolds numbers up to Reτ ≈ 2040 on a
single Banana Pi M64 computer [6].

2. PRELIMINARY STUDY CASE
As a preliminary test case, we apply the

ODTLES model to turbulent flow in a square duct
and validate the results against Direct Numerical
Simulation (DNS) data provided by Zhang et al. [7].
The geometric dimensions of the duct are chosen to
match those used in the DNS study, and are illus-
trated in Figure 1.

h=1

w=1

L = 2π 

Figure 1. Computational domain of the square
duct configuration.

No-slip boundary conditions are applied at the
duct walls, while periodic boundary conditions are
imposed at the inlet and outlet in the streamwise dir-
ection. To drive the flow, a constant streamwise pres-
sure gradient is applied. The magnitude of the pres-
sure gradient is prescribed as u2

τ

H , where uτ is the fric-
tion velocity and H is the duct width. The value of
the kinematic viscosity is then calculated as ν = uτ H

2
Reτ

.
Simulations were performed for friction Reyn-

olds numbers Reτ = 300 and 600. In both cases,
the base LES grid has a resolution of 10 × 10 × 10,
while the auxiliary ODTLES grids (see figure 3) are
refined to ensure that the first cell sizes in the y and
z directions correspond to wall units y+ and z+ less
than one.

This very coarse base LES resolution has been
utilized because we are still working on the al-
gorithm, although in previously it has been shown
that using a base resolution that is slightly higher (
16x16 resolution in the cross section) to be sufficient
for moderately turbulent duct flows [5].

3. ONE-DIMENSIONAL TURBULENCE
Kerstein’s One-Dimensional Turbulence model

(ODT) [8] is a stochastic modeling approach that
utilizes dimensionally reduced map-based advection
modeling. It is conceptualized as a standalone tur-
bulence model that operates on a one-dimensional
domain, akin to the visualization of a turbulent flow

2
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field from within a turbulence line-of-sight, see also
[8, 9]. The model simulates the effects of three-
dimensional turbulence through a discrete sequence
of stochastic events, which are commonly known as
eddy events. These eddy events are represented by a
model representation of the effect that vortical mo-
tions cause in 1-D scalar profiles within turbulent
flows. Assuming a 1-D domain aligned in direction
xk, where k ∈ {1, 2, 3}, eddy events are implemen-
ted as a triplet map of one-dimensional scalar pro-
files, ψ(xk) → ψ[ f (xk)], where f (xk) is the mapping
function. The eddy events are sampled in time with
an interval ∆tsamp, where ∆tsamp ≪ τν, with τν be-
ing the viscous time-scale. This guarantees full time-
scale resolution of the turbulent flow. Operationally,
the sampling follows a Poisson stochastic process,
achieving a pre-specified mean acceptance probab-
ility and a corresponding mean eddy rate. Details
of the sampling process can be found in [10]. The
mean acceptance probability is calculated as the on-
line average of the different acceptance probabilities
for each eddy event candidate, Pa,eddy, which is es-
timated as

Pa,eddy =
∆tsamp

l2τ(y0, l, t)h(l)g(y0)
. (1)

In this equation, h(l) and g(xk,0) are presumed
probability density functions (PDFs) for eddy sizes l
and eddy positions xk,0, respectively. Indeed, g(xk,0)
is a uniform PDF, given that it is assumed that turbu-
lent eddies can occur with equal probability every-
where along the 1-D domain. Conversely, f (l) is
an assumed exponential distribution of eddy sizes,
see details in [9]. The local time scale of an indi-
vidual mapping candidate is denoted by τ. The term
"candidate" is used because not all mappings yield
a physical time-scale or eddy turnover time τ. This
is best explained when defining the eddy frequency
τ−1 based on dimensional arguments for extractable
kinetic energy. Operationally, τ−1 considers the fol-
lowing integral kinetic energy balance for the eddy
candidate with size l, where a proportionality coef-
ficient C has been inserted in order to indicate the
direct proportionality, see details in [8, 9]

τ−1 = C
ν

l2

√√√ l
ν

3∑
i

1
l2

∫
l
uk

i (t, f (xk))K(xk)dxk


2

− Z

(2)

In order for τ−1 to be a real number, the quant-
ity within the square root must be positive. To that
extent, the parameter Z acts as a dimensionless coef-
ficient for eddy suppression. Specifically, it restricts
the implementation of small eddies, and can take the
form of either a Reynolds number or a viscous co-
ordinate following algebraic manipulation of Equa-
tion 2. Both C and Z are then turbulence model coef-
ficients indicating the empiricism associated with the

ODT model. Note that uk
i (t, f (xk)) represents the

mapped profile for the velocity component ui (which
is represented in the domain aligned in xk) at time
t, while K = xk − f (xk) is a kernel function (see
[8]). Note that we also use i ∈ {1, 2, 3}, similar
to k. Reasons for the apparent notation redundancy
regarding index k will be clarified later. Accept-
ance of an eddy event candidate, i.e., the mapping
uk

i (xk)→ uk
i ( f (xk)), also implies a linear transforma-

tion of the post-mapped profile uk
i ( f (xk))+ciK, where

ci is a (uniform) kernel coefficient which depends on
the form of the scalar velocity profile. Details of the
calculation of ci can be found in [11, 9].

For an ODT line oriented in the xk-direction,
there is also a 1-D governing partial differential equa-
tion, which in the case of low Mach constant property
flow can be written as

∂uk
i

∂t

∣∣∣∣∣∣
ODT
=

∫ T

0

∑
e

M{uk
i (xk, t)}δ(t − te)dt

+ ν
∂2uk

i

∂x2
k

+ Fk
i

(3)

where M{uk
i (xk, t)} is one transformation of the

form uk
i (xk, t) → uk

i ( f (xk), t) + ciK(xk). This trans-
formation can be implemented several times in an
intermittent fashion during the numerical time integ-
ration of the 1-D PDE, which is the reason why a
summation over eddy events e appears in Equation
3. The delta function in Equation 3 is only written
for the purpose of its integral identity returning a dis-
crete value (discrete eddy events in time), whereas
said integral implies the entire simulation time T . As
commented before, eddy events are evaluated using
a predictive approach based on the current flow state
and a sampled eddy size l and position xk,0. When
an eddy event is accepted, the diffusive (and forcing)
terms of Equation 3 are advanced in time up to the
moment in which the eddy event trial is set to oc-
cur. This process is commonly referenced as a catch-
up diffusion event in ODT. Additionally, in Equation
3, Fk

i is an acceleration term due to a corresponding
body force.

To illustrate the impact of eddy events and the
subsequent diffusion process on the velocity profile,
we present a plot showing an initial velocity profile,
the profile after the mapping of an eddy event, and
the profile after the catch-up diffusion in Figure 2.

4. MODEL EXTENSION: 3-D ODTLES
In order to supplement VLES information to

ODT, and extend the model to its 3-D counterpart,
ODTLES, it is necessary to consider modifications
to the standalone ODT implementation. Instead of
representing a 3-D velocity field with three velocity
components, as it is usual in the standalone ODT
vector formulation, see [11], the ODT module in
ODTLES represents only two velocity components
within the 1-D domain. To that extent, we redefine
the ODT velocity field uk

i by making i and k permuta-
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Figure 2. Visualization of map-based advection
and diffusion operators for a smooth initial pro-
file, the profile after eddy mapping, and the pro-
file after catch-up diffusion.

tions of {1, 2, 3}, with i , k. Thus, the velocity com-
ponent aligned in the direction of the ODT domain is
not governed by Equation 3. Having said that, in or-
der to develop a coherent interpretation of ODTLES,
it is necessary to define operators relating the differ-
ent scales and numerical grids (e.g., the VLES and
the ODT grid). The one-dimensional filtering oper-
ator [lk] generates a coarsely resolved velocity vari-
able from the finely resolved velocity in the xk direc-
tion:

Ui(Xk, t) = [lk]uk
i (xk, t) =

1
∆Xk

∫ Xk+
∆Xk

2

Xk−
∆Xk

2

uk
i dxk (4)

Here, Xk is the resulting coarsened grid (previously
xk) with grid cell sizing ∆Xk , while Ui is the corres-
ponding large-scale velocity field.

4.1. Spatial discretization strategy
ODTLES is a multi-scale model that operates

on meshes with different levels of refinement. The
coarsest resolution or large-scale information level is
represented in a (V)LES grid, whose resolution is set
according to the standard practices used in VLES or
coarse RANS simulations. Additional to the VLES
grid, we introduce three supplementary grids, which
we reference as ODTLES grids. Each of these three
grids are equivalent to the VLES grid, but feature re-
finements in each of the three principal Cartesian dir-
ections, respectively. The level of said refinements
is set according to the Direct Numerical Simulation
(DNS) resolution requirements for the smallest tur-
bulent scales in each respective direction. To that ex-
tent, the memory requirements for ODTLES can be
estimated as approximately ∼ 3N2

VLESNDNS, where
NVLES and NDNS are the VLES and ODT grid resolu-
tions, respectively. This is significantly lower than
the memory requirements for DNS, which can be
roughly estimated as ∼ N3

DNS. Consequently, for a
fixed LES resolution, the cost of ODTLES for in-

creasing Reynolds numbers varies linearly, in con-
trast to the cubic variation expected for DNS [12].
Overall, each ODTLES grids is the result of an em-
bedding of a set of parallel 1-D ODT domains, as
seen in Figure 3. This geometric configuration re-
stricts the application of the current ODTLES model
to structured meshes. Although ODTLES is not fun-
damentally restricted to equidistant meshes, the cur-
rent implementation prioritizes equidistant meshes
for simplicity (grid discretization in every direction
is equidistant, although it may be different across dir-
ections).

In ODTLES, the velocity components uk
i corres-

pond to velocity fields represented in an ODTLES
grid refined in direction xk. Conversely, the coarsely
resolved pressure and velocity variables in the VLES
grid are denoted as P and Ui, respectively.

Figure 3. ODTLES model structure, showing the
primary LES grid and the three supplementary
ODTLES grids with refinements in the principal
Cartesian directions.

A consistency condition needs to be fulfilled
between the velocity fields, such that

Ui = [lk]uk
i , for every k (5)

The latter consistency condition implies that the
filtered velocity field representation of all ODTLES
grid represented velocity fields should be equivalent,
see also [5].

In contrast with the precepts of the filtering op-
eration defined in Equations 4 and 5, it is in general
not possible to perfectly reconstruct a field uk

i from
its large-scale counterpart. That is, the filtering op-
erator has no unique inverse, such that, in general,
[l−1

k ][lk] , 1. Nevertheless, Schmidt et al. [3] pro-
posed a numerical approximation for the refinement
of coarsely resolved information, i.e., an algorithm
for the deconvolution operator of coarse fields [l−1

k ].
Said algorithm was later improved by Glawe [5] to
address the issue of artificial extrema generation near
no-slip boundary conditions. The algorithm in [3, 5]
is high-order accurate and avoids the introduction of
noticeable discontinuities. It also fulfills an import-
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ant integral constraint, namely,

Ui = [lk][l−1
k ]Ui (6)

An example of the application of [l−1
k ] with k be-

ing the wall normal direction in our duct case is visu-
alized in Figure 4.

Figure 4. Example of the deconvolution algorithm
at work. a) The deconvoluted fine-scale-resolved
velocity together with the coarse-scale velocity. b)
Visual representation of the VLES grid and the
selected ODT domain along which the deconvolu-
tion was done (indicated by the extended local y
axis shown in red).

4.2. ODTLES governing equations

The 3-D extension of the standalone ODT model
with LES support, ODTLES, can be written as fol-
lows for the velocity component ui, i ∈ {1, 2, 3} in a
grid refined in direction xk, k , i, k ∈ {1, 2, 3}

∂uk
i

∂t
= − [l−1

k ]

∂ (UiUi)
∂Xi

+
∂
(
U jUi

)
∂X j

+
∂ (UkUi)
∂Xk


+ ν

∂2uk
i

∂X2
i

+
∂uk

i

∂t

∣∣∣∣∣∣
ODT
+C j→k

i −
1
ρ

∂P
∂Xi

(7)

Note that the Einstein summation convention
is omitted in equation 7, implying that there are
actually six equations similar to 7 which must be
solved simultaneously (2 velocity components in 3
ODTLES grids). The corresponding ODTLES con-
tinuity equation, or zero divergence condition, is only
satisfied at the VLES level, see [5], and it is written
as
∂Ui

∂Xi
+
∂U j

∂X j
+
∂Uk

∂Xk
= 0 (8)

In equations 7 and 8, ρ denotes the density.
Also, the term ∂uk

i /∂t|ODT is the entire ODT ac-
celeration (or time-advancement) given by Equation
3. Such term considers the standalone ODT time-
advancement of one ODT stack within the ODTLES
grid, during T = ∆tVLES, the latter being a time-
step required for stable numerical integration on the
coarse VLES grid level. This implies that the numer-
ical time-advancement of Equation 3 utilizes an eddy
sampling procedure ∆tsamp ≪ τν, and catch-up dif-
fusion events with time-stepping ∆tODT ≪ ∆tVLES,
where again, ∆tODT is a numerical time-step re-
quired for stable time-integration in the ODT do-
main (hence, compliant with the corresponding CFL
condition). We note that the standalone ODT time-
advancement imposes a limit on the maximum eddy
size to be sampled from the presumed eddy size PDF
h(l), see [10, 13]. This limit is maintained in the stan-
dalone ODT advancement which is part of ODTLES.

It is also noted that we indicated lowercase and
uppercase variables distinctively in Equations 7 and
8. On one hand, lowercase variables indicate the
finely resolved fields or directions, while, on the
other hand, uppercase variables denote the VLES
fields and directions. As a notation example, we note
∂2uk

i /∂X2
i as being a coarse diffusion operator on uk

i ,
the finely resolved velocity field defined on grid k
(finely resolved in xk direction); said coarse diffusion
operator considers the VLES grid cell size ∆Xi for
the diffusion estimation (recall that i , j , k). Also,
note that all advection terms are defined at VLES
level, with the VLES velocity components Ui, U j,
Uk. All advection effects are simply deconvoluted
from the VLES grid to each ODTLES grid.

The term C j→k
i in Equation 7 is a coupling term

that facilitates the communication between ODTLES
grids. This allows the coupling of the ODT-modeled
turbulent advection from the array of 1-D domains
which conform the ODTLES grid refined in x j dir-
ection to the ODTLES grid refined in xk direction.
In order to avoid double-counting of the forcing term
from the standalone ODT advancement in ODTLES
grid j in the ODTLES grid k, the forcing term is sub-
tracted from the time-advancement. In fact, the ac-
celeration term ∂uk

i /∂t|ODT is better understood as a
velocity change in a time interval T = ∆tVLES, for the
purpose of the coupling represented by C j→k

i . These
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considerations lead to the definition of C j→k
i as

C j→k
i = [l−1

k ][l j]

 ∂u j
i

∂t

∣∣∣∣∣∣∣
ODT

− F j
i

 (9)

Figure 5 shows a visualization of the instantan-
eous vortical structures, represented by Q-criterion
iso-surfaces, alongside the instantaneous velocity
magnitude.

Figure 5. Instantaneous flow structures in the
square duct. The left half of the domain shows
iso-surfaces of the Q-criterion highlighting vor-
tical structures, while the right half displays the
instantaneous velocity magnitude. Visualization
performed on a mesh of a higher resolution for
visualization quality.

Equation 7 is solved using a finite-volume
method (FVM) discretization with the standard mid-
point rule for locating all flow variables at cell cen-
ters. Standard upwind interpolation schemes are
used for the advective fluxes, and linear interpola-
tion schemes are used for the diffusion fluxes. It
is noted that this discretization method is different
from previous ODTLES implementations relying on
a staggered grid logic, see [6, 5]. That is, we have
transitioned to a collocated approach. The numer-
ical time integration method is defaulted to an expli-
cit Euler scheme. However, we note that an implicit-
explicit scheme for better stability was proposed in
the staggered grid logic in [6].

Finally, we comment on the pressure gradient
term ∂P/∂Xi in Equation 7. It is important to note
that the pressure variable P is only defined on the
VLES grid level. Applying a projection method,
we split the time-advancement of Equation 7 into a
predictor and a corrector step. The predictor step
considers all momentum contributions other than
the pressure gradient. This causes a change in the
ODTLES velocity fields, e.g., uk,n

i to uk,∗
i where we

have used the superindex n to indicate a time dis-
cretization, such that time-advancement takes place
from tn to t∗, with ∆tVLES = t∗ − tn. Note that all
advection effects are calculated on the VLES grid
at time tn, e.g., using the velocity field Un

i . Fol-
lowing the predictor step, we obtain the intermediate

non-divergence-free velocity fields uk
i
∗. Due to C j→k

i ,
these velocity fields are consistent across ODTLES
grids, such that we can obtain the VLES intermedi-
ate velocity field using the filtering operator,

U∗i = [lk]uk
i
∗

(10)

The intermediate predicted VLES velocity fields
are then used for the corrector step in order to en-
force zero-divergence at the VLES level by solving
the following pressure Poisson equation,

∂2P
∂X2

i

+
∂2P
∂X2

j

+
∂2P
∂X2

k

=
ρ

∆tVLES

∂U∗i
∂Xi
+
∂U∗j
∂X j
+
∂U∗k
∂Xk

 (11)

After P is found from equation 11, the VLES ve-
locity field Ui is updated to the next time-step for ad-
vancement tn+1 as

Un+1
i = U∗i −

∆tVLES

ρ

∂P
∂Xi

(12)

The change Un+1
i − U∗i over ∆tVLES is considered a

source term (after deconvolution) to update uk,∗
i to

uk,n+1
i . This updates the information in the ODTLES

grids. Note that we obtain the mass-fluxes required
to evaluate the divergence of U∗i in equation (11)
by linear interpolation. Said face-centered mass-
fluxes are also updated with equation 12 using a face-
centered pressure gradient (calculated using the col-
located pressure values). They are stored and used
later for the calculation of the upwinded VLES ad-
vection effects in equation 7.

5. SOLVER IMPLEMENTATION
The current ODTLES codebase represents the

second C++ rewrite of the original Fortran code de-
veloped by Christoph Glawe in [6]. The initial C++
codebase, a porting used in a previous publication in
[6], was developed in order to modernize the original
code and achieve high modularity and expandability.
The current version is a highly refactored iteration of
that codebase. The strategy and experiences of this
process have been documented in [14], highlighting
the importance and benefits of clean code principles.
By adhering to these practices, we have completed a
comprehensive refactor of the remaining parts of the
algorithm, which we anticipate will facilitate quick
and relatively easy improvements and expansions of
the current ODTLES algorithm.

As discussed in [12], ODTLES greatly benefits
from parallelization. In its current version, we utilize
OpenMP to parallelize major parts of the algorithm.
Most notably, we advance the ODT part of the mo-
mentum equations in parallel for each ODT line.
Running the ODTs in parallel is observed to have ex-
cellent parallel efficiency due to the numerous indi-
vidual tasks, each taking roughly the same amount
of time, with tasks that are substantial enough such
that the overhead of thread creation is not significant.
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Similarly, all deconvolution operations, being one-
dimensional, are parallelized using the same logic.
These operations are also observed to exhibit high
parallel efficiency, although we expect slightly worse
performance as in the ODT part, since the tasks are
not as computationally expensive.

For the advancement of the remaining parts
of the momentum equations, we have divided the
available threads into three groups—one for each
ODTLES grid—and perform the explicit advance-
ment in parallel within each group. This approach
is also observed to yield a good parallel efficiency.

In the current code version, the pressure Poisson
problem of Equation 11 is solved using the Eigen lib-
rary’s SparseLU solver [15]. While a strict perform-
ance measurement has not been carried out for this
part of the algorithm, we anticipate that it will greatly
benefit from further parallelization efforts. In the fu-
ture, we plan to utilize Hypre’s multigrid solvers [16]
as in the older ODTLES versions in [5, 6], which
are designed to run in parallel and are well-suited for
large-scale linear systems. This transition is expec-
ted to further enhance the efficiency and scalability of
our solver, although we stress that the bottleneck of
the algorithm should not be in the Poisson problem
anyway, since this is only solved at the large-scale
VLES grid level.

6. PRELIMINARY RESULTS
We have conducted simulations of turbulent flow

in a square duct at friction Reynolds numbers Reτ =
300 and 600.

In the current setup, we are actively fine-tuning
the value of the model’s C parameter, while keep-
ing the Z parameter fixed at the standard value com-
monly used in standalone ODT studies. These ad-
justments aim to optimize the balance between model
fidelity and computational efficiency.

So far, preliminary results demonstrate that the
refactored ODTLES implementation is capable of
producing mean streamwise velocity profiles along
the wall bisector that agree reasonably well with ref-
erence DNS data by Zhang et al. [7], as shown in
Figure 6.

While previous work has shown that ODTLES
can capture the emergence of secondary flows in duct
geometries [5]), the present solver—undergoing sub-
stantial algorithmic restructuring—has not yet suc-
cessfully reproduced these secondary motions. This
limitation is currently under investigation.

Furthermore, we are exploring additional al-
gorithmic improvements, particularly concerning the
treatment of advection terms within the ODTLES
framework, with the aim of enhancing accuracy
while not significantly decreasing performance.

7. SUMMARY AND OUTLOOK ON ON-
GOING AND FUTURE WORK

In this study, we presented the implementation of
a recent version of the One-Dimensional Turbulence-
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ODTLES (Re_ =300) with C=2
ODTLES (Re_ =600) with C=3

Figure 6. Comparison of mean streamwise velo-
city profiles from ODTLES and DNS [7] at Reτ =
300 and 600.

based Large-Eddy Simulation (ODTLES) model
within a newly refactored C++ codebase. This
framework provides increased flexibility, maintain-
ability, and testing capabilities, allowing for the
use of arbitrary boundary conditions on a structured
finite-volume collocated grid.

We applied the model to turbulent flow in a
square duct, a challenging test case due to the pres-
ence of secondary flows and corner vortices. While
preliminary results show reasonable agreement with
DNS data in terms of mean velocity profiles along the
wall bisector, the current solver has not yet been able
to fully capture the complex secondary flow struc-
tures observed in experiments and previous ODTLES
studies [5].

This limitation is attributed to ongoing al-
gorithmic restructuring, especially concerning the
treatment of advection terms, and highlights the need
for further refinement. Future work will focus on ad-
dressing these challenges and performing additional
tests and comparisons, with the goal of achieving ro-
bust and accurate predictions of three-dimensional
flow features in duct geometries.
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ABSTRACT
In this paper, swirling flow generated by axial

fan at the beginning of long, horizontal pipe is stud-
ied in great detail using numerical computations. In
order to have the least possible effect of mesh para-
meters to the accuracy of computations, great atten-
tion is dedicated to creation of high quality block-
structured grid, which also includes the geometry
of axial fan. Flow is then studied using two ap-
proaches: frozen-rotor with RANS models (RNG k -
ε and k -ω SST). For aforementioned computation
OpenFOAM® is used. Additionally, using block-
structured in-house code SPARC at KIT, flow is com-
puted using LES with MILES approach. Experi-
mental results of mean velocity profiles and turbulent
kinetic energy were used as validation tool. Obtained
results give deeper insights into the dynamics of vor-
tex structures and the process of swirl decay, where
good agreement is found with experimental results.

Keywords: swirling flow, axial fan, CFD, RANS,
LES.

NOMENCLATURE
U [m/s] averaged (filtered) velocity

vector
Ur [m/s] relative averaged velocity

vector in rotating frame of
reference

P [m2/s2] averaged (filtered) kinematic
pressure

ũ [m/s] instantaneous velocity vector
p̃ [m2/s2] instantaneous kinematic pres-

sure
k [m2/s2] turbulent kinetic energy
ν [m2/s2] molecular viscosity
νt [m2/s2] turbulent viscosity
ω [1/s] specific rate of dissipation of

turbulent kinetic energy
ε [m2/s3] dissipation rate of turbulent

kinetic energy
Ω [1/s] angular velocity vector

1. INTRODUCTION
Swirling flows occurs frequently, both in nature

and engineering. Typical examples from nature are
hurricanes and tornadoes in Earth’s atmosphere and
whirlpools in seas and oceans. Fluid flows in tur-
bomachinery, cyclone separators, combustion cham-
bers and pipeline systems - to name a few, are ex-
amples from engineering. These flows can be viewed
as combination of plane rotational flow and axial
flow perpendicular to the plane, which causes the
fluid to move in helicoidal trajectories. Essentially,
in these flow fields we have large three-dimensional
vortex structures and their interaction. In terms of
modeling, we have velocity gradients in radial dir-
ection of axial and circumferential velocity with the
same order of magnitude, streamline curvature and
highly anisotropic structure of turbulence. Because
of all that, swirling flows are typical example where
RANS eddy-viscosity models fail to predict the flow
development in correct manner. Some improvements
are made by adding additional terms in model equa-
tions which takes the fluid rotation into the account,
or by introducing the non-linearity in eddy-viscosity
concepts. Reynolds stress transport models (RSTM)
gives better predictions, but they have issues with
computational stability.

2. FLOW MODELING
First, details about the geometry of the flow do-

main is presented. Then, the procedure about the
creation of numerical mesh is explained in details.
Finally, governing equations and constitutive model
equations are presented.

2.1. Geometry, computational domain and
numerical mesh

Photograph of experimental installation is shown
in Fig. 1. It consists of axial fan mounted at the
entrance of the long pipe. At the pipe entrance, be-
fore the fan, bell mouth is installed to minimize local
losses and to produce smooth entrance of the air.
Axial fan has seven straight blades, with angle of
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26◦ toward the flow direction. Comprehensive meas-
urements were performed on this experimental rig in
past decades. It is designed and constructed by late
prof. Miroslav Benišek. His was a pioneer in ex-
perimental investigation of swirling flow at Belgrade
University - Faculty of Mechanical Engineering, [1].
After his original work, detailed research with vari-
ous experimental techniques were performed at the
same rig. Detailed description about the results and
more can be found in review paper [2].

Figure 1. Photograph of experimental installation
(Laboratory for Hydralic Machines, Universtity
of Belgrade - Faculty of Mechanical Engineering).

The sketch of the installation, with relevant geomet-
rical parameters is shown in Fig. 2. Their values
are: D = 400mm, D1 = 659.6mm, δ = 3mm,
L1 = 60mm and L2 = 5m. It can be noted that the
shaft of the fan impeller is not taken into the account.
This is due to the fact that our region of interest is
behind the fan.

L1 L2

DD1

δ

Figure 2. Sketch of experimental installation with
relevant geometrical parameters.

The main goal from the start was to create numerical
mesh with high quality cells, so great care is taken to
create the block-structured grid, and for that purpose
commercial software ICEM-CFD was used. Since it
is practically impossible to create the unified block
topology in whole computational domain, it is di-
vided in three subdomains D1, D2 and D3. Addi-
tionally, the inlet is further extended by adding semi-
spherical domain before the bell mouth in order to
simulate the entrance of the air to the impeller more
accurately. This is shown in Fig. 3. In flow direc-
tion, subdomain D1 ends up with the surface (patch)
named SRI-1. This surface is geometrically the same
as surface RSI-1, which is the left boundary surface
of subdomain D2. Similar story is with right bound-

ary surface RSI-2 and left boundary surface of sub-
domainD3, named SRI-2. Now, in these subdomains
block-structured grid is created, with different topo-
logy of the blocks in each one of them.

2Rin

D1

D2

D3

INLET

O
U
TL

ET

(SRI/RSI)1

(RSI/SRI)2

Figure 3. Computational subdomains with char-
acteristic surfaces.

It is assured that aspect ratio between the cells in the
boundary region between the domains has approxim-
ately the same size. Number of the faces of interface
surfaces (SRI/RSI) is not the same, but it is assured
that the difference is as small as possible, in order
to reduce the error of interpolation during numerical
computations. The result of that is the mesh which
part around the fan impeller is shown in Fig. 4.

RSI-1

SRI-1

RSI-2

SRI-2

Figure 4. Part of numerical mesh with interface
surfaces between the domains.

For each subdomain the minimum value of Jacobian
determinant for hexahedral cells was 0.8 (mesh qual-
ity parameter in ICEM CFD; "ideal" mesh has the
value of determinant 1.0 for each cell). These three
meshes are exported to *.msh format, and then sep-
arately imported to OpenFOAM format using flu-
ent3DMeshToFoam utility. Finally, they are merged
together to one unique mesh with mergeMeshes util-
ity. Cell zones in domains D1 and D3 are named
STATOR-1 and STATOR-2, respectively. Cell zone
in domain D2 is named ROTOR, and the physical
rotation of the fan is treated in two different ways,
which will be explained in details in following sec-
tion. The results presented here are obtained on the
mesh with 8265989 cells. Grid sensitivity study is
performed previously and presented in [3].
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2.2. Governing equations
Experiments showed that mean velocities in the

pipe are around 10m/s, so it is assumed that the flow
is incompressible (density ρ = const). The starting
point is the Navier-Stokes equations

∇ Ñ ũ = 0
(1)

∂ũ

∂t
+ ∇ Ñ ( ũ ũ )

= ∇p̃ + ν ∇2ũ

Because of high range of time scales and spatial vor-
tex sizes in turbulent flows, direct numerical solu-
tion of system (1) is practically not possible for most
cases. Navier-Stokes equations need additional treat-
ment in order to reduce the range of scales. In that
sense, there are two main approaches:

• time averaging, where we get the RANS equa-
tions; or ensemble averaging where we get un-
steady RANS or URANS equations

• spatial filtering, where we get the filtered
Navier-Stokes equations, which are the starting
point for LES.

In both cases, we are splitting pressure and velocity
into two parts - averaged (filtered) Ui and fluctuating
remaining part ui

ũi = Ui + ui , p̃ = P + p

Inserting this into the equation (1) we end up with the
same type of the equations. They are

∇ ÑU = 0
(2)

∂U

∂t
+ ∇ Ñ (U U

)
= ∇P + ν ∇2U − ∇ ÑT tur

where U and P are ensemble (Reynolds) averaged
velocity and pressure in URANS (RANS) approach,
while in LES approach it is filtered velocity and
filtered pressure. Symbol T tur represent the second
order tensor which originates from averaging or fil-
tering procedure of the original nonlinear convective
term in Navier-Stokes equations. In RANS modeling
turbulence tensorTtur is called Reynolds stress tensor
and it is modeled by introducing turbulent viscosity
νt , which was known as Boussinesq approximation

Ttur = νt
(∇U + ∇U T

)
+

2
3
k I

where k is time averaged turbulent kinetic energy.
Turbulent viscosity is determined from auxiliary
model equations. Here we’ll compare the results ob-
tained with RNG k-ε and k-ω SST models, [4] and
[5]. Similar approach is in LES, where we are in-
troducing sub-grid scale viscosity νsgs for modeling
residual stresses Ttur.

2.2.1. Momentum equation in rotating frame of
reference

Equations (2) can be further simplified using so
called "frozen-rotor" approach. Here we’re assuming
that the turbulence is statistically steady, we’re using

RANS. Rotation of the fan is taken into the account
in the following way. In any fluid domain which ro-
tates with constant angular velocity Ω we can rep-
resent absolute velocity vector via two components,
relative and rotational

U = Ur +Ω × r
Inserting this into the RANS equations, we’ll get the
equation with two additional terms: centrifugal and
Coriolis force per unit mass, while the velocity vector
will beUr . That is, we get RANS equation in rotating
frame of reference. Since we have also the other parts
of domain where we don’t have physical rotation of
the fluid, it is convenient to use the same convective
velocity throughout the domain, which isU , velocity
absolute frame of reference. For that purpose, con-
vective term with relative velocities + Coriolis force
+ centrifugal force, can be written as

∇ Ñ (Ur U ) +Ω ×U
and system of equations (2) becomes

∇ ÑU = 0
(3)

∇ Ñ (Ur U ) = ∇P + ν ∇2U −Ω ×U − ∇ ÑTtur

Finally, in numerical procedure the convective term
is split into two parts

∇ Ñ (Ur U ) = ∇ Ñ (U U ) − ∇ Ñ [(Ω × r )U ]
Now all the terms in Eq. (3) are written with velocity
vector U in absolute frame of reference. Convection
flux have additional correction term which takes into
the account the rotation. Prior to computation, the
position of rotational axis in absolute frame of ref-
erence needs to be specified, together with the mag-
nitude of angular velocity Ω.

2.3. Simulation set-up
In this section detailed description of simulation

set up concerning boundary conditions, discretiza-
tion schemes and iterative solvers used for solution
of system of linear equations is given. This is mostly
related to OpenFOAM® . Boundary conditions for
SPARC code are very similar, and the differences
will be mention in later section, where results are
presented. For all computations angular velocity of
Ω = 104.72 rad/s is set, like it was in experiment.

2.3.1. Boundary conditions

At the INLET boundary, Fig. 3, value of total
pressure is specified, while at OUTLET boundary
fixed value of pressure is specified. These values
are assumed to be the same, equal to zero. For velo-
city, boundary condition called pressureInletVelocity
is prescribed. The inflow velocity is obtained during
the computation from the flux with a direction nor-
mal to the INLET boundary. For turbulence quantit-
ies, values based on estimated length and time scales
are defined at the INLET, while like for the velocity,
zero gradient is applied at the OUTLET boundary.
With this setup flow through the domain is estab-
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lished due to the fan rotation, which corresponds to
the experimental set up. From the Figs. 3 and Figs. 4,
in both STATOR cell zones, parts of the hub are loc-
ated. Constant, nonuniform value of velocity is pre-
scribed, calculated from angular velocity of the fan
and the radial distance from rotational axis. At all
patches of type wall, zero gradient for pressure is
prescribed, while for turbulence quantities wall func-
tions were used. Two version of OpenFOAM were
used for computations:

1. ESI-OpenCFD version OpenFOAM® 2306, [6],
named OFv2306 in further text, and

2. foam-extend version 4.1, a fork of the
OpenFOAM® driven by the community [7],
named FE41 in further text

While aforementioned boundary conditions are the
same in both version, different boundary conditions
are used at the non-conformal interfaces SRI/RSI.

In early stages, when it was announced in 2012,
only extended version had the capabilities to com-
pute turbomachinery problems. One on the main
issues which needed to be solved is how to handle
non-conformal interfaces. At that time the general-
ized grid interface (GGI) was presented and imple-
mented in the original OpenFOAM code [8]. At the
interface, the level of communication between the
cells is established first, depending of the relative
face overlap. The effect of facets is interpreted by a
facet-area-based interpolation scheme across the in-
terface. Interpolation stencil is established by geo-
metrical consideration and weighting factors are cal-
culated as area ratio of the facet and the complete
face [8]. Additionally, mixing plane boundary condi-
tion is also introduced in [8] where the averaging of
the flow variables in circumferential direction is per-
formed at second interface in the pair (SRI-2) at each
time step, while preserving the flux through the face.
Using that approach, we have axisymmetric condi-
tions at the SRI-2, at the pipe inlet. GGI and mix-
ing plane boundary conditions are further improved
in terms of stability, and they’re available in FE41.

In OFv2306 boundary condition named cyc-
licAMI (AMI as abbreviation for Arbitrary Mesh
Interface) uses the same principle as GGI, and
it’s based on the original code of GGI. Additional
weighting factors are introduced in order to establish
more robust interpolation at the interfaces.

2.3.2. Discretization and iterative solvers

Second order linear upwind scheme is used for
discretization of convective terms for velocity and
turbulence quantities. Initial computations started
with purely upwind schemes on all variables, and
later during computations, when converged solu-
tion is established, schemes are switched to linear
upwind. Computations were performed in parallel
mode, on 32 Intel® Xeon® Silver 4108 CPUs.

Concerning iterative solver for pressure, it was
found that in FE41 preconditioned conjugated gradi-
ent (PCG) solver for pressure was faster and more

stable in comparison to generic algebraic multigrid
(GAMG). In some cases, computations with GAMG
were extremely slow. It is assumed that this prob-
lem is related to distribution of computation between
the nodes, but it wasn’t investigated in greater de-
tails, since PCG showed stable and accurate. In
OFv2306 GAMG solver showed robust and smooth.
Concerning the computational time between two ver-
sion, we didn’t perform real tests. The computations
in "frozen-rotor" approach are performed in follow-
ing way:

(1) OFv2306, RNG k-ε, with constant, near zero
values inside the domain for all physical quant-
ities

(2) OFv2306, k-ω SST model, using the converged
solution from (1) as the initial values; initial val-
ues of omega is calculated from k and ε using
turbulenceFields function object

(3) FE41, RNG k-ε, using the converged solution
(1) as the initial values

(4) FE41, k-ω SST mode, using the converged solu-
tion (2) as the initial values.

Of course, for (3) and (4) we needed to tweak few
files, to adopt it to the requested syntax. Additionally,
for both (3) and (4) both GGI and mixing plane at the
interface RSI-2/SRI-2 are used.

3. RESULTS AND DISCUSSION
In [9] comprehensive measurements were per-

formed at experimental rig shown in Fig. 1. Those
experimental results are used as the validation tool.

3.1. Results of "frozen-rotor” approach
First, we analyze the global parameters like

volume flow rate through the domain. These res-
ults are shown in Table 1, together with percentage
difference between the values. In calculation of the

Table 1. Volume flow rate values (inm3/s).
FE41 OFv2306 Difference

RNG k-ϵ 0.61753 0.61005 1.23%
k-ω SST 0.63145 0.62381 1.69%
Difference 2.23 % 2.23 %

percentage difference, we used the arithmetic mean
in denominator, and the absolute value of difference
in numerator. Values in last columns corresponds to
the difference between versions, with the same tur-
bulence model in both version. Difference given in
last row is due to the choice of turbulence model,
within the same version. It is notable that k-ω SST
predicts larger flow rate in comparison to RNG k-
ε model, and that percentage is almost the same in
both version. There is also a slight difference for
both turbulence models between the versions, and
that difference is a bit more pronounced in case of
k-ω SST model. In terms of stability and robustness
of computations, version OFv2306 showed great ad-
vantages. Convergence is monitored in several ways.
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First, by values of residuals during iterative proced-
ure. Second, by monitoring the flow rate, and lastly
monitoring the values of velocity and pressure in sev-
eral points inside the domain. In both versions, RNG
k-ε model lead to steady-state solution, while in case
of k-ω SST we have pseudo-steady solution. This
can be seen in Fig. 5.
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Figure 5. OFv2306. Residuals of physical quantit-
ies during computations with RNG k-ε (top) k-ω
SST model (bottom).

It is worth mentioning again that initial values of
physical quantities inside the domain for computa-
tions with k-ω SST are converged solution obtained
with RNG k-ε model. After initial decrease in resid-
ual values for all physical quantities, they start to in-
crease, and after 3000 iteration they remain constant
in further computations. Such changes of residuals
indicates the unsteady behaviour of solution.
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Figure 6. OFv2306, k-ω SST. Variation of pres-
sure in several points in cross-section z = 0.1m.
Coordinates (x , y) of the points are: M(-0.05, 0);
N(-0.1, 0) and P(-0.175, 0).

This is evident from the diagram shown in Fig. 6,
where oscillations of pressure in different points dur-
ing iterations are shown. It can be seen that oscilla-
tion period is the same for all points, while the amp-

litude is different. Concerning oscillation period we
have roughly four periods in 1000 outer iterations.
Of course, we can not talk about accurate unsteady
dynamics in this case, but it is interesting to see how
global flow field is changing during iterations. The
changes of velocity and pressure during iterations are
shown in Fig. 7.

Figure 7. OFv2306, k-ω SST. Contours of pres-
sure (inm2/s2) and velocity magnitude (inm/s) in
cross-section z = 0.25m, in outer iterations 4000,
5000, 6000 and 7000. Back view, from pipe outlet.

We can see that main changes are located in the core
region of the pipe. Based on contours of low pres-
sure region, these changes of pressure resemble to
unsteady vortex rope behind the fan. This vortex rope
can be better visualized using Q criterion. Three-
dimensional contour of constantQ is shown in Fig. 8.

Figure 8. OFv2306, k-ω SST model. Vortex struc-
tures identified as contour of Q = 1500 s−1. Outer
iteration number 5000.

Besides coherent vortex structure in the central re-
gion of the pipe, e.g. vortex core, we also have addi-
tional seven larger structures which originates from
the tips of the fan blades. These contours passes
through regions of low pressure near the pipe wall
shown in Fig. 7. But, contrary to movement of vor-
tex rope in the central region of the pipe, those vortex
structures remain still during iterations. This is ex-
pected, since in the position of the fan is frozen, and
this structures are located near the pipe wall.

Due to fact that we have oscillatory behaviour
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during iterations, we can get from this quasi steady
to steady solution in following way. Rough estimate
is that 4000 iterations is needed for the rope to make
one quasi-revolution. In that sense, we can start do
compute moving averages (UMean and pMean) from
4000 to 8000 iteration in order to get iteration aver-
aged values of pressure and velocity in each point of
computational domain. Using this procedure, we can
get the steady state solution. This is shown in Fig. 9
where contours of velocity magnitude are shown, for
both turbulence models. In case of RNG k-ε model it
is converged velocity, while in case of k-ε SST model
it is the iteration averaged velocity.

Figure 9. OFv2306. Contours of velocity mag-
nitude (inm/s) in several cross-sections behind the
fan: z = 0.25, 0.5, 0.75, 1 and 1.5m. Contours of
kinematic pressure (in m2/s2) are shown at fan
blades and hub. Top: RNG k-ε, bottom: k-ω SST
model.

From Fig. 9 we can clearly see the difference in the
results between two models. The effect of the posi-
tion of fan impeller is more pronounced in case of k-
ω SST model. It is evident that the flow is not purely
axisymmetric in cross-section close to the fan im-
peller, it is rather quasi-periodic with 360◦/7 (num-
ber of fan blades is seven). Due to many practical
reasons, velocity components in OpenFOAM® are
stored and calculated in Cartesian coordinates. Based
on those results, velocity components in polar co-
ordinates are calculated. For swirling flow, radial dis-
tribution of circumferential component can be used
to characterize the type of the flow. This distribu-
tion is shown in Fig. 10, for both models, in cross-
section z = 1m of the pipe. For k-ω SST model we
used mean velocity vector UMean. From the Fig. 10
it evident that we have so called solid-body rota-
tion, where circumferential velocity reaches max-
imum values close to the pipe wall, and of course
has its minimum in the axis region. Position of

Figure 10. OFv2306. Contours of circumferential
velocity W in cross-section z = 1m. Left: RNG
k-ε, right: k-ω SST model.

these regions where circumferential velocity reaches
its maximum are directly related to the position of the
fan blades, and the profile is not axisymmetric. We
can perform circumferential averaging as a part of
post-processing in any chosen cross-section, but this
is a bit tedious work. For that purpose we used mix-
ing plane at interface, a boundary condition available
in version FE41.

3.1.1. Comparison to experimental results

In LDA measurements it was assumed that flow
is axisymmetric, and measurements are performed in
vertical plane, as shown in Fig. 11.

exp.
points

R x

y y

z

Ux →W(a) (b)

Figure 11. (a) Position of measuring points in
cross-section of the pipe. (b) Mean velocity com-
ponent in direction of x axis corresponds to cir-
cumferential component of velocity in polar co-
ordinates.

Additionally, it is assumed that radial velocity com-
ponent is much smaller in comparison to axial and
circumferential, and it wasn’t measured. This is
usual and accurate approximation for this type of
swirling flow. In order to do comparison to the ex-
perimental results, i.e. to compare the mean velocity
components Ux and Uz , numerical results obtained
with mixing plane interface in FE41 are chosen, since
they produce axisymmetric flow in the pipe. This is
shown in Fig. 12, where symmetry of flow variables
in measuring cross-section in circumferential direc-
tion is evident. That symmetry is also pronounced
in all other cross-sections of the pipe. In that sense,
there is no need to calculate velocity components in
polar coordinates as a part of post-processing pro-
cedure. Instead, velocity component normal to the
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sampling line in cross-section will correspond to the
circumferential component.

Figure 12. FE41. Contours: kinematic pres-
sure (m2/s2), left, and velocity magnitude (right).
RNG k-ε turbulence model, measuring section
z = 1m. Mixing plane at the interface pair RSI-
2/SRI-2.

Comparison of velocity distribution along vertical
axis to experimental results is shown in Fig. 13. Very
good agreement is found, for both turbulence models.
Decrease in axial velocity in core region is captured
in correct manner, and also the type of circumferen-
tial velocity profile. There is slight underestimation
of the slope of circumferential velocity profile around
the axis, which results in underestimation in whole
cross-section, except the wall region.

Figure 13. FE41. Comparison of axial and cir-
cumferential velocity profiles (see Fig. 11), meas-
uring section z = 1m. Mixing plane at the inter-
face pair (RSI/SRI)2.

There are numerous experimental points. The reason
for that is to check if the assumption of axisymmetry
is fulfilled. We can see that there are slight devi-
ation between the values in points which are sym-
metric around the axis. However, maximum of this
deviation is not larger than 2% between the points.
Also, in region around the pipe axis, unsteadiness is
highly pronounced, specially in circumferential dir-
ection. More details about the problems with meas-
urements in this region can be found in [9]. In that
region we can also have back flow, or even axial ve-
locity equal to zero. This decrease in axial velocity
in core region are directly related to the existence of
rotational, i.e. circumferential velocity component.

3.2. Results of the SPARC code

Quasi-steady behaviour shown in Fig. 6 and
Fig. 7 clearly shows that this kind flow is unsteady
in nature, even on larger scales. This behaviour in
results was not found with RNG k-ε model, where
we get steady solution. Of course, the most accur-
ate solution with both turbulence models will be with
mesh rotation. But, for the purpose of presenting
the results in this paper, on this mesh with avail-
able computational power, it seems like impossible
task. So we turned to the SPARC code. SPARC
is in-house block-structured CFD code, written in
FORTRAN and developed at KIT Institute of fluid
machinery. Foundation of the code are compress-
ible Navier-Stokes equations. Modeling of sub-grid
scales in LES are based on MILES algorithm. In
contrast to OpenFOAM® , where computations are
performed on unstructured mesh by definition, com-
putations in SPARC are performed on mesh defined
as multi-block mesh. The topology of the blocks in
mesh generation process is important parameter for
computations. It turned out that mesh which one part
shown in Fig. 4 was very good in that sense, and the
simulations ran smooth. For temporal discretization
second order dual time stepping is used, with time
step in range ∆t = 10−5 s. For more stable com-
putations, constant flow rate is prescribed at the IN-
LET. At the interfaces SPARC uses sliding mesh ap-
proach. After more ten flow through times, values
of physical quantities are averaged in time, in order
to validate the computation with comparison to the
experimental results. Very good agreement is found
in terms of axial and circumferential velocities, as
shown in Fig. 14. In contrary to Fig. 13 circumfer-
ential averaging is performed for both experimental
and numerical results.

Figure 14. SPARC. Profiles of axial and circum-
ferential velocity in cross-section z = 1m.

Since in experiments LDA method is used, with
sampling rate of 2kHz, it is possible to calculate the
root mean square (RMS) of signals that corresponds
to axial and circumferential velocity, and compare
it with results from SPARC. In Fig. 15 RMS val-
ues of axial and circumferential velocity are shown.
In contrast to Fig. 13, experimental values are taken
as arithmetic mean value of two symmetric points
in respect to axis (dependence of radial coordinate).
There are two peak values in RMS of axial velocity,
which are also predicted numerically. One is located
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Figure 15. SPARC. Turbulence intensities, i.e.
root mean square of axial (left) and circumferen-
tial velocity (right) in cross-section z = 1m.

in the wall region where large velocity gradients pro-
duces turbulent kinetic energy, and other at the end of
vortex core region where large velocity gradients are
also present. Both of these maximums are largely
under-predicted in comparison to experimental res-
ults. On the other hand, there is good agreement
in terms of RMS of circumferential velocity. Fig-
ure 16 shows unsteady vortex rope in the region near
the pipe axis, in one instant in time. Unsteady be-
haviour of vortex rope are captured in physically ex-
pected manner.

Figure 16. SPARC. Vortex rope identified by con-
tour of constant Q = 1000 s−1 (orange) and con-
tour of zero velocity (blue) in one instants of time.

Computations in SPARC were performed in parallel
mode, using MPI on HP XC3000 with 120 CPUs in
Scientific Computer Center of KIT. Some issues en-
countered during computations are given in great de-
tail in [10]. Our opinion is that this behaviour can be
reduced with dedicated non-reflecting boundary con-
dition, which will be implemented in the code.

4. CONCLUSION
Numerical analysis of swirling flow straight cir-

cular pipe is presented in this paper. Swirl is gener-
ated by axial fan, mounted at the pipe inlet. Complete
geometry is modeled, while the rotation of the fan is
taken into the account in two ways: using frozen-
rotor approach and using sliding mesh, with two dif-
ferent CFD codes: OpenFOAM® for first approach
and SPARC for the second. Two different version of
OpenFOAM® are tested, and it was found that there
are slight differences in the results between the ver-
sions. Both codes give the results which are in good
agreement with experimental results. Future research

is dedicated to URANS and hybrid LES/RANS com-
putations with rotating mesh in OpenFOAM® and
improvement of LES computations in SPARC.
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ABSTRACT

The treatment of intracranial aneurysms (IAs)
with flow diverters (FD) has become an established
minimally-invasive intervention, showing particu-
larly high rates of complete aneurysm occlusion, es-
pecially in the case of sidewall aneurysms. The
role of FD in treating bifurcation IAs is still un-
der discussion, as some aneurysms show no long-
term improvement. This study aims to explore po-
tential hemodynamic factors contributing to unsuc-
cessful treatment outcome by analyzing retrospect-
ive data, with the goal of predicting the success of
FD treatment. Twelve intracranial media bifurcation
aneurysms patients treated with a state-of-the art FD
device are included. Successful treatment was ob-
served in six patients, whereas the other six showed
no IA occlusion after follow-up. Patient-specific sur-
face models are extracted based on pre-interventional
3D digital subtraction angiography followed by a
morphologic analysis. Post-interventional treatment
stages are virtually created using an in-house fast
virtual stenting approach. Image-based blood flow
simulations compare hemodynamics before and after
intervention in successful and unsuccessful treat-
ments. Reductions in all flow-related parameters
induced by the FD are observed, regardless of the
treatment outcome. IAs with unsuccessful treatment
outcome show tendencies to higher morphological
parameters, extreme hemodynamic values, and in-

creased stent shear stress. However, these findings
suggest that the hemodynamic and morphological
results alone do not accurately predict the outcome.

Keywords: cerebral blood flow, CFD, endovascu-
lar treatment, flow diverter, hemodynamics, in-
tracranial aneurysms

NOMENCLATURE
AV [m/s] averaged velocity
AWS S [Pa] averaged wall shear stress
NIR [kg/s] neck inflow rate
PI [−] pulsatility index
S S S [Pa] stent shear stress

1. INTRODUCTION
Intracranial aneurysms (IAs) are pathological

vascular dilatations in the cerebral arteries, with a
prevalence of 2 to 5 % in adults [1]. 22 % of IAs are
localized at the middle cerebral artery (MCA) [2]. In
recent years, endovascular treatment methods have
become increasingly popular, allowing IAs to be
treated in a minimally invasive procedure [3]. In ad-
dition to (stent-assisted) coiling, the deployment of a
flow diverter (FD) became an established treatment
option. The FD is intended to divert the blood flow
away from the IA due to its braided wires and en-
sure thrombosis inside the aneurysm sac, while reen-
dothelializing the aneurysm neck [4]. In up to 76 %

1
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



of cases, this procedure results in complete occlu-
sion of the IA [5]. However, the procedure-related
morbidity and mortality is between 4 and 5 %, which
highlights the importance of accurately assessing the
therapy outcome [5].

FDs are particularly successful in fusiform or
wide-necked IAs [6, 7]. However, the specific mor-
phological factors that contribute to successful oc-
clusion are still being investigated. Long et al. [8]
examined the morphological parameters of small an-
eurysms treated with FD and observed that aneurysm
sacs with branch vessels or a larger aneurysm dia-
meter make occlusion more difficult. The success of
a FD for bifurcation aneurysms is also under discus-
sion, as problems can occur due to occlusion of the
neighboring vessels [9, 6, 7].

Numerical blood flow simulations and virtual
stenting of the FD can be performed to investigate the
hemodynamic influence of a FD. There are numerous
fast virtual stenting methods and also several stud-
ies in which the influence of a FD on hemodynam-
ics is investigated using this method [10]. Larrabide
et al. [11] investigated the hemodynamic changes
caused by the FD in internal carotid artery (ICA) an-
eurysms using a fast virtual stent placement method.
A significant reduction in wall shear stress (WSS)
and velocity is observed. Additionally, the shape of
the aneurysms was considered, showing greater re-
ductions in fusiform aneurysms compared to saccu-
lar aneurysms. Cebral et al. [12] and Levitt et al. [13]
also followed a similar approach in their study. Both
studies also demonstrate a significant reduction in
flow into the aneurysm dome and in WSS on the an-
eurysmal wall following FD treatment. These studies
suggest that morphological and hemodynamic para-
meters can be linked to treatment success. However,
it is not possible to determine exactly which condi-
tions lead to good occlusion of an IA.

In this study, the focus is on MCA aneurysms.
Their localization at a bifurcation poses a particu-
lar challenge for flow diversion. The FD necessar-
ily covers one of the two main branches. Therefore,
by performing a retrospective analysis this study ex-
amines whether the previous results on the relation
between morphological and hemodynamic paramet-
ers and treatment outcome can be transferred to bi-
furcation aneurysms.

2. MATERIALS AND METHODS

Figure 1 illustrates the study workflow. Initially,
digital subtraction angiography (DSA) is performed
pre-interventionally. The vessels are segmented and
converted to a 3D vessel model. This model serves as
a basis for morphological analysis. Subsequently, a
FD is virtually deployed in the model, and numerical
blood flow simulations are carried out for both the
pre-stented and stented models.

2.1. Patient data
The study contains the retrospective data of 11

patients and includes 12 aneurysms located at the
MCA-bifurcation. All patients were treated with
the p48 MW Flow Modulation Device (phenox,
Bochum Germany) at Leipzig University Hospital.
After the procedure, all cases were evaluated using
the O’Kelly-Marotta (OKM) [14] and Saatci-Cekrige
(SCS) [15] scores, which help to determine the suc-
cess of the procedure. Based on the scores, this co-
hort includes six cases in which the aneurysm oc-
clusion is achieved. These cases are referred to as
successful in the following. In six cases, incomplete
occlusion occurs, these cases are labeled as unsuc-
cessful. An overview of the patient data is provided
in Table 1.

Table 1. Overview of the therapeutic success of
patient cases using classification by the O’Kelly-
Marotta (OKM) and Saatci-Cekrige score (SCS).

Case OKM SCS Success
1 D 1c yes
2 C1 1c yes
3 A1 3 no
4 D 1c yes
5 A1 3 no
6 A1 3 no
7 A1 3 no
8 A1 3 no
9 D 1c yes
10 D 1c yes
11 A1 3 no
12 C2 5 yes

2.2. Image acquisition
All endovascular treatments are performed us-

ing Philips Allura Xper Biplane AngioSuite (Phil-
ipps Medical Systems DMC GmbH, Hamburg, Ger-
many). The procedures and image acquisitions
were conducted between January 2018 and Decem-
ber 2023. A monoplanar 3D rotational angiography
(3D-RA) is performed with a rotation time of 4 s.
A manual injection of 20 ml of contrast medium
(Imeron 300, Bracco Imaging GmbH, Konstanz,
Germany) is administered during the procedure. The
pre-interventional 2D images are acquired shortly
before FD deployment. Isotropic voxel sizes is
0.27 mm for all acquisitions.

2.3. Image segmentation
The extraction of patient-specific vascular struc-

tures from the 3D DSA data was performed us-
ing MeVisLab v3.4.1 (MeVis Medical Solutions AG,
Bremen, Germany). To obtain the initial segmenta-
tion, threshold-based methods combined with global
Laplacian smoothing were employed. Following the
segmentation process, the resulting mask was con-
verted into a triangulated 3D surface mesh utiliz-
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Figure 1. The workflow includes medical imaging, vessel segmentation, and morphological analysis of the
extracted 3D vessel model. This is followed by virtual FD placement and a final hemodynamic analysis
through numerical blood flow simulations for both pre-stented and stented models.

ing the marching cubes algorithm. For the post-
processing of the segmentation the open-source 3D
creation suite Blender v2.9 (BlenderFoundations,
Amsterdam, Netherlands) is used. The steps per-
formed with this software are the manual removal of
artifacts, separating incorrectly fused vessel sections,
extrusion of the in- and outlet cross-sections perpen-
dicular to the vessel axis and optimizing the triangu-
lated mesh. A total of 12 pre-interventional patient-
specific models are extracted from the 3D DSA data.
As shown in Figure 1, these models are used for in
house fast virtual stenting approach.

2.4. Fast virtual stenting approach

The virtual FD geometries are created using an
in house fast virtual stenting approach. This soft-
ware is employed to virtually place the FD in patient-
specific vascular models [16]. The exact position of
the FD within the vessel is determined based on 2D
images taken after the intervention. The FD is pre-
cisely positioned to match its placement during the
initial procedure. The stent lengths and diameters
used in the procedure are known and are therefore
adapted to the size of the virtual stent. Stent diamet-
ers of 2 and 3 mm are used and the stent length varies
between 9 and 18 mm.

2.5. Morphologic parameters

The morphologic parameters are calculated us-
ing Saalfelds et al. [17] semiautomatic neck curve
reconstruction tool. This approach requires a ves-
sel centerline, which is extracted using the VMTK
v1.4.0 (Vascular Modeling Toolkit, vmtk.org) soft-
ware. The morphological parameters investigated are
the aneurysm area, the aneurysm volume, the ortho-
gonal height (Hortho) and the aspect ratio. The as-
pect ratio results from the orthogonal height divided
by the maximum distance between two points on the
neck curve. Furthermore, with regard to morphology,
the 2D images before and after the intervention are
qualitatively analyzed to identify possible changes in
morphology due to the treatment.

2.6. Hemodynamic simulation and ana-
lysis

To analyze the hemodynamic differences before
and after FD deployment, numerical blood flow sim-
ulations are performed using the finite-volume solver
STAR-CCM+ v17.06 (Siemens PLM Software Inc.,
Plano, TX, USA) following the guidelines by Berg
et al. [18]. The IA models were spatially discret-
ized using polyhedral cells with a maximum base
size of 0.07 mm, along with five layers of prism cells
to ensure accurate resolution of near-wall flow. In or-
der to accurately capture the individual stent struts,
the discretization around the FD is refined using a
base size of 0.016 mm. (A comparison with a re-
fined 0.0094 mm mesh was conducted, showing a
deviation of less than 1 % in the results. There-
fore, the 0.016 mm base size was maintained.) These
settings result in a total number of cells between
2.5 and 4.8 million for configurations without a FD
and between 10.6 and 22.7 million for configurations
with a FD, respectively. Inlet and outlet bound-
ary conditions must be defined for the hemody-
namic simulations as no patient-specific data is avail-
able. For the inlet, a representative inflow curve
was taken from Cebral et al. [12]. For configura-
tions without a stent, area-weighted outflow splitting
was employed to ensure physiologically appropriate
flow distribution across outlets [19]. The resulting
time-dependent pressure waveforms were then used
as outflow boundary conditions in the corresponding
stented configurations, thereby enabling flow redis-
tribution induced by the FD. All vessel walls were
modeled as rigid and with no-slip wall condition.
Blood is simplified as a fluid with incompressible
(ρ = 1056 kg/m3 ) and non-Newtonian proper-
ties (Carreau-Yasuda model parameters taken from
Robertson et al. [20]). The Reynolds number in the
modeled geometries did not exceed 1000. Therefore,
laminar flow conditions were assumed for all simu-
lations. Two cardiac cycles are simulated for each of
the 24 configurations. The first cycle is used for ini-
tialization and the second cycle is used for the actual
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hemodynamic evaluation.
Analyzed hemodynamic parameters are the

• Average Velocity inside the aneurysm sac (AV)

• Neck Inflow Rate (NIR): The net flow rate en-
tering the aneurysm through the ostium. [21]

• Pulsatility Index regarding NIR (PI_NIR): PI
quantifies the amplitude of NIR along the car-
diac cycle in relation to the mean NIR [11].

• Average Wall Shear Stress (AWSS): The AWSS
describes the tangential shear stress along the
vessel wall over one cardiac cycle.

• Pulsatility Index regarding WSS (PI_WSS): PI
quantifies the amplitude of WSS along the car-
diac cycle in relation to the mean WSS [11].

• Stent Shear Stress (SSS): The time-averaged
SSS describes the tangential shear stress along
the stent over one cardiac cycle [22].

3. RESULTS
3.1. Morphologic analysis

The comparison of the morphologic parameters
for the pre-interventional geometries is presented in
Table 2. It can be observed that all morphologic
parameters are higher in the unsuccessful outcome
category. For example, the average IA volume is
102.69 mm³ in the unsuccessful cases, while it is
83.57 mm³ in the successful cases. Similarly, the av-
erage IA area is 87.83 mm² in the unsuccessful cases,
compared to 83.32 mm² in the successful cases.

Table 2. Results of the averaged morphological
parameters of the investigated IAs in the corres-
ponding category (successful, unsuccessful)

Parameter Successful Unsuccessful
IA area (mm2) 83.32 87.83
IA volume (mm3) 83.57 102.69
Hortho (mm) 3.71 4.41
Aspect Ratio (-) 0.82 0.99

Further, 2D images taken before and after the
procedure are compared. In certain aneurysms, ves-
sel deformation is evident as a result of FD deploy-
ment. Figure 2 presents an example of a case where
the vessel deformation induced by the FD is clearly
visible. However, these morphological changes do
not exhibit a direct correlation with success or un-
successful treatment outcome.

3.2. Hemodynamic analysis
3.2.1. Quantitative evaluation

Figure 3 shows the quantitative evaluation of the
peak-systolic intra-aneurysmal blood flow velocity
for two selected cases, representing successful and
unsuccessful FD treatment outcome. In both cases,
the blood flow in the aneurysm dome is visualized

Figure 2. Representative case showing FD-
induced vessel deformation; a) before interven-
tion and b) after FD depolyment.

before and after FD deployment. It is evident that
the deployment of the virtual FD leads to a reduction
in the intra-aneurysmal blood flow velocity in both
cases. The direct comparison shows that the reduc-
tion is even higher in the unsuccessful outcome than
in the successful one. This observation can be con-
firmed by other cases.

The SSS is presented in Figure 4, with one suc-
cessful and one unsuccessful case selected as ex-
amples. Each case is shown from two different per-
spectives to enable a more detailed analysis. In Fig-
ure 4a), the stent is visible from within the aneurysm,
while in Figure 4b), it can be observed from the os-
tium into the aneurysm. In perspective a), no clear
differences in the distribution of the SSS between the
successful and unsuccessful cases are noticed. How-
ever, this is considerably different for perspective b).
In both cases, increased SSS values can be detected
near the aneurysm neck region. In the unsuccessful
outcome, the SSS on the inside of the stent is notably
increased, being more than four times larger. This
tendency can be confirmed by the other cases.

3.2.2. Qualitative evaluation

The bar chart in Figure 5 presents the mean re-
lative changes in hemodynamic parameters, categor-
ized into successful and unsuccessful outcome. It can
be observed that all parameters exhibit the same pat-
tern of relative changes, with both positive and neg-
ative trends being consistent across all cases, regard-
less of the treatment outcome. For instance, there
are negative relative changes in the values for ve-
locity, NIR and AWSS. The parameters related to
pulsatility show positive changes in the values. The
greatest AWSS reduction (-54.4 %) occurs in un-
successful cases, compared to -42.8 % in successful
ones. AWSS pulsatility increases more in unsuccess-
ful outcomes (36.7 %) than in successful (25.5 %).
The largest intergroup difference is in NIR, with a
12.6 % greater reduction in the unsuccessful group.

Finally, Figure 6 presents the absolute values of
all selected parameters and analyzed cases before
and after FD deployment. Consistent with the ob-
servations of relative changes, a reduction in velo-
city, AWSS, and NIR values are evident following
FD placement. The absolute values of the pulsat-
ility regarding AWSS and NIR increase. Addition-
ally, the analysis of absolute values reveals that ex-
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Figure 3. Visualisation of the peak-systolic intra-aneurysmal blood flow velocity before and after virtual
stent deployment for a successful case and an unsuccessful case.

Figure 4. Visualisation of the SSS for a successful and unsuccessful case from two different perspectives.
The arrows show the indicated direction of view ( a) perspective from the aneurysm dome on the FD, b)
perspective on the ostium of the aneurysm).

Figure 5. Mean relative changes in AV, NIR,
PI_NIR, AWSS, and PI_WSS before and after FD
deployment, categorized into successful and un-
successful outcome.

treme values often occur in unsuccessful treatment
outcomes. This is particularly noticeable in the pre-
interventional AWSS values, which range from 1.7
to 12.2 Pa. In contrast, for successful cases, the max-
imum AWSS value is 5.62 Pa, while the minimum is
3.09 Pa.

4. DISCUSSION

The results of the morphological analysis indic-
ate a tendency for FD therapy to be less success-
ful in larger MCA aneurysms. However, no specific
parameter or associated threshold can be identified
that reliably predicts the success of FD deployment
in relation to morphological characteristics. Con-
sequently, the analysis of the morphological para-
meters of IAs alone does not provide a clear clas-
sification of whether the use of a FD will lead to full
occlusion of the IA.

The 2D comparison of the images before and
after treatment demonstrates, that in some cases there
are morphological deformation of the vessels due
to the FD. This often appears as a straightening of
the surrounding vessels. Even if it is not clearly
identifiable whether this deformation has a positive
or negative influence on the treatment success, it
could make a difference for the subsequent hemo-
dynamic analysis. Voß et al. [23] investigated the
effect of vessel deformation on MCA aneurysms
and showed that these morphological changes im-
pact intra-aneurysmal hemodynamics. To achieve
this, they analyzed 3DRA data collected before and
after FD treatment. In this work, only 2D images
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Figure 6. Absolute values of the parameters AV,
NIR, PI_NIR, AWSS, and PI_WSS before and
after FD deployment, divided into successful and
unsuccessful outcome.

after treatment are available. To enable a more com-
prehensive analysis of the precise morphological and
hemodynamic conditions following FD treatment, it
would be beneficial for subsequent studies to include
post-interventional 3D images. This would provide a
more realistic representation of the morphology and
stent placement and thus also improve the hemody-
namic analysis.

FD deployment aims to occlude the aneurysm
and prevent rupture. Two effects play a decisive role
in its success. Firstly, thrombus formation in the an-
eurysm and secondly, endothelization along the FD
and the neck of the aneurysm [4].

The FD-induced reduction of blood AV inside
the aneurysm, the NIR and the AWSS is expected and
confirmed by the presented results. These findings
agree with previous studies by Thormann et al. [24]
and Kulcsár et al. [25]. It is noticeable that the pulsat-
ility of both the NIR and the WSS increase after FD
deployment, independent of the occlusion state. This
behavior is also identified in the study by Larrabide
et al. [11] who investigated the hemodynamic effects
of a FD in a similar study design.

However, it is unexpected that the average reduc-
tion of these parameters is greater in the unsuccess-
ful cases in both absolute and relative values. As also
stated by Ravindran et al. [4], especially the reduced

velocity is a key factor for thrombus formation and
thus for occlusion of the aneurysm. These results
therefore do not contribute to differentiating between
successful and unsuccessful cases.

The study by Mut et al. [26] has a similar design
and investigates potential causes for fast or slow an-
eurysm occlusion following FD treatment. In con-
trast to the present results, this study identified signi-
ficant differences regarding AV and NIR. Both were
found to be significantly lower in cases with fast oc-
clusion. The key difference is the focus on IAs loc-
ated at the ICA and posterior communicating artery
(PCOM), rather than MCA-bifurcation aneurysms.
The results of the present study suggest that Mut
et al.’s findings may not be applicable to MCA-
bifurcation aneurysms, requiring further analysis of
hemodynamic parameters.

Further, the absolute values are analyzed in order
to possibly predict the outcome success using hemo-
dynamic analysis. It is noticeable that the unsuccess-
ful cases often represent minimum or maximum val-
ues, see Figure 6. This could indicate abnormal flow
conditions that could prevent the aneurysm occlu-
sion mechanisms introduced above. Regarding the
instability assessment of IAs, abnormal flow is con-
sidered as critical factor [27]. Notably, a trend to-
wards abnormal flow conditions or extreme hemo-
dynamic parameters is already visible in the pre-
interventional simulations of the unsuccessful cases.
Therefore, such an indicator might be used pre-
interventionally to assess the success of FD treat-
ment.

In addition, SSS is evaluated. Berg et al. [22]
found that an increased SSS is present in regions
where endothelialization did not occur. At lower
SSS, endothelial proliferation was seen both on the
stented parent artery and on the open segments of the
stent. Accordingly, this study highlights increased
SSS in the unsuccessful cases. This could therefore
lead to reduced endothelialization and serve as an ex-
planation for incomplete aneurysm occlusion. Fur-
ther studies should investigate this in more detail.

Limitations The first limitation is the small co-
hort size of 12 MCA IAs, with only six in each suc-
cessful and unsuccessful group. A larger cohort and
the consideration of all OKM score classes would
provide more precise information on the hemody-
namic effects of FD deployment.

Another limitation is the uncertainty caused by
the segmentation and manual processing steps in-
volved in creating the patient-specific geometries.
This can lead to discrepancies from the original
shape of the vessel. However, comparing the med-
ical images and the 3D models was utilized to reduce
3D model uncertainty.

Some simplifications are necessary for the
hemodynamic simulations. These include the sim-
plification of the fluid properties of blood as well as
a simplified representation of the wall and the inlet
and outlet conditions. In this study, it would be of
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special interest to apply patient-specific inlet condi-
tions. Unfortunately, patient-specific flow rates are
rarely available, but they could make a difference in
estimating the success of therapy [28].

Additionally, it should be considered to adopt
a more multifactorial approach by incorporating ad-
ditional patient-specific factors into the prediction
of treatment success. This could include diseases
such as hypertension, as well as lifestyle factors like
smoking. These factors were not considered in the
current approach, which focused solely on morpho-
logy and hemodynamics. Furthermore, the morpho-
logical analysis could be extended, allowing a more
detailed analysis of the aneurysm’s surroundings and
the position of the side branches.

Moreover, the availability of both 2D and 3D
DSA images after the intervention would be highly
advantageous. This would enable a more accurate as-
sessment of vessel deformation and allow for a more
realistic placement of the virtual FD.

5. CONCLUSION
This study addresses the morphological and

hemodynamic analysis of MCA-bifurcation an-
eurysms to evaluate the treatment success of FD de-
ployments. The findings indicate that larger IAs
are more likely to experience unsuccessful treatment
outcome, and the hemodynamic parameters in these
cases show a greater relative change compared to
successful cases. Abnormal flow conditions in the
unsuccessful cases, along with higher SSS, could
delay occlusion. This pilot study represents a first
step toward identifying specific parameters for pre-
dicting treatment success for MCA aneurysm. While
hemodynamic and morphological analysis alone may
not be sufficient, these findings highlight the need for
a multifactorial approach.
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ABSTRACT
This numerical study investigates a lifted meth-

ane/air jet flame in a vitiated coflow by means of the
map-based, stochastic one-dimensional turbulence
(ODT) model. The dimensional reduction of ODT
allows for simulations with affordable computational
costs and provides nonetheless full-scale resolution
along a notional line of sight crossing the turbulent
flow field. The considered Cabra burner configur-
ation consists of a jet flame issuing from a cent-
ral nozzle into a vitiated coflow of hot combustion
products. Radial and centerline profiles for mixture
fraction, temperature and selected species mass frac-
tions obtained from ODT using a reduced and de-
tailed reaction mechanism are in appropriate agree-
ment with the existing experimental measurements.
A two-dimensional illustration of the autoignition in-
dex is given, which enables the distinction between
autoignition and propagation driven reaction zones.
Additionally, the sensitivity of the jet combustion to
velocity and temperature variations is investigated.
Considering the reduced order of ODT and the sens-
itivity of the subtle interactions of the hot coflow with
the cold jet on the entire reaction process, ODT is
able to predict the flow characteristics and reasonably
matches the experimental data. As a consequence,
ODT is an efficient and alternative model for turbu-
lent reactive flow simulations.

Keywords: autoigniton, lifted jet flame, meth-
ane/air combustion, ODT, one-dimensional turbu-
lence, stochastic turbulence modeling

NOMENCLATURE
C [−] ODT model parameter - tur-

bulence intensity
D [m] jet diameter

Ekin [J] available kinetic energy
Evp [J] energetic viscous penalty
Mk [ kg

mol ] molecular weight of species k
P [Pa] thermodynamic pressure
Ru [ J

K·mol ] universal gas constant
T [K] thermodynamic temperature
Vk [ m

s ] diffusion velocity of species k
Xk [−] mole fraction of species k
Yk [−] mass fraction of species k
Z [−] ODT model parameter - vis-

cous penalty
∆tsample [s] sampling time interval
ẇk [ kg

m3·s ] reaction rate of species k
f [−] mixture fraction
l [m] eddy size
r [m] radial position
r0 [m] eddy location
t [s] simulation time
ui [ m

s ] velocity component
z [m] downstream position
β [−] ODT model parameter - large

eddy suppression
λ [ 1

s·m2 ] eddy rate
µ [ kg

m·s ] dynamic viscosity
ρ [ kg

m3 ] density of the gas mixture
τ [s] eddy event time scale

1. INTRODUCTION
Recirculating burners are a special type of burner

that reinjects part of the hot exhaust gases back
into the combustion process. This technology is
used to enhance combustion efficiency, reduce pol-
lutant emissions (especially nitrogen oxides), control
flame temperature and to get wider fuel and operation
flexibility. By recirculating the exhaust gases, the
oxygen concentration in the combustion chamber is
lowered, resulting in slower and more uniform com-
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bustion. Recirculating burners are widely used in in-
dustrial heating processes, power plants, and chem-
ical processing applications where optimized energy
utilization and emission reduction are required.

The numerical study of this special type of
burner is challenging due to the recirculation of hot
combustion products. Vitiated coflow burners exhibit
similar characteristics in terms of chemical kinetics,
heat transfer, and molecular transport as recirculating
burners, where the stabilized flame is lifted from the
burner by increased jet or coflow velocity. However,
they avoid the complexities associated with recircu-
lating fluid mechanics, as demonstrated in the exper-
imental measurements of Cabra et al. [1].

Despite the simplified consideration of a recir-
culating burner as a vitiated coflow burner, the accur-
ate representation of the turbulent reactive flow is a
standing challenge in numerical fluid dynamics. The
small-scale interactions of the hot coflow with the un-
burnt jet flow are crucial for the entire reaction of
the jet and necessitate a full resolution of all relevant
time and length scales in order to completely capture
the state-space statistics.

Direct numerical simulation (DNS) would be
the ideal method for turbulent reactive flows, as it
provides complete resolution of the flow without
modeling errors. However, for most industrial ap-
plications, DNS remains prohibitively computation-
ally expensive and is therefore also not a feasible op-
tion in the foreseeable future [2].

To enable the numerical study of turbulent re-
active flows despite computational limitations, turbu-
lence closure models are commonly applied. In con-
trast to the full resolution of DNS, large-eddy sim-
ulation (LES) and Reynolds-averaged Navier-Stokes
(RANS) approaches resolve the flow only in a filtered
or averaged sense, which reduces the computational
effort in the desired way. To compensate for the lim-
ited state-space information of the scalar compos-
ition, these lower-fidelity models often incorporate
transported probability density function (PDF) meth-
ods [3].

The considered Cabra burner configuration, con-
sisting of a jet flame issuing from a central nozzle
into a vitiated coflow of hot combustion products,
represents an important test case and has been in-
vestigated by a variety of LES [4, 5, 6, 7] and RANS
[1, 8, 9, 10] simulations.

These studies show that the averaged or filtered
results generally are in reasonable agreement with
the experimental measurements and are able to cap-
ture key combustion characteristics. However, des-
pite the use of filtering or averaging, LES and RANS
simulations remain computationally demanding due
to the need for resolving the expensive chemistry
alongside of the transported PDF approach. As a res-
ult, their applicability for extensive sensitivity ana-
lyses or comprehensive parameter studies is limited.

Reduced order turbulence and mixing models
offer an alternative approach, significantly lower-

ing computational costs compared to DNS while
preserving fundamental physical conservation prin-
ciples and accurately capturing turbulent flow phe-
nomenology.

In reduced order stochastic mixing and turbu-
lence models, map-based transformations are ap-
plied in one-dimensional domains to mimic the ef-
fects of turbulent mixing and advection. Notable
representatives are the linear eddy model (LEM)
[11] and the hierarchical parcel swapping (HiPS)
model [12], both mixing models, and the one-
dimensional turbulence (ODT) model [13], all de-
veloped by A. Kerstein. These models efficiently
utilize available computational resources through di-
mensional order reduction while fully resolving the
entire range of scales within the one-dimensional do-
main. This makes LEM, HiPS and ODT particu-
larly well-suited for applications where small-scale
interactions between advection, diffusion, and reac-
tion play a crucial role.

The main objective of this work is the scale-
resolving, pyhsics-based, yet computationally effi-
cient numerical investigation of the Cabra jet flame
in a vitiated coflow. The results from the ODT model
are thoroughly compared with the experimental data
from Cabra et al. [1]. Additionally, the autoignition
index is evaluated, and the sensitivity of the lift off
height to variations in jet velocity and coflow tem-
perature is examined.

The paper is structured as follows: Section 2
provides a more detailed description of the ODT
model formulation. Section 3 describes the flow con-
figuration for the considered methane/air jet flame in
a vitiated coflow. Section 4 presents and discusses
the model results, followed by concluding remarks.

2. ODT MODEL FORMULATION
The one-dimensional turbulence (ODT) model

offers a significantly reduced numerical framework
compared to DNS and LES, enabling full-scale res-
olution in the radial direction of the jet. This makes
ODT an ideal tool for the numerical study of a lif-
ted methane/air jet flame in a vitiated coflow. For
this round jet flame, a cylindrical ODT formulation is
used to account for the geometric proportions. This
formulation is detailed in Lignell et al. [14].

ODT employs a stochastic, map-based approach
to represent turbulent advection. The diffusion and
reaction kinetics along the one-dimensional domain
are modeled through the temporal advancement of
deterministic evolution equations. Unlike averaged
or filtered simulation approaches, such as RANS
or LES, ODT integrates molecular processes (e.g.,
chemical reactions and diffusive transport) without
introducing additional approximations or modeling
assumptions.

The effects of three-dimensional turbulence are
incorporated into ODT through the use of stochastic
eddy events. These eddy events directly represent
the turbulent transport characteristics affecting fluid
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properties along the simulated one-dimensional do-
main. Each eddy event modifies property fields by
applying a triplet map.

A triplet map is a measure-preserving transform-
ation rule that ensures the continuity of advected
fields, leading to the steepening of local property
gradients [14, 15]. The map operates by taking a line
segment [r0, r0 + l] with a randomly selected eddy
location r0 and size l, shrinking it to a third of its
original length, and then placing three copies of the
segment on the original domain. The middle copy is
reversed. The features of the triplet map in the cyl-
indrical ODT formulation can be reviewed in [14].

Eddy events are sampled in time using a marked
Poisson process, with assumed Probability Density
Functions (PDFs) for eddy locations r0 and sizes
l. This process replicates the statistics of turbulent
flows on average by oversampling the number of
events representing turbulent transport, while main-
taining a target mean acceptance probability for the
eddy events, as discussed in [16] and [14]. The ac-
ceptance probability of a particular eddy within a
given sampling time interval ∆tsample is determined
by calculating a rate λ of the eddy candidate.

The eddy rate λ, as shown in Eq. 1, depends on
r0, l, and the eddy event time scale τ. The time scale
τ is proportional to the difference between the avail-
able kinetic energy Ekin in the eddy range and an en-
ergetic viscous penalty Evp for suppressing excess-
ively small eddies, as described in [14]. While the
energetic viscous penalty does not significantly affect
the statistical results, it is beneficial for improving the
model’s performance.

λ(r0, l, τ) ≡
C
l2τ
∼ C

(
Ekin − ZEvp

)
(1)

C and Z are dimensionless ODT model paramet-
ers that are initially calibrated and then remain con-
stant.

Due to its reduced dimensionality, ODT does
not capture large-scale coherent structures. Occa-
sionally, during the initial phase, the eddy sampling
process may accept unphysically large eddies, which
can negatively impact turbulent transport. To prevent
this, ODT employs a large eddy suppression mech-
anism.

This mechanism eliminates eddies whose event
time scale is disproportionately larger than the
elapsed simulation time t. In general, eddies are only
implemented if the following condition

τ ≤ βt (2)

is satisfied, where β is another dimensionless ODT
model parameter which is determined beforehand
[14].

Eddies are sampled sequentially in time. Once
an eddy is implemented, a deterministic catch-up
process takes place, advancing the diffusive-reactive
transport equations up to the physical time at which
the eddy was selected for implementation.

In an open system configuration, such as the lif-
ted jet flame examined in this study, the deterministic
evolution follows integral conservation laws based
on a Lagrangian ODT formulation, as described in
[14].

The integral expressions for the conservation of
mass, momentum, and energy are presented below.
The mass conservation equation is given as follows.

d
dt

∫
ρrdr = 0 (3)

Here, ρ represents the density of the gas mixture,
which is determined by its pressure, temperature, and
molecular weight, as described by the ideal gas law.

P = ρRuT
∑

k

Yk

Mk
(4)

In this equation, P represents the thermody-
namic pressure, which remains constant over time
and space in the open jet flame configuration. Ad-
ditionally, Ru denotes the universal gas constant, T
is the temperature of the gas mixture, and Yk and
Mk correspond to the mass fractions and molecular
weights of the k-th species that make up the gas mix-
ture, respectively. The species conservation equation
is given by following equation.

d
dt

∫
ρYkrdr = −

∫
1
r
∂

∂r
(rρVkYk) rdr

+

∫
ẇkrdr

(5)

Here, Vk represents the species diffusion velo-
cities, which require the same modeling approxim-
ations as those used in reactive DNS. Similarly, ẇk
denotes the species reaction rates, which are determ-
ined by an imported reaction mechanism under spe-
cified thermodynamic conditions.

For momentum conservation, we assume that ra-
dial transport is dominant and model the diffusion
of momentum using the gradient of scalar-modeled
shear stresses, following the approach described in
[14].

d
dt

∫
ρuirdr =

∫
1
r
∂

∂r

(
rµ
∂ui

∂r

)
rdr (6)

In the momentum conservation equation, ui stands
for the three velocity components in the cylindrical
system and µ is the dynamic viscosity of the gas mix-
ture. Finally, the energy conservation in the open
system is being represented by the conservation of
enthalpy h in a zero Mach number limit approxima-
tion.

d
dt

∫
ρhrdr = −

∫
1
r
∂

∂r
(rρVkYkhk) rdr

+

∫
1
r
∂

∂r

(
rλt
∂T
∂r

)
rdr

(7)
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In this equation, hk stands for the sensible enthalpy of
each k-th species and λt is the thermal conductivity of
the mixture.

The deterministic time advancement of Eq.3-7 is
achieved using a finite volume method (FVM) with
first-order time integration. For the analyzed lifted
methane/air jet flame, an implicit time integration
of Eq.3-7 is applied, where the diffusive flux terms,
calculated at the start of each time step, are treated
as constants. This approach helps to mitigate the
potentially restrictive CFL condition caused by stiff
chemistry arising from the species chemical reaction
source term. However, this converts the time integra-
tion in Eq. 6-7 into an explicit Euler method.

The density, which is updated after time-
stepping the enthalpy and species conservation equa-
tions (Eq.7 and 5), is computed using Eq.4 based on
the new mixture composition and temperature. Once
the density is updated, mass conservation is enforced
through a conservative remeshing of the grid, follow-
ing the application of the mass conservation equation
[17]. The fluid thermophysical properties are determ-
ined using the Cantera software suite, as described in
[18].

3. FLOW CONFIGURATION
The Cabra burner configuration [1] consists of a

lifted methane/air jet flame in a vitiated coflow gen-
erated by an array of lean H2/air flames. The tem-
perature and species concentrations are considered
uniform across the coflow, and the flow field of in-
terest is not influenced by mixing with ambient air
[1]. Consequently, the coflow is uniformly initial-
ized in all ODT simulations, and the ambient air is
not considered. This results in a pure two-stream
configuration. For the base case configuration, the
jet and coflow is initialized as specified in Table 1.
For every single ODT realization, an instantaneous
velocity profile is used generated by ODT pipe flow
simulations with a fixed bulk velocity of 100 m/s.

Table 1. Initial conditions for jet and coflow. X, mole
fraction; u, velocity; T, temperature; D, diameter;

- Jet Coflow
D (mm) 4.57 100
u (m/s) 100 5.4
T (K) 320 1350
XCH4 0.33 0.0003
XO2 0.15 0.12
XN2 0.52 0.73
XH2O 0.0029 0.15
XOH (ppm) 0.0 200
XH2 (ppm) 100 100

The detailed GRI-Mech 3.0 mechanism [19],
which includes 53 species and 325 reactions, along
with a reduced reaction mechanism [20] containing
19 species and 15 reactions, is used for the represent-

ation of chemical reactions and thermophysical prop-
erties.

The ODT results are meant to be compared with
the stationary, spatially developing round jet flame
measurements from [1]. However, the cylindrical
ODT formulation applied here only solves for a ra-
dial location, r, and time, t. As a result, a transform-
ation between time and the corresponding down-
stream position, z, is necessary. This is accomplished
by downstream advection of the ODT line using an
instantaneous bulk velocity, ū.

z(t) = z(t0) +
∫ t

t0
ū(t′)dt′ (8)

Here, z(t0) marks the starting position. The bulk
velocity, ū, is calculated by the sum of the free-
stream (coflow) velocity, u∞ , and the ratio of in-
tegrated momentum flux to integrated mass flux, as
detailed in [21].

ū(t) = u∞ +

∫ ∞
−∞
ρ(u − u∞)2rdr∫ ∞

−∞
ρ(u − u∞)rdr

∣∣∣∣∣∣
t

(9)

For the definition of the mixture fraction, the
commonly used Bilger’s equation [22] is applied.

4. RESULTS AND DISCUSSION
ODT simulations, using both a reduced and a

detailed reaction mechanism, were carried out and
compared with the experimental data from Cabra et
al. [1]. The Favre-averaging of the ODT results was
based on an ensemble size of 1500 realizations. For
all presented results, the ODT model parameters C
and Z in Eq. 1 were set to C = 18 and Z = 400,
matching the parameters used in the study of a round
jet flame with a similar cylindrical formulation by
Lignell et al. [14]. Furthermore, a fixed model para-
meter of β = 1.17 was used to suppress large eddies
during the initial phase of the simulation.

4.1. Centerline profiles
Comparisons are made between the experi-

mental measurements of [1] and ODT simulations
using both a reduced and a detailed reaction mech-
anism. The centerline profiles of the Favre-averaged
species mass fractions, temperature, and mixture
fraction, along with their corresponding fluctuations,
are presented in Figure 1. In these plots, the red and
blue curves represent ODT simulation results for the
reduced and detailed reaction mechanisms, respect-
ively, while the experimental data from [1] is shown
as round black markers.

In the initial phase, up to approximately z/D ≈
40, the process is dominated by non-reactive mix-
ing between the cold jet and the hot coflow, leading
to a gradual rise in centerline temperature with low
fluctuations. This is followed by the flame stabiliza-
tion phase around z/D ≈ 45, where a sharp temper-
ature increase, rapid oxygen consumption, hydroxyl
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Figure 1. Centerline profiles of Favre-averaged temperature (T̃ and fluctuations T ′′), species mass fractions
(Favre-averaged oxygen mass fraction ỸO2 and Favre-averaged hydroxyl radical mass fraction ỸOH), and
mixture fraction ( f̃ and fluctuations f ′′) from ODT simulations using a reduced and detailed reaction mech-
anism for the representation of the methane/air combustion. ODT results are compared to the experimental
measurements of [1] (Exp).

radical production, and a peak in temperature fluctu-
ations are observed.

The ODT results for both reaction mechanisms
show good agreement with the experimental data, ac-
curately capturing the mixing behavior in the early
phase and the subsequent combustion process, as in-
dicated by the steep temperature rise and drop in oxy-
gen mass fraction. Additionally, ODT closely fol-
lows the trend and magnitude of the Favre fluctu-
ations observed in the experiments. However, slight
overpredictions of the mean mass fractions of O2 and
OH are noted for z/D > 60. The differences between
the two reaction mechanisms are negligibly small.

4.2. Radial profiles
In addition to the centerline profiles, Figure 2

presents the radial profiles of the Favre-averaged
temperature and mixture fraction. Similar to the
centerline plots, the red and blue curves represent
ODT simulation results using a detailed and a re-
duced reaction mechanism, respectively. The experi-
mental data for the Favre-averaged values are depic-
ted by round markers.

In the initial phase, where non-reactive mix-
ing occurs between the cold jet and the hot coflow
(z/D = 15 and z/D = 30), the ODT results for
both reaction mechanisms show reasonable agree-
ment with the experimental measurements. How-
ever, at positions further downstream (z/D = 50
and z/D = 70), deviations between the ODT res-
ults and the experimental data become noticeable.
These discrepancies are likely due to the approxim-
ation used for determining the downstream position,
as described by Eq. 8 and 9.

Unlike the centerline region, where a radially

uniform bulk velocity approximation for each time
step is more applicable, this approach may not be en-
tirely suitable for the shear region between the cold
jet and the hot coflow. A more accurate represent-
ation of the downstream advection of the ODT line
could potentially be achieved by using a spatial ODT
formulation, as suggested in [14].

4.3. Autoignition index

The autoignition index (AI) provides a meas-
ure to differentiate between autoignition-driven and
propagation-driven reaction zones, as described in
[4]. Its definition is based on a reaction rate flux
analysis of the HO2 chemistry. In the detailed GRI-
Mech 3.0 mechanism [19], the key reactions govern-
ing the consumption of HO2 play a crucial role in
distinguishing between these two types of reaction
zones. Specifically, this distinction is made through
the following two reactions.

HO2 + H OH + OH
[
R46

]
HO2 + OH H2O + O2

[
R287

]
The autoignition index is given by following defini-
tion, as detailed in [4].

AI =

∣∣∣∣∣∣∣ ẇR287
HO2

ẇR287
HO2
+ ẇR46

HO2

∣∣∣∣∣∣∣ (10)

Here, ẇR287
HO2

stands for the contribution of reac-
tion 287 to the reaction rate of HO2 in the detailed
reaction mechanism. Similarly, ẇR46

HO2
is the contribu-

tion of reaction 46 to the reaction rate of HO2.
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Figure 2. Radial profiles of Favre-averaged temperature and Favre-averaged mixture fraction from ODT
simulations using a reduced and detailed reaction mechanism for the representation of the methane/air
combustion. ODT results are compared to the experimental measurements of [1] (Exp).

Figure 3. Two-dimensional renderings of the re-
action rate of HO2 of reaction 287, reaction rate
of HO2 of reaction 46, and mean autoignition in-
dex (AI). All results are averaged over the full en-
semble size of ODT realizations.

Figure 3 illustrates the mean autoignition index,
where blue regions (AI > 0.5) indicate autoignition-
dominated zones, and red regions (AI < 0.5) repres-
ent propagation-dominated zones. In this visualiza-
tion, propagation primarily occurs in the core of the
flame, while autoignition is dominant in the trans-
ition region to the hot coflow. Compared to the in-
stantaneous AI results from a 3-D LES simulation
reported by [4] (not shown here), the ODT results

exhibit similar spatial distributions of autoignition-
and propagation-driven reaction zones. Given the
reduced-order nature of the ODT model, its ability
to provide insights into the autoignition index distri-
bution while maintaining reasonable agreement with
the findings of [4] highlights the effectiveness and
potential of ODT.

4.4. Sensitivity to velocity and temperature
variations

Figure 4 shows the sensitivity of the jet combus-
tion to variations on jet velocity and coflow temper-
ature. The centerline profiles for jet velocity vari-
ations reveal a later combustion with increasing jet
velocity. This is indicated by a flatter temperature
rise and more moderate oxygen consumption in the
flame stabilization phase compared to the base case
configuration with 100 m/s. A similar effect can be
achieved by reducing the coflow temperature, as vis-
ible by the profiles for 1270 K, 1290 K, 1310 K, and
1330 K. However, with a higher temperature than the
base case configuration of 1350 K, a faster combus-
tion can also be observed. The temperature rise and
oxygen consumption is thereby more rapidly. The
mixture fraction, however, shows only minor differ-
ences between the profiles for different jet velocit-
ies and coflow temperatures. These findings are in
well agreement with the parametric measurements of
Cabra et al. [1] on the sensitivity of flame liftoff
height to jet velocity and coflow temperature.

5. CONCLUSIONS
ODT simulation results for a lifted methane/air

jet flame in an environment of hot combustion
products have been presented. A cylindrical and tem-
poral ODT formulation was employed using both
a reduced and a detailed reaction mechanism, with

6
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



0

500

1000

1500

2000

2500

T̃
[K

]

0

100

200

300

400

500

600

T
′′

[K
]

0

0.2

0.4

0.6

0.8

1.0

1.2

f̃
[−

]

ODT ujet = 80 m/s

ODT ujet = 100 m/s

ODT ujet = 150 m/s

ODT ujet = 200 m/s

ODT ujet = 250 m/s

Exp ujet = 100 m/s

0

2

4

6

8

10

12

14

f
′′
·1

0−
2

[−
]

0 20 40 60 80 100

z/D [−]

0

0.05

0.1

0.15

0.2

Ỹ
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Figure 4. Centerline profiles of Favre-averaged temperature (T̃ ), mixture fraction ( f̃ ), and oxygen mass
fraction (ỸO2) from ODT simulations using a detailed reaction mechanism. Left: Sensitivity to jet velocity
variations. Right: Sensitivity to coflow temperature variations.

comparisons made against the experimental meas-
urements of [1]. The detailed mechanism consists
of 53 species and 325 reactions, while the reduced
mechanism includes 19 species and 15 reactions.

The comparison of centerline profiles with ex-
perimental data showed reasonable agreement for
both reaction mechanisms, demonstrating ODT’s
ability to accurately reproduce Favre-averaged
centerline profiles and their corresponding fluctu-
ations. Additionally, the radial profiles for the pure
mixing phase (z/D <30) aligned well with experi-
mental observations. However, at positions further
downstream (z/D >30), deviations from the exper-
imental data were observed. The differences in the
centerline and radial profiles between the detailed
and reduced mechanism are negligibly small. The
possibility of investigating the autoignition index and
the influence of temperature and velocity variations
reveals the benefits of the ODT model.

Overall, the results indicate that ODT success-
fully captures the essential combustion features of
the investigated lifted methane/air jet flame in a viti-
ated coflow. Given its reduced-order nature, ODT
proves to be an efficient and scale-resolving turbu-
lence model for reactive jet flame simulations.
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ABSTRACT 

Subarachnoid hemorrhage is caused by cerebral 

aneurysm rupture. Since subarachnoid hemorrhage 

has not only high mortality but also high possibility 

for complications, it is important to prevent 

aneurysm rapturing by performing an intravascular 

treatment. 

The advantage of the recently developed 

photocurable liquid embolization is its 

controllability compared to conventional treatment 

such as coiling or clipping. However, as the 

treatment has not been evaluated extensively, this 

study presents a nuermical method to investigate 

applicability of intravascular treatment using 

photocurable liquid embolization.  

The process of photocurable liquid embolization 

is complicated and involves both geometrical and 

topological changes like separation. Therefore, a 

particle method, particularly the moving particle 

semi-implicit method was used in this paper. A 

stabilization method was investigated to reduce 

numerical instability caused by pressure oscillations. 

In addition, we developed an efficient numerical 

method that considers the effects of highly viscous 

fluids of liquid embolization and wettability of a 

catheter. The proposed method was applied to a 

simplified injection problem involving highly 

viscous fluid to replicate intravascular treatment. The 

simulation results were compared to experimental 

data and showed good agreement with the 

experiments.  

 

Keywords: Moving Particle Semi-implicit 

method, highly viscous fluid, wettability, 

photocurable liquid embolization. Cerebral 

aneurysm 

  

NOMENCLATURE 

 

A0 [m2] interfacial area occupied.  

by one particle 

C [N/m2] potential coefficient 

F [N] force 

H [-] approximated Heaviside function 

N’  [m2] number of particles 

 in the radius re
ave 

P [Pa] pressure 

S  [-] coefficient for interface 

d [-] dimension number 

g [m/s2] gravitational acceleration 

h [m] interfacial thickness 

n [m2] particle density 

nin [-] normal vector  

to the interfacial surface 

r [m] distance between particles 

u [m/s] velocity 

w [-]  weighted function 

 [1/m2] coefficient of the Laplacian term 

 [P・s] viscosity coefficient 

 [Kg/m3] density 

 [-] scalar 

 

Subscripts and Superscripts 

 

i, j x-axis, y-axis, and z-axis coordinate system 

k, l particle number 

inter interfacial 

𝑘𝑙̅ variable between partilce k and particle l 

e effective 

av average 

ad adhesion 

sp spread 

in b-c interface between blood and  

embolization liquid 

in l-c interface between embolization liquid and 

mailto:takuya.natsume.1102@gmail.com
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 catheter 

k-st particle in the structure (catheter) 

k-l particle in liquid (embolization liquid) 

k-sl particle in the interface between structure  

and liquid 

 

1. INTRODUCTION 

Subarachnoid hemorrhage is a serious cerebral 

disorder. Due to high mortality rate and sever 

subsequent complications after the incidence of 

subarachnoid hemorrhage, a patient at high risk is 

often recommended surgery [1]. Since subarachnoid 

hemorrhage generally occurs in patients with a 

cerebral aneurysm, surgery is necessary to prevent 

the aneurysm rupture. There are mainly two types of 

conventional surgical treatments: coiling and 

clipping. Coiling is less invasive than clipping and 

therefore more widely used. However, it is an 

expensive procedure that requires a large number of 

expensive coils. Further, it is difficult to estimate the 

number of required coils, and once inserted into the 

aneurysm, the coils cannot be retracted.  In view of 

the limitations of coiling, liquid embolization 

methods like Onxy have gained attention [2]. In 

particular, photocurable liquid embolization has 

been developed as a novel treatment. The advantage 

of photocurable liquid embolization is its 

controllability compared to the conventional 

treatments.  

Photocurable liquid embolization is still under 

development for a clinical application. A numerical 

simulation is a variable technique to elucidate the 

mechanism as well as to examine the procedure.  

However, replicating the flow behavior of 

photocurable liquid embolization by simulation is 

quite challenging. Since it is injected into aneurysm 

from catheter, its process is quite complicated and 

involves geometrical and topological changes like 

separation. Therefore, the simulation is required to 

perform not only flow analysis but also analyze  

interaction between blood flow and liquid for 

emolization and that between liquid for emolzaition 

and catheter with consideration of wettability. 

To solve these complex issues, liquid 

embolization process was simplified. Specifically, to 

capture essential physics, viscous fluid imitating 

embolization liquid was injected into water  instead 

of blood through a Teflon tube assumed to be a 

catheter. Since the embolization happened through 

topological changes, the moving particle semi-

implicit (MPS) method was used in this study [3]. A  

stabilization method was investigated to reduce 

numerical instability caused by pressure oscillations 

[4-6]. In addition, we developed an efficient 

numerical method that considers the interfacial 

tension between water and highly viscous fluids of 

liquid embolization as well as the iterfacial tension 

with the wettability of the viscous fluid on the 

catheter.  

There are mainly two types of interfacial  models. 

The first one uses CFS model developed by Nomura 

et al. [7] , whcih considers a volume force. The other 

one uses the potential model developed by Kondo et 

al. [8] , which formalizes an intermolecular force.  

However, theses models are designed for force in 

single phase flow, and not for liquid-liquid two phase 

flow as in the present study. To cosider the influece 

of interaction between two-phase flows in the 

interfacial bounday, this study developed a method 

based on the potential model developed by Kondo et 

al., [8] combining it with the interfacial tension 

model developed by Ishii et al. [9].  

Therefore, this paper aims to develop a new 

numeircal technique based on the MPS method to 

simulate the injection of embolization liquid into 

aneuryms by considering the interaction between 

blood and liquid embolization as well as between 

liquid embolization and catheter with wettability. In 

order to validate the prposed method, the simulation 

results were compared to experimental data, in which 

the problem was simplified as a viscous fluid 

injected into water through a cylidical Teflon tube 

[10].   

2. NUMERICAL METHOD 

In this study, the MPS method was used to 

simulate the injection of a highly viscous fluid into 

water through a cylindrical Teflon tube, mimicking 

the injection of embolization liquid into an aneurysm 

through the catheter.  Since this is a complex multi-

physic problem, the simulation not only models the 

flow of water and highly viscous fluid but also the 

interaction between them.  In addition, the present 

study developed the interfacial tension model to 

account for interactions between water and the 

viscous fluid as well as one between the viscous fluid 

and cylindrical tube, while considering wettability 

effects. 

 

2.1. Governing Equations 

The present method was applied to an injection 

problem involving a highly visous fluid to replicate 

intravascular treatment. Therefore, flow simulations 

of incompressible Newtonian fluid are performed for 

water and viscous fluid. The governing equations 

consist of the continuity and Navier-Stokes 

equations as follows: 

 
𝜕𝑢𝑖

𝜕𝑥𝑖
= 0  (1) 

 

𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= 
1

𝜌

𝜕𝑃

𝜕𝑥𝑖
+
𝜇

𝜌

𝜕2𝑢𝑖
𝜕𝑥𝑗

2
+ 𝐹𝑖   (2) 

 

The external body force Fi is given by 

 

𝐹𝑖 = 𝜌𝑔𝑖 + 𝐹𝑖
𝑖𝑛𝑡𝑒𝑟   (3) 
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The method to determine force 𝐹𝑖
𝑖𝑛𝑡𝑒𝑟  is described in 

the later section. 

2.1. MPS Method 

     The MPS method is based on particle interactions, 

discretizing the partial differential equation using a 

weight function to calculate an averaged interparticle 

distance.  This study uses the weight function 

developed by Tamai et al. [11], which is given by 

 

𝑤𝑘𝑙̅̅̅ = {
(
𝑟𝑘𝑙
̅̅̅

𝑟𝑒
𝑘
− 1)

2

     (𝑟𝑘𝑙
̅̅̅
≤ 𝑟𝑒

𝑘)

0                     (𝑟𝑒
𝑘 ≤ 𝑟𝑘𝑙

̅̅̅
) 

 (4) 

  

where 𝑟𝑘𝑙̅̅̅  is the distance between particle k and l, 

and the effective radius 𝑟𝑒
𝑘  is the radius of influence 

for the particle k. In this study,  𝑟𝑒
𝑘is set as 2.1 times 

the initial interparticle distance in the gradient and 

the divergence models while it is set as 3.1 times in 

the interfacial tension models. 

    The MPS method requires the density of particles, 

which is obtained by  

 

𝑛𝑘 =∑𝑤𝑘𝑙̅̅̅

𝑘≠𝑙

 (5) 

   

The particle interaction model comprises the 

gradient, the divergence, and the Laplacian terms. 

Each term of particle k for an arbitrary scalar k
 can 

be described in the following partial differential 

operators: 

 

𝜕𝜙𝑘

𝜕𝑥𝑖
=
𝑑

𝑛0
 ∑

𝜙𝑙 − 𝜙𝑘

(𝑟𝑘𝑙̅̅̅)
2 (𝑟𝑖

𝑙 − 𝑟𝑖
𝑘)

𝑙≠𝑘

𝑤𝑘𝑙̅̅̅ 

 

(6) 

 

𝜕𝜙𝑘

𝜕𝑥𝑗

=
𝑑

𝑛0
∑

(𝜙𝑙 − 𝜙𝑘) ∙ (𝑟𝑗
𝑙 − 𝑟𝑗

𝑘)

(𝑟𝑘𝑙̅̅̅)
2

𝑙≠𝑘

 𝑤𝑘𝑙̅̅̅  

 

(7) 

 

𝜕2𝜙𝑘

𝜕𝑥𝑗
2
=
2𝑑

𝜆𝑛0
 ∑(𝜙𝑙 − 𝜙𝑘)

𝑙≠𝑘

𝑤𝑘𝑙̅̅̅ (8) 

 

where  is defined as  

𝜆 =
∑ (𝑟𝑘𝑙

̅̅̅
)
2
𝑤𝑘𝑙̅̅̅

𝑘≠𝑙

∑ 𝑤𝑘𝑙̅̅̅
𝑘≠𝑙

  

 

(9) 

 

When the governing Eqs. (1) and (2) are 

solved, numerical instability may increase depending 

on arrangement of particles. Therefore, the high-

order MPS is used to avoid numerical instability.  In 

general, the pressure Poisson equation is solved to 

obtain pressure. We applied the high-order method 

to the Laplacian term of pressure in the Poisson 

equations using the method based on Tanaka et al. 

[4-6]. In addition, the high-order gradient model 

developed by Iribe et al. [5] was applied to the 

pressure gradient term. 

2.2. Interfacial Tension Model 

      The two types of interface force considered in 

this study are the one between blood (water) and 

liquid for embolization (viscous fluid) and the other 

between catheter (cylindrical Teflon tube) and liquid 

for embolization (viscous fluid). Therefore, when the 

interfacial tension 𝐹𝑖
𝑖𝑛𝑡𝑒𝑟  is calculated, it is necessary 

to consider two types of the interfacial tension 

models :1) the one between liquid and liquid and 2) 

the other between solid and liquid considering 

wettability. 

     In this study, the simulation is simplified as 

described in the previous section. Figure 1 describes 

the interfacial force between water and viscous fluid. 

A blue particle represents water, and a red represents 

viscous fluid.  

 

 

 

Figure 1. Schematic illustration of the interfacial 

force between blood and liquid for embolization 

 

Let us consider force balance in the region 

within the radius of influence 𝑟𝑒
𝑎𝑣𝑒  as shown in Fig.1 

The interfacial tension model in the present study is 

based on the potential model [9].  The interfacial 

force between water and viscous fluid is given as 

follows:  

 

(𝐹𝑘)𝑖
𝑖𝑛 𝑏−𝑒 =

𝑑(𝑃𝑣 − 𝑃𝑏̅̅ ̅̅ )

ℎ
𝑛𝑖
𝑘−𝑖𝑛 (10) 

 

𝑃𝑏 =
1

𝑁′
∑𝑃𝑏̅̅ ̅̅
𝑁′

𝑙≠𝑘

𝑤′𝑘𝑙
̅̅̅

 (11) 

 

𝑤′𝑘𝑙
̅̅̅
= {

1      (𝑟𝑘𝑙
̅̅̅
< 𝑟𝑒

𝑎𝑣)

0      (𝑟𝑒
𝑎𝑣 ≤ 𝑟𝑘𝑙

̅̅̅
) 

 (12) 
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Since this study deals with the contact between 

a viscous fluid and cylindrical tube, it is important to 

include the effects of wettability. In general, the 

contact angle of the embolization liquid on the 

catheter is used to characterize wettability. However, 

it is difficult to obtain the angle. Therefore, this study 

developed a method to replicate the wettability by 

combining adhesion and spread of liquid on the solid 

surface of the catheter.   

First, the particles at the interface between 

viscous fluid and cylindrical tube need to be 

distinguished.  The following normal vector is used 

to identify the particles on such interface: 

 

𝑛𝑖
𝑘−𝑖𝑛

=

{
 
 

 
 𝐹𝑖

𝑘−𝑙

|𝐹𝑖
𝑘−𝑙|

     (
|𝐹𝑖

𝑘−𝑙|

|𝐹𝑖
𝑘−𝑙|

𝑓𝑙𝑎𝑡⁄ ≥ 𝜂)

0      (
|𝐹𝑖

𝑘−𝑙|

|𝐹𝑖
𝑘−𝑙|

𝑓𝑙𝑎𝑡⁄ < 𝜂) 

 
(13) 

 

In this paper,  is set to be 0.2[9].  

 

Next, the identification of particles at the 

interfacial surface is performed to distinguish the 

particles, where wettability needs to be considered. 

Figures 2 (a) and 2 (b) show schematic illustration of 

how particles are identified using the effective radius 

re
st. The red particles in Fig. 2 (b) are required to 

consider wettability while the black particles 

represent the wall of catheter, and the green ones are 

the reference particles. 

 

 
(a) Before identification 

 

 
(b) After identification 

Figure 2. schematic illustration of identification 

of particles subject to wettability 

If the effects of adhesion in wettability are 

strong, the force balance can be expressed as follows: 

 

𝐹𝑖
𝑘−𝑎𝑑 = 𝐹𝑖

𝑘−𝑠𝑡 + 𝐹𝑖
𝑘−𝑙 + 𝐹𝑖

𝑘−𝑠𝑙 (14) 

 

On the other hand, when the effects of spreading out 

are stronger, the force balance becomes  

 

𝐹𝑖
𝑘−𝑠𝑝 = 𝐹𝑖

𝑘−𝑠𝑡 − 𝐹𝑖
𝑘−𝑙 − 𝐹𝑖

𝑘−𝑠𝑙 (15) 

 

Each term in Eqs. (14) and (15) can be obtained using 

the following poteital model: 

 

𝐹𝑖
𝑘−𝛼𝛼 = 𝐶𝛼𝛼  ∑𝑓𝑘𝑙

𝑟𝑖
𝑙 − 𝑟𝑖

𝑘

𝑟𝑘𝑙̅̅̅
𝑙≠𝑘

 (16) 

 

The interfacial potential between viscous fluid and 

cylidical tube can be obtained by cobining 𝐹𝑖
𝑘−𝑎𝑑 

and 𝐹𝑖
𝑘−𝑠𝑝, which is given by 

 

(𝐹𝑘)𝑖
𝑖𝑛 𝑙−𝑐 = 𝐹𝑖

𝑘−𝑎𝑑 − 𝐻𝐹𝑖
𝑘−𝑠𝑝

 (17) 

 

Therefore, the interfacial tension model in this paper, 

which comprises the interfacial tension model 

between liquid and liquid and the one between solid 

and liquid considering wettability, can be defined as 

follows: 

 

𝐹𝑖
𝑘−𝑖𝑛𝑡𝑒𝑟 = 𝑆𝑘

𝑑

ℎ𝐴0
[(

1

1
𝑁
∑ sin𝜑𝑘𝑙̅̅̅𝑙≠𝑘

− 1)] (𝐹𝑘)𝑖
𝑖𝑛 𝑠−𝑐 

(18) 

 

where Sk is set as 1.0 for convex shape and -1 for 

concave shape. 

3. RESULTS 

The simulation results were compared to the 

experimental data to validate the present numerical 

method. The conditions for the experiment were 

applied for the numerical simulations. In this study, 

epoxy resin was used as embolization liquid and a 

Teflon tube was used as catheter in the experiment 

[10]. Table 1 summarizes the experiment and 

simulation conditions.  

 

Table 1. experimental and Simulation conditions 
Physical Properties  

Density 

              [kg/m3] 

Water 1.00×103 

Embolization Liquid 1.18×103 

Viscosity Coefficient 

    [Pa・s] 

Water 1.00×10-3 

Embolization Liquid 7.42×10-3 

Inflow Velocity         [m/sec] 8.50×10-3 

Gravitational acceleration [m/s2] 9.8 
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The particle size is 1.00 × 10-1 mm in the MPS 

simulation in this study.  

      The experimental setup is shown in Fig. 3(a). The 

simulation was performed using the analysis model 

as described in Fig. 3(b) under the same conditions 

as the experiment.  

 

 
(a) Experimental model 

 

 

 
(c) Analysis model 

Figure 3. Experimental and analysis models 

 

   

In order to examine the effects of wettability, a 

comparison was performed between simulation 

results obtained without and with considering 

wettability. Figures. 4 (a) and 4 (b) present the results 

of comparison. 

Although it was difficult to compare behavior of 

two simulations at the same instantaneous time, the 

results were sufficiently close for comparison. If 

wettability is ignored, embolization liquid tends to be 

elongated due to gravitational force. On the other 

hand, if wettability is considered, embolization 

liquid tends to spread out at the edge of circular tube 

against gravitational force, which makes 

embolization liquid less elongated, as described in 

Fig. 4(b).  

 

 
12.6 sec             22.9 sec         34.8 sec 

(a) Without wettability 

 

 
10.0 sec             15.6 sec         21.4 sec 

 

(b) With wettability 

Figure4. Comparison for investigation of 

wettability 

 

     Next, we compared the simulation results with 

experimental data. First, we compared the separation 

time, which is the time taken by a droplet to detach 

from the cylindrical Teflon tube. The experiment 

was performed six times while the simulation using 

the present method was performed three times.  The 

average separation times for the experiments and 

simulation were 10.32 sec and 7.09 sec, respectively. 

The results of droplet volume for experiment and 

simulation were also compared. The average droplet 

volume was calculated over three trials for both the 

experimental measurements and simulations. The 

averaged droplet volume of simulation was 8.84×

10-9 m3 while it was 1.8 × 10-8 m3 in the experiment.  

Both droplet volume and separation time were 

smaller than those in the experiments. Hence, 

separation in simulations tends to occur faster than 

that in experiments. This is caused by the 
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underestimation of the interfacial tension compared 

to the gravitational force.  

Let us compare the process of droplet formation 

at instantaneous times for both experiment and 

simulation.  The images on the left in Figs. 5 (a) and 

5(b) are the experimental measurement data while 

ones on the right are the simulation results. Both 

experimental data and simulation results are 

compared at the same instantaneous times 7.00 sec 

and 10.0 sec. 

   

 
                Experiment                Simulation 

(a) Instantaneous time at 7.00 sec 

 

 
              Experiment                Simulation 

(b) Instantaneous time at 10.00 sec 

Figure 5. Comparison between experiment and 

simulation 

 

 As illustrated in Figs 5, the droplet tends to form 

faster than in the experiment, which leads to shorter 

droplet formation time and a smaller volume.  

5. SUMMARY 

In order to investigate flow characteristics of 

photocurable liquid embolization as a novel 

treatment for cerebral aneurysms, a simulation 

method has been developed based on the MPS 

method to solve topological changes. In addition, the 

interfacial tension model was developed. Since the 

treatment involves injecting embolization liquid into 

blood in the aneurysm, the interfacial tension needs 

to consider two types of interactions :1) the one 

between blood (water) and embolization liquid 

(viscous fluid) and  2) the other between 

embolization liquid (viscous fluid) and catheter 

(cylindrical Teflon tube) with wettability. The 

proposed interfacial tension model was incorporated 

into the MPS method and applied to the problem 

similar to the experimental setup, in which viscous 

fluid was injected into water through the cylindrical 

Teflon tube. The experiment and simulation were 

conducted under the same condtions and compared. 

The simulation results showed relatively good 

agreement with those of the experiment. However, 

the simulation results showed a tendency to 

underestimate the interfacial force compared to the 

experimental results. Therefore, volume and 

separation time in the simulation were smaller than 

those in the experiment.  
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ABSTRACT  
Turbulent swirling flow in the jet generated by 

the axial fan impeller with twisted blades is studied 
in this paper. Three velocity components are 
obtained by using three-component laser Doppler 
velocimetry system in ten measured sections. 
Downstream flow development and continual 
deformation of all velocity profiles with gradients in 
radial and axial directions are obvious. It is shown 
that circumferential velocity significantly deforms 
profile of the axial velocity which gets M-shape 
with weak reverse flow region in the central flow 
zone in the first two measuring sections. This 
phenomenon is still not well explained, especially 
from the mathematical point of view.  

Derivatives of all three velocity components in 
radial direction are calculated for velocity field 
analysis. Axial velocity profile in the downstream 
sections becomes more uniform, with the strict 
hierarchy of the positive gradient of the axial 
velocity in axial direction in domain 0 < r/R < 0.5. 
Character of distribution of the axial velocity out of 
this region shows jet expansion. Maximum of the 
axial velocity doesn’t belong to the jet core. In the 
jet axis vicinity profile of the axial velocity is 
concave even in the last measuring section. It means 
that the transformation process is not completed. 

Keywords: axial fan, jet, swirling flow, three-
component LDV, turbulence 

NOMENCLATURE  
C [m/s] total velocity 
D [m] inner pipe diameter 
Q [m3/s] volumetric flow rate 
R [m] inner pipe radius 
U [m/s] mean axial velocity 

Um [m/s] averaged velocity by area 
V [m/s] mean radial velocity 
W [m/s] mean circumferential velocity 
 
r [m] radial coordinate 
n [rpm] fan shaft rotation speed 
x [m] axial coordinate along a jet axis 
 
Γ [m2/s] average circulation 
Ω [-] swirl flow parameter 
ν [m2/s] kinematic viscosity 
φ [°] coordinate of the polar cylindrical 
  coordinate system (x, r, φ) 
 

1. INTRODUCTION  
In this paper is presented experimental research 

of the turbulent swirling flow in jet generated with 
the axial fan impeller with twisted blades. Axial fan 
is in-built in the installation following the setup 
category A for fans in the international standard 
ISO 5801 [1]. This installation means free inlet and 
free outlet.  

Experimental research is performed by use of 
the three-component laser Doppler velocimetry 
(LDV) system.  

A significant number of papers analyze free 
swirling jets, but only few of them investigate 
swirling jets generated by the axial fan impeller. A 
good literature overview of the turbulent swirling 
flow jet experimental research is presented in [2, 3]. 
In paper [4] is shown that the entrainment rate and 
angle of spread for the swirling jet was nearly twice 
that of the non-swirling free jet. 

Study of jets with different initial swirl 
distributions is presented in [5]. In this case 
miniature five-hole probe is used for three-
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component velocity measurements. Experimental 
study on the effects of swirl on the development of 
an axisymmetric turbulent mixing layer is presented 
in [6]. Single component LDV measurements of the 
swirling flow generated by the guide vanes placed 
at the nozzle exit in the horizontal plane are 
presented in [7]. 

Here studied turbulent swirling flow in jet is 
three-dimensional, inhomogeneous and anisotropic. 
Generated velocity field is very complex, 
characterized by inhomogeneity and distinct 
gradients, especially in the radial direction. 

2. EXPERIMENTAL TEST RIG 
Swirling flow generator is an axial fan impeller 

with nine twisted blades with variable angle of 
attack, designed after the law rW = const. Adjusted 
angle at the axial fan impeller outlet diameter, 
which is 0.399 m, is 30°. The dimensionless hub 
ratio, which represents the ratio of the hub and outer 
diameter is 0.5. Inner pipe, i.e. fan casing (Fig. 1, 
pos. 3), diameter is D = 0.4 m. Experimental test 
rig, with marked flow direction, is presented in 
Figure 1, where 1- DC motor is regulated with fully 
automated thyristor bridge with error up to ±0.5 
rpm, 2- profiled bell mouth inlet and 3- axial fan 
impeller with casing.  

 

Figure 1.Experimental test rig with marked 
measuring sections 

Three-component LDV measurements have 
been performed in ten measurement sections along 
vertical directions at a 10 mm distance each. 
Measuring sections along the axial fan rotating axis 
are x = 300, 400, 600, 800, 1000, 1200, 1400, 1600, 
1800 and 2000 mm, i.e. in the range x/D = 0.75D to 
5D, with the step 0.5D, except for the first step 
0.25D. In Fig. 1 are presented first five measuring 
sections.  

Measurements have been performed for the 
axial fan impeller rotation speed n = 1500 rpm. 
Flow seeding is provided by an Antari Z3000 fog 

machine loaded with the Eurolite Smoke Fluid. It 
was naturally sucked in the test rig by the axial fan.  

Three-component LDV system, by TSI, was 
used in these experiments. Continuum Ar-Ion laser 
of 5 W, by Coherent is applied. Two probes TSI 
TR60 with beam expanders XPD60-750 were used 
to form measurement volume. The TSI Flow Sizer 
software is used for acquisition and preliminary 
data analysis. The measurement focus with attached 
optics was on 757.7 mm. Laser wavelengths were 
514.5 nm, 488 nm and 476.5 nm. The measurement 
volume diameter was app. 70 µm, while 
measurement volume length was app. 280 µm. Both 
LDV probes work in back scatter mode. The 
velocity was measured with uncertainty lower than 
0.1%. [3]. Uncertainty analysis of the used 3D LDV 
system is thoroughly analyzed and presented in [2, 
8]. 

3. EXPERIMENTAL RESULTS AND 
DISCUSSIONS 

Experimentally obtained distributions of the 
total velocities along the jet axis are presented in 
Figure 2. The flow development is observed. 
Namely, continuous deformation of the velocity 
profile with gradients in the axial and radial 
direction occurs. It is obvious that even 5D 
downstream turbulent swirling flow still exists. 

 

Figure 2.Total velocity distributions C = C(r,x) 

Circumferential velocity (W) significantly 
deforms profile of the axial velocity (U). Radial 
velocity (V) development and distribution is also 
correlated with the presence and distribution of the 
circumferential velocity.  

Radial-axial distributions of all three velocity 
components U, V and W in the turbulent swirling jet  
are presented in the following Figures 3 to 5, where  
φ = 90° denotes upper half of the measuring section, 
and, consequently, φ = 270° lower half. They are 
obtained on the basis of the Reynolds averaging of 
the measured instantaneous velocity fields. It is 
obvious that circumferential velocity significantly 
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deforms profile of the axial velocity which gains M-
shape, with weakly formed reverse, i.e. 
recirculating flow, in the first two measuring 
sections, i.e. I and II. The condition for the reverse 
flow is fulfilled, because swirl number Ω > 0.4 [9]. 
However, this phenomenon is still not well 
explained, especially from the mathematical point 
of view.  

 

Figure 3.Experimental radial-axial distribution 
of the axial velocity in the turbulent swirling jet  

 

Figure 4.Experimental radial-axial distribution 
of the radial velocity in the turbulent swirling jet  

Swirl number is calculated as follows: 

Ω = Q/(RΓ),

 
(1) 

 
while average circulation is determined in the 
following way:  

 

,/π4
1

0

232 QUWdkkRΓ   (2) 

 
where k = r/R.

  

 

 

Figure 5.Experimental radial-axial distribution 
of the circumferential velocity in the turbulent 
swirling jet  

In downstream measuring sections profile of 
the axial velocity becomes more uniform, with a 
strict hierarchy of the gradient ∂xU >0 in a domain 
0 < r/R < 0.5 (Fig. 3). Character of the distribution 
of the axial velocity, outside this region, points out 
the expansion of the jet in the radial direction. 
Maxima values (Umax) don’t belong to the jet core. 
That is why the axial velocity profile is concave in 
the jet axis vicinity, even in the last measuring 
section X (Fig. 3). Physically, it means that 
development process is still not finalized, that swirl 
is still present (Fig. 5) and that the transformation in 
the axial jet was not possible in the studied case.   

Development and transformation of the radial 
velocity V are also related to the presence and 
distribution of the circumferential velocity W. 
Radial velocity profiles in the turbulent swirling jet 
are very characteristic (Fig. 4). This applies to both 
the intensity of the radial velocity and its sign. 
Characteristic domains are the ones where it 
increases (∂rV >0) and decreases (∂rV < 0), as well 
as in the points where it changes the sign. It is 
important for convection and the occurrence of 
turbulent exchange to analyze the intensity and 
change in sign of the radial velocity. This is visible 
in more details in measuring sections: I, III and V 
(Figs. 6.a-c), where all three velocity components 
are presented. It is obvious that swirling flow 
changes character of the radial movement, as well 
as intensities and signs of the derivative ∂rV. This 
will be discussed in the case of the measuring 
section III. 

In Figure 6.b are presented distributions of all 
three velocity components Ui = U, V and W in the 
measuring section III, where x = 600 mm. Average 
velocity is Um = 12.57 m/s, while Reynolds number 
is Re = 358951 and average circulation, calculated 
after the Eq. (2), is Γ = 4.93 m2/s.  
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Figure 6.a All three velocities (Ui = U, V and W) 
distributions in the section I 

 

Figure 6.b All three velocities (Ui = U, V and W) 
distributions in the section III 

 

Figure 6.c All three velocities (Ui = U, V and W) 
distributions in the section V 

In the vicinity of the axis gradient of the radila 
velocity is negative (∂rV < 0), while in the domain 
0.3 < r/R < 0.8 this gradient is positive (∂rV >0). 
Further increase of the radial coordinate, up to r/R = 
1.2, results, again, with the negative gradient of the 
radial velocity (∂rV < 0). In the region with higher 
radial coordinate, profile of the radial velocity 
becomes approximately uniform, so radial gradients 
∂rV have lower values, and the change in its sign, 
when approaching the jet boundary occurs, with the 
predominant negative values.  

Experiments show that for characteristic points 
where maxima axial and circumferential velocities 
are reached, in all measuring sections, stands: rW-max 

< rU-max. With the increase of the axial coordinate x, 
circumferential velocity W, in region 0 < r/R < 1, 
decreases, so that W-profiles, together with its Wmax 
are hierarchically distributed from the first (I) up to 
the last measuring section (X) (Fig. 5). This is not a 
case outside this region, because profiles intermix 
and don’t follow hierarchy. This leads to more 
uniform distributions of the circumferential velocity 
in the downstream measuring sections (Figs. 5 and 
6.a-c). 

The presented empirical profiles of all three 
velocities show that in addition to the global 
maxima (within the respective sections), for 
example for section III (Fig. 6.b), Umax is reached 
for r/R ≈ 0.65 and Wmax for r/R ≈ 0.4, there is also a 
significant number of local maxima for all three 
velocity components. 

The complexity of the structure of the averaged 
velocity field becomes even more obvious when to 
the previous elements is added the presence of 
heterogeneous changes of the ∂rUi for all three 
components in the radial direction of the turbulent 
swirling jet. 

Changes of the average velocity fields in radial 
direction are calculated on the basis of the 
experimental results presented in Fig. 6.b and 
presented in Figures 7.a-c. These diagrams have 
information on the speed of the change of velocity 
components Ui in radial direction, positions of their 
maxima, local maxima and minima, as well as 
correlation of the averaged and fluctuating velocity 
field. These diagrams could have an important role 
in analysis of the turbulent swirling jet.  

It could be noted in Fig. 7.a that the first zero 
value (∂rU = 0) determines value of the maximum 
velocity U/Um(r/R ≈ 0.65) = (U/Um)max, while 
diagram on Fig. 7.c provides distribution of the 
circumferential velocity W/Um(r/R ≈ 0.4) = 
(W/Um)max.  

Changes of the averaged radial velocity in the 
radial direction are very complex (Fig. 7.b). It is 
interesting that the intensity of the change of the 
radial velocity in the measuring section III is 
significantly higher than the change of the axial 
velocity, but lower than the circumferential 
velocity. 
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Figure 7.a Change of the average axial velocity 
in radial direction in the measuring section III 

 

Figure 7.b Change of the average radial velocity 
in radial direction in the measuring section III 

 

Figure 7.c Change of the average circumferential 
velocity in radial direction in the measuring 
section III 

This is quantified and presented in the 
following equation. 

 
   
  .240140

,8575,1820

max

maxmax





W

VU

r

rr  (3) 

Value intervals are strongly changeable.  
Presented distributions in Figs. 7.a-c are of 

great importance for Reynolds stresses discussion. 
It could be theoretically discussed interdependence 

of the Vuv r which determines production of the 

important Reynolds shear stress uv . In the same 

manner mathematical therm Vv r 2 participates in 

the generation of the normal turbulent stress 2v .  

It could be, also, emphasized the important 
influence of the distribution of the circumferential 
velocity on the structure of turbulence in the 
swirling jet. The influence of the mathematical 

therm Wvw r  on the production of the Reynolds 

normal stress 2w , as well as the significance of 

the relation Wuv r on the generation of the 

turbulent shear stress uw
 
stress could be further 

discussed. 

4. CONCLUSIONS  
Conclusions, based on the previously presented 

experimental results and discussions, could be 
summarized as follows: 

• Measurements have confirmed the 
assumption of the statistical axisymmetry 
of the velocity field (Figs. 3-5), what is 
important from both physical and 
mathematical point of view.  

• Reverse flow occurs in the measuring 
sections I and II. 

• Condition for the reverse flow region is 
fulfilled, because the swirl number, 
defined as the Q/RΓ, where Q is volume 
flow rate, R is radius and Γ is circulation is 
higher than 0.4 when the reverse flow 
region, after [9] occurs. 

• In downstream sections axial velocity 
becomes more uniform, but in the studied 
case transformation in the axial jet is not 
completed. 

• Development and transformation of the 
radial velocity profiles are also correlated 
with the presence and distribution of the 
circumferential velocity.  

• Intensity and change of the sign of the 
radial velocity is important for the 
convection and turbulence exchange. 

• Position of the circumferential velocity 
maximum is correlated to the vortex core 
diameter, as well as with the vorticity 
distributions.  

• Presented results show that rWmax < rUmax  in 
all measuring sections. 

• With increase of the axial coordinate (x) 
velocity W in the region 0 < r/R < 1 
decreases, so the circumferential velocity 
profiles are hierarchically distributed 
downstream from the section I to X. 
Outside this region this is not a case 
anymore, and W velocity profiles are 
mixed.  

• The complexity of the structure of the 
averaged velocity field becomes even more 
obvious when to the previous elements is 
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added the presence of heterogeneous 
changes of the ∂rUi for all three 
components in the radial direction of the 
turbulent swirling jet. 

• It is shown that the changes of the 
averaged radial velocity in the radial 
direction are very complex (Fig. 7.b). It is 
interesting that the intensity of the change 
of the radial velocity in the measuring 
section III is significantly higher than the 
change of the axial velocity, but lower than 
the intensity of the change of the 
circumferential velocity. 

• All these discussions lead to better 
understanding of the production of the 
Reynolds stresses in the generated 
turbulent swirling jet by the axial fan 
impeller.  
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ABSTRACT 

Hospices house vulnerable patients with severely 

weakened immune systems, making control of 

airborne virus transmission critical. This study 

introduces a Probability of Infection (POI) metric, 

quantified through Computational Fluid Dynamics 

(CFD) using a transient Eulerian-Lagrangian (E-L) 

model to simulate airborne particle transport and 

exposure. Simulations include exhaled CO₂ and 

infectious aerosols to explore spatial correlations, 

revealing that while CO₂ and POI distributions 

exhibit similarities, they diverge due to differences 

in diffusion behaviour. Across 13 scenarios, POI 

heatmaps identify high-risk zones influenced by 

airflow patterns and infector position, not solely by 

CO₂ levels. The findings highlight the limitations of 

relying on CO₂ concentration as a proxy for infection 

risk and demonstrate the value of direct aerosol 

modelling in assessing ventilation effectiveness. 

This approach offers a robust basis for improving 

infection risk evaluation in sensitive indoor 

healthcare environments. 

Keywords: Finite Volume Method, Indoor Air 

Quality, Indoor Virus Transmission, CFD, Fluid 

Dynamics 

Nomenclature  

Cd       Drag coefficient  

P          Pressure [pa] 

Pr        Prandtl number 

Red       Reynolds number of particle 

T Mean temperature [K] 

Ui          Mean velocity component in Cartesian  

Greek Symbols 

μ Dynamic viscosity [Pa s] 

ρ Density [kg/m3] 

Acronyms 

E-L        Eulerian-Lagrangian model 

IR           Infection risk 

POI         Probability of infection (%) 

       

Additional symbols and acronyms are defined in 

the text. 

1. INTRODUCTION 

The risk of infectious particle transport via 

ventilation systems has gained significant attention, 

particularly during the COVID-19 pandemic [1–4]. 

Virus transmission is especially efficient in enclosed, 

crowded indoor environments such as offices, 

restaurants, and public transport [5]. Ventilation 

plays a crucial role in mitigating airborne 

transmission by removing indoor pollutants and 

replacing contaminated air. Consequently, 

organisations such as the Chartered Institution of 

Building Services Engineers (CIBSE), the American 

Society of Heating, Refrigerating and Air-

Conditioning Engineers (ASHRAE) and the 

Federation of European Heating, Ventilation and Air 

Conditioning Associations (REHVA) have issued 

guidelines advocating increased outdoor air 

exchange to reduce airborne pathogen exposure [6–

8]. However, the optimal ventilation rate required to 

mitigate airborne contagion remains unclear [9]. 

Moreover, a trade-off exists: while ventilation dilutes 

contaminants, it may also contribute to aerosol 

dispersion, potentially increasing infection risk [10]. 

This study seeks to establish an optimal balance by 

refining ventilation strategies for infection risk 

mitigation. 

 

Traditionally, infection risk has been assessed 

through airborne pollutant concentration metrics. 

Several studies have utilised computational fluid 

dynamics (CFD) simulations to evaluate ventilation 

strategies and their impact on airborne particle 

dispersion [9,11,12]. Research has explored natural 
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and mechanical ventilation designs, air distribution 

patterns, and physical barriers to control droplet 

transmission in settings such as classrooms, office 

spaces, and aircraft cabins[13,14]. However, these 

studies primarily focus on particle presence and 

concentration, often overlooking critical 

transmission parameters such as exposure duration, 

viral load, and individual susceptibility.  

 

To address these limitations, this study 

introduces a novel infection risk probability metric 

based on a transient Eulerian-Lagrangian CFD 

approach. The metric quantifies long-range airborne 

transmission by incorporating spatial-temporal 

particle concentration, exposure time, and clinical 

viral load data. This allows for a more realistic 

assessment of cumulative viral exposure over time, 

which is essential for understanding transmission 

risk in shared indoor environments. Given that 

human respiratory activities (e.g., breathing, 

speaking, coughing) generate droplets ranging from 

0.01 to 1000 μm [15], understanding the behaviour 

of these aerosols in ventilated spaces is essential.  

 

The CFD model is applied to a hospice 

communal space and captures airflow variations 

driven by fluctuating wind pressures on operable 

windows. By analysing the distribution of infectious 

aerosols and comparing it to exhaled CO₂ 

concentrations, the study identifies key differences in 

dispersion behaviour and highlights the importance 

of particle-based infection modelling for effective 

ventilation assessment. The communal space is 

demonstrated by Figure 1. 

 

 

Figure 1. The communal area of the UK 

Hospice.   

 

2. METHODOLOGY 

2.1 The Eulerian-Lagrangian CFD Model 

2.1.1 Background 

Accurately evaluating airborne infection risk, 

particularly for COVID-19, requires modelling viral 

emission, transport, and inhaled exposure over time. 

Infections may arise from prolonged exposure to low 

concentrations of virus-laden aerosols, reinforcing 

the importance of spatial and temporal resolution in 

dose estimation. The Lagrangian approach is well-

established in indoor air quality research for tracking 

aerosolised particles. It resolves forces such as drag, 

gravity, and turbulent dispersion, allowing accurate 

characterisation of airborne transport and deposition 

patterns and quantifying viral dose [13,14]. 

This study employs the Eulerian-Lagrangian 

CFD approach based on Crowe et al. [16], 

modelling air (continuous phase) via Eulerian 

equations while tracking particles (dispersed phase) 

with a transient Lagrangian method. The model 

simulates infectious particle transport during speech, 

outputting particle volume, count, and fraction per 

computational cell. This data, combined with clinical 

inputs, enables spatial-temporal infection probability 

estimation. 

2.1.2 The Eulerian Model 

As the governing equations for the mass, 

momentum, and energy equations, Navier-Stokes is 

used to model the unsteady incompressible flow field 

using an Eulerian approach: 

 
∂𝜌

∂t
+

∂(𝜌Ui)

∂xi

= 0 (1) 

 
∂(𝜌Ui)

∂t
+

∂

∂xj

(𝜌UiUj) 

= −
∂P

∂xi

+
∂

∂xj

(µ
∂Ui

∂xj

− 𝜌uiuj) 

(2) 

 
𝜕(𝜌𝑇)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗

(𝜌𝑈𝑗𝑇) 

=
𝜕

𝜕𝑥𝑗

(
µ

𝑃𝑟

𝜕𝑇

𝜕𝑥𝑗

− 𝜌𝑢𝑗𝜃) 

(3) 

 

where, 𝜌 is the density and ujθ is the turbulent heat 

flux vector, respectively. 

 

    The present authors have previously shown the 

importance of the choice of the turbulence model on 

the prediction of fluid flow and heat transfer [17–

19]. Consequently, the present authors have also 

investigated six different types of eddy viscosity 

models to determine the most feasible in predicting 

indoor air flow [20]. The φf model was chosen for 

its stability and near-wall performance and the same 
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model will be used in this present study. Since this 

a low-Reynolds-number turbulence model, the grids 

were adjusted to be very fine along the wall (the 

wall-adjacent cell typically extends only to y+ ≤ 1), 

in order for the turbulent boundary layers to be fully 

resolved.   

2.1.3 The Lagrangian Model 

The momentum equation for particles is derived 

from the balance between inertial forces and 

external forces applied to the particle: 

 

mp

dvp

dt
=

mp(vc − vp)

τr

+ mpg + F (4) 

 

Where, for a spherical particle with a diameter 

of dp immersed in continuous air, g is the 

gravitational force exerted on the particle, F 

represents additional forces acting on the particle 

surface, specifically the drag force (Cd), virtual mass 

force, and pressure gradient force all of which were 

modelled using the standard Lagrangian particle 

tracking approach implemented in the CFD solver.  

vc is the velocity of the continuous phase, vp is the 

particle velocity and τr is the momentum relaxation 

time scale computed as: 

 

τr =
2mp

𝜌cApCd(vc − vp)
 (5) 

 

where, 𝜌c is the density of the continuous phase 

and Ap is the projected area of the particle. The Drag 

force (Cd) is modelled through the Schiller-Naumann 

Correlation [21], which is a function of the particle 

Reynolds number: 

 

Red =  
𝜌c|vc − vp|Dp

μc

 (6) 

 

where, μc is the dynamic viscosity of the 

continuous phase and Dp is the diameter of the 

particle. 

 

2.1 Infection Risk Metric 

2.1.1 The Wells-Riley Model 

The Wells–Riley model estimates airborne 

infection probability (POI) as a function of inhaled 

quanta (n), defined as the dose causing infection in 

63% of susceptible individuals [22,23]. Assuming a 

uniform aerosol concentration: 

 

POI = 1 −  e−n =  1 −  e−(qc×IR×te)  (7) 

 

where, qc is the quanta concentration 

[quanta/m³], IR is the inhalation rate, and te is the 

exposure time. However, the model assumes well-

mixed, steady-state conditions, which rarely hold in 

indoor spaces with complex airflow and localised 

sources. This limitation motivates the need for 

spatially and temporally resolved approaches, as 

detailed in the following subsection. 

2.1.2 Virion Concentration and POI at Each 
Cell  

This study employs a Probability of Infection 

(POI) metric, incorporating particle count, exposure 

duration, and clinical data. Using CFD and a time-

dependent Eulerian-Lagrangian (E-L) model, the 

emission and distribution of infectious airborne 

particles (quanta) are computed. 

Initially, the quanta concentration at each 

computational cell is determined using Eq. (7), 

where the sum of the particle-to-air volume fraction 

(αp,cell) and the initial hydrated particle volume 

(𝑉𝑜𝑙𝑖,𝑐𝑒𝑙𝑙) is normalised by the evaporated 

desiccated volume and multiplied by the viral load 

cv, taken as 2.35109 [quanta/mL] [24]. This number 

is multiplied by 106 to convert to quanta/m3.  

The total inhaled quanta at each cell, (𝐷𝑐𝑒𝑙𝑙), is 

then obtained by integrating the quanta concentration 

over time, as expressed in Eq. (8). This value is 

subsequently substituted into the Wells-Riley 

equation to compute the Probability of Infection 

(POI) at each cell, using Eq. (9). The resulting POI 

values generate a spatio-temporal infection risk (IR) 

map, illustrating areas of elevated exposure risk. 

 

qc,cell = cv  
∑ (αp,cellj

t
j=0  Volpi,cellj

)

Volp
× 106  (7) 

 

𝐷𝑐𝑒𝑙𝑙  = 𝐼𝑅  ∫ 𝑞𝑐,𝑐𝑒𝑙𝑙  𝑑𝑡
𝑇

0

   [𝑞𝑢𝑎𝑛𝑡𝑎] (8) 

 

𝑃𝑂𝐼 = (1 − 𝑒(−𝐷𝑐𝑒𝑙𝑙) )  ×  100 [%] (9) 

2.1.3 Infection Risk Metric and Particle 
Assumptions 

A time-dependent Eulerian–Lagrangian CFD 

model was used to compute particle transport and 

quanta concentration at each cell. Concentration was 

calculated using Eq. (7), combining local particle 

volume fraction and hydrated droplet volume, scaled 

by a viral load of cv = 2.35 × 109  quanta/mL and 

converted to quanta/m³. The inhaled dose was 

integrated over time (Eq. 8) and used in the Wells–

Riley model (Eq. 9) to estimate the POI. 

 

Based on Li et al. [25], the volume-weighted 

mean diameter of respiratory droplets is 6.62 μm. 

This study assumes all droplets rapidly dehydrate 

into aerosols and adopts this diameter as 

representative of airborne transmission. Dehydrated 

droplet nuclei are 20–34% smaller due to water loss; 

Li et al. [25] estimated a final diameter equal to 

26.2% of the original, using data from Chao et al. 
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[26] and Li et al. [27], consistent with Stadnytskyi et 

al.  [28]. Accordingly, a shrinkage factor of 0.262 is 

applied in volume calculations. Viral decay is 

neglected to reflect a conservative, worst-case 

infection scenario. At this size, particle motion is 

governed by drag, gravity, and turbulence; Brownian 

diffusion was excluded and is noted as a limitation. 

Viral load was assumed proportional to droplet 

volume, as in [37], though finer particles may carry 

higher concentrations [29]. 

 

2.2 CO2 and Age of Air Numerical 
Models 

Occupant-generated CO₂ emissions are 

modelled using the species transport equation to 

compare infection risk (IR) and CO₂ concentration 

distributions.  

The mean ventilation effectiveness in the 

occupied zone (EOZ) is evaluated using the age of air 

(𝜃𝑎𝑔𝑒) [30], modelled via the passive scalar transport 

equation. This approach assigns a virtual "clock" to 

each air volume element, tracking the time elapsed 

since uncontaminated outdoor air entered a given 

cell. Consequently, this enables the assessment of air 

distribution and age across different office space 

regions. 

2.2.1 CO2 Species Transport Numerical 
Model 

The three-dimensional species transport 

equation to simulate the transport of CO2 within the 

office room is implemented in this study: 

  
𝜕(𝜌𝑌𝐶𝑂2)

𝜕𝑡
+

𝜕(𝜌𝑌𝐶𝑂2𝑈𝑗)

𝜕𝑥𝑗

=  
𝜕

𝜕𝑥𝑗

[𝜌𝐷𝐶𝑂2

𝜕(𝑌𝐶𝑂2)

𝜕𝑥𝑗

+
µ𝑡

𝜎𝑡

𝜕𝑌𝐶𝑂2

𝜕𝑥𝑗

] 

(10) 

 

where 𝑡 is the simulation time, ρ is the overall 

density of the mixture, 𝑌𝐶𝑂2 is the mass fraction of 

CO2, 𝑈𝑗 is the velocity where 𝑢1, 𝑢2, 𝑢3 are the 

directions in the x, y and z directions respectively, µ𝑡 

is the turbulent dynamic viscosity, σ𝑡 is the turbulent 

Schmidt number and 𝐷𝐶𝑂2 is the molecular 

diffusivity of CO2 in the mixture. The turbulent 

diffusion is accounted for through the term 
µ𝑡

σ𝑡
 .  

The occupants were represented by a box, 0.25 

m x 0.4 m x 1.2 m, in the computational model,  [31]. 

The exhaled CO2 was introduced via a small circular 

hole of 10-mm at the height of 1.1 m of the box. 

Table 1 summarises the boundary conditions for the 

occupant. The peak occupancy is 88 people. 

 

Table 1.  Boundary conditions for the occupant 

CO2 exhalation for each case. 

Activity 

CO2 

Exhalation 

Rate [L/min] 

Inlet 

Type 

Heat 

Source 

(W) 

Sedentary  0.31 [32] 
Circular 

Inlet 
75 

 

2.2.2 Age of Air Numerical Model 

The age of air is modelled through the passive 

scalar transport equation:  

 
𝜕𝜌𝐴

𝜕𝑡
+ 𝑢𝑗

𝜕𝜌𝐴

𝜕𝑥𝑗
−  

𝜕

𝜕𝑥𝑗
[𝐷

𝜕𝜌𝐴

𝜕𝑥𝑗
] − 𝑆𝐴 = 0  (11) 

 

where A is the passive scalar of the age of air, D 

is the diffusivity flux of the passive scalar, and 𝑆𝐴 is 

the source term for the age of air, which is a scalar 

flux with an inferred density of 1/s. The passive 

scalar’s diffusivity characteristics were set by 

increasing the Schmidt number and the Turbulent 

Schmidt number to a value of 1 × 109. Consequently, 

advection can dominate the transport of the time 

scalar when there is flow motion, whereas diffusion 

can operate on the scalar when there is little to no 

advection.  

 

Local and Mean Ventilation Effectiveness 

Air Changes per Hour (ACH) quantifies the total 

volume of air entering a space relative to its internal 

volume, representing the nominal ventilation rate. 

However, this metric only accounts for the total fresh 

air supply without considering its distribution within 

the space. 

 

To assess air distribution, local ventilation rates 

are calculated based on the age of air at each cell. 

This provides a more detailed evaluation of airflow 

patterns, ensuring a comprehensive understanding of 

ventilation effectiveness. The age distribution 

theory, as outlined in [33], forms the basis of this 

approach: 

 

𝑛𝑐𝑒𝑙𝑙 = 
1

𝐴𝑐𝑒𝑙𝑙
   (12) 

 

       Ventilation effectiveness, denoted as ncell, is 

determined by comparing the actual delivery rate of 

outside air with an ideal mixing scenario. In a 

perfectly mixed environment, where ventilation is 

uniform and concentrations are equal throughout, the 

local ventilation efficiency at each cell (Ecell) is 

calculated as: 

 

𝐸𝑐𝑒𝑙𝑙 = 
𝑛𝑐𝑒𝑙𝑙

𝑁
 (13) 

 

       According to ASHRAE [34], the occupied zone, 

referring to the area where humans occupy, extends 

up to 1.8 meters from the floor and 0.3 meters from 

the side walls. To determine the average ventilation 
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effectiveness in this zone (EOZ), we calculate the 

volume average of the local ventilation effectiveness 

within this range. This involves summing up 

products of Ecell and cell volumes, then dividing by 

the total cell volumes in the occupied zone. 

2.3 A Description of IES:VE Energy 
Modelling 

The Integrated Environmental Solutions Virtual 

Environment (IES:VE) is a comprehensive building 

performance simulation suite used by architects and 

engineers to optimise energy efficiency and occupant 

comfort. It has been validated against international 

standards, including ASHRAE 140 and CIBSE 

TM33, ensuring compliance with rigorous industry 

benchmarks [35].  

2.4 Cases Studied 

Figure 2 shows the computational domain of the 

hospice dining space. The passive ventilation system 

includes upper operable windows (red, labelled 1–4) 

for exhaust and lower intakes (blue, labelled 1–2) for 

fresh air supply. Internal doors (green, labelled 1–2) 

are opened under overheating conditions to allow 

cross-zone airflow. As a passive system, flow 

direction can reverse depending on wind and 

pressure, resulting in either positive or negative 

airflow through the openings. 

 

To capture realistic ventilation-driven airflow 

conditions throughout the year, hourly data from 

dynamic simulation was analysed using a custom 

script. This process identified 13 representative days 

that collectively span the full range of ventilation 

performance across all opening types, covering the 

minimum, maximum, and key quartiles (Q1, Q2, 

Q3). These selected cases ensure efficient yet 

comprehensive CFD coverage of both typical and 

extreme conditions, where openings may act as inlets 

or exhausts depending on wind-driven pressure 

differences. These cases are outlined by Table 2 

below. 

 

 

 

 

 

Figure 1. The computational domain of the 

communal area within the UK hospice used in 

the present study. 
 

Table 2. Boundary conditions for the occupant 

CO2 exhalation for each case. 

 

 

2.5 Acceptable POI Level 

 

The acceptable POI level, determined to be 7.5% 

in England based on worst case government 

statistics, is based on the methodology proposed by 

the authors in a companion paper [37]. 

2.6 Lagrangian Particle Injector 

The exhaled droplets (dispersed phase) from 

the infector are simulated using a transient 

Lagrangian model. This study implements "one-

way" coupling between the dispersed phase 

(airborne particles) and the continuous phase (air-

CO2 mixture). As confirmed in our companion 

paper [37], the volume fractions of the airborne 

particles are so insignificant that their 

displacement of the air-CO2 mixture is negligible. 

Consequently, the particle transport is affected 

only by the fluid motion, without influencing the 

air flow in return. The overall simulated time was 

5 minutes with a droplet time step of 0.01s. This 

time was sufficient for the IR level to reach the 

acceptable limit based on worst-case scenarios. 

The residuals were left to reach a minimum level 

of 10−6 to regulate the particle tracking’s 

accuracy. Table 3 demonstrates the numerical 

boundary conditions applied for the particle 

injector.  

Table 3. Boundary Conditions for the 

Lagrangian Particle Injector. 

Variable Value/Type Reference 

Injector  Type 
Point 

injector  
- 

Injection Rate 
1000 

[particle/s] 
[28] 

Injection Direction Normal  - 

Particle Diameter 6.62 [µm]  [25] 

Activity Speaking - 

Particle Injection 

Velocity 
4.07 [m/s]  [38] 

Particle 

Temperature 
34 [°C]  [39] 

Particle Deposition 

Rate 
0.285 [cm/s] 

[40] 
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3. RESULTS  

3.1 Distribution and Behavioural 
Analysis 

3.1.1 Contour Plots 

Figures 3 & 4 illustrate the Probability of 

Infection (POI) and CO₂ concentration contours 

along the horizontal plane (1.2 m above the floor) 

and vertical mid-span plane. The results indicate that 

airflow forces significantly influence the distribution 

of both infectious particles and CO₂, with higher 

concentrations in recirculation zones and low-

velocity regions, where airborne particles tend to 

accumulate. 

 

While CO₂ concentration and infection risk 

share distributional similarities, key differences are 

observed. The CO₂ species transport model exhibits 

‘smearing’ effects, where CO₂ disperses more 

uniformly from high- to low-concentration areas due 

to diffusion. In contrast, the infection risk 

formulation lacks a diffusion term, resulting in 

sharper concentration gradients and more localised 

risk zones. 

 

Given the extensive number of contour plots 

across multiple cases, only representative cases are 

presented. To facilitate a comprehensive comparison 

across all 13 cases assessed in this study, heatmaps 

are employed, offering a more insightful and 

quantitative analysis of POI and CO₂ distribution 

patterns. 

3.1.2 Heatmaps 

Figures 5 & 6 show the average Probability of 

Infection (POI) and CO₂ concentration at 1.2 m 

above the floor across all cases. Surface-averaged 

values are consistently higher than volume-averaged 

values, as the latter includes regions with zero 

infection risk and atmospheric CO₂ levels, lowering 

overall averages. 

 

Notably, high CO₂ concentration does not imply 

high infection risk, as CO₂ is exhaled by all 

occupants, while infectious particles originate from 

an infector. Infection risk varies with infector 

position and airflow direction, whereas CO₂ 

distribution remains unaffected. 

 

Elsarraj et al.  [20] trained an Optimised Random 

Forest (ORF) model using volume-averaged POI and 

CO₂ concentration, incorporating ventilation rate to 

distinguish CO₂ thresholds across occupancy levels. 

However, assuming a single infector led to 

overlapping CO₂ values for the same POI, affecting 

model accuracy. 

 

Analysing all surface and volume-averaged data 

was impractical due to overlapping CO₂ values at a 

given ventilation rate, which obscures clear trends. 

 

 Instead, heatmaps (Figures 5 & 6) were used to 

identify high-risk zones based on elevated infection 

probability. For these zones, only surface-averaged 

POI and CO₂ concentrations were extracted to 

provide a conservative representation of worst-case 

exposure conditions. 

 

 

 

 
Figure 3. Contour and vector plots of the POI 

and the CO2 concentration along the horizontal 

plane at a height of 1.2 m above the floor  

 

 

 

 

 
Figure 4. Contour and vector plots of the POI 

and the CO2 concentration along the vertical 

mid-span plane. 
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Figure 5. POI heatmaps for all cases for each 

zone.  

 

 
Figure 6. CO2 concentration heatmaps for all 

cases for each zone.  

 

4. Conclusion 

This study developed a CFD-based framework 

for evaluating infection risk in a UK hospice using a 

Probability of Infection (POI) metric derived from an 

Eulerian-Lagrangian (E-L) model. The results 

demonstrate that CO₂ distribution, while often used 

as a ventilation performance indicator, differs 

significantly from the spatial behaviour of infectious 

aerosols, primarily due to diffusion effects absent in 

the POI formulation. This discrepancy validates the 

need for direct particle-based modelling when 

assessing airborne infection risk. 

 

Heatmap analysis across multiple cases 

identified high-risk zones, revealing that infection 

risk is highly sensitive to infector position and 

airflow dynamics, rather than CO₂ concentration 

alone. These insights demonstrate the limitations of 

relying on CO₂ as a surrogate for exposure and 

highlight the value of spatially resolved CFD models 

in guiding ventilation strategies. 

 

By quantifying infection risk based on clinically 

informed exposure metrics and airflow behaviour, 

this approach offers a robust tool for assessing and 

improving ventilation effectiveness in sensitive 

healthcare settings. The framework may be extended 

to other high-risk environments, such as care homes 

or waiting areas, to support evidence-based infection 

control strategies in post-pandemic building design. 
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ABSTRACT
The print quality of drop-on-demand (DOD) sys-

tems is affected by the jet breakup and the potential
occurrence of satellite droplets. This paper presents
the development of a numerical model to simulate
droplet formation using the volume-of-fluid (VOF)
method. A particular focus is on the occurrence of
satellite droplets and how different fluid properties
influence jetting behavior. The research centers on
a printhead with a native droplet size of 2-3 pL and
limited data availability. Therefore, an inlet bound-
ary approximation method is developed to simulate
the droplet formation for different actuation wave-
forms accurately based on the experimental results
from a JetXpert drop-watcher with two different flu-
ids and several different actuation waveform. Res-
ults show that multi-pulse waveforms can enhance
droplet detachment and mitigate satellite formation
by controlling pressure dynamics in the nozzle. Fur-
ther simulations on sequential multi-pulse actuation
revealed residual meniscus vibrations that influence
subsequent droplet formation. The model was used
to investigate the effect of viscosity, density, surface
tension, and contact angle on the droplet formation
process.

Keywords: Drop-on-demand (DOD), Ink Jetting,
Satellite Droplet, Volume-of-fluid (VOF), Newto-
nian Fluid, Waveform Approximation

1. INTRODUCTION
Inkjet printing is one of the most common ap-

plications of microfluidics [1]. This technology pro-
gressively creates 2D images by depositing thou-
sands of microscopic droplets on a stationary or mov-
ing substrate. Those droplets are typically in the
range of 1 to 500 pL and move at a speed of 5-8
m/s when hitting the substrate [2]. Multiple mech-
anisms are involved in this process and have been
studied in recent years [1, 3], including the actu-
ation method [4], the acoustics within the printhead

[5], the jetting process [6] and the droplet forma-
tion and breakup [7, 8]. There are several categories
of inkjet printing technologies, with the most gen-
eral division between continuous inkjet (CIJ) and
drop-on-demand (DOD) printers. A DOD printer
uses separate pressure pulses at each nozzle to gen-
erate individual droplets that can be generated on de-
mand. This pressure pulse and the underlying actu-
ation mechanism strongly influence the controllab-
ility and the process of droplet formation in DOD
printers.

A common actuation mechanism for DOD print-
ers is the use of microscopic piezoelectric elements
[2]. Piezoelectric elements change their shape in the
presence of an electric field, which can be utilized to
transfer energy to the fluid through a pressure change
in the ink chamber [9]. The way these actuators pro-
duce a droplet is heavily depending on the electrical
signal imposed on them. Since the piezoelectric ele-
ments are controlled with a voltage signal, two prin-
cipal actuation modes can be applied. The element
can either initially contract and then expand, result-
ing in a pull-push mode, or vice versa, leading to
a push-pull actuation. Considering the delay of the
electric signal and mechanical movement, this leads
to a single trapezoidal pulse. This type of actuation
has been subject of many numerical studies [10, 11].
Adding together multiple pulses with different amp-
litudes leads to the formation of more complex ac-
tuation methods and waveforms [12, 13, 5]. Apart
from the electrical signal, fluid properties also in-
fluence the waveform and, consequently, jetting be-
haviour and droplet formation [14]. Choosing the
correct waveform is essential for successfully jetting
a selected ink. A simplified geometry of an inkjet
nozzle is used in Figure 1 to explain the actuation
process, according to [2]. A single unipolar rectangu-
lar pulse is applied to the piezoelectric element on the
side of the ink chamber leading to an initial contrac-
tion. Therefore, a negative pressure pulse is induced
during trise, which travels through the ink chamber
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and reflects at the reservoir during tdwell. When the
actuator expands, the pulse is superimposed with a
positive pressure pulse during t f all. This positive in-
terference leads to a high-pressure pulse that results
in the droplet jetting at the meniscus.

Figure 1. Schematic representation of the actu-
ation principle, based on [2].

A comprehensive understanding of droplet form-
ation is essential to investigate the behavior of ejec-
ted liquids. In Figure 2, the DOD droplet formation
process is schematically represented and divided into
six steps. Initially, the liquid is in an equilibrium
state (A). After an actuation is induced, the liquid is
pushed out of the nozzle (B). When a certain amount
of fluid is pushed through the nozzle, the head droplet
starts forming, and the necking of the fluid begins
due to surface tension (C). The liquid continues to
move out of the nozzle and forms an extending liga-
ment of fluid, which attaches the head droplet to the
meniscus (D). The surface tension leads to the pinch-
off of the liquid ligament and the formation of a tail
droplet (E). Afterwards, the liquid tail begins to catch
up with the main droplet and ideally joins with it (Fa).
If, however, the tail droplet pinches of from the tail
and becomes an individual droplet, it is known as a
satellite droplet (Fb). The head droplet formation, the
pinch-off, the tail behavior, and the satellite forma-
tion are different aspects of the process that influence
the final droplet size [3].

The actuation waveform is the main driver of
the droplet formation and the most sensitive part of
the simulation [2]. A good approximation of the in-
let boundary conditions is essential to successfully
simulate a DOD system. However, predicting the
waveform at the boundary is challenging since the
flow within the nozzle chamber is rarely observ-
able. Some researchers have simulated the dynamics
within the printhead itself, to predict the boundary
condition [12, 15]. Another common method is the
use of lumped element models to calculate the pres-
sure response [11]. Analytical equations have also

Figure 2. Six stages of the droplet formation pro-
cess, based on [9]. The explanation of the different
stages is presented in the text.

been used in recent papers to predict the pressure at
the boundary of the numerical model [13, 5, 10]. The
goal of this paper is to develop an analytical approx-
imation method for a boundary condition for a given
printhead, with limited information on its geometric
characteristics, and to calibrate the boundary equa-
tion using experimental data. Through this approach,
a simple model is created that can be used to invest-
igate the effects of different waveforms on droplet
formation.

2. NUMERICAL MODELING
The CFD software Star-CCM+ is used for the

numerical simulations in this study [16]. The VOF
model was selected since it is designed to capture
the interface between several immiscible fluids, since
resolving the free surface is essential to capture the
droplet formation process.

2.1. Volume of Fluid
The Volume of Fluid method allows the simula-

tion of fluid dynamics of two immiscible fluids with
a fluid-fluid interface (free surface). A fixed mesh is
used, and the free surface moves through the mesh.
At each grid cell, a volume fraction αi is defined, in-
dicating how much of a cell is occupied by the phase
i. The material properties in a cell with 0 < αi < 1
depend on the material properties of the constituent
phases. The fluid properties in the cells are treated as
a mixture. The density and viscosity are calculated
as:

ρ = Σiρiαi (1)
µ = Σiµiαi (2)

The distribution of phase i is driven by the phase
mass conservation equation:

∂

∂t

∫
V
αidV +

∮
A
αiv · da =

∫
V

(
S αi −

αi

ρi

Dρi

Dt

)
dV−∫

V

1
ρi
∇ ·

(
αiρivd,i

)
dV

(3)

where a is the surface area vector, v is the mixture
(mass-average) velocity, vi is the mass-average phase
velocity and vd,i = vi−v is diffusion velocity. S αi is a
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source term of phase i, and Dρi
Dt is the material deriva-

tion of the phase density ρi. For a two-phase flow, the
equation is solved only for the primary phase, which
in this case is the liquid.

To simulate two immiscible phases, a sharp in-
terface between them is essential. Star-CCM+ uses
the High-Resolution Interface Capturing (HRIC)
scheme, based on the normalized variable diagram
(NVD) [16]. Recent versions of the VOF model in-
clude the surface tension via the continuum surface
force (CSF) approach. This approach includes sur-
face tension effects as a source term in the Navier-
Stokes equations.

The other governing equations include mass con-
servation and momentum equation. The total mass
conservation for all phases is given by:

∂

∂t

(∫
V
ρdV

)
+

∮
A
ρv · da =

∫
V

S dV (4)

where S is the mass source term, which is defined as:

S =
∑

i

S αi · ρi (5)

This total mass conservation is related to the phase
mass conversion (Eq. 3) and includes the fluid mix-
ture through the density. The momentum equation is
defined as:

∂

∂t

(∫
V
ρvdV

)
+

∮
A
ρv ⊗ v · da = −

∮
A

pI · da

+

∮
A

T · da +
∫

V
fbdV −

∑
i

∫
A
αiρivd,i ⊗ vd,i · da

(6)

where p is the pressure, I is the unity tensor, T is the
stress tensor and fb is the vector of body forces.

2.2. Computational Domain

To reduce computational cost, an axisymmetric
model was chosen. The simulation domain of the
stand-alone jetting model includes parts of the pres-
sure channel, the nozzle, and an air section as presen-
ted in Figure 3. The pressure channel has a radius of
rP and a length of lP. The nozzle is formed into the
nozzle plate with a thickness of lN and has a nozzle
radius of rN . The nozzle has an angle Φ and a neck
thickness lneck. The air section has a length of lA and
a radius of rA. The dimensions of the air section
must be sufficiently large to prevent any backflow
and boundary condition effects affecting the droplet
simulation. Moreover, the air domain should be large
enough to capture the crucial aspects of droplet form-
ation. Both the pressure channel and the nozzle are
filled with liquid at the start of each simulation.

Several simulations were performed to evaluate
the optimal mesh type and resolution, resulting in the
selection of a polyhedral mesh. A general guideline
is to aim for 10 grid cells to simulate spatial details
[3] accurately. For the droplet formation, the smal-

𝑟𝑃
𝑟𝑁

𝑟𝐴

𝑙𝐴𝑙𝑁𝑙𝑃

𝚽

Inlet Pressure Outlet No slip Wall

Ink Air

𝑦

𝑥

𝑙𝑛𝑒𝑐𝑘

Figure 3. Schematic of the axisymmetric compu-
tational domain, including the pressure channel,
nozzle, and air region.

lest length scale is the viscous length scale Lµ, which
depends on γ, the surface tension coefficient:

Lµ =
µ2

ργ
(7)

This length scale varies depending on the properties
of the liquid but is considered to be around 1-5 µm
with typical values for fluid properties. This would
result in a minimal element size of 0.1-0.5 µm to re-
solve all flow characteristics.

The minimal element size variation was chosen
with the values 1.6 µm, 0.8 µm, 0.4 µm, and 0.266 µm.
An example mesh with the smallest element size of
0.8 µm is shown in Figure 4. The refinement zones
marked in the top half of this figure were chosen to
both capture the meniscus motion within the nozzle
and the droplet formation. A base element size
of 5 µm was chosen in the coarse zones. A slow
growth rate was selected to create a smooth transition
between the refinement zone and the coarser mesh
area.

Figure 4. Unstructured mesh of the axisymmetric
model. (Top) Refinement zones capturing menis-
cus motion and droplet formation. (Bottom) Ex-
ample mesh with a smallest element size of 0.8 µm.

To investigate the mesh dependency and numer-
ical model parameters, a simple velocity waveform,
based on the simplifications presented in Figure 1, is
used on the inlet. A pull time of 1 µs and a push time
of 2 µs was chosen. The printhead in the simulation
has a nozzle diameter of 32 µm. For the initial sim-
ulation a general time-step of 2e-7 seconds was se-
lected with an adaptive time-step based on the CFL
number of the free surface. The CFL limit was set
at a maximum condition value of 0.4 and the impli-
cit solver SIMPLE was selected. The arbitrary fluid
parameters are ρ = 1050 kg/m3, µ = 7 cP, and
γ = 72 mN/m, resulting in a Ohnesorge number of
0.201. The results of the simulations are presented
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in Figure 5, which shows the volume fraction of li-
quid within the domain. A clear difference can be
observed in the tail breakup and the free surface in-
terface between mesh (a) and the rest of the simu-
lations. Mesh (c) and (d) show a sharp free surface
interface and a similar droplet behavior.

a) b)

c) d)
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Figure 5. Simulation of the droplet formation at
different mesh resolutions with an unstructured
mesh at 5, 10, 15 and 20 µs, respectively. Smallest
element size: a) 1.6 b) 0.8 c) 0.4 d) 0.266 µm.

When comparing the position and the velocity
of the head droplet to the nozzle (Figure 6), similar
results between different mesh resolutions could be
observed. Both position and velocity show consist-
ency across different resolutions. Since a mesh resol-
ution of 0.4 µm showed a sharp free surface interface
with a stable droplet formation, this mesh resolution
was selected for further investigations with a total of
660514 cells.

Figure 6. Distance (- -) and velocity (-) of the
head droplet over time at different mesh resolu-
tions with an unstructured mesh.

3. EXPERIMENTAL SETUP
Experimental studies were conducted to explore

the formation of droplets with a specified printhead.
A Newtonian fluid was selected for the experiments.
This allows for an accurate description of the fluid
properties without requiring complex fluid models.
A mixture of 1.2 propandiol and water was chosen
for this purpose. To investigate the influence of dif-
ferent fluid properties, two mixtures were studied.
The mixtures were based on mass fractions, and the

desired composition was mixed in laboratory glass
vessels using a commercial scale. The two mixtures
have a 1.2 propandiol content of 50% and 25%, re-
spectively. They are referred to as mixture M50 and
M25 in the following sections.

The studies were performed with a Samba print-
head from Fujifilm Dimatix. This printhead pro-
duces a native droplet size of roughly 3 pL and
supports fluids with a viscosity range of 4-9 cP.
A single printhead holds 2048 individual nozzles
each controlled by separate Silicon MEMS (micro-
electromechanical system) actuators. Every nozzle
is connected to a common refill channel that sup-
plies the ink chamber with a constant flow of ink and
is pressurized. The ink flows through the chamber
and leaves the printhead through a combined recir-
culation channel. A piezoelectric actuator on top of
the ink chamber can induce the necessary actuation
waveform to produce a droplet at the nozzle. Each
nozzle has a diameter of 17 µm and is cut into a 50 µm
thick nozzle plate with an angle Φ of 45 degrees.

A dropwatcher is directly connected to a JetX-
pert measurement software, which captures images
of the droplet formation and provides multiple ana-
lysis tools. The dropwatcher of JetXpert consists of
three parts: the printhead with a custom mounting
plate, a high-speed LED strobe light, and the high-
resolution camera system. All three components are
synchronized so when the printhead fires a droplet,
the strobe light flashes, and the camera records the
droplet in flight at a specific delay. The resolution
of the camera is half a micron, and it has an 8 mil-
lion fps-equivalent exposure time. The printhead can
be moved laterally to focus the camera on a single
nozzle. The fluid is supplied and recirculated by
a heated pipe system. The extracted data consists
of image sequences from the JetXpert measurement
software which have been used to calculate the ve-
locity and position of the droplets at different time-
steps. The delay between each image is 5 µs.

For the experimental investigation, five differ-
ent pulse widths (tdwell) with an amplitude of 18 V
have been selected: 1.65, 1.97, 2.294, 2.55, 2.87 µs.
Additionally, several different amplitudes at a con-
stant pulse width of 1.97 µs were tested. Besides
the single-pulse actuation, multi-pulse waveforms
have been tested. Two tested multi-pulse signals are
presented in Figure 11. For both multi-pulse sig-
nals, the mixture M50 was selected. The first wave-
form (a) consists of two trapezoidal pulses with the
same amplitude. The second waveform (b) consists
of three pulses with changing amplitudes. The first
two pulses mainly increase the volume of the droplet,
while the task of the final pulse is the collection of
the tail. It can be observed that the produced droplet
from this waveform has an even higher volume and
no remaining satellite droplets in comparison to the
two-pulse waveform.
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4. RESULTS AND DISCUSSIONS
4.1. Calibration and Validation

The movement of the piezoelectric element gen-
erates an acoustic wave and a volumetric change that
propagates through the ink chamber. This can be
translated into a pressure change within the chamber,
that can be used as a boundary condition for the CFD
model. Since the timescale is short and the travel
times are fast, it is assumed that the pressure within
the chamber is approximately the same everywhere.
At the beginning of an actuation signal, the system
is in an equilibrium state. When the piezoelectric
actuator expands due to a voltage signal, it creates
a lower pressure in the ink chamber (see Figure 1).
This low pressure is balanced out over time and falls
back to the previous pressure level of the system.
Two factors can be seen as responsible for the pres-
sure to go back into its state of equilibrium: the re-
traction of the meniscus and the fluid flow through
the recirculation and re-fill channel. When the piezo-
electric element falls back into its non-actuated state,
it creates a pressure increase in the ink chamber. This
pressure increase is balanced out by the movement of
the meniscus, optimally resulting in the formation of
a droplet.

To translate the relation between the observable
voltage input signal to the unknown pressure change
within the printhead, the system is simplified to be-
have like a resonance circuit. This is based on the
Lumped element model approach, which makes the
analogy that the electric current (i) and the voltage
(V) are equivalent to the volumetric flow rate (Q) and
pressure difference (∆P), respectively. In the reson-
ance case, the system reacts to a change of state with
an exponentially damped sinusoid function [17]. The
function of the response can be written as:

V = Aeζt sin
(

2π
ω

t
)

(8)

where A represents the amplitude of the oscillation,
ζ the damping factor, and ω the wave period. Apply-
ing the aforementioned analogy, the voltage repres-
ents the pressure difference and the amplitude of the
oscillation depends on the amount of change from
the equilibrium state. This results in the following
equation:

∆P = Apeζt sin
(

2π
ω

t
)

(9)

Ap = βAV (10)

where Ap is the amplitude in Pa, AV is the amplitude
in V, and β is a constant with the unit Pa/V. The
voltage signal to the piezoelectric actuator leads to
an expansion and contraction of the actuator. This
movement leads to a decrease and increase in pres-
sure within the ink chamber. The pressure increase
is considered the same everywhere, and the actuation
instantaneous. This results in two natural responses

of the resonance circuit, which are induced at the
beginning of each actuation, as presented in Figure
7. The pull motion of the actuator leads to a negat-
ive pulse, while the push motion results in a positive
pulse.

             

                      

                      

Δ𝑡 = 𝑡3 − 𝑡1

Figure 7. Schematic representation of two pres-
sure wave responses, concerning a voltage signal.

Both responses are superimposed to create the
final pressure waveform, which is used as the inlet
condition for the numerical model. The amplitude of
the response is directly coupled to the amplitude of
the voltage signal with the constant β. The final equa-
tion for a single voltage pulse response as a pressure
waveform depends on the time of the responses and
the previous parameters. It can be written as:

∆P(t) = 0 (t < t1)

∆P(t) = Apeζ(t−t1)sin
(

2π
ω

(t − t1) + π
)

(t < t3)

(11)

∆P(t) = Apeζ(t−t1)sin
(

2π
ω

(t − t1) + π
)

+ Apeζ(t−t3)sin
(

2π
ω

(t − t3)
)

(t >= t3)

where t1 is the time of the first response, and t3 is
the timing of the second response. This function can
be implemented as a field function within StarCCM+
and provides a basis for data fitting with the experi-
mental results by calibrating the parameters. The first
step of the calibration process is to select a fitting
wave period ω. The experimental results showed,
that a sweep across multiple pulse widths results in a
near quadratic relationship to the droplet velocity and
position over time. This effect is based on the super-
imposing waveforms of the push pulse and the resid-
ual vibration of the pull pulse. At an optimal inter-
ference, the pressure peak results in a maximum ve-
locity of the resulting droplet. To recreate this effect,
different pulse widths have been simulated, using an
amplitude of Ap = 1.6 bar, a period ofω = 5.2 µs and
a dampening factor of ζ = 250000. The value ∆t was
varied in intervals of ±10% starting from ∆t = ω/2,
by changing t3 in equation 11.

To test the connection between the resonance
frequency and optimal pulse width, the same simu-
lations have been repeated for multiple values of ω.
In Figure 8, the resulting relative droplet position for
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different pulse widths and values of ω are presented.
It can be seen that a sweep across ∆t results in the de-
scribed quadratic relationship and a change in reson-
ance period corresponds to a shift of the distribution.
This supports the assumption that the optimal droplet
ejection is achieved when the pulse width is aligned
with the resonance period, which changes with ma-
terial properties. The slopes of the different distribu-
tions are affected by the velocity of the droplet and
time when the data is extracted. It is therefore im-
portant to focus on the position of the maximum.

Figure 8. Simulation results of the relative droplet
distance resulting from different pulse widths and
resonance frequencies. All distances are derived
at the same timestep of 50 µs.

To further calibrate the model, the parameter β is
used to match the speed of the ejected droplet in the
simulation with that in the experiment. In both cases
a linear increase in the amplitude results in a linear
increase of the droplet speed. The last step of the
calibration consists of the definition of a dampening
factor ζ. This was achieved by comparing the oscil-
lation of the meniscus in the simulation with that in
the experiments. With the designed and calibrated
model, a close match between the experimental res-
ults and simulated droplet formation across multiple
single pulse signals was achieved. Figure 9 shows a
visual comparison between experiments and simula-
tion for a case with an actuation amplitude of 15 V.
Figure 10 shows the comparison between the recor-
ded and simulated trajectory of multiple actuation
amplitudes.

a) b) c) d) e) f) g)

Figure 9. Comparison between experimental res-
ults (left) of a droplet formation with an actuation
amplitude of 15 V and the simulation (right) with
the calibrated model. The images are taken at 10,
15, .., 40 µs, respectively.

Figure 10. Trajectory comparison between exper-
imental droplets and simulated droplets at differ-
ent voltage amplitudes showing the distance (xh)
of the head droplet to the nozzle plate.

4.2. Application to different waveforms
and fluids

To explore different actuation methods, the two
multi-pulse waveforms are used as boundary con-
dition with the calibrated model. For this applic-
ation, the pressure waveform equation 11 was ex-
tended by two additional responses for every added
voltage pulse. By superimposing all functions, a
combined pressure boundary condition was approx-
imated. The transformed waveforms for both input
signals are displayed in Figure 11.

a)

b)

Figure 11. Computed pressure waveform for the
multi-pulse actuation. (a) M-shaped waveform
with two trapezoidal pulses, (b) complex wave-
form with three unipolar pulses.

The results of the M-shaped waveform simula-
tion are shown in Figure 12a. A good approxima-
tion of the experimental droplet formation could be
achieved. The effect of two pulses is visible in the
simulation and the experimental observation. After
an initial actuation, the second pulse leads to an in-
crease in droplet volume. The final droplet in the ex-
periments consists of a single droplet with a smaller
satellite. The same result was predicted with the sim-
ulation. Nevertheless, a difference in final velocity
can be observed. When comparing the simulations of
the three-pulse waveform with the experimental ob-
servations, presented in Figure 12b, a close resemb-
lance of the droplet formation was achieved. Two
smaller initial pulses lead to the increase in volume,
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a) b) c) d) e) f) g)

(a)

a) b) c) d) e) f) g)

(b)

Figure 12. Comparison of experimental and sim-
ulated droplet formation using amplitude of 18 V
and (a) M-shaped waveform, (b) complex wave-
form. The images are taken at 10, 15, .., 40 µs,
respectively.

while the last pulse collects the tail and leads to a
satellite-free droplet. The entire process could be re-
created in the simulation. However, the final velocity
still slightly differs from the observed experiments.

Besides multi-pulse actuation modes, different
concentrations of 1.2 propandiol have been subjec-
ted to experimental tests. The numerical fluid para-
meters in the model were adjusted to examine the
performance of the model when using a different
fluid. Accordingly, the boundary condition approx-
imation was adapted by selecting a different wave
period ω based on Figure 8. The other boundary
parameters were not varied from the previous calib-
ration, assuming that ω mainly depends on the fluid
properties, while β mainly depends on the displaced
volume. The simulation of this fluid showed also
a good agreement with the experimental results, as
shown on Figure 13.

a) b) c) d) e) f) g)

Figure 13. Comparison of experimental and sim-
ulated droplet formation for mixture M25 using
a single trapezoidal waveform. The images are
taken at 10, 15, .., 40 µs, respectively.

When simulating a multi-pulse actuation wave-
form, it is important to consider potential residual vi-
brations resulting from sequential actuation. In the
observed experiments, as presented in Figure 14, it
can be noted that the meniscus does not fully retract
into the nozzle plate before the next droplet is fired.

This can imply that the following droplets are affect-
ing each other at the chosen frequency based on the
residual vibration. For all single pulse actuation, the
meniscus fully retracts before the next actuation.

a)

b)

Remaining ink at nozzle exit

at start of new actuation

Nozzle plate at 

start of new actuation

Figure 14. Experimental observations of two ac-
tuation cylces of a single pulse actuation (a) and
a multi-pulse actuation (b). The arrow indicates
the beginning of a new actuation cycle. Remain-
ing ink at the nozzle can be detected during the
multi-pulse actuation.

To simulate a possible case with multiple
droplets, the complex waveform is repeated four
times within the simulation, resulting in four indi-
vidual droplets. The resulting waveform with the
current model is shown in Figure 15. A clear overlap-
ping between the separate actuation is visible. The
frequency of the actuation is 20 kHz.

Figure 15. Pressure waveform for a multi-shot
simulation with overlapping vibrations between
different actuation phases.

When simulating this waveform, a different be-
havior between the first droplet and the following
droplets can be observed, as shown in Figure 16. The
first droplet moves with a significantly higher velo-
city, while the following droplets are slowed down.
The difference in the actuation can also be seen in
the meniscus movement. When simulating a single
droplet, the effect of the previous droplet on the actu-
ation waveform might not be captured. These show
that while multi-pulse actuation effectively reduces
satellite formation, residual meniscus vibrations in
sequential jetting can alter droplet velocity and tra-
jectory, which is of special importance for high-
frequency applications.

5. PARAMETER STUDY
With the calibrated model, different fluid and

printhead properties were investigated and their in-
fluence on jetting behavior with the given printhead
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Figure 16. Sequential images of the multi-shot
simulation. The images are taken at a rate of 10
µs beginning at 10 µs after the actuation.

dimensions was analyzed. This initial analysis of
different fluid properties did not take into account a
changing wave period and therefore only allows for
a general guideline. An increase in density showed
a reduction in jetting velocity and droplet volume
while slightly delaying the time of pinch-off. A
change in viscosity showed a strong influence on the
droplet velocity and volume, as well as the pinch-off
timing. Both velocity and volume greatly decreased
with an increase in viscosity while the pinch-off time
was delayed. An increase in surface tension showed
a faster pinch-off and an increase in maximum jet-
ting velocity while only slightly affecting the droplet
volume and final velocity. For the given printhead,
a change in contact angle only affected the droplet
formation when reaching a non-wetting behavior. An
increase in contact angle over that point resulted in a
decrease in velocity and volume. The effects of vis-
cosity are considered the most influential, given the
strong fluctuation of ink viscosity depending on tem-
perature changes.

6. CONCLUSION
A numerical stand-alone model of the jetting

process from a DOD printhead was successfully de-
veloped. The model was designed to simulate an ex-
isting printhead with limited available data by incor-
porating a resonance circuit assumption and calibrat-
ing the boundary condition using experimental obser-
vations. A good agreement between the numerical
and experimental results was achieved across mul-
tiple actuation waveforms and different fluid com-
positions.

The study confirmed that multi-pulse actu-
ation improves droplet formation by controlling tail
breakup and reducing satellite formation. However,
new simulations demonstrated that sequential actu-
ation leads to residual meniscus vibrations, affecting
the velocity and trajectory of subsequent droplets.
These results emphasize the importance of consid-
ering inter-droplet interactions in waveform optimiz-
ation for high-frequency printing applications.
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ABSTRACT
The cavitation phenomena found in high-

pressure fuel injector nozzles have a significant influ-
ence on the performance of subsequent spray mixing,
combustion, and even emissions in internal combus-
tion engines. In particular, cloud cavitation accom-
panied by complex interactions between phase trans-
ition and turbulent fluctuations induced by the shed-
ding of vapor bubbles, inevitably results in nozzle
wall erosion while facilitating the primary breakup
of the liquid jet. The in-nozzle cavitating flow is gen-
erally captured by using an Eulerian method coupled
with large eddy simulation (LES). However, this ap-
proach cannot capture the behavior of vapor bubbles
at scales smaller than the LES grid. Therefore, an
Eulerian-Lagrangian multiscale model is proposed
here to simulate the multiscale vapor structure in
a scaled-up injector nozzle. The Volume of Fluid
(VOF) method is employed to capture the macro-
scopic characteristics of cavitation, while a Lag-
rangian method is used to track microscopic bubbles.
This combined Eulerian-Lagrangian approach leads
to a two-way coupling and reveals the mechanisms
controlling cavitation bubble shedding in the nozzle.
It accurately reproduces the multiscale features of
cavitation, in particular the evolution of large cavities
as well as the dynamic characteristics of microscopic
bubbles. The results indicate that shedding cycles of
cavitation cloud are mainly induced by the re-entrant
jet for a cavitation number below 1.64.

Keywords: Injector nozzle, Multi-scale cavita-
tion, Eulerian-Lagrangian model, Re-entrant jet

1. INTRODUCTION
Atomizing liquid jets are utilized across various

fields, including medical sprays, rocket engines, and
internal combustion engines. In recent decades, nu-
merous studies have focused on enhancing atomiz-
ation performance in diverse industrial applications,
with fuel injection spray processes in internal com-

bustion engines (ICE) being a typical example. Out-
standing fuel injection atomization can significantly
enhance engine combustion efficiency and reduce
emissions [1, 2]. Furthermore, the internal flow be-
havior within the injector, particularly in the presence
of cavitation, has a significant influence on fuel spray
characteristics, highlighting the need for a thorough
understanding of nozzle cavitating flow [3, 4].

With its tiny geometric scale (~0.1 mm dia-
meter), high injection pressure (>160 MPa), and
extremely short injection duration (~3 ms), the
nozzle orifice exhibits micro-scale, ultra-high-speed,
strongly transient, and highly turbulent internal flow
characteristics. The abrupt change in the flow cross-
section at the orifice entrance causes the fuel to de-
tach from the wall, resulting in a significant depres-
surization. When the local pressure drops below the
saturation vapor pressure of the fuel, cavitation oc-
curs, causing the fuel to transition from liquid to gas
phase and resulting in a complex two-phase cavitat-
ing flow within the nozzle. Moreover, shear and vor-
tex flows within the nozzle induce various forms of
cavitation, increasing the complexity of the internal
flow.

While cavitation within the injector nozzle can
enhance jet breakup and improve atomization, it may
also reduce orifice flow capacity and cause cavitation
erosion, potentially leading to injector failure [5].
Cavitation induces complex flow issues [6], includ-
ing shock waves and turbulent vortices, and associ-
ated effects such as pressure fluctuations, vibrations,
and noise [7, 8], all of which have attracted consid-
erable attention in fields such as fluid machinery and
fuel injection system. The pressure fluctuations and
pulses generated by cavitation are major contribut-
ors to pipeline system corrosion [9, 10]. Accord-
ingly, the study of shock wave propagation is essen-
tial for gaining a deeper understanding of the mech-
anisms underlying cavitation bubble growth and col-
lapse. This phenomenon typically occurs during the
final stage of cavity collapse, taking place on ex-
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tremely small temporal and spatial scales and char-
acterized by the dynamic behavior of a cloud of dis-
crete bubbles and minute mixed-phase cavities.

Nonetheless, accurately capturing the dynamic
characteristics of discrete cavities remains a signi-
ficant challenge. The commonly used homogeneous
mixture models within the Eulerian framework ef-
fectively capture large cavities but fail to accurately
represent smaller cavities that are below the grid res-
olution. A potential solution is a multi-scale hy-
brid model, where macro-scale cavity structures are
captured using a homogeneous mixture approach,
such as the Volume of Fluid (VOF) method with a
mass transfer model, while micro-scale cavity struc-
tures are modeled using a Lagrangian approach, gov-
erned by the Newtonian motion of individual spher-
ical bubbles and by the Rayleigh–Plesset equation
for bubble dynamics [11, 12]. In the present work,
therefore, a Eulerian–Lagrangian multi-scale cavita-
tion model is employed, in order to investigate cavit-
ation shedding mechanisms induced by shock waves.
Coupled to LES simulations, the micro-bubbles per-
formance is obtained in an injector nozzle for differ-
ent shedding mechanisms.

2. NUMERICAL METHODOLOGY

2.1. VOF method

The VOF method has been utilized for the simu-
lation of cavitating flows in the injector nozzle. The
transport equations for continuity, momentum, and
for capturing the macro-scale vapor cavities are as
follows

∂ρm

∂t
+ ∇ · (ρmU) = 0, (1)

∂(ρmU)
∂t

+ ∇ · (ρmUU) = −∇p + ∇ · τ − F⃗B, (2)

∂(αvρv)
∂t

+ ∇ · (αvρvU) = Ṙe − Ṙc, (3)

where ρm, ρv, U, and p are the mixture dens-
ity, vapor density, velocity, and pressure, respect-
ively. The viscous stress tensor τ is defined as τ =
µ
(
∇U + (∇U)T

)
+ τt, where µ is the mixture viscos-

ity and τt is the turbulent stress. Here, αv is the
volume fraction of vapor, and therefore the volume
fraction of liquid is defined as αl = 1−αv. The source
term Ṙe − Ṙc is the phase change mass transfer rate
between the liquid and vapor, calculated by using the
Zwart–Gerber–Belamri (ZGB) [13] cavitation model
in this work. The source terms are given by

Ṙe = Fvap
3αnuc (1 − αv) ρv

RB

√
2
3

(pv − p)
ρl

, p ≤ pv, (4)

Ṙc = Fcond
3αvρv

RB

√
2
3

(p − pv)
ρl

, p > pv, (5)

where Fvap and Fcond are empirical coefficients, re-
spectively. RB represents the mean radius of bubbles,

which is assumed to be 0.001 mm in this model,
while αnuc is the nucleation site volume fraction,
which is fixed at 0.0005. Considering that the focus
of the paper is to resolve cloud cavitation at normal
fuel operating temperature within the injection ori-
fice, where the variation of temperature does not vary
more than 10 K for the pressure drops considered,
the isothermal assumption has been adopted in the
present study. Therefore, the energy conservation
equation is not considered in the barotropic behavior
of the fluid in this work.

2.2. Discrete bubble model

The discrete bubble model (DBM) within the
Lagrangian framework for tracing bubbles on the
coarse-grid domain is given by

u⃗B =
dx
dt
, (6)

MB
du⃗B

dt
= F⃗Drag + F⃗VM + F⃗PG, (7)

where M is the mass and subscript B represents dis-
crete bubbles, while F⃗Drag, F⃗VM, F⃗PG are the drag
force, the virtual-mass force, and the pressure gradi-
ent force, respectively, calculated using the following
equations

F⃗Drag = MB
u⃗ − u⃗B

τr
, (8)

F⃗VM = CVMMB
ρm

ρv

(
u⃗B∇u⃗ −

du⃗B

dt

)
, (9)

F⃗PG =
ρm

ρv
MBu⃗B∇u⃗, (10)

where CVM is the virtual-mass force coefficient taken
equal to 0.5. The quantity τr is the relaxation time of
discrete bubbles, given by

τr =
ρvd2

B

3µm

4
CdRe

, (11)

where Cd is the drag coefficient calculated by the
spherical drag law, and Re is the relative Reynolds
number, calculated by the following formula

Re =
ρmdB

∣∣∣⃗uB − u⃗
∣∣∣

µm
. (12)

The integral average in each control volume is
expressed as

F⃗B = −
1

Vcell

N∑
i=1

(
F⃗Drag,i + F⃗VM,i + F⃗PG,i

)
, (13)

where the subscript i represents the bubbles in the
control volume. This study employs a simplified
Rayleigh–Plesset equation to simulate the growth
and collapse of discrete bubbles, leading to

dRB

dt
= sign(pv − p)

√
2
3

∣∣∣∣∣ pv − p
ρl

∣∣∣∣∣, (14)
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where RB is the radius of discrete bubbles with
an initial value of 1 × 10−6 m. Since the above
equation only considers the first-order term of the
Rayleigh–Plesset equation and neglects the second-
order term and surface tension, two coefficients Cv
and Cc are introduced to correct the growth and col-
lapse rates of the bubbles. Because bubbles are
not only produced in parts below the saturation va-
por pressure, a nucleation coefficient Ccsp which is
greater than 1 is also introduced, referred to as the
nucleation pressure. The growth and collapse of the
bubbles can be expressed as

dRB

dt
=


Cv

√
2
3

(
Ccsp pv − p

)
/ρl, p ≤ Ccsp pv

Cc

√
2
3

(
p −Ccsp pv

)
/ρl, p ≥ Ccsp pv

(15)

where Cv, Cc, and Ccsp are 0.5, 0.01, and 1.2, re-
spectively, as suggested by Li et al. [14]. To simulate
the nucleation process, nuclei are randomly injected
into the region where the local pressure is lower than
the nucleation pressure. Nuclei are allocated with a
number of nucleation sites per unit cell volume set to
1 × 1010 m−3.

2.3. Multiscale transformation algorithm
A discrete-continuum transformation algorithm

is employed for multiscale modeling of cavitation
bubbles across different fluid scales. During fuel in-
jection in the nozzle, large-scale cavities are well-
resolved with high grid resolution in LES simula-
tions, enabling the accurate capture of cavity shed-
ding. Sub-grid scale cavities are converted into Lag-
rangian bubbles, initiating the transition from VOF to
DBM, as presented in Figure 1a. When pcsp psat ⩽ p
and αv < 0.6 are satisfied simultaneously in one grid
cell, the Eulerian cavity within the grid cell is re-
placed by an equivalent volume of discrete bubbles,
triggering the VOF-to-DBM transition.

Nonetheless, when the volume of discrete bubble
touches the liquid-vapor interface and the volume
fraction of vapor phase exceeds 0.6, further track-
ing by the DBM is deemed unacceptable. Therefore,
two transition modes are considered in this work to
achieve the transition from DBM to VOF. The first
mode involves the coalescence between the DBM
and VOF methods, as shown in Fig. 1b. The second
mode represents the transition from DBM to VOF
due to the growth of discrete bubbles, as illustrated in
Fig. 1c. When a discrete bubble reaches the liquid-
vapor interface, the transition depends on the volume
ratio of the bubble VB to the grid cell volume Vcell.
If VB/Vcell < 1 − αv, the discrete bubble is incor-
porated into the Eulerian cavity for further calcula-
tion, and the gas phase volume fraction in the grid
cell is updated as αv = αv + VB/Vcell. Conversely,
if VB/Vcell ⩾ 1 − αv, the vapor volume fraction with
the grid cell reaches αv = 1, and the excess bubble
volume beyond the grid cell capacity is evenly dis-
tributed among the neighboring cells, thereby achiev-
ing the DBM-to-VOF conversion. During the trans-

(a) Transition from VOF to DBM.

(b) Coalescence between DBM and VOF

(c) Transition from DBM to VOF.

Figure 1. Diagram of VOF-DBM with two-way
transition.

ition, the Lagrangian framework removes the bubble
and transfers its mass into the VOF simulation. Ac-
cordingly, a source term should be incorporated into
the volume-fraction equation of the vapor [14], ex-
pressed as follows

∂(avρv)
∂t

+ ∇ · (avρvU) = Ṙe − Ṙc + S B, (16)

where S B represents the source due to the transition
from discrete bubbles (DBM) to macro-scale cavities
(VOF), which is expressed as follow

S B =

 ρvVB
Vcell∆t if bubble is removed
0 else

(17)

2.4. Turbulence modeling

The LES model employs a spatial low-pass fil-
ter operation determined by the cell size of the com-
putational domain to separate the eddies at different
scales. In this study, for modeling the unresolved
turbulence, the Wall-Adapting Local Eddy-Viscosity
(WALE) model is employed [15]. The sub-grid scale
model (SGS) turbulent closure is defined as

τt =
1
3
τkkδi j − 2µtS i j, (18)
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where S i j is the rate of strain tensor for the resolved
scale. τkk is the isotropic part that is not modeled but
added to the filtered static pressure term, while µt is
the sub-grid-scale turbulent viscosity given as

µt = ρL2
s

(Sd
i jS

d
i j)

3/2

(Sd
i jS

d
i j)

5/4 + (S̄i jS̄i j)5/2
, (19)

where Ls is the length scale based on the cell volume
Vcell and the distance to the closest wall d.

2.5. Case setup
The geometry of the computational domain is

illustrated in Fig. 2. The geometrical topology of
the rectangular nozzle is derived from a previous
study [16]. The width W and length L of the nozzle
are about 2 and 4 mm, respectively. The nozzle has a
W/L ratio of 2 and a nominally sharp entrance. This
structure can be representative for cavitating flow in
fuel injectors, since the velocities and cavitation ob-
tained are similar to the large-scaled fuel injector
nozzle and it is easy to investigate cloud cavitation.

Figure 2. Transparent nozzle geometry.

For a LES simulation, a sufficient mesh resolu-
tion is essential for capturing the large-scale turbu-
lent structure. Therefore, a proper balance between
computational accuracy and computational cost is re-
quired, which is favored by a suitable arrangement of
the computational domain grid. The Taylor micro-
scale (λg) from the statistical theory of turbulence is
used as a common guideline for selecting the LES
mesh in the relevant literature [4, 17]

λg =
√

10Re−0.5Dout ≈ 65µm, (20)

The mesh is refined near the walls and the inlet
sharp edge as shown in Fig. 3. The minimum cell
size near the wall is 2 µm and the maximum dimen-
sionless wall distance (y+) in the area of interest is
about 1.

In this study, simulations were conducted for a

Figure 3. Computational mesh.

cavitation number σ = 1.64 to investigate the shed-
ding behavior of unsteady cavitation. The cavitation
number of the nozzle is defined as

σ =
pin − psat

pin − pout
(21)

where pin and psat are the inlet pressure and the sat-
uration pressure, and pout is the fixed outlet pressure
of 101325 Pa.

The employed solver is the segregated, pressure-
based formulation in the ANSYS Fluent platform
(Version 18.0). User-defined functions (UDFs) are
implemented to achieve the development of DBM for
cavitation and the combination between DBM and
VOF. The pressure–velocity coupling scheme relies
on the PISO scheme. The cell gradients are calcu-
lated using Least Square Cell Based method. The
pressure interpolation is performed using the body
force weighted scheme due to its robustness. The
convective terms for the momentum are discretized
using a bounded central differencing scheme. Fi-
nally, the time integration has been performed by
adopting a bounded second-order implicit scheme.
An adaptive time step is employed based on a Cour-
ant–Friedrichs–Lewy (CFL) number. An empirically
value of 0.8 is adopted in the present study, limiting
the diffusion of turbulent vortex clusters into the flow.

3. RESULTS AND DISCUSSION

3.1. Validation

The numerical results are validated against the
experimental observations by He et al [16]. A
detailed description of the experimental setup is
provided in [16], in which the typical periodic shed-
ding and collapse of cloud cavitation are observed at
a cavitation number of σ = 1.64. To better visualize
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the vapor distribution in the flow field, all cases using
the VOF-LES and VOF-DBM-LES methods are rep-
resented through the iso-surface of the vapor volume
fraction at αv = 0.1. Figure 4 shows the transient
experimental flow pattern, the VOF-LES simulation
results, and the VOF-DBM-LES simulation results.

Figure 4. Comparison of simulation results with
the experimental data at σ = 1.64.

As the volume fraction field only captures the
macroscopic distribution of the vapor cavity, both
simulation results show some discrepancies com-
pared with the experimental results. The results us-
ing the VOF-LES method aligns well with the ex-
perimental observations in the first two time frames;
however, in the latter two, the shed cloud cavita-
tion is noticeably smaller compared to the experi-
ment. Particularly at time frame IV, the cloud cavit-
ation almost entirely collapses, showing a significant
deviation from the experimental results. Moreover,
this approach fails to capture the development of dis-
crete bubbles during the flow process. In contrast,
the VOF-DBM-LES approach not only accurately re-
produces the growth of sheet cavitation, the shed-
ding, collapse, and periodic behavior of cloud cavit-
ation observed in the experiment but also provides
a clear representation of the development of micro-
scopic bubbles throughout the flow process.

The VOF-DBM method used in this study en-
ables the two-way transition between large-scale cav-
ities and microscopic bubbles, in contrast to the tra-
ditional VOF method. The transition occurs when
the conversion threshold is reached. To better illus-
trate the processes of bubble injection, growth, col-
lapse, and two-way transition, all bubbles are mag-
nified by a factor of 3 based on their diameter, as
shown in Fig.5. Figure 5(a) shows the injection,
growth, and collapse of discrete bubbles over a 3 µs
time interval, with different arrows representing dif-

Figure 5. Injection, growth, collapse of discrete
bubbles, and the two-way transition between
Eulerian and Lagrangian frames: (a) Injec-
tion, growth, and collapse of discrete bubbles,
(b) Lagrangian-to-Eulerian transition, (c)
Lagrangian-to-Eulerian transition, (d) Eulerian-
to-Lagrangian transition.

ferent processes. Figures 5(b) and 5(c) illustrate the
Lagrangian-to-Eulerian transition, representing dif-
ferent transition mechanisms, which are discussed
in Section 2 of this study. Figure 5(d) depicts the
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Eulerian-to-Lagrangian transition. The time intervals
for Figs.5(b), (c), and (d) are 2 µs.

3.2. Characteristics of cavitation shedding

At σ = 1.64, the cavitating flow exhibits a peri-
odic process, including the growth of sheet cavita-
tion, the shedding of cloud cavitation, and the col-
lapse of cloud cavitation, as shown in Fig. 6. Once
cavitation develops to time t0, periodic shedding and
collapse of cavitation begin to appear in the flow
field. The sheet cavitation grows continuously along
with the formation of the re-entrant jet, reaching its
maximum size at t0. At this time, the re-entrant
jet begins to cut through the sheet cavitation until
t = t0 + 0.1 ms. Then, the rear part of the sheet
cavitation is severed by the re-entrant jet, leading to a
reduction in the length of sheet cavitation, and the de-
tached part immediately forms cloud cavitation. The
shed cloud cavitation moves downstream along with
the mainstream flow, while the sheet cavitation con-
tinues to grow at the point where it was cut off. From
t = t0 + 0.1 to t = t0 + 0.2, the sheet cavitation
grows, eventually recovering its original length by
t = t0 + 0.2, and maintaining a relatively stable state.
During this period, small-scale secondary shedding
of tiny cavities occasionally occurs from the rear part
of the sheet cavitation. At this stage, the re-entrant
jet starts forming from the rear of the sheet cavit-
ation and gradually propagates upstream, while the
shed cloud cavitation continues to move downstream.
Due to the pressure recovery, the cloud cavitation be-
gins to collapse. As the cloud cavitation approaches
the nozzle exit at t = t0 + 0.3, the recovered pressure
causes the rapid collapse of the cloud cavitation. Fi-
nally, at t = t0 + 0.4, the flow field returns to its state
at t0, marking the start of a new cavitation cycle.

Figure 7 shows the x − t diagram of the numer-
ical simulation results at σ = 1.64. It captures at
least one complete cycle of cavitation development.
The cavitation structures are represented by the iso-
surface of vapor volume fraction at αv = 0.1, shown
in white, while the background is displayed in black.
The green solid line represents the reduction of sheet
cavitation, indicating the shedding of cloud cavita-
tion. The yellow solid line represents the growth of
sheet cavitation. The blue solid line represents the
downstream transport of cloud cavitation with the
mainstream flow, while the red dashed line indicates
the collapse of cloud cavitation. The shedding type
of cloud cavitation can be determined based on the
rate of reduction of sheet cavitation, which corres-
ponds to the slope of the green solid line.

As shown in Fig. 7, the cavitation shedding phe-
nomenon exhibits relatively simple characteristics,
with only one noticeable instance of sheet cavita-
tion reduction observed. The reduction rate of sheet
cavitation is relatively low, at 9.6 m/s, indicating that
the cavitation shedding process is slow and stable.
Therefore, it can be concluded that, under the condi-
tions of this study, the shedding mechanism of cloud

Figure 6. Cloud cavitation shedding and collapse
at a cavitation number of σ = 1.64.

Figure 7. x − t diagram at σ = 1.64.
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cavitation is primarily influenced by the re-entrant
jet, with other possible shedding mechanisms play-
ing a negligible role in this process.

4. CONCLUSION
In this study, an Euler-Lagrangian multiscale

model is employed to simulate the cavitation process
in the nozzle, with a focus on the cavitation shed-
ding mechanism. The VOF method is used to simu-
late the macroscopic cavity characteristics, while the
Lagrangian method is applied to solve for the small-
scale structures in the flow field. LES is used to simu-
late turbulence, and the mechanisms leading to cavit-
ation shedding are investigated at cavitation number
of σ = 1.64. By comparing with experimental res-
ults, the accuracy of the multiscale model used in this
study is validated. The results reveal that cavitation
shedding is primarily induced by the re-entrant jet
at the cavitation number of σ = 1.64. Finally, the
clock time per time step when using the VOF-DBM
method is 1.17 times longer than that of the VOF
method. However, the total simulation clock time
with VOF-DBM is 1.2 times shorter due to the lar-
ger allowable time step in the VOF-DBM approach.
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ABSTRACT 

The roll-up of vortex structures in turbulent jets 

can be influenced by low-amplitude modulations of 

the nozzle exit velocity. These modulations can be 

generated either by external low-amplitude 

oscillations or by self-sustaining oscillations 

inherent to the operation of specially designed 

whistler nozzles. The aim of the experimental 

investigations, mathematical modeling, and 

numerical simulations carried out as part of the 

project evaluation was to thoroughly investigate the 

characteristics and vortex dynamics of acoustically 

modulated and non-modulated nozzles. A major 

focus was on identifying effective methods to control 

vortex structures, as these play an important role in 

improving heat transfer processes. 

This paper presents the results of mathematical 

modeling and numerical simulations of free and 

impinging turbulent axisymmetric air jets, both 

unmodulated and modified by low-amplitude 

oscillations. The modeling results showed strong 

agreement with experimental findings confirming 

the ability to manipulate vortex structures in the jet 

by acoustically modulating the nozzle exit velocity. 

This study provides a basis for the development and 

optimization of technological processes using air 

jets, particularly in applications where improved heat 

transfer is critical. 

Keywords: Impinging jet, flow control, heat 

transfer, mathematical modelling, turbulent 

axisymmetric air jet, vortex structures.  

NOMENCLATURE  

D [m] diameter of the nozzle 

L [m] distance of the impact plate 

from the nozzle exit along the 

jet axis 

Nu [-] Nusselt number 

Pr [-] Prandtl number 

Re [-] Reynolds number 

Ret [-] Reynolds number of vortex 

structures 

StD [-] Strouhal number of the jet 

T [K or °C] temperature 

U [ms-1] mean velocity 

f [Hz] frequency 

h  [Wm-2K-1] heat transfer coefficient 

pw [Pa] wall pressure 

qc  [Wm-2] heat flux from the heated 

surface 

r [m] radial distance from the jet 

axis 

t [s] time 

u’ [ms-1] velocity fluctuation 

x [m] distance in the x-axis direction 

x2 [m] distance from the impact 

surface toward the nozzle 

y [m] distance in the y-axis direction 

λ  [Wm-1K-1] thermal conductivity of the 

fluid 

ν  [m2s-1] kinematic viscosity 

τw  [Pa] wall shear stress 

ij  [Pa] total stress 
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1. INTRODUCTION 

Impinging jets is a widely used as a way to 

provide an effective and flexible transfer of energy 

or mass in diverse industrial applications. Liquid or 

gaseous flow released against a surface can 

efficiently transfer thermal energy or mass between 

the surface and the fluid. Heat transfer applications 

include cooling during material forming processes, 

heat treatment of different materials, cooling of 

electronic components, heating of surfaces for 

defogging, cooling of turbine components, cooling 

of critical machinery structures, and many other 

similar industrial processes. Typical mass transfer 

applications include drying and removal of small 

surface particulates. Abrasion and heat transfer are 

interesting for vertical/short take-off and landing jet 

devices in the case of direct lift propulsion systems. 

The heat transfer rate can be assumed as a complex 

function of many parameters: Reynolds number (Re), 

Prandtl number (Pr), the non-dimensional nozzle to 

plate spacing (L/D), and the non-dimensional 

displacement from the stagnation point (r/D), also 

nozzle geometry, flow confinement, initial 

turbulence intensity of the jet, dissipation of jet 

temperature, etc. [1], [2], [3], [4], [5]. Vortex 

structures of impinging jet are confirmed by a 

number of authors to have great importance in the 

impinging jet heat transfer. Primary vortices, which 

roll-up in the jet shear layer, induce an unsteady flow 

separation at the wall, prohibiting the heat transfer 

between the wall and the fluid jet. Thus, controlling 

of them necessary leads to the control of the heat 

transfer from the jet to the wall, and vice versa. It is 

found that the vortex roll-up can be controlled by 

adding small amplitude modulation of the nozzle exit 

velocity.  

Subject of present work is submerged, round, 

unconfined impinging air jet, issuing from a bell-

shaped converging nozzle [6], [7] and from the 

specially designed whistler nozzle [8]. The aim of the 

investigation is to qualitatively describe the vortex 

structure of the free and impinging jet and to examine 

the possibility of its control by low-amplitude 

modulation of the nozzle exit velocity by external 

source of sound and self-sustained resonant sound 

oscillations generated in the operation of the whistler 

nozzles. The vortex roll-up is generally triggered by 

a perturbation of the shear layer, which is amplified 

by the shear layer instability [9], [10]. The 

perturbation can also be a random noise wave 

arriving from the environment, from an upstream 

flow system, or from a downstream flow event. The 

modulation of the nozzle exit velocity acts as an 

additional source of disturbances, which overwhelms 

the natural disturbances if the modulation is strong 

enough. Modulation of the nozzle exit velocity 

controls the vortex roll-up and hence all structure of 

the turbulent axisymmetric jet [11], [12]. 

2. EXPERIMENTAL RESULTS 

Series of measurements along the jet centreline 

and in the plane normal to the jet at the nozzle exit is 

provided, to explore influence of the small amplitude 

perturbation to the structure of free turbulent 

axisymmetric air jet issuing from a bell-shaped 

nozzle [6], [7].  

The experimental configuration used for 

measuring the flow field in the impinging jet system 

is schematically depicted in Figure 1. It comprised a 

bell-shaped converging nozzle, a settling chamber, a 

flow disturbance mechanism, an impingement plate 

positioned perpendicular to the jet axis, an air supply 

system, and a control and data acquisition system. 

The bell-shaped nozzle, constructed from a plastic 

material, had an outlet diameter of 25 mm. Air 

entered the settling chamber via two centrally located 

pipes, subsequently passing through four grids and a 

honeycomb structure. The final section of the settling 

chamber was equipped with both a pressure tap and 

a temperature sensor. 

Figure 1. Experimental setup for experiments in 

an impinging jet configuration 

Air jet normalized velocity profiles and 

normalized velocity r.m.s. profiles at the free jet 

centreline are shown on the Figure 2. The profiles 

were measured up to L=8D downstream distances 

from the nozzle lip. Figure 2. shows the change in the 

normalized velocity and velocity r.m.s. profiles 

along the jet axis for a fixed Reynolds number, 

Re=10000, different excitation Strouhal number, 

StD=0.3-2.12, and excitation amplitude in the range 

u/Ue=1-3%. 

From presented figures can be clearly 

distinguished four ranges of Strouhal number where 

jet behaviour can be considered as very similar. First 

excitation Strouhal number range is around naturally 

most amplified mod of excitation (called “preferred 

mode”, [3]), StD0.3. Second belongs to the  
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Figure 2. Normalized velocity and velocity r.m.s. 

profiles along the jet centreline; – flow and 

excitation conditions: Re=10000; StD=0.3-2.12; 

u/Ue=1-3% 
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frequency range around double most amplified mod 

value, StD0.6-0.7, denoted in the literature as a 

stable vortex pairing mode. Third excitation Strouhal 

number range are values around StD1.0 and fourth 

is above StD1.8. All excitation modes have their 

own characteristics that can be explored more 

deeply. 

Looking at the normalized velocity profiles in 

the excitation Strouhal number range around 

naturally most amplified mode, StD=0.2-0.4, can be 

obviously seen that excitation make influence in 

shortening of the jet potential core, from previous 

value between 4.5 and 5 nozzle diameters to value 

between 3 and 4 diameters, depending on the 

excitation amplitude. From the shape of the 

normalized velocity one can conclude that potential 

core still exists, but peripheral vortices, grown in 

size, can be found in the centreline on smaller axial 

distance from the nozzle lip.  

Second excitation Strouhal number range, 

StD=0.5-0.8, denotes stable vortex pairing mode of 

excitation, is characterized by more sudden decrease 

in the jet potential core length. Peak in the 

normalized velocity r.m.s. appear at the smaller axial 

distance from the nozzle lip at a slightly higher value 

than in the previously described excitation range, 

which coincides with the conclusion that the jet 

potential core disappears on smaller axial distance. 

Increase in the excitation amplitude does not produce 

significant increase in the normalized velocity r.m.s. 

profile, like some kind of saturation exists. This fact 

can be explained by redistribution of the energy in 

the jet faced with a vortex pairing, and high amount 

of energy used for this process. 

Range of excitation around Strouhal number 

StD1.0, is characterized with a high intermittency 

and unstable behaviour. Jet potential core is 

somehow extended, and normalized mean velocity at 

the jet centreline increased, but depending on the 

excitation condition some big difference between 

very close measuring points is found and repeated so 

many times in experiments. This discontinuity 

clearly seen in the normalized velocity r.m.s. profiles 

look like some discrete “jumps” from one jet 

behaviour to another, from one frequency regime to 

another. 

Excitation in the range above StD1.8, has 

produced higher velocities in the areas at the higher 

axial distance from the nozzle lip and significant 

decrease in the normalized velocity r.m.s. comparing 

to the not excited case, especially in the excitations 

with a Strouhal numbers above StD2.0. Influence of 

excitation amplitude here is negligible in both 

normalized velocity profiles and normalized velocity 

r.m.s. profiles in all investigated excitation 

amplitude range.  

 

Figure 3. Normalized mean velocity and 

turbulence intensity fields in the area 1Dx5D 

above impinging surface - with the sound 

excitation; Re=10000; StD=0.7; u̕/Ue =1%; L/D=2 

Figure 3. shows the fields of normalized 

velocity, and turbulence intensity of the modified 

axisymmetric turbulent jet of Reynolds number Re = 

10000 with excitation Strouhal number StD=0.7 and 

the initial amplitude of the oscillations u̕/Ue = 1%. 

The jet impinges to the flat surface placed 

perpendicular to the jet axis at an axial distance 

L/D=2. Measurement results are extracted from very 

intense net measurements with a hot wire 

anemometry in the area 1Dx5D above the impinging 

surface. In spite of jet velocity reduction, as a 

consequence of sound modification, the profile of the 

normalized velocity shows great resemblance to the 

profile of the unmodified stream and the same flow 

characteristics for the same impinging distance. Jet 

slightly accelerated on the path around stagnation 

zone and vortices from the jet shear layer descend 

into the boundary layer at the wall of the impinging 

surface, causing the separation streamline at the 

same radial distance that we observed in the 

experiments without sound modification. In the 

turbulence intensity field can be observed 

intensification of the vortical structures in the shear 

layer close to the impinging surface, which is 

accompanied by abrupt changing of the flow 

direction and acceleration of the flow around the 

stagnation zone. 

Figure 4. illustrates the process of vortex 

penetration from the jet shear layer into the boundary 

layer flow on the wall of the impinging surface. 

Induced velocity angle between the wall and ejected 

vortex path depends on the speed of rotation of the 

incoming vortex. 
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Figure 4. Vortex approaching boundary layer on 

the impinging surface (injective phase). The 

primary vortex - a solid line; spot - the 

secondary vortex; dash-line - induced velocity 

from the wall (ejective phase) 

The analysis of the presented turbulence 

intensity field, Figure 3., which corresponds to the 

case of Strouhal number StD = 0.7 modification, it 

can be argued that the angle at which the vortex 

ejects from the impinging surface is greater with 

respect to the rest of the modification cases 

investigated. In this mode, the excitation leads to the 

stable pairing of vortices and the newly formed 

vortex created in the process of pairing is stronger, 

with the higher rotation speed, which leads to a larger 

bounce angle.  

The measurement of velocity field in the case of 

Strouhal number modification StD = 2.01 is shown in 

Figure 5. The results confirm the specificity of this 

modification. Specifically, this case of modification 

is not characterized with injective and ejective 

movement of vortices near the impinging surface 

shown on previous figure. A series of vortices 

formed in the shear layer of the jet near the impinging 

surface are with lower vorticity and vortices are not 

powerful enough to initiate this phenomenon. Stream 

lines do not separate from the impinging plate wall, 

even flow was accelerated around stagnation zone, 

causing uniformity in a turbulence intensity profile 

on a large range of radial distances from the axis of 

the jet. The influence of the initial amplitude of the 

sound oscillations in the jet in this particular 

excitation Strouhal number range is negligible, so 

that the modification of the u̕/Ue =3%, shown in 

Figure 5., are not significantly different from the 

cases of lower-amplitude external excitation 

investigated. 

From the standpoint of controlling fluid 

structure with the help of external acoustic 

modifications this Strouhal number range looks most 

suitable. Very uniform zone of turbulence intensity, 

which has been verified for all investigated axial 

distances between the nozzle lip and impinging 

surface, can be considered as very predictable 

characteristic controlled by sound modifications 

with Strouhal number StD≥2.0. Here, however, must 

be noted that the realization of such high value 

Strouhal number in the special nozzle design that 

produce self-sustained oscillation – whistler nozzle, 

can be very difficult. 

 

Figure 5. Normalized mean velocity and 

turbulence intensity fields in the area 1Dx5D 

above impinging surface - with the sound; 

Re=10000; StD=2.0; u̕/Ue =3%; L/D=2 

As part of the experimental investigations, 

visualization of the free jet emerging from the nozzle 

was also performed. The studied cases correspond to 

Strouhal numbers of 0, 0.3 and 0.52, while the 

Reynolds number was 91000 and the nozzle diameter 

was 18 mm. The presented images (Figure 6.) were 

obtained using a PIV (Particle Image Velocimetry) 

system. The recorded jet length was 7D.  

In the first image, corresponding to the 

unexcited jet, it can be observed that the potential 

core, characterized by an unchanged velocity relative 

to the nozzle exit, contracts and vanishes at axial 

distances of L/D ≥ 5. 

 

 

 

Figure 6. Visualization of the free jet at Reynolds 

number Re = 91000 for Strouhal numbers StD = 0 

(top image), StD = 0.3 (middle image) and StD = 

0.52 (bottom image) 
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In the second image, it is evident that excitation 

with a Strouhal number of StD = 0.3 (close to the 

"preferred" excitation mode) generates vortex 

structures in the form of highly regular vortex rings 

with high rotational velocity around the vortex core. 

The potential core is significantly shorter, and 

pronounced axial oscillations can be observed.  

The third image shows the case with excitation 

at StD = 0.52, where the potential core is longer than 

in the previous case. The large vortices are not  

regular in shape, because they are formed by the 

pairing of multiple vortex structures along their path 

from the nozzle exit. At smaller axial distances from 

the nozzle exit, this case of excitation leads to more 

pronounced radial spreading of the jet, which has 

also been confirmed by hot-wire anemometry 

velocity measurements. 

3. MATHEMATICAL MODELLING 

In most of practical engineering situations the 

impinging jets are modelled using different turbulent 

models. As already pointed out by many researchers, 

the most of the turbulence models were developed 

for flows, which are parallel to the wall. Therefore, 

their applicability to impinging jet is limited because 

of significant differences from parallel flows:  

− kinetic energy of turbulence in the vicinity of 

the axis of symmetry (i.e. stagnation point) is 

generated by the normal stresses (for flows 

parallel to the wall this role have shear stresses); 

− the velocity fluctuation component normal to the 

wall is of the same order, or even larger than the 

component parallel to the wall; in parallel flows, 

the normal component is much smaller; 

− the local turbulent length scales near the wall are 

strongly affected by the length scale of jet 

turbulence; in parallel flows, the length scales 

are determined by the distance from the wall; 

− in impinging jets, there is an important 

convective transport of turbulence toward the 

stagnation point; in parallel flow, the convective 

transport is usually negligible and the turbulence 

production and dissipation are approximately in 

equilibrium. 

The initial assumption of the model is that the air 

is an incompressible Newtonian fluid with 

temperature dependent characteristics. Numerical 

simulation of temperature and calculation of the flow 

field in numeric domain requires solving the 

continuity equation (3.1), Reynolds averaged 

Navier-Stokes equations of motion (3.2) and time-

averaged energy equation (3.3), presented in the 

index tensor notation in the form of: 

 
𝜕𝑈𝑖

𝜕𝑥𝑖
= 0 

 
(3.1) 
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(3.3) 

 

Attempts of the numerical calculation of the 

flow and temperature field of the fluid flow, formed 

in the case of the jet impinging on a flat heated plate, 

carried out using standard two-equation turbulence 

models and standard Reynolds-stress models, 

showed disagreements with the experimentally 

determined physical situation. The highest degree of 

disagreement was observed in the stagnation area of 

the jets, especially in the calculation of local values 

of Nusselt numbers. 

In the case of two-equation models of 

turbulence, the reason for these disagreements is 

usually their known property, to provide relatively 

wrong predictions for extremely non-isotropic flows. 

This property is a consequence of their design based 

on differential transport equations for scalar 

quantities (k and ε, or k and ), and the fact that 

practically all two-equation turbulent models are 

developed for shear turbulent flows. 

Based on the Boussinesq's turbulent viscosity 

hypothesis, Reynold’s stress is a function of the local 

gradient of velocity and turbulent viscosity νt. The 

coefficient of the turbulent viscosity takes into 

account viscous interactions of the fluid and is not a 

physical property of the fluid. By analogy with the 

constituent relation between the laminar stresses and 

the deformation rate, the dependence between the 

turbulent stress and the velocity gradient of averaged 

fluid flow can be obtained in the form: 

 

−𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ = 𝜏𝑖𝑗 = 𝜇𝑡 (
𝜕𝑈𝑖

𝜕𝑥𝑗
+

𝜕𝑈𝑗

𝜕𝑥𝑖
) = 𝜇𝑡𝑆𝑖𝑗, 

 

which is known in the literature as the linear concept 

of turbulent viscosity. The introduction of the 

coefficient t (or its kinematic variant t) enables the 

closure of the system of equations of turbulent 

motion and the method of its calculation defines the 

type of model for turbulent flow modelling (t is not 

a model itself). 

In the case of shear turbulent flows, this 

coincidence and proportionality are more or less 

present, but in the stagnation zone of the flow 

generated by impingement of the jet to the surface, 

the presumption of such dependence is no longer 

adequate. In this zone, instead of the appearance of 

the shear, the processes of the fluid particles 

compression are the dominant ones. This means that 

those parts of the averaged velocity tensor 
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responsible for the normal, rather than shear 

deformations, dominantly change. 

If the turbulent stresses for this case of physical 

fluid flow are modeled in accordance with 

Boussinesq's hypothesis, this results in a wrong 

prediction of the turbulence kinetic energy and the 

linear increase of the corresponding normal turbulent 

stresses. This erroneous prediction process, for k-ε 

and k-ω models, is reflected through an enlarged 

term of the modeled turbulent viscosity, since the 

increase in the kinetic energy of turbulence causes 

the turbulent viscosity to increase in proportion to the 

square of its value. 

Energy equation (3.3) has a term
Pr
t

i

T

x

 


, which 

is not capable to distinguish difference between the 

effects of certain Reynolds stresses, consequently 

leads to excessive increase in the enthalpy flow that 

increase local value Nusselt numbers in the 

stagnation area. 

By moving away from the stagnation point and 

transformation into the wall jet, the results of 

numerical calculations are increasingly approaching 

experimentally measured values. These 

approximations are not surprising, as with the 

transition from "non-shear" to a shear turbulent flow, 

the Boussinesq's hypothesis accurately predicts the 

relationships between the Reynolds stress tensors 

and the averaged fluid particle deformation rate 

tensor. Correctly establishing these relationships 

leads to an increased accuracy of 

numerical/mathematical predictions. 

In this paper will be shown mathematical models 

that use turbulent scalar quantities k and ε to 

calculate νt, which are obtained by solving the 

following set of modeled transport equations: 
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(3.8) 

 

where Cμ, C1, C2, σk and σε are the same empirical 

constants for turbulent models as those used in k-ε 

models for large Reynolds numbers. The "dumping 

functions" fμ, f1 and f2, and in some models, the used 

terms D and E are used to improve the accuracy of 

the flow model near the wall. The detailed physical 

meaning of these "dumping functions", as well as 

terms D and E, with the criteria for determining the 

correctness of these functions for the flow near the 

wall are given in the reference Patel et al., 1985 [13]. 

The modification of the k-ε model for small 

Reynolds turbulent numbers (so called Low-

Reynolds-Number Models) allows their use in the 

vicinity of the wall. The modification involves 

inserting a “dumping function” into the original term 

of the transport equation for ε, and in the expression 

for turbulent viscosity t. 

The "damping functions" allow these equations 

to be used in a turbulent boundary layer, including a 

viscous sublayer, but on the other hand they apply 

only to this case of flow and cannot be applied in 

other fluid flows. 

A modified transport equation for ε (3.5) for 

using the dumping functions fμ, f1 and f2 takes the 

form: 
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𝜕𝑥𝑖
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𝜕𝜀

𝜕𝑥𝑖
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+
𝜀

𝑘
(𝑓1𝐶1𝜀𝜇𝑡𝑆

2 − 𝜌𝑓2𝐶2𝜀𝜀) 

 

(3.9) 

 

Low-Reynolds number modification of the basic 

k-ε model that will be presented in the paper are 

Abid, 1993, [14], Lam and Bremhorst, 1981, [15], 

Launder and Sharma, 1974, [16] Abe, Kondoh and 

Nagano, 1994, [17], and Chang, Hsieh and Chen 

1995, [18].   

4. RESULTS OF NUMERICAL 
SIMULATIONS 

The subject of numerical analysis in this 

research was to examine the performance of several 

different, so called, low-Reynolds number 

modification of the basic k-ε model (Abid, 1993, 

Lam and Bremhorst, 1981, Launder and Sharma, 

1974, Abe, Kondoh and Nagano, 1994, and Chang, 

Hsieh and Chen 1995) using commercial CFD code 

Fluent-Ansys, applied to the problem of jet 

impinging on a flat surface positioned perpendicular 

to its propagation. 

Application of the low Reynolds number k-ε 

model modification for this phenomenon requires a 

very high density of the network with the wall itself, 

y+ on a cell at the wall must be at least 1. Preferred 

optimum is 10 cells in the viscous sub-layer. The 

calculation was made in double precision coupled 

solver, and the convergence was achieved when 

normalized residuals of the dependent variable in the 

last 10 iterations are less than 10-7. 
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The geometric model used in the simulations is 

two-dimensional, and only half of the domain was 

analyzed due to the axisymmetric nature of the 

problem. The nozzle diameter is 18 mm and the axial 

distance between the nozzle exit and the 

impingement surface was varied to obtain L/D ratios 

of 2, 4, 6 and 8, thereby altering the control volume 

accordingly. The radial distance from the nozzle's 

axis of symmetry to the outer boundary of the 

domain is 10D. The computational mesh is 

structured and refined in key regions, particularly 

near the nozzle exit, in the stagnation region, and 

along the wall-jet zone. The mesh elements are 

quadrilateral. Boundary conditions were defined 

such that air exits the nozzle at a temperature of 300 

K, with a velocity corresponding to Reynolds 

numbers of 10000 and 20000, discharging into a 

quiescent ambient air environment with the same 

temperature. The impingement surface is modeled as 

an isothermal wall providing a constant heat flux of 

1500 W/m² to the fluid. The influence of body forces 

is considered negligible, and the flow is assumed to 

be incompressible. To enhance the accuracy of the 

numerical solution, a second-order discretization 

scheme was employed. 

To characteristics of the jet depending on the 

excitation Strouhal number suitable for the industrial 

application here will be presented only fragment of 

the numerical results. Results of unsteady two-

dimensional CFD numerical simulation of pressure 

fields in the free jet modified by acoustic oscillations, 

give us the opportunity to analyse the influence of 

the excitation Strouhal number on the type and 

character of vortex structures on the periphery of the 

jet that occur as a result of these modifications. Time 

step in the numerical calculation is carefully selected 

to strictly reproduce the entire sinusoidal change of 

jet velocity, depending on the Strouhal number of the 

excitation [19, 20]. 

On Figure 7. are shown pressure fields in a free 

jet (in the selected time) in the case of the Reynolds 

number ReD=10000 modified by acoustic 

oscillations with Strouhal number StD=0.3, 0.6 and 

2.0 and the oscillation amplitude of 20%. Only one 

half of the jet issuing from the nozzle (bottom left 

side of Figures) is presented due to the axisymmetry 

of the problem. 

From pathlines of the pressure shown above, 

representing different excitation conditions with 

Strouhal number StD=0.3, 0.6 and 2.0, can be clearly 

seen shape and size of vortices formed due to 

excitation modification. Numerical simulation 

confirmed that conclusions derived from 

experimental analysis given in previous chapters are 

correct. 

 

 

 

Figure 7. Pressure field in the sound modified 

turbulent axisymmetric jet; Re=10000; StD=0.3-

2.0 

Numerical simulation of the excitation case with 

Strouhal number StD=2.0 showed that train of 

vortices small in size formed at the nozzle lip, are 

very fast disintegrated in the area close to the nozzle 

making uniformity in the field on a larger axial 

distance. This analysis also confirms that this 

excitation range around Strouhal number StD=2.0 can 

be very interesting for applications. 

It is noted that the agreement with the 

experimental results is very good at all distances 

from the jet axis, for which it is certainly because of 

the inlet velocity setting based on the experimentally 

determined values. As the analysis of the profiles 

from Figure 8. can be concluded, the software does 

not provide calculations in cells that are close to the 

wall of the impact plate, but it uses a wall function 

that contains a dumping function that is characterized 

by each of the tested modifications of the k-ε model. 

The calculation is not conducted in the whole 

area in the vicinity of the wall (from the image shows 

that the first cell of which enter into the calculation 

at a distance x2/D=0.025) so that the observed 

differences in the cells just above the wall zone can 

be ascribed to the very method of calculation. When 

further away from the impact plate, the velocity 

profile follows the profile of the measured values in 

a satisfactory accuracy.  

It may be noted that all five tested modifications 

of the standard k-ε model shows some differences in 

averaged velocity profiles at four radial cross-
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sections shifted from the axis of the jet shown in 

Figure 8. This was to be expected, since all five 

modifications k-ε models have the same constants of 

the k-ε model, and differ only in the applied 

coefficients characterized by the "damping" 

functions, so that the differences can be expected in 

the profiles of the production of turbulence kinetic 

energy and the coefficient of heat transfer. 

 

Figure 8. Averaged velocity profiles for ReD = 

20000, L/D = 2; Comparison of own 

experimental results with numerical simulation 

results for five modifications of the k-ε model for 

low Reynolds turbulent numbers 

Changes in the value of local Nusselt number 

(for comparison with other authors in the form of 

Nu/Re0.7) for several distances from the nozzle are 

given in the following figures, Figure 9-12. 

 

Figure 9. Local Nusselt number profiles for ReD 

= 20000, L/D = 2; Comparison of own 

experimental results with numerical simulation 

results for five modifications of the k-ε model for 

low Reynolds turbulent numbers 

Calculated heat transfer coefficients in the case 

of the smallest distance of the impinging surface 

from the nozzle outlet L/D=2 are given in Figure 9. 

In general, all 5 modifications of the standard k- 
turbulence model for low Reynolds turbulent 

numbers improve the prediction of local heat transfer 

coefficients in the impact zone jet against the base 

model. However, the prediction also exceeds the 

values of the Nusselt numbers determined 

experimentally in the r/D2 zone. It can be noticed 

that some of the proposed modifications and 

numerically unstable, there was a slight divergence 

of the solution. There is a particularly notable 

disagreement with experimentally determined values 

at higher radial distances from the jet stream which 

is unacceptable and can be explained by poor 

selection of damping functions and/or the lack of a 

justified criterion in the calculation for the 

application of “damping functions” whose role is to 

damp production of the kinetic turbulence energy in 

this zone. 

By moving the impinging surface to greater 

distances from the nozzle outlet, the results of the 

calculation approach the measured values, as can be 

seen in Figure 10., which represents the calculated 

values of the local heat transfer coefficients in the 

case of distance L/D = 4 from the impinging plate 

from the output from nozzle. 

 

Figure 10. Local Nusselt number profiles for ReD 

= 20000, L/D = 4; Comparison of own 

experimental results with numerical simulation 

results for five modifications of the k-ε model for 

low Reynolds turbulent numbers 

The presented results of calculations of the 

distance L/D = 4 still above the measured but still can 

claim to better anticipate local Nusselt numbers of 

basic k- model in the stagnation zone of the jet. 

Calculations instability is retained in some 

modifications of the standard turbulence model for 

low Reynolds turbulent numbers, which is also 

reflected in the jumps at some of the radial 

distributions shown in Figure 10. Also, the observed 

distributions indicate a deviation from the measured 

values at higher radial distances from the jet axis. 

For larger distances of the impinging surface 

from the outlet of the nozzle of L/D = 6 and 8, shown 

in Figures 11. and 12., it is evident much better 

agreement with the measured values and, also, 

evident improvement over the standard k- 
turbulence model. 
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Figure 11. Local Nusselt number profiles for ReD 

= 20000, L/D = 6; Comparison of own 

experimental results with numerical simulation 

results for five modifications of the k-ε model for 

low Reynolds turbulent numbers 

 

Figure 12. Local Nusselt number profiles for ReD 

= 20000, L/D = 8; Comparison of own 

experimental results with numerical simulation 

results for five modifications of the k-ε model for 

low Reynolds turbulent numbers 

The objective of the numerical investigation of 

the heat transfer from a turbulent axisymmetric jet to 

a flat surface that was set up normally on the jet 

centerline was to examine the performance and 

possibilities in predicting local Nusselt numbers of 

the simplest two-equation turbulence models, and by 

several authors of the proposed modifications of the 

standard two-equation k- turbulence model for low 

Reynolds turbulent numbers. 

Although the prediction of the local heat transfer 

coefficients over predicts the experimental data, 

better predictive results have been achieved than 

some that are listed in the literature. The reason for 

this is in the carefully given input parameters in the 

calculations corresponding to the experimental 

results with which the comparison was made. 

 

5. CONCLUSIONS 

Stagnation heat transfer can be augmented by 

increasing not only the time averaged approach 

velocity and turbulence intensity but also the 

characteristic frequency of the jet to hit the 

impinging surface with large-scale vortical structure, 

which is the main characteristic of the late-

transitional region of the jet. Large-scale eddies on 

the heat transfer target surface intermittently impinge 

onto the boundary layer around the stagnation point. 

Such areas can be considered to have adverse 

gradients of the instantaneous surface pressure very 

often because the gradients of the time averaged 

surface pressure are almost zero there. If a target 

plate is situated in the transitional region of a 

turbulent free jet, therefore, unsteady separation-like 

reverse flow could occur at and near the stagnation 

point owing to the intermittent impingement of large-

scale vortical structures on the target plate. 

In this paper was demonstrated the ability to 

control eddy structure in the axisymmetric turbulent 

jet by sound modulations of jet velocity at the exit of 

the nozzle as an attractive possibility to be used in 

the technological processes. In fact, sometimes it is 

necessary to intensify the mixing of primary fluid 

flow and the surrounding fluid (in the chemical 

reactor), by sound modulation which intensifies eddy 

structures in a jet shear layer, while, for example, to 

achieve uniformity of the heat transfer coefficient on 

a major surface of the impinging surface it is 

necessary to apply modulation with totally different 

frequency. 

The objective of the numerical investigation of 

the heat transfer from a turbulent axisymmetric jet to 

a flat surface that was set up normally on the jet 

centerline was to examine the performance and 

possibilities in predicting local Nusselt numbers of 

the simplest two-equation turbulence models, and by 

several authors of the proposed modifications of the 

standard two-equation k- turbulence model for low 

Reynolds turbulent numbers. 

Prediction of the local heat transfer coefficients 

is better than some that are listed in the literature. The 

reason for this is in the carefully given input 

parameters in the calculations corresponding to the 

experimental results with which the comparison was 

made. This study can serve as a base for development 

and optimization of the technological processes that 

involve air jet. 
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ABSTRACT  
We measured motion of rising bubble under 

pressure-oscillating field, and reported a significant 
enhancement of the rising velocity up to 
approximately 400 times for a shear-thinning fluid 
with 1–5 mm3 bubbles in 0.8 wt% aqueous sodium 
polyacrylate (SPA) (Iwata et al. JNNFM, 2008). 
Complex local flow is observed as uniaxial extension 
occurred at the tail of the bubble during the 
contraction phase as well as the biaxial extensional 
deformation occurred at the upper side of the bubble 
(Iwata et al., JNNFM, 2019). To analyze the flow 
near the bubble, Ito et al. analyzed the motion of an 
expanding/contracting rising bubble in the Carreau-
Yasuda model fluid by FEM analysis (Reoroji 
Gakkaishi, 2020). However, the FEM analysis didn’t 
take into account the effect of viscoelasticity of 
surrounding fluid.  

Therefore, we applied the boundary element 
method (BEM) to the problem of an 
expanding/contracting bubble and modelled the fluid 
external to the bubble as a viscoelastic fluid. The 
bubble is initially located near a rigid wall. In this 
study, the Giesekus model is used as a viscoelastic 
model. We aim to clarify the influence of the rigid 
wall on the deformation and dynamics of an 
expanding/contracting bubble. 

Keywords: Deformation, Boundary Element 
Method, Viscoelastic fluid, Rigid wall, Giesekus 
model 

NOMENCLATURE 
h  [-] non-dimensional position of 
  bubble center 
P b [Pa] pressure of bubble 
P 0 [Pa] initial bubble pressure 
P ref [Pa] pressure of viscoelastic fluid 
𝛾̇  [s-1]  shear rate 
h  [Pa∙s] shear viscosity 
h 0 [Pa∙s] zero-shear viscosity 
h p [Pa∙s] viscosity of polymer solutions 
h s [Pa∙s] solvent viscosity  
h e [Pa∙s] extensional viscosity 
𝜀̇ [s-1] elongation velocity 
N1 [Pa] first normal stress difference 
𝜆! [s] relaxation time 
𝜆" [s] delay time 
𝜇 [Pa s] viscosity of viscoelastic fluid 
𝜌 [kg/m3] density of viscoelastic fluid 
𝛾 [J/(kg K)] specific heat 
𝜔 [rad/s] angular frequency 
G’ [Pa] storage modulus 
G” [Pa] loss modulus 
T [Pa] extra stress 
n [-] subscript indicating the normal 

direction 
𝑇##$  [Pa] the normal-normal component of 

 stress T in the polymeric part  
𝜎 [N/m] surface tension 
C [m-1] curvature 
∇ [m-1] gradient operator 
V  [m3] bubble volume 
V0  [m3] initial bubble volume 
R0 [m] initial bubble radius 
Rm [m] maximum bubble radius 

⋅

⋅
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r [m] r-coordinate 
z [m] z-coordinate 
t [s] time 

 [-] position vector 
 [-]  irrotational velocity vector 
 [s-1] rate of strain of tensor 

𝛼 [-] Giesekus model parameter 
Re [-] Reynolds number 
De [-] Deborah number 
We [-] Weber number 
Nb [-] number of nodes on the bubble  
k [-] nodal number 

 [-] dimensionless velocity potential 
r* [-] dimensionless r-coordinate 
z* [-] dimensionless z-coordinate 
t* [-] dimensionless time 
E [-] ratio of the solvent viscosity to the 
  zero-shear viscosity 
 

1. INTRODUCTION 
A tiny air bubble in viscoelastic fluid moves 

upward at a very slow rising velocity due to the fluid 
viscosity. Thus, the bubble may take a very long time 
to travel through the fluid. To address this issue, 
Iwata et al. proposed the Pressure-Oscillation 
Deforming (POD) method. 

This method involves applying pressure 
oscillations from the vessel to the fluid containing 
bubbles, which gives rise to alternating expansion 
and contraction of the bubbles. The cyclical change 
in bubble diameter due to pressure oscillations 
generates strong, continuous local flows and shear 
near the bubble, giving rise to lower local viscosity 
in the case of shear-thinning fluids. This viscosity 
reduction significantly accelerates the bubble rise 
velocity up to more than 400 times in the case of 1–
5 mm³ bubbles in a 0.8 wt% aqueous sodium 
polyacrylate (SPA) solution (zero-shear viscosity h0 

= 90 Pa s) [1]. The experimental snapshots indicate 
that the bubble forms a spherical shape during the 
expansion phase and develops a cusped shape at the 
tail of the bubble during the contraction phase. 

To further investigate bubble dynamics, Ito et 
al.[2] performed numerical analysis of the flow 
around a bubble using the unsteady finite element 
method. The fluid properties of Carreau-Yasuda 
model were fitted with experimental data with steady 
shear measurements of a 0.8 wt% SPA solution by a 
stress-controlled rheometer. The results showed that 
in a purely viscous fluid subjected to 1 Hz 
oscillations from below, the local shear rate 
increased at the bottom of the bubble during the 
contraction phase and at the top during the expansion 
phase. However, under these conditions, it was 
difficult to observe a cusped bubble, as the elastic 
effects were not considered in this analysis. 

Therefore, the boundary element method 
(BEM) was considered to quantitatively evaluate the 

behavior of a bubble in viscoelastic fluids. Lind and 
Phillips [3] performed BEM analysis of an oscillating 
bubble near a rigid wall in an infinite space filled 
with an upper convected Maxwell fluid. In the 
present study, instead of employing the Maxwell 
model, we introduced the Giesekus model, which 
exhibits shear-thinning behavior and increases has a 
first normal stress difference that increases 
moderately with increasing shear rate. Additionally, 
to ensure a realistic representation of the system, we 
fitted the model’s rheological properties to match 
those of the high-viscosity experimental fluid with 
zero-shear viscosity h0 of approximately 90 Pa·s. 
The numerical modelling in the following sections 
focuses on the effects of viscoelastic properties on 
bubble shape, stress distribution, surface tension, and 
jet velocity dynamics. 
 

2. NUMERICAL ANALYSIS 

2.1. Governing Equations 
The continuity equation, the momentum 

equation are expressed by equations (1) to (2), given 
the following assumptions. The internal energy 
equation is ignored since there is no heat or mass 
transfer through the boundary, and temperature is 
assumed to be constant. Since the fluid is assumed to 
be incompressible, the fluid density remains constant, 
and the continuity equation reduces to a velocity 
constraint. Under this condition, equation (3) is 
derived. The assumption of irrotationality results in 
the curl of the velocity vanishing, thus implying the 
existence of a velocity potential, and the velocity field 
can be expressed as shown in equation (4). 
Substituting this into equation (4), it can be seen that 
this potential satisfies Laplace’s equation in the fluid 
domain. In addition, based on arguments due to 
Joseph and coworkers (see for example, Joseph and 
Liao[4]), it is assumed that the viscoelastic effects are 
only introduced through the boundary conditions, and 
that the viscosity/rheological effects in the fluid bulk 
are negligible in this case. 

The calculations were performed in a two 
dimensional cylindrical coordinate system. The initial 
bubble shape was assumed to be spherical and the 
bubble center was placed at a distance h, the standoff 
distance, from the rigid wall. The continuity 
equations (5), equations of motion (6) and 
constitutive equations (7) at the bubble surface of the 
Giesekus model are shown below. The pressure pb in 
the bubble is obtained from equation (8). Since the 
flow inside the fluid is assumed to be potential, the 
momentum equation can be expressed using the 
potential , and equation (6) is obtained by 
reformulating the Navier–Stokes equation using the 
velocity potential and including the free-surface 
stress balance in normal direction at the bubble 
surface. In addition, equation (7) is the constitutive 
equation of the Giesekus model, which includes a 

!
!
!

φ

⋅
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nonlinear term to represent shear-thinning behavior. 
 

 (1) 

 (2) 

 (3) 

 (4) 

                       (5) 

 (6) 

  (7) 

 (8) 

 
Fig. 1 Schematic diagram of initial conditions 
when a rigid wall is set up near a bubble.  
 

2.2. Model Set-up 
The numerical modelling was performed in a 

flow field filled with viscoelastic fluid surrounding a 
single bubble near a rigid wall. As shown in Fig. 1, 
the center of the bubble is initially positioned at a 
distance h from the rigid wall located at z*=0, and a 
two-dimensional axisymmetric flow was assumed 
with the z-axis in the vertical direction. 
 
 
2.3.  Numerical methods 
       The bubble surface was discretized into Nb (Nb = 
40) segments by distributing Nb+1 nodes on the 
bubble from the north to south poles of the bubble. 
Then, the quintic spline representations of the nodal 
positions (r, z) and potential  were integrated over 
each interval on the bubble interface using the 
Gaussian quadrature. The normal stress τnn is 

obtained by solving the constitutive equation, and 
finally, the coordinates (r,z) and the potential  are 
updated by the fourth-order Runge-Kutta method, 
respectively. 

2.4. Material 
        The properties of 5 wt% CMC aq. measured by 
a stress-controlled rheometer (MCR302-WESP, 
Anton Paar, Ltd.) were assumed. Ansys Polymat was 
used to fit the solution properties to the Giesekus 
model. The solution density ρ[kg/m3], initial 
viscosity η0, relaxation time λ1[s], and ratio of the 
fluid viscosity to the zero-shear viscosity E [-] were 
determined. A typical value of 1000 kg/cm3 was used 
for the density of water. As for the viscoelastic 5wt% 
CMC solution, the density is ρ = 1049.54 kg/m3. 
Zero-shear viscosity η0 is 90.49 Pa s. 

The viscosity ratio E = %!
%"

 is obtained as E = 
1.105× 10&'. 
Additionally, two values of the relaxation time 𝜆! 
were considered: 𝜆! =0.02 s and 	𝜆! =10 s. 
Furthermore, the specific heat ratio γ was set to 1.25, 
following Walter et al.[5].  
 

 

 
Fig. 2 Profiles of rheological properties of 5 wt% 
CMCaq. and fitting curves of Giesekus model  
(α = 0.3) 
 

3. RESULTS AND DISCUSSION 
We investigated the expansion and contraction 

phases of a bubble placed near a rigid wall using the 
Giesekus model (α = 0.3). We analyzed the influence 
of the initial standoff distance on bubble shape and 
examined the temporal variations in jet velocity. 
Furthermore, we conducted a detailed study on the 
effects of shear stress fields and polymeric stress. In 
this calculation, the coordinates r and z, as well as 
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time t, were non-dimensionalized using equations (9) 
~ (11) as follows. The dimentionless numbers are 
defined as shown in equations (12) thorough (14). 
Here, Rm represents the maximum bubble radius 
attained by a bubble in an infinite expanse of inviscid 
fluid. 

 (9) 

 (10) 

 (11) 

 (12) 

 (13) 

 (14) 

 

3.1. Effect of initial standoff distance 
The results corresponding to a relaxation time 

𝜆!= 0.02 s are presented below. As for h = 2.0, the 
fluid flow acted in the upward direction and 
obliquely downward, contributing to the formation 
of an interesting shape during the contraction phase 
as shown in Fig. 3 – (c) to (f). Local concentration of 
stress on the lateral sides of the bubble resulted from 
these oblique jet flows, leading to complex 
deformation. The maximum of 𝑇##  at head of the 
bubble reached approximately 0.1, highlighting the 
strong nonlinear effects. This behavior is attributed 
to the weakened influence of the wall, allowing the 
fluid to deform more freely.  

When the bubble was initially positioned closer 
to the wall (h = 1.0), a vertically downwards jet flow 
acted from upward, causing the upper side of the 
bubble to fold inward during the contraction phase. 
Strong stress distribution was observed at the upper 
part of the bubble as shown in Fig. 4. In particular, 
negative stress (negative value defined to be in the 
outward direction from the bubble surface) 
concentrated locally in the upper deformation region, 
indicating a pronounced effect of shear stress. The 
depressed shape at the bubble top was caused by 
strong elastic effects and closer proximity to the wall.  

In the case of h = 4.0, a horizontal jet flows from 
the sides contributing to the extension in the vertical 
direction, with local extra stress up to 0.3 at the 
center during the contraction phase as shown in Fig. 
5. As a result, the delayed relaxation of polymer 
stress caused bubble elongation, leading to a bubble 
shape at the onset of fragmentation. In this case, the 
wall’s influence was smaller, forming a uniform 
stress field except for necking area. 

(a) t* = 0 (Initial bubble) 

 
(b) t*=0.5530 (Expansion phase) 

 
(c) t*=2.184 (Contraction phase) 

 
(d) t*=2.648 (Expansion phase) 
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(e) t*=3.143 (Contraction phase) 

 
(f) t*=3.219 (Most contraction phase)  

 
Fig. 3 Profiles of bubble shape and stress 
distribution in the Giesekus model at h=2.0. 
(h 0 = 90.49 Pa∙s, 𝝀𝟏= 0.02 s, σ= 0 mN/m,	𝜸=1.25,	
α = 0.3,  Re = 0.1137, De = 195.2, We-1 = 0)  
 
 

Final shape(t*=1.100, Contraction phase) 

 
Fig. 4 Profiles of bubble shape and stress 
distribution in the Giesekus model at h=1.0. 
(h 0 = 90.49 Pa∙s, 𝝀𝟏= 0.02 s, σ= 0 mN/m,	𝜸=1.25,	
α = 0.3,  Re = 0.1137, De = 195.2, We-1 = 0)  

Final shape (t*=5.191, Contraction phase) 

 
Fig. 5 Profiles of bubble shape and stress 
distribution in the Giesekus model at h=4.0. 
  (h0 = 90.49 Pa∙s, 𝝀𝟏= 0.02 s, σ= 52.5 mN/m,	𝜸=1.25,	
α = 0.3,  Re = 0.1137, De = 195.2, We-1 = 0) 
 
 
 

3.2. Effect of Surface tension 
To help understand the factors which lead to the 

formation of the various bubble shapes, we examined 
the effect of surface tension at the bubble surface. 
The calculations were performed by varying the 
reciprocal of the Weber number We-1, while keeping 
the reference pressure of the viscoelastic fluid Pref 
and the maximum bubble radius Rm constant. When 
the surface tension is set to zero, i.e., We-1 = 0, the 
results are shown in Fig. 3. In contrast, the result for 
a surface tension σ = 52.5 mN/m, corresponding to a 
1 wt% CMC aqueous solution at 25 °C, is presented 
in Fig. 9. In this case, it is observed that the bubble 
expands and contracts alternately while maintaining 
its spherical shape. The stress is observed to be 
uniformly distributed across the entire bubble 
interface, with no significant local concentration of 
stress. This is likely occurred because the surface 
tension helps to maintain the smooth and 
symmetrical bubble shape. Additionally, the results 
for near-zero surface tension conditions specifically 
σ = 0.0725 mN/m and σ = 0.725 mN/m are shown in 
Figs. 10 and 11, respectively. Other unique bubble 
shapes and significant deformation were observed in 
both cases. A similar final bubble shape to the zero 
surface tension case was observed at We-1 = 7.18×10-

4 as shown in Fig.10. The pinch off points can be 
observed to take place in lateral regions around the 
bubble, as shown in Fig.11. 

 
 
 
 

 
 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



6 
 

(a) Initial bubble (t*= 0) 

 
(b) Expansion phase (t*= 24.34) 

 
(c) Final shape (t*= 84.66, Contraction phase) 

 
Fig. 9 Profiles of bubble shape and stress 
distribution in the Giesekus model at h=1.0. 
 (h0 = 90.49 Pa ∙s, 𝝀𝟏= 0.02 s, σ = 52.5 mN/m,	
𝜸=1.25,	α = 0.3,  Re = 0.1137, De = 195.2, We-1 = 
0.5198) 
 

Final shape (t*=3.194, Contraction phase) 

 
Fig. 10 Profiles of bubble shape and stress 
distribution in the Giesekus model at h=1.0. 
 (h0 = 90.49 Pa∙s, 𝝀𝟏=0.02 s, σ= 0.0725 mN/m,	
𝜸=1.25,	α = 0.3,  Re = 0.1137, De = 195.2, We-1 = 
0.000718) 
 
 

Final shape (t*=3.186, Contraction phase) 

 
 
Fig. 11 Profiles of bubble shape and stress 
distribution in the Giesekus model at h=1.0. 
 (h0 = 90.49 Pa∙s, 𝝀𝟏= 0.02 s, σ = 0.725 mN/m,	
𝜸=1.25,	α = 0.3,  Re = 0.1137, De = 195.2, We-1 = 
0.00718) 
 

3.3. Investigation based on Shear rate 
For a relaxation time 𝜆!  = 0.02 s and zero-

shear viscosity h0 = 90.49 Pa s, the shear rate 𝛾̇ was 
calculated using the rate of deformation tensor S, 
defined by following equation (15). Additionally, the 
shear rate  𝛾̇  was calculated at the points on the 
bubble interface where the strongest stress acts 
during the contraction phase as shown in Table 1. 

 

 (15) 

⋅

! "γ = ! !!
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 (16) 

 
In the case of Fig.4 (h = 1.0), strong local 

stress occurred at the upper bubble surface, where the 
local shear rate at node number k=1 was observed to 
be up to 687 s-1 during the contraction phase. 
However, a weaker local stress was observed in 
lower regions with lower local shear rates around 
100 s-1. 

As for the case of Fig.3 (h = 2.0), the 
maximum shear rate was observed at k = 1 during the 
expansion phase, with a local shear rate of 4.281 s-1. 
The bubble exhibited an interesting shape during the 
contraction phase, with the strongest stress acting at 
the bubble’s center. The local shear rate at this point 
was up to 2960 s-1 in the final contraction phase as 
shown in Fig.3-(f). It can be seen that the bubble is 
ready to pinch off into three parts. 

In the case of Fig.5 (h = 4.0), the bubble 
deformed into a vertically contracted shape during 
the contraction phase, with the strongest stress 
occurring at k = 21. The local shear rate at this point 
was 199 s-1. 

Table 2 shows the local shear rates under the 
condition of h = 2.0 as a function of surface tension. 
Shear rates are extremely higher for all cases during 
the contraction phase. In the zero‐tension case (σ = 0 
mN/m), the peak shear rate reaches 2936 s⁻¹ at 
t*=3.218. Introducing a low surface tension of σ = 
0.0725 mN/m reduces this peak by approximately 
80% to 522 s⁻¹ at the same phase. For σ = 0.725 
mN/m, the peak is about 1536 s⁻¹, and the peak is 
suppressed to just 195s⁻¹ at σ = 52.5 mN/m. 

 
 
Table 1 Details of the local shear rate in the 
Giesekus model. (h0 = 90.49 Pa ∙ s, 𝝀𝟏 = 0.02 s,	
𝜸=1.25,	α = 0.3) 

 
 
Table 2 Details of local shear rate in the Giesekus 
model due to differences in surface tension at the 
bubble surface. (h0 = 90.49 Pa ∙ s, 𝝀𝟏 = 0.02 s,	
𝜸=1.25,	α = 0.3) 

 
 

CONCLUSIONS 
We performed a numerical simulation to analyze 

the expansion and contraction behavior of a bubble 
placed near a rigid wall in a viscoelastic fluid using 
the Giesekus model (α = 0.3).  

It was found that the deformation of the bubble 
varied significantly depending on the initial distance 
between the bubble and the rigid wall. This is due to 
the combined influence of the restricted fluid 
movement near the wall and the rheological 
properties of the viscoelastic fluid, which together 
influence the deformation of the bubble. Moreover, 
the results indicate that surface tension significantly 
affects the morphology of the bubble.  
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ABSTRACT 
Addressing cavitation in axial-flow pumps is 

crucial for enhancing efficiency, reducing vibration, 
and extending pump lifespan. Therefore, this study 
proposes a novel approach to increase hydraulic 
performance and mitigate cavitation at different flow 
rates by altering the flow direction into the impeller 
using variable inlet guide vanes (IGV). To analyze 
the internal flow characteristic, this study employed 
numerical simulations, utilizing the Reynolds-
averaged Navier-Stokes equations in conjunction 
with a shear stress transport turbulence model. The 
experiments were performed to validate the accuracy 
of the numerical results. The results show that 
changes in efficiency are less pronounced when 
adjusting the IGV setting angle from negative to 
positive, whereas the total head consistently 
increases by an average of 8.06% at the best 
efficiency point. The formation of the tip leakage 
vortex within the axial-flow pump at the deep stall 
point is attributed to the combination of tip leakage 
flow and flow separation at the leading edge of the 
impeller. Although negative IGV setting angles can 
degrade the hydraulic performance at the best 
efficiency point (BEP) and overload conditions, they 
also significantly reduce cavitation,  reaching up to 
86.253% at the BEP. At part-load conditions, 
positive IGV setting angles effectively reduce 
cavitation, especially at the deep stall condition with 
a reduction of up to 40.64%.  

Keywords: Axial-flow pump, variable inlet guide 
vane, impeller, computational fluid dynamics, 
hydraulic performance, cavitation.  

NOMENCLATURE 
𝑔 [m/s2] Gravitational acceleration  
𝐻 [m] Total head coefficient 
𝜓 [-] Total head 

𝐷 [m] Impeller diameter 
𝑄 [-] Flow rate coefficient 
𝜑 [m/s] Flow rate 
𝜑ௗ [m/s] Flow rate at the BEP 
𝑛 [rpm] Rotating speed 
𝜆 [-] Specific speed 
η [%] Efficiency 
 
Subscripts and Superscripts 
 
IGV Inlet guide vane 
DV Diffuser vane 
LE Leading edge 
TE Trailing edge 
SS Suction side 
PS Pressure side 
TLV Tip leakage vortex 
BEP  Best efficiency point 
GCI Grid convergence index 

1. INTRODUCTION 
A pump, a device that moves fluids from one 

place to another, is an indispensable device in daily 
life. Pumps are used in a variety of applications, 
including water distribution, sewage treatment, and 
industrial processes. In addition, the pump is a device 
that consumes a lot of energy and can cause noise 
pollution. Research by Capurso et al. [1] indicated 
that the power usage of centrifugal pumps in Europe 
amounts to 120 TWh/day, which corresponds to an 
average carbon generation of 475 gCO2/kWh. A 
mere 1% enhancement in energy performance can 
lead to a reduction of at least 570 tCO2/day in 
greenhouse gas emissions. Therefore, optimizing 
and improving the performance of the pump is an 
important factor in saving energy and protecting the 
environment, particularly for axial-flow pumps, 
which are large, energy-intensive devices. 
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Compared to other types of pumps, an axial-flow 
pump is capable of generating the largest flow rate at 
high performance and is extensively utilized in water 
systems, agricultural applications, draining in 
industrial and city settings. The flow characteristic 
within an axial-flow pump is characterized by chaos, 
turbulent and unsteady dynamics, often resulting in 
the formation of various vortices, including tip 
leakage vortex (TLV) [2-4], separation flow [5], 
horseshoe vortex [6], and corner vortex [5, 6]. 
Additionally, hydraulic losses caused by cavitation 
and leakage flow at the impeller gap can induce 
strong vibrations, generate excessive noise, and 
damage the impeller blades. Therefore, not only the 
axial-flow pump but all types of pumps, increasing 
performance, reducing cavitation are important 
factors in stable and safe pump operation. 

Cavitation [7] is an undesirable phenomenon 
that can cause significant wear and tear on the metal 
blades of pumps [8, 9], turbines [10-11], and 
propellers [12]. It reduces operational efficiency, 
causes unpleasant vibrations, leads to high energy 
consumption, system instability, and diminished 
pump component lifespan. According to Orlandi et 
al. [13], cavitation occurs when the pressure of a 
liquid drops below its saturation vapor pressure, 
leading to the formation of gas bubbles. As these 
bubbles move into regions of higher pressure, they 
implode, creating powerful shock waves that can 
damage the blade surface. The repeated implosion of 
gas bubbles can severely erode the metal surface, 
especially on the impeller. Zhang et al. [14] noted 
that cavitation at the tip region of the axial-flow 
pump varied over time and encompassed several 
types at tip clearance, in TLV, on the suction side 
(SS), and at the trailing edge (TE). In the study of 
Zhang et al. [15], cavitation intensity in axial-flow 
pumps also changed with flow rate conditions and 
was categorized into different stages, including non-
cavitating, incipient cavitation, critical cavitation, 
and deep cavitation. Due to its damaging effects, 
detection and elimination of cavitation are key 
considerations in pump design. 

To enhance the hydraulic performance and 
reduce vibration in axial-flow pumps, variable IGV 
is currently being considered as a potential solution 
[16-19]. However, existing research has not yet 
demonstrated the effect of variable IGV on the 
reduction of cavitation. Consequently, this study is 
performed to comprehensively examine the 
cavitation phenomenon in axial-flow pumps through 
both numerical simulations and experimental 
investigations. In addition, this study proposes a 
novel approach to mitigate cavitation by altering the 
flow direction into the impeller using a variable IGV. 
By changing the flow direction, it is anticipated that 
flow separation within the impeller will be reduced, 
leakage flow minimized, and overall cavitation and 
pump performance significantly improved. 
Cavitation changes in the axial-flow pump will be 

carefully analyzed via cavitation visualization and 
the determination of cavitation volume. 

2. METHODOLOGY 

2.1. Axial-flow pump model 
The axial-pump model utilized in this study 

consists of four IGVs, four impellers, and seven 
diffuser vanes (DV) as demonstrated in figure 1(a). 
The pump is designed to operate at a specific speed 
of 1204 and the rotating speed coefficient of 0.7893 
as calculated according to Eq. (1) and Eq. (2), 
respectively. At the best efficiency point (BEP), the 
design head and design flow rate coefficient are 
1.584 and 0.4319 as calculated according to Eq. (3) 
and Eq. (4), respectively. 

𝜆 = 𝑛[𝑟𝑝𝑚]
𝜑଴.ହ [

𝑚ଷ

𝑚𝑖𝑛
]

𝜓଴.଻ହ [𝑚]
 (1) 

𝜒 =  
𝑛𝐷

ඥ𝑔𝜓
 (2) 

𝐻 =  
𝑔𝜓

𝑛ଶ𝐷ଶ
 (3) 

𝑄 =  
𝜑

𝑛𝐷ଷ
 (4) 

where 𝑛, 𝜑, 𝜓, 𝐷, and 𝑔 denote the rotational speed, 
flow rate, total head, impeller diameter, and 
acceleration of gravity, respectively. 

  

(a) (b) 

Figure 1. Axial-flow pump configuration. (a) 
Original design, (b) New design with variable 
IGV (green: 𝟐𝟎°, pink: −𝟐𝟎°) 

The axial-flow pump was tested at the Korea 
Institute of Machinery & Materials with the IGV 
chamber made transparent to easily see the formation 
and evolution of cavitation during operation with the 
help of a high-speed camera and fill light. The NX4-
S1 camera model from Integrated Design Tools 
incorporation was synchronized with the computer 
system. In addition, to achieve the efficiency and 
power consumption of the pump, a series of modern 
measuring devices such as digital pressure gauge, 
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magnetic flow meter, and power meter were used, as 
can be seen in figure 2. Accuracy of measuring 
device is presented in Table 1 and detailed 
information about the experimental system can be 
found in previous studies [6, 20]. 

 

Figure 2. Measuring instruments in the pump 
test [20] 

Table 1. Accuracy of measuring equipment [6] 

Equipment 
Operational 

range 
Uncertainty 

Absolute 
pressure 

transducer 
0−200 (kPa) ± 0.25% 

Differential 
pressure 

transducer 
0−500 (kPa) ± 0.2% 

Torque 
measurement  

0−200 (Nm) ± 0.2% 

Rotating 
measurement  

0−20,000 (rpm) ± 0.02% 

Flowmeter 0−900 (m3/hr) ± 0.2% 

2.2. Numerical method 
Figure 3 shows the grid system for the numerical 

simulation with a hexahedral grid structure. The grid 
system is refined at wall surfaces with multiple 
layers of small meshes to ensure that the averaged y+ 

value is less than two. The grid growth rate was 
maintained below 1.3. The grid independence is 

checked by utilizing the Grid Convergence Index 
(GCI) [21] based on three different grid systems (N1, 
N2, and N3) with a grid refinement ratio of larger than 
1.3. The values of the key parameter (efficiency) are 
normalized according to the efficiency value of the 
N1 grid system with only impeller in the 
computational model. As can be seen in Table 2, the 
𝐺𝐶𝐼௙௜௡௘

ଶଵ  values and extrapolated relative error values 
(𝑒௘௫௧

ଶଵ ) are small enough [21] to confirm the 
convergence of the grid system. Therefore, the 
optimal grid system in this study consists of 0.55 × 
106, 0.67 × 106, and 0.57 × 106 nodes for one IGV, 
impeller, and DV passages, respectively.  

In the numerical simulation, the boundary 
conditions of the axial-flow pump are established 
based on ANSYS CFX-Pre with the fluids including 
water and water vapor at 25°. The inlet and outlet of 
the computational domain are respectively set as 
total pressure and mass flow rate. The blade, hub, 
and shroud surfaces are set as non-slip walls. The 
interfaces between the stationary and rotating 
domains are set as the mixing-plane. Rayleigh 
Plesset is selected as the cavitation model with a 
saturation pressure of 3170 Pa and the initial average 
bubble diameter of 2 × 10ି଺ 𝑚. The shear stress 
transport [22] coupled with the reattachment 
modification option is used as an optimum 
turbulence model to be able to accurately predict 
cavitation, vortex flow, and separation flow in this 
study.  

 
(a) 

 

 
(b) 
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Figure 3. The established grid for numerical 
simulation. (a) grid system, (b) y+ distribution. 

Table 2. Grid sensitivity analysis [6] 

 

Only 
impeller 
(No. of 
nodes in 
impeller) 

IGV and 
impeller 
(No. of 
nodes in 

IGV) 

Full 
component 

(No. of 
nodes in 

DV) 

N1 666,773 550,272 571,540 

N2 265,681 248,100 256,250 

N3 115,260 409,164 114,500 

r21 1.359 1.304 1.307 

r32 1.321 1.315 1.308 

ηଵ/ηଵ 1.000 0.976 1.043 

ηଶ/ηଵ 0.993 0.975 1.042 

ηଷ/ηଵ 0.972 0.957 1.026 

𝑒௘௫௧
ଶଵ  0.00325 0.00014 0.00012 

GCI୤୧୬ୣ
ଶଵ  0.00407 0.00017 0.00016 

3. RESULTS AND DISCUSSIONS 

3.1. Validation 

 

Figure 4. The hydraulic performance curves in 
simulation and in experiment 

Figure 4 compares the efficiency and total head 
of the axial-flow pump measured in the experiment 
and in the numerical calculation. The efficiency and 
total head values are normalized using their values at 
the BEP of the experimental results. As can be seen 
in figure 4, the numerical results are consistent with 
the experimental data. The discrepancy between the 
numerical and experimental data is about 5.2% for 
efficiency and 1.256% for total head at the BEP. The 
relatively large difference in efficiency at the BEP is 
caused by the instability of the flow field in the 
experiment at a high flow rate due to the absence of 

a booster pump. For this reason, the experimental 
data at overload conditions are not available. In 
addition, errors in the measuring equipment and 
extrapolation errors in numerical calculations are 
also the causes of these differences.  

 

 

(a) 

 
(b) 

Figure 5. Cavitation visualization. (a) in 
simulation (orange: vapor volume fraction of 
0.94), (b) in experiment. 

To further confirm the accuracy of the numerical 
results, cavitation visualization is extracted and 
compared with the experimental result at the deep 
stall point (0.6𝜑ௗ) as shown in figure 5. The 
numerical simulation predicts well the cavitation 
bubbles formed at the leading edge (LE) of the 
impeller. Based on the simulation results, cavitation 
formation is based on two main factors including tip 
leakage flow and separation flow. The combination 
of these two flows created a TLV that separates from 
the impeller surface. With high rolling velocity 
mainly caused by the tip leakage flow, a large void 
with low pressure inside the TLV is formed. The 
pressure inside this void drops below the saturation 
vapor pressure, ultimately leading to the formation 
of cavitation bubbles. 

3.2. Hydraulic performance  
Figure 6 presents the total head and efficiency 

curves across various IGV angles. The total head and 
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efficiency values are normalized to their respective 
values at the BEP of the 0° IGV angle model, which 
serves as the reference model. When varying the IGV 
angle, changes in efficiency are less pronounced, 
particularly in the low-flow rate region, compared to 
the more significant variations observed in the total 
head. The minimal changes in efficiency can be 
attributed to the turbulence within the flow field, 
which elevates the load on the impeller and 
subsequently increases power consumption. As a 
result, the efficiency of the reference model remains 
superior to that of other IGV setting angles, except at 
high flow rates where a favorable match between the 
flow and impeller blade angle can occur. Around the 
BEP, the efficiency for too large and too low IGV 
angles is significantly lower in comparison to the 
reference model, with the efficiencies at 20° and 
−20° IGV under the BEP being reduced by 2.29% 
and 1.82%, respectively. 

 

Figure 6. The hydraulic performance at different 
IGV setting angle 

The head of the axial-flow pump progressively 
rises as the IGV angle transitions from negative to 
positive, exhibiting an average increase of 8.06% at 
the BEP. This enhancement is primarily due to the 
role of IGV in facilitating flow into the impeller; as 
the IGV angle rises, the absolute velocity of the flow 
entering the impeller becomes increasingly 
compatible with the relative velocity. This alignment 
results in elevated velocity and pressure in the flow 
exiting the impeller. In addition, the saddle zone also 
becomes more prominent as the IGV angle rises, 
owing to significant losses in both IGV and impeller 
passages at high IGV angles. These high angles also 
increase the incident angle at LE of the impeller, 
promoting the flow separation on the SS of the 
impeller compared to the reference model, 
particularly under low flow rate conditions. Based on 
the hydraulic performance curves, it can be seen that 
at the same head, the axial-flow pump can operate at 
various flow rates to achieve optimal performance 
depending on the variable IGV. 

3.3. Internal flow characteristics  
To clearly observe the impact of variable IGV on 

cavitation within the impeller, figure 7 depicts 
cavitation represented by an orange iso-vapor 
volume fraction of 0.5 across −10°, 0°, and 10° IGV 
setting angle models at different flow rates. Intense 
cavitation is observed at the LE of the impeller for 
all three models at the deep stall point. Although the 
cavitation of the 10° model is smaller than in the 
other two models, this difference does not seem to be 
significant as observed in figure 7(a). However, the 
bubble volume of the 10° model is reduced by 
40.64% and 16.38% compared to the reference 
model and −10° model as presented in the figure 8. 
Figure 7 also shows the turbulence kinetic energy 
(TKE) distribution at different cross-sections to 
evaluate the energy loss caused by TLV and 
cavitation. It can be stated that the TKE generated at 
the deep stall point is the largest among all three IGV 
models due to the chaotic flow characteristics and the 
presence of strong cavitation. While the 10° model 
reduces cavitation, it leads to a 13.51% increase in 
TKE compared to the reference model, whereas the 
−10° model yields a 10.68% reduction in TKE. 

   

(a) At the deep stall point (0.6𝜑ௗ) 

   

(b) At the BEP (1.0𝜑ௗ) 

   

(c) At overload condition (1.28𝜑ௗ) 

 

Figure 7. Cavitation in the impeller at different 
flow rate conditions (left: −𝟏𝟎°; middle: 𝟎°; 
right: 𝟏𝟎°) 
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The difference in cavitation is most apparent at 
the BEP, as shown in figure 7(b). In all three models, 
cavitation is markedly reduced in the −10° model, 
with cavitation streaks nearly disappearing at the LE 
of the impeller. Furthermore, cavitation induced by 
leakage flow at the gap and TLV is significantly 
diminished compared to the reference model. 
Therefore, the turbulence kinetic energy and bubble 
volume of the  −10° model decreased by up to 
19.643% and 86.253%, respectively in comparison 
with the reference model. While increasing the IGV 
setting angle may enhance the total head, it also 
increases the risk of severe cavitation formation and 
the TKE at the BEP, as demonstrated in figure 7(b, 
right). The closeness of absolute velocity to relative 
velocity not only intensifies leakage flow through the 
gap but also generates a substantial pressure 
differential, leading to a marked pressure drop on the 
SS, as can be seen in figure 9(b), thereby fostering 
conditions favorable for cavitation.  

 

Figure 8. The volume of cavitation in different 
conditions 

Likewise, under overload conditions, cavitation 
manifests more robustly at positive IGV angles, 
whereas it diminishes at negative angles when 
compared to the reference model. Therefore, the 
bubble volume of the 10° model at the BEP and 
1.28𝜑ௗ increased by 20.77 times and 2.47 times 
compared to the reference model, respectively. 
Correspondingly, the TKE of the 10° model 
increased by 39.78% at the BEP and 19.63% at 
1.28𝜑ௗ in comparison to the reference model. It 
should be noted that while the TKE of the 10° model 
exhibits an increase in comparison with the reference 
model, the hydraulic performance is also enhanced, 
especially at overload conditions. This is attributed 
to the improved compatibility between the flow 
angle and blade angle at the LE of the impeller, 
which consequently results in an increase of the 
velocity and energy within the impeller domain, 
thereby contributing to both the elevated TKE and 
the hydraulic performance observed in the10° 
model.  

The cavitation visualization indicates a tendency 
for cavitation to gradually migrate from the LE to the 
TE of the impeller as the flow rate increases. 

Additionally, analysis of the bubble volume in figure 
8 reveals that the negative IGV angles are more 
effective than positive angles in mitigating cavitation 
within the impeller, particularly around the BEP and 
under overload conditions. 

 
(a) 

 
(b) 

 
(c) 

Figure 9. The pressure distribution at 95% span 
of the impeller. (a) at the 0.6𝝋𝒅, (b) at the BEP 
(𝝋𝒅), (c) at the 1.28𝝋𝒅 

Figure 9 shows the absolute pressure distribution 
at 95% span where cavitation occurs prominently for 
−10°, 0°, and 10° IGV angle models across various 
flow rates. The pressure values are normalized to the 
maximum pressure of the reference model at the 
BEP. At the deep stall point, a significant pressure 
drop is observed at the LE of the impeller, which 
facilitates the formation and development of 
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cavitation, as illustrated in figure 7(a). The 
pronounced differences in pressure distribution 
among the different models are mainly at the BEP 
and 1.28𝜑ௗ contributing to noticeable variations in 
the total head curves, as shown in figure 6. However, 
the pressure drop at the SS of these flow conditions 
continues to promote cavitation formation, 
particularly at the 10° model. At the BEP, the 
pressure drop extends to a streamwise location of 
0.3, resulting in the appearance of elongated 
cavitation streaks, as depicted in figure 7(b). For the 
10° model, while the pressure on the pressure side 
(PS) is the highest, the pressure drop at the SS is also 
the most significant, leading to substantial cavitation 
within the impeller domain. At the 1.28𝜑ௗ , the 
pressure distribution around the LE becomes highly 
complex, characterized by a peak pressure due to the 
stagnation point, alongside sharp pressure drops 
resulting from velocity acceleration on both sides of 
the impeller. The majority of cavitation observed in 
figure 7(c) is a consequence of the abrupt pressure 
drop within the TLV between streamwise positions 
0.2 and 0.6. Additionally, the irregular pressure 

distribution at the TE is also clearly visible in figure 
9, attributed to the presence of the TE vortex [23].  

To evaluate the energy loss in the axial-flow 
pump, the distribution of TKE at 95% span is 
presented in figure 10 for the three IGV models at 
different flow rate conditions. The TKE value is 
normalized by the square of the maximum velocity 
at the impeller tip. It is evident that operation at the 
deep stall point results in the highest energy loss 
among the three operational conditions due to the 
complexity of the flow. A significant amount of loss 
occurs around the LE of the impeller at the SS and 
subsequently spreads throughout the impeller 
passage. Furthermore, the turbulence also affects the 
IGV, leading to considerable energy loss at the outlet 
of the IGV. The changes in hydraulic performance at 
the deep stall point are primarily reflected in the 
energy loss observed at the outlet of the IGV and the 
TE of the DV. At the BEP and 1.28𝜑ௗ, energy loss 
is improved markedly compared to that at the deep 
stall point. However, the presence of cavitation and 
TLV still results in considerable energy loss within 
the impeller domain, as clearly illustrated in figures 
10(b, right) and 10(c). 

   
(a) 

   
(b) 

   
(c) 

 

Figure 10. The turbulence kinetic energy distribution at 95% span(left: −𝟏𝟎°; middle: 𝟎°; right: 𝟏𝟎°). (a) 
at 𝟎. 𝟔𝝋𝒅, (b)at the BEP (𝝋𝒅), (c) at 𝟏. 𝟐𝟖𝝋𝒅 

4. CONCLUSIONS 
This study investigates the influence of variable 

IGV on the hydraulic performance and cavitation of 
the axial-flow pump, utilizing five IGV setting 
angles, including 0°, ±10°, and ±20°. To validate 
the numerical simulation results, hydraulic 
performance curves and cavitation visualizations are 
compared against experimental data. The key 
findings derived from the numerical simulations are 
drawn as follows:  

A. The variable IGV does not significantly alter 
the efficiency of the axial-flow pump, except under 
high flow rate conditions. However, increasing the 
IGV angle leads to a substantial increase in the total 
head with an average increase of around 8.06% and 
makes the saddle zone more pronounced. Therefore, 
variable IGV is particularly advantageous for 
optimizing the efficiency of axial-flow pumps by 
operating at different flow rates while maintaining 
the desired head.  
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B. Cavitation at the deep stall point is primarily 
attributed to the pressure drop within the TLV, 
resulting from a combination of tip leakage flow and 
separation flow at the LE of the impeller. At the deep 
stall point, while the 10° model achieves a 40.64% 
reduction in cavitation, it concurrently results in a 
13.51% increase in TKE whereas the −10° model 
demonstrates a 10.68% reduction in TKE compared 
to the reference model. Under operating conditions 
around the BEP and under overload conditions, 
positive IGV angles increase total head, while 
negative angles mitigate cavitation by up to 86.253% 
in comparison with the reference model. 
Furthermore, the study further demonstrates a 
correlation between flow rate and cavitation location, 
with higher flow rates resulting in cavitation 
occurring closer to the TE of the impeller. 

It should be noted that the hydraulic 
performance and cavitation characteristics may vary 
depending on different pump models. This study has 
not considered the time-dependent evolution of 
cavitation through unsteady-state simulations. In the 
future, the Large Eddy Simulation with the Wall-
Adapting Local Eddy-viscosity subgrid-scale model 
will be employed to observe and thoroughly analyze 
cavitation behavior and internal flow characteristics 
of the axial-flow pump at various stages across 
different IGV setting angles. 
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ABSTRACT
This study investigates the spherical stability

and breakup limits of oscillating microbubbles in an
acoustic standing wave, employing both a Reduced
Order Model (ROM) and a multiphase flow solver.
The ROM couples the spherical bubble dynamics,
governed by the Keller-Miksis equation, with ax-
isymmetric surface mode oscillations, formulated as
a system of ordinary differential equations. The re-
sults from the ROM are compared against multiphase
CFD simulations performed using the ALPACA flow
solver. While multiphase CFD simulations are com-
putationally more intensive, they offer deeper in-
sights into the dynamics, including the ability to cap-
ture bubble breakup – a phenomenon that lies beyond
the capabilities of the ROM. This study combines the
ROM and the CFD simulations to predict spherical
stability and breakup thresholds across varying bub-
ble sizes, acoustic pressures, and frequencies. Three
regimes are identified: (1) spherically stable bub-
bles, (2) stable surface mode oscillations, and (3)
instability leading to breakup. The key finding is
that the ROM reliably predicts breakup through un-
bounded growth of surface modes, demonstrating
strong agreement with the results obtained from AL-
PACA simulations.

Keywords: bubble dynamics, direct numerical
simulation, multiphase flow, sonochemistry, re-
duced order model

NOMENCLATURE
R0 [µm] initial bubble radius
RE [µm] equilibrium bubble radius
T [K] temperature
ân [−] nth dimensionless mode am-

plitude

an [µm] nth mode amplitude
c [m/s] speed of sound
cV [J/K] heat capacity at const. volume
f [kHz] excitation frequency
gn [m2/s2] higher order terms
lmax [−] max. number of refinements
p0 [Pa] ambient pressure
p∞ [Pa] stiffened gas EoS parameter
pA [Pa] pressure amplitude
pv [Pa] vapour pressure
t [ms] time
u [m/s] x-directional velocity
v [m/s] y-directional velocity
ϵ [−] small parameter
γ [−] stiffened gas EoS parameter
λ [m] wavelength
µ [Pa · s] dynamic viscosity
ω [1/s] angular frequency
ρ [kg/m3] density
σ [N/m] coefficient of surface tension

Subscripts and Superscripts
B bubble
B, 0 bubble, initial state
L liquid

1. INTRODUCTION
The study of oscillating microbubbles in acous-

tic fields is a cornerstone of sonochemistry, where
these bubbles play an important role in energy con-
centration that leads to chemical reactions [1, 2, 3, 4].
When subjected to acoustic excitation, microbubbles
can undergo complex dynamics, including spherical
oscillations, stable surface wave oscillations, bubble
jetting [5, 6] and bubble breakup [7, 8]. Understand-
ing these behaviors is crucial for scaling cavitation-
driven chemical synthesis for industrial scales.
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A central challenge in modeling non-spherical
microbubble oscillations lies in the uncertainty of
both measurements and models. Experimental data
for non-spherical oscillations are limited to a few pa-
rameter combinations [7, 9, 10], and they also of-
ten suffer from limitations in accuracy. Computa-
tional models must contend with assumptions and ap-
proximations that may not fully capture the complex-
ity. To address these challenges, this study employs
two complementary approaches: the reduced-order
model (ROM) [11, 12, 13] and the high-fidelity AL-
PACA solver [14, 15]. The ROM provides a com-
putationally efficient framework for analyzing radial
bubble dynamics coupled with surface mode oscil-
lations, making it suitable for large-scale parameter
studies [16]. However, its validity is constrained to
scenarios with small perturbations in surface modes
[17]. In contrast, ALPACA is a compressible mul-
tiphase computational fluid dynamics (CFD) solver
that solves the governing equations of fluid flow di-
rectly. Leveraging the level set method for interface
capturing and a multiresolution meshing algorithm,
ALPACA makes it possible to simulate surface mode
oscillations and bubble breakup [18].

This study investigates the spherical stability and
breakup limits of oscillating microbubbles by com-
bining the strengths of ROM and ALPACA. A series
of parameter studies is conducted to explore the ef-
fects of bubble size, pressure amplitude, and excita-
tion frequency on bubble dynamics. ALPACA sim-
ulations are used to validate and refine ROM predic-
tions. The second section discusses the ROM and
the ALPACA solver. Then, the simulations are in-
troduced in the third section and the results are dis-
cussed.

2. MODELING ACOUSTICALLY EX-
CITED BUBBLES

2.1. Reduced Order Model
The Reduced Order Model handles the non-

spherical bubble dynamics as a vibration problem
assuming axial symmetry and small deformation.
The aim is to avoid partial differential equations by
employing modal decomposition, specifically using
Legendre polynomials as orthogonal basis functions,
and to construct an ordinary differential equation sys-
tem that describes the time evolution of the mode
amplitudes. In this manner, the temporal evolution
of the complex bubble shape rs, expressed via Leg-
endre polynomials as an infinite series in a spherical
coordinate system that can be described as:

rs(θ, t) = R(t) +
∞∑

n=2

εan(t)Pn(µ), (1)

where R(t) is the spherical or 0th mode as the func-
tion of time, while an denotes the nth mode am-
plitude corresponding to the Legendre polynomial
Pn(µ) of order n, with µ = cos(µ). Note that
the first mode, i.e., the translational motion, is ne-

glected in this paper for simplicity. Additionally, sur-
face distortion is assumed to be small, as indicated
by the small parameter ε. Following the work of
Shaw [11, 12, 13], the mode amplitudes are described
by an implicit second-order nonlinear n-dimensional
differential equation system derived from the La-
grangian function composed of the kinetic and po-
tential energy. The nonlinear coupling terms permit
interaction between the modes and account for the
implicit nature of the system. The volume mode (the
radial oscillation R(t)) reads as:(

1 −
Ṙ
cL

)
RR̈ +

(
1 −

Ṙ
3cL

)
3
2

Ṙ2 = G(t)

+
1
cL

(
Ṙ ·G(t) + R · Ġ(t)

)
+ ε2 (g0 + g0v) , (2)

where cL is the speed of sound in the liquid and

G (t) =
pB0

ρL

(R0

R

)3γ

+
pv

ρL

−
1
ρL

(p0 + pA sin (ωt)) −
4µLṘ
ρLR

−
2σ
ρLR
. (3)

In this context, pB0 denotes the equilibrium pressure
inside the bubble, while ρL represents the density of
the liquid. The initial radius of the bubble is given
by R0, and γ refers to the ratio of specific heats. The
dynamic viscosity of the liquid is denoted by µL, and
σ stands for the surface tension. Acoustic excitation
is characterized by the angular frequency ω and the
pressure amplitude pA. The ambient pressure, also
known as the far-field pressure, is represented by p0,
and pv indicates the vapour pressure. The higher or-
der terms gn and gnv are the inviscid and damping
terms, which can be found in [11, 12]. The surface
modes have the following form:

ε
{
Rän + 3Ṙȧn

+

[(
n2 − 1

)
(n + 2)

σ

ρLR2 − (n − 1)R̈
]

an

+
2µL

ρL

[
(n − 1)(n + 2)

Ṙ
R2 an + (n + 2)(2n + 1)

ȧn

R

]}
= ε2 (gn + gnv) . (4)

Like the 0th mode, the second-order term governs the
coupling between the modes, which can be separated
into inviscid and damping components; the interested
reader can find these terms in [16].

The solution strategy for the model is di-
vided into two main parts: an initial value prob-
lem and a nonlinear equation system. The ini-
tial value problem is solved using a self-developed
Runge–Kutta–Cash–Karp solver. At the same time,
the nonlinear equation system is handled using a
GPU-optimized iterative technique derived by the
authors [16]. With this approach, the parameters of
large spherical or closely spherically oscillating bub-
bles can be found efficiently. The deviation from the
spherical shape is characterised by the mode ampli-
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tudes divided by the 0th mode; from now on, relative
mode amplitude ân = an/R. The approximated valid-
ity limit of the model, i.e., the maximum of the rel-
ative mode amplitude corresponding to the dominant
mode (mode with the largest amplitude), is between
0.25 and 0.37 [17].

2.2. ALPACA Simulations
The CFD simulation of an oscillating microbub-

ble in an acoustic field requires a compressible mul-
tiphase solver. The computational domain must span
at least one wavelength to simulate a standing wave,
which, in typical cases, is in the order of 10 mm,
based on the speed of sound and excitation fre-
quency. In contrast, bubble sizes in sonochemistry
are typically around 10 µm, resulting in a scale dif-
ference of approximately three orders of magnitude.
This significant disparity necessitates specialized nu-
merical meshes.
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Figure 1. Layout and boundary conditions of the
ALPACA simulations.

The chosen solver, ALPACA, meets these re-
quirements, having been specifically developed to
study compressible and multiphase phenomena [14].
ALPACA employs the level set method for inter-
face capturing [19] and utilizes high-order, non-
dissipative numerical schemes to accurately capture
shockwaves [15]. Its meshing process is highly ef-
ficient, leveraging a multiresolution algorithm [20]
that automatically refines the mesh as needed. The
maximum number of refinements is controlled by the
user defined parameter lmax ≤ 14, allowing the cell
size to vary by nearly four orders of magnitude.

ALPACA was used to carry out two-dimensional
axisymmetric numerical simulations of bubbles in a
standing wave. The bubble was positioned at the
node of the acoustic standing wave within a rectangu-
lar domain of dimensions λ×λ/2, where λ represents
the wavelength. The boundary conditions are illus-
trated in Figure 1. Reflective walls were placed on
the south and north boundaries, causing wave reflec-
tions. A zero-gradient boundary condition was ap-

plied on the east boundary, while the west boundary
served as the axis of symmetry. The standing wave
was introduced through the initial conditions, and the
bubble was subjected to the following pressure:

p(t) = p0 − pA · sin(2π f · t). (5)

The initial conditions in the bubble correspond
to the equilibrium condition, that is

pB(x, y) = p0 +
2σ
R0
, (6)

where pB is the bubble pressure, σ is the surface ten-
sion and R0 corresponds to the equilibrium radius.
The initial velocities are zero and the density is set
according to the ideal gas law:

uB(x, y) = 0, (7)
vB(x, y) = 0 and (8)

ρB(x, y) =
pB(x, y)

(γB − 1)cVTB
, (9)

where uB is the x-directional velocity, vB is the y-
directional velocity and ρB is the density in the bub-
ble. In both phases, the stiffened gas equation of state
is used [21]:

p = (γ − 1)ρe − p∞, (10)

where e is the internal energy and γ, p∞ are parame-
ters. In the gas phase p∞,B = 0, thus the stiffened gas
EoS results in the ideal gas law, in which γB = 1.4
is the ratio of specific heats. To model the water, pa-
rameters γL = 4.4 and p∞,L = 6 · 108 Pa are adopted
from the literature [22].

To accelerate the formation of surface mode os-
cillations, the bubble shape is initially perturbed with
relative mode amplitudes of â2 = 0.031, â3 =

−0.050, â4 = 0.008, and â5 = 0.016. These am-
plitudes are chosen to ensure that the volume of the
bubble remains unchanged. A post-processing code
was developed in Paraview to extract the mode am-
plitudes from the numerical simulations.

In total, 62 ALPACA simulations were con-
ducted, with each simulation running for 24 hours on
the SUPERMUC-NG supercomputer, utilizing one
compute node with 36 cores. In most cases, this com-
puting time was sufficient to run the simulations for
at least 10 acoustic cycles, enabling the analysis of
long-term behavior. For lower frequencies, simulat-
ing the same number of acoustic cycles requires more
time, as the period of the oscillation is longer, and
more time steps are necessary. Simulating smaller
bubbles necessitates a reduction in cell size, and in
accordance with the CFL condition, the time step
size is also reduced. To account for these factors,
the simulations were extended for an additional 24
hours compute time in the case of low frequencies
and small bubbles.

3. SIMULATION RESULTS
This section presents the results of the ALPACA

and ROM simulations. First, the convergence of the
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ALPACA simulations is analyzed by increasing the
mesh resolution and comparing the results to ROM
predictions. Next, the frequency and bubble radius
are fixed to investigate the effect of pressure ampli-
tude, and the classification of surface modes are dis-
cussed. Finally, large-scale parameter studies are in-
troduced.
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Figure 2. Results of the convergence study with
parameters R0 = 10.5µm, pA = 50 kPa and f =
480 kHz.

3.1. Mesh independence study of ALPACA
A bubble with an initial radius of R0 = 10.5 µm

is excited by a standing wave with an amplitude of
pA = 50 kPa and a frequency of f = 480 kHz. Ac-
cording to the ROM, a stable 3rd mode oscillation
is expected to form. Simulations were conducted in
ALPACA using four different mesh resolutions. The
number of adaptive refinements was varied from 8
to 11 on an initial 80 × 144 mesh. This resulted in
the number of cells along the bubble diameter being

Nbubble = 76, 152, 304, and 608 for the resolutions l8,
l9, l10, and l11, respectively. Figure 2a demonstrates
that the l9 mesh already produces accurate results in
the bubble radius, as further increase of the resolu-
tion does not lead to significant changes. Figures 2b
and 2c illustrate the 3rd and 4th modes, respectively.

In the figures, clear convergence is visible. Us-
ing the l10 mesh, the desired 3rd mode oscillation
forms with an amplitude of a3 ≈ 0.3 µm, while the
4th mode dampens to a4 ≈ 0.05 µm. For comparison,
the ROM predicts a3 = 0.297 µm and a4 = 0.023 µm.
Based on these results, a mesh resolution of Nbubble ≈

300 is used for all subsequent ALPACA simulations.

3.2. Effect of pressure amplitude
The effect of increasing pressure amplitude is ex-

amined for a bubble with an initial radius of R0 =

47.5 µm excited by a frequency of f = 30 kHz
acoustic standing wave at various pressure ampli-
tudes in ALPACA. According to the ROM, the bub-
ble remains spherical when the pressure amplitude
pA is below 19 kPa. For pressure amplitudes exceed-
ing 39 kPa, unstable surface mode oscillations occur
(an → ∞), potentially leading to bubble breakup. In
the intermediate range, 19 kPa < pA < 39 kPa, stable
2nd and 3rd mode oscillations develop. The radius–
time curves in Figure 3 depict the radial dynamics in
selected ALPACA simulations, showing remarkable
agreement between the ALPACA simulations (red
line) and the ROM predictions (black dashed line).
The mode amplitude–time curves are presented for
the same ALPACA simulation in Figure 4. The for-
mation of stable surface mode oscillations takes hun-
dreds of acoustic periods in the ROM; thus, it cannot
be compared directly with ALPACA. The following
observations can be made:

1. For a low pressure amplitude (pA = 10 kPa) the
initial perturbation in the modes damps down as
illustrated in Figure 4a. The bubble is consid-
ered spherically stable in that case. This point
falls below the spherical stability limit, aligning
with the ROM results.

2. For pressure amplitudes pA = 32 kPa and pA =

36 kPa, there is an initial large 3rd mode oscil-
lation observed during the first few acoustic cy-
cles as depicted in Fig. 4b. However, this damp-
ens down and a stable 2nd mode oscillation re-
mains. The ROM predicts a dominant 2nd mode
for pA = 32 kPa, and a dominant 3rd mode for
pA = 36 kPa that differs from ALPACA results
as depicted in Fig. 4c.

3. For a high pressure amplitude (pA = 42 kPa),
the initial perturbation grows, leading to bubble
breakup at 0.072 ms. This breakup event is in-
dicated by a vertical dashed line in Figs. 3d and
4d. For this particular parameter combination
the ROM predicts diverging mode amplitudes
(an → ∞).
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Figure 3. Radius over time for a R0 = 47.5µm
bubble excited with f = 30 kHz ultrasound.
(black dashed: ROM)
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Figure 4. Mode amplitudes over time for a R0 =

47.5µm bubble excited with f = 30 kHz ultra-
sound.
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The results indicate that the ALPACA simula-
tions and the ROM predict similar spherical stabil-
ity and breakup limits. Based on the simulations,
the spherical stability limit in ALPACA is between
10 kPa < pA < 25 kPa, compared to pA = 19 kPa
in the ROM. Similarly, the breakup limit in AL-
PACA lies between 36 kPa < pA < 42 kPa, while
the ROM predicts diverging mode amplitudes above
pA = 39 kPa. That indicates that diverging mode am-
plitudes in ROM can be a sign of bubble breakup.

1

(a) f = 30 kHz

2
4

(b) f = 130 kHz

5

3

(c) f = 480 kHz

Figure 5. Parameter studies at various frequen-
cies, the background is colored based on the ROM
results, the dots show the ALPACA results. The
gray line indicates the limit of stability (in ROM).

3.3. Parameter studies

Three parameter studies were conducted using
the ROM. In each parameter study, the frequency was
held constant while the bubble radius and pressure
amplitude were adjusted in the ranges specified in
Table 1. The dominant mode (i.e., the mode with the
largest amplitude) was identified in each case. If the
dominant mode amplitude does not reach ân = 0.001,
then the bubble is considered spherically stable.

Table 1. Parameters used in the studies
Frequency f 30 kHz/130 kHz/480 kHz

Equiv. radius RE 0 µm . . . 80 µm
Pressure ampl. pA 0 kPa . . . 150 kPa

The dominant modes are plotted in the (R, pA)
plane for the f = 30 kHz, 130 kHz and 480 kHz cases
in Figures 5a, 5b and 5c, respectively. The various
colors correspond to the different modes, as indi-
cated in the legend. The gray line shows the limit
of spherical stability, below which the bubble is con-
sidered spherical according to the ROM. Above the
spherical stability line, where there is no color in the
plot the bubble undergoes breakup. ALPACA sim-
ulations were carried out for selected cases, marked
by dots based on the dominant mode amplitude. Be-
low the spherical stability limit, as determined by the
ROM (gray line), the bubbles in ALPACA also ex-
hibit spherical stability. Slightly above the stability
limit, the surface mode oscillations remain small and
cannot be seen in the ALPACA simulations. For in-
stance, in Fig. 5a in point marked by 1, the modes
amplitudes are so small that they cannot be resolved
by ALPACA with the given mesh resolution.

The stable surface mode oscillations generally
show good agreement between the ROM and the AL-
PACA simulations. However, there are some cases
where discrepancies occur, particularly for higher
surface modes, as exemplified in Fig. 5b in point 2,
and Fig. 5c in point 3. Additionally, cases with high
surface mode amplitudes above the validity limit of
ROM can also exhibit differences, such as â2 > 0.3 in
Fig. 5b in point 4. It is important to note that bubble
breakup consistently occurs above the region of sta-
ble surface oscillations. However, there are instances
where the bubble does not break up, although pre-
dicted by the ROM (e.g., Fig. 5c point 5). This can
be attributed to the validity limit, as it assumes small
perturbations in the surface and may not accurately
capture the behavior in cases with significant surface
perturbations.

Out of the 62 ALPACA simulations, 54 of them
(87%), qualitatively align with the ROM predictions.
The simulation results are summarized in Tables 2, 3
and 4 in the Appendix. Based on these observations,
it can be concluded that the spherical stability limit
and the stable surface mode oscillations are accu-
rately predicted by the reduced order model, as long
as the validity limit of the ROM is not exceeded. The
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approximated validity limit of the model is between
0.25 < ân < 0.37 [17]. Furthermore, the ALPACA
simulations verify that diverging mode amplitudes in
ROM can indicate bubble breakup in some cases.

4. CONCLUSION
This study presents a comprehensive compari-

son of the ALPACA and ROM models for predict-
ing surface oscillations and bubble breakup in oscil-
lating microbubbles. The results demonstrate a high
level of agreement between the two approaches, with
ALPACA and ROM predictions aligning in 87% of
cases. The ALPACA simulations achieved accurate
results using a bubble resolution of Nbubble ≈ 300.
Deviations between the models were observed pri-
marily in scenarios where the surface mode oscilla-
tions were small, and could not be resolved in AL-
PACA with the applied resolution, or when the di-
mensionless mode amplitudes exceeded the validity
limit of the ROM.

In conclusion, the two models predict similar
spherical stability and breakup limits, highlighting
their reliability for simulating bubble dynamics. The
results demonstrate that diverging mode amplitudes
in ROM can effectively indicate bubble breakup,
even when these amplitudes exceed its validity limit.
This finding means that ROM could be a computa-
tionally effective method to identify bubble breakup,
although flow simulations with ALPACA provide
more details for capturing high-amplitude surface
mode oscillations and bubble breakup. Together,
these models offer complementary insights into the
stability and breakup phenomena of oscillating mi-
crobubbles.
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APPENDIX A
Tables 2, 3 and 4 contain all the ALPACA sim-

ulation parameters and the identified dominant mode
in ALPACA and the ROM.

Table 2. Comparison at f = 30 kHz

R/µm pA/kPa Dominant mode
ALPACA

Dominant mode
ROM

47.5 10 none none
47.5 25 2 2
47.5 32 2 2
47.5 36 2 3
47.5 42 breakup breakup
47.5 60 breakup breakup
75 25 3 3
75 25 breakup breakup

57.5 10 none none
57.5 16 none 4
57.5 21 4 4
57.5 23.5 4 4
57.5 30 breakup breakup
23 62 3 3
23 75 breakup breakup
30 10 none none
30 10 none none
30 10 none none
30 10 4 breakup
30 10 breakup breakup
30 10 breakup breakup

Table 3. Comparison at f = 130 kHz
R/µm pA/kPa ALPACA ROM
17.5 15 none none
17.5 25 none none
17.5 40 2 2
17.5 55 2 3
17.5 60 2 3
17.5 70 breakup breakup
27 5 3 3
27 10 breakup breakup
27 15 breakup breakup
45 26 none none
20 30 2 2
29 12.5 3 3
35 18.5 4 4

42.5 25 none 5
42.5 30 5 5
45 33 5 5
10 60 none none
60 30 none none

Table 4. Comparison at f = 480 kHz
R/µm pA/kPa ALPACA ROM
17.5 80 none none
17.5 94 5 5
17.5 98 5 5
17.5 120 5 5
17.5 140 5 5
18.6 120 none 5
20 120 none none
22 120 none none

10.5 50 3 3
10.5 80 3 break
7.5 15 2 2
12.6 60 none none
13.4 60 4 break
14.1 60 4 2
15 60 none none
3 140 none none
3 140 4 4
30 10 none none
30 20 none none
30 40 none none
30 70 none none
30 100 none none
30 150 none none
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ABSTRACT  
Blood flow in a typical human aorta is 

considered by numerical simulations. Thrombi 
fragments (emboli) may reach the arteries leading 
blood to the brain. The flow in the aorta depends on 
the geometrical details and the temporal flow rate 
due to the cardiac output and the outflow from the 
branching arteries. Aortic flow is unsteady, swirling 
and may have a retrograde component during parts 
of the cardiac cycle. Retrograde flow may transport 
emboli into the branching arteries leading to the 
brain. Such a situation may occur also for particles, 
released late in diastole even when released in the 
descending aorta. The risk of stroke due to retrograde 
transport has also been observed clinically. Here, we 
simulate numerically the risk for emboli as a function 
of different heartbeat types. Particles with different 
properties were inserted, at different locations and at 
different time instants during the cardiac cycle. The 
motion of the particles and the forces acting on them 
may be used to assess risk for cerebral stroke. The 
temporal characteristic of the cardiac flow is an 
important stroke risk factor. It is shown that some 
clinical reports may underestimate the risk of stroke 
in thoracic aorta with small plaques (< 4 mm). 

Keywords: Cerebral embolus. CFD, LPT, 
Thoracic aorta, retrograde particle transport.  

NOMENCLATURE 
inlet  [-] The inlet plane 
FD,FL  [N] Forces acting on a particle 
FSaffman [N] Saffman lift force 
Fmass  [N] Added mass force 
CD  [-] Drag coefficient 
BC  [-] Brachiocephalic artery 
LC   [-] Left Carotid artery 
LS  [-] Left Subclavian artery 
Exit  [-] Portion of particles leaving  
Remain  [-] Portion of particle within the aorta 
IP1-IP4  [-] Injection Points (Figure 3). 
Rep  [-] Particle Reynolds number 

1. INTRODUCTION 
Stroke due to embolism may occur when a blood 

clot reaches a major artery supplying blood to the 
brain. The aortic arch has three major branches: the 
Brachiocephalic (BC) left Carotid (LC) and left 
subclavian (LS) arteries. All three arteries are major 
blood suppliers to the brain. Thus, blood clots from 
the heart, the ascending aorta, the aortic arch, or the 
proximal part of the descending aorta are all potential 
sources for ischemic stroke. Yet, it is not obvious 
whether a blood clot may enter BC, LC and LS at all. 
Atheroma in the proximal parts of the thoracic aorta, 
and in the aortic arch has often been observed in 
ischemic stroke patients when the atheroma diameter 
is larger than 4 mm [1].  

Further evidence for the relation between aortic 
atheroma and the risk for ischemic stroke has been 
accumulated over the past decades [3-10]. The 
observations presented in these references suggested 
that retrograde diastolic blood flow in the proximal 
descending aorta having larger plaques (> 4 mm) 
could be associated with brain embolism due to 
retrograde aortic flow. Such retrograde flows in the 
aortic arch and proximal descending aorta were 
observed and characterized several decades ago 
using ultrasound technique [10-11]. 

Geometrical details of the aortic arch branching 
play an important role in ischemic stroke. In general, 
it has been observed that the percentage of left-sided 
infarcts are more common. Elsaid et al [12] classified 
the branches of the aortic arch into three types. The 
main finding was that cardio emboli caused by atrial 
fibrillation tends to have left anterior cerebrovascular 
predilection. Similarly, Xu et al [13] studied the 
relationship between the different aortic arch types 
(i.e., geometrical shapes) and the location of large 
vessel occlusion (LVO) in cardioembolic stroke. It 
was found that the anatomical shape by itself is 
inadequate to determine the risk for ischemic stroke. 
In addition to the shape of the aorta, its mechanical 
properties (i.e. aortic wall stiffness) and the temporal 
behavior of the cardiac output affect the extent of 
flow reversal [14]. 
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The clots found in arteries vary considerably in 
shape and composition depending on the formation 
and degradation process that takes place naturally. 
In-vitro measurements of clots by Nahirnyak et al 
[15] reported the averaged clot density to be 1.08 103 
kg/m3 with an overall uncertainty in the density 
measurements of about 2%. Thrombi containing 
large volumes of fibrin have higher density, up to 
1300 kg/m3. The computation study by Choi et al 
[16], using the data of Nahirnyak et al [15] assumed 
thrombus size and density of 2-6 mm and 1080 
kg/m3, respectively. Pennati et al [17] and Neidlin et 
al [18] investigated numerically thrombectomy and 
endovascular mechanical recanalization, using 
thrombus density of 1300 kg/m3.  

The mechanism of clot transport depends both 
on the geometrical details of the thoracis aorta and 
the associated blood flow in it. The spatial and 
temporal details of the flow reveal the extent and 
variations of blood flow reversal. Fuchs et al [19-20] 
studied the volumetric extent of retrograde flow in 
the thoracic aorta for different cardiac flow rate 
profiles, concluding that details of the temporal 
behavior of cardiac flow profile impact on retrograde 
flow volume more than heart rate (HR) and cardiac 
output (CO). It was found that ratio of retrograde 
flow volume relative to the aortic volume depends on 
time and the character of the temporal variations in 
the cardiac cycle. Peak retrograde volume was 
reached at the local minimum of the volumetric flow. 
Peaks of wall shear-stress were observed at time 
instances when the time-derivative of the retrograde 
volume had (instantaneously) large temporal 
derivative. Rapid deceleration and elevated HR/CO 
were found to promote retrograde flow when 
expressed in terms of backflow volume relative to 
the total aortic volume. Although this measure may 
not directly reflect the potential of upstream 
thrombus transport, it raises the question of, and 
motivates investigating, the influence of retrograde 
flow dynamics on thrombus transport. The purpose 
of the current study was to assess the risks for 
ischemic embolus due to CO-pathology conditions, 
clot size and density, clot detachment location and 
instant during the cardiac cycle. The study is based 
on numerical flow simulations along with 
corresponding study of particle transport, depending 
on particle size, density, motion unsteadiness and 
local shear of the fluid.   

The main purpose of this paper was to expose the 
basic fluid mechanical driving mechanism 
responsible for transport processes in the thoracic 
aorta and that may lead to cerebral stroke. These 
aspects were assessed by tracking solid spherical 
particles released at some specific locations and at 
certain times of the cardiac cycles. The cardiac flow 
rate was kept constant (1 Hz), but the temporal flow-
rate distribution was changed such that the effects of 
deceleration and flow recovery on particle transport 

could be assessed. The modified cardiac output 
profiles are used to emulate heart arrhythmia. 

2. Methods 
The numerical simulations were carried out 

using a typical geometry of a generic human thoracic 
aorta (Swedish ethical approval Dnr 2017/258-31). 
The aortic walls were assumed to be rigid. The 
thoracic aorta has three major arteries, branching 
from the aortic arch (Figs 2-3.). These arteries lead 
blood to the upper parts of the body and to the brain. 
The flow distribution among the different branches 
may vary, depending on individual and 
instantaneous conditions. In the following 
simulations, the blood flow rate over the cardiac 
cycle was kept to 5 l/min. The temporal distribution 
into the inlet corresponded to the flow rate suggested 
by Benim et al [21]. The flow distribution among the 
four outlets was set to 15%, 7.5%, 7.5% and 70%, for 
BC, LC, LS and the exit from the proximal, thoracic 
part into its abdominal part of the aorta, respectively.   

The blood was assumed to be an incompressible, 
homogenous non-Newtonian liquid with constant 
density (1102 kg/m3). The non-Newtonian effect was 
accounted for through the Quemada model [22], 
which is based on the local red blood cell 
concentration and the shear-rate. In the following 
computations, only the strength of local shear-rate 
affects the local blood viscosity.  

The computational geometry was discretized on 
a sequence of grids. After evaluation of the accuracy 
on different grids (Fuchs et al [19-20]), a grid with 
about 6 million computation cells was used. Given 
the assumptions made on the blood and the 
geometrical set-up, the incompressible Navier-
Stokes equations were discretized on the final mesh. 
The equations were integrated in time over several 
cardiac cycles to eliminate initial condition effects.  

The computed results were used to assess 
particle transport from different locations and 
different particle properties. Particle transport was 
simulated in post-processing mode, repeating the 
final cardiac cycle several times (between 5 to 50 
cardiac cycles), depending on the injection mode and 
location. Commonly, one assumes that the main 
force acting on particles is the drag force. However, 
after estimating the effects of flow unsteadiness and 
the shear-rates found in the simulated cases, we used 
the contribution of different forces, when accounting 
for the motion of particles in the aorta. The particle 
equations are given in the section below. 

2.1 Particle tracking and forces 

Newton’s second law expresses the balance of 
forces acting on a solid spherical particle and its 
acceleration:  

𝐹௣  =  𝑚௣
ௗ௨೛

ௗ௧
=  𝐹஽  +  𝐹௣௥௘௦௦  +  𝐹௠௔௦௦ + FL (1) 

where Fp, is the force acting on the particle mp, 
and up are the mass and velocity of the particle; FD, 
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Fpress, Fmass and FL are the considered forces acting 
on the particle due to drag, pressure gradient, added 
(virtual) mass and lift, respectively. For a wide range 
of Reynolds numbers, the drag force, FD, can be 
expressed as: 

𝐹஽ =
1

2
𝐶஽

𝜋𝐷௣
ଶ

4
(𝑢௣ − 𝑢)ห𝑢௣ − 𝑢ห (2) 

 
where u and up are the local fluid and particle 

velocities, respectively. The drag is related to the 
relative velocity of the particle (u-up). The particle 
Reynolds number, Rep, is defined as Re=Dp |u-up|/, 
with  =m/f being the kinematic viscosity, p and f 
are the density of the particle and the carrier fluid, 
respectively. As the particle Reynolds number, Rep, 
is within the intermediate range (up to the order of 
50-100) for the cases considered here, the drag 
coefficient, CD was given by: 

𝐶஽ =   

ଶସ

ோ௘
  (𝑆𝑡𝑜𝑘𝑒𝑠 𝑓𝑙𝑜𝑤: 𝑅𝑒௣ < 1) 

ଶସ

ோ௘
(1 + 0.15𝑅𝑒଴.଺଼଻) 1 ≤ 𝑅𝑒௣ ≤ 10ଷ

      

    (3) 

The Fpress term is related to the pressure gradient 
in the fluid phase and the volume of the (spherical) 
particle. 

𝐹௣௥௘௦௦ =
1

6
𝜋𝐷௣

ଷ 𝛻𝑃 (4) 

The added mass force is due to the acceleration 
of the fluid, and for Stokes flow it equals to half of 
the particle mass times its acceleration: 

𝐹௠௔௦௦ =
1

12
𝜋𝐷௣

ଷ 𝜌௙  
𝑑𝑢௣

𝑑𝑡
 (5) 

The lift force is based on Saffman’s expression 
and hence it is denoted in the following by Fsaffman  (cf 
[23]). 

𝐹௦௔௙௙௠௔௡ = 𝐾𝜌௙𝐷௣
ଶ

−√𝜈

ඥ|𝛻 × 𝑢|
((𝛻 × 𝑢) × (−𝑢௣))    (6) 

This form of the lift force is valid for small 
particle Reynolds numbers (Rep) based on the local 
shear. 

When hitting the aortic wall the particles were 
assumed to be reflected without losses. 

3. COMPUTED CASES 
In the following we consider the effects of the 

dynamics of blood flow in a model of human thoracic 
aorta, and its effect on the transport of spherical 
particles. All cases are for a cardiac output of 5 l/min 
at a rate of 60 beat per minute (1 Hz). The aortic 
shape was fixed for the computed cases.  The 
following four different cases considered herein, 
differing from each other in terms of the temporal 
flow rate over the cardiac cycle: Case A stands for a 
common, periodic cardiac cycle. Case B is like case 
A, but with an abrupt termination of the late part of 
the systole, corresponding to a stop in blood pumping 
in the late part of systole. Case C is similar also to 

Case A bout with a 20% shorter diastole whereas 
Case D has a 20% longer diastole. Case B implies a 
fast deceleration of the flow, leading to strong 
adverse pressure in the aorta. The latter two cases are 
common to patients with cardiac arrythmia and may 
occur randomly or (less common) periodically. The 
four temporal volume flow rate vs time are depicted 
in Fig 1.  The blood pumped into the thoracic aorta 
leaves the vessel through four exits, as described 
above. 

 
Figure 1. The volumetric flow rate into the 

aorta. Case A (black marking), “base” case with 
60 beats/min and 5 l/min. The length of systole is 
roughly the same as the length of diastole.  Case B 
(red markings) is like Case A, but with an abrupt 
termination of systole, leading to the formation of 
a sudden pressure increase. Case C (blue 
marking) is the same as Case A but with a 20% 
shorter diastole and Case D (green marking) has 
20% longer diastole time.  

 
The thoracic aorta has a significant curvature in 

the section termed as the aortic “arch” and a further 
weaker tortuosity in direction out of the plane of the 
arch. The curvature of the aorta implies formation of 
secondary flow. Further curvature out of the plane of 
arch leads to the formation of vortices of different 
scales. Time-dependency of the flow adds to the 
geometrical effects in terms of formation of 
additional vorticity.  

 Fig 2. depicts the instantaneous rotation 
(curvature) and angular velocity of particles released 
from a spherical region in the distal part of the aortic 
arch. Note the strong variation of these parameters 
along the particle paths. This observation, along with 
the clinical observation as discussed in the 
introduction, motivated the simulations to assess the 
interactions between the cardiac flow and particles 
with different sizes and densities. 

The particles were released at four locations 
along the aorta (IP1 to IP4), as depicted in Fig 3. 
Particles injected into the aortic inlet were released 
continuously at the inlet plane. The number of 
particles leaving the four outlets increased until an 
asymptotic, final level was reached. These 
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simulations are useful to assess the accumulated 
impact of forces that the fluid exerts on the particles. 
A second mode, in which a given bolus of particles 
was released at certain instant of time within the 
cardiac cycle, was used to assess the risk for 
embolism from releasing particles at the different 
location at given time instance. 

The injected particles were tracked by 
integrating Eqs (1) to (6) in a post-processing mode. 
Particles could leave the computational domain 
through the four exits mentioned above (BC, LCC, 
LSC and Exit). The injected particles were followed 
over five cardiac cycles with integration time-step of 
1% of the cardiac cycle-time. The total integration 
time was long enough not to affect the total number 
of particles existing, the thoracic aorta segment 
under consideration. The accumulated number of 
particles leaving each exit plane relative to the 
number of injected particles was defined as the 
“Escape Rate” (ER). This criterion was used to 
reflect the risk for cerebral embolism.   

 
Figure 2. The instantaneous values of rotation 

and angular velocity on the particle paths. The 
particles were released from the spherical object 
downstream of the bifurcating arteries from the 
aortic arch. 

 

 
Figure 3. Particles were released at the 

marked locations (denoted by IP1 to IP4, 
respectively): The aortic inlet was used to inject 
particles continuously throughout the simulation 
at the inlet plane. The evolution of the number of 
particles leaving each outlet followed in time, over 
ten to fifty cardiac cycles. In all other cases 
particles were injected at the marked location 

only once at a given instant of time in the cardiac 
cycle (after long enough simulations to attain a 
periodic flow field). These particles were followed 
over fine cycles only to assess the portion of 
particle leaving the different arteries branching 
from the aortic arch.  

In the following we consider injection of 
particles particle injection into the aortic inlet (IP1), 
the arch (IP3) and the proximal descending aorta 
(IP4). The injected particles had the diameter of 2mm 
or 5mm and density of 1080 kg/l or 1200 kg/l, 
respectively. In each simulation, initial computation 
was carried out such that the effects of initial 
conditions were eliminated. 

Table 1. shows the number of particles leaving 
the four outlets, relative to the total number of 
injected particles (ER). Inlet injection was 
continuous (i.e. throughout the cardiac cycle), and 
the number of particles was accumulated over time 
until a balance between injection rate and ER is in 
balance. The Escape Rate in the table was computed 
by following particles injected at the entrance to the 
aorta and during 10 cardiac cycles. As noted, the 
particle size is more important than the particle 
density. We also note that the large number of the 
larger (5mm) particles as well as the large portion of 
remaining smaller particle left through the 
Brachiocephalic (BC) artery. 

The impact of the cardiac cycle on particle 
transport depends strongly on particle density and 
size. Irregular cardiac cycles (e.g. Cases C and D) 
lead to stronger transport of the 2mm particles 
through the aorta. The effect was much smaller for 
the 5mm particles. The risk for transport into the 
most distal (the left subclavian, LS) artery is almost 
twice as large for the irregular cardiac cases as 
compared to the periodic (Case A) cardiac rhythm. 

When assessing the risk for embolus transport 
into the arteries branching from the aortic arch, a 
single bolus of particles was injected for each 
particle type at certain instant of time. Table 2 shows 
the portion of particles leaving the aorta accumulated 
over five cardiac cycles. The table corresponds to an 
injection point at the aortic arch (IP3) and at 50% of 
the cardiac cycle (i.e. approximately the end of 
systole, IT=0.5). As noted, and as expected most 
particles leave the aorta in the streamwise direction. 
The risk for stroke is non-negligible for the larger (5 
mm) particles. A premature heartbeat (Case C) leads 
to elevated stroke risk also for the 2 mm particles. 
Particles released at other locations further 
downstream show similar behavior as shown in 
Table 2. Particles released further downstream in the 
ascending part of the aorta do not reach upstream, 
provided that the release instance takes place before 
mid-diastole. Fig. 4 depicts particle locations after 
five cardiac cycles, when the particles are released at 
the most distal location (IP4, shown in Fig. 3). Three 
different particle injection instances are shown: 
Release time at IT=0.25, 0.5 and 0.75 s (equals to 
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percentages of the time in the cardiac cycle). The 
particles are colored by the (Frobenius) norm of the 
stress tensor acting on the particle instantaneously.  

Early injection instants (i.e. during systole) lead 
to the advection of the particles downstream with 
low degree of retrograde flow that is inadequate to 
transport particles in the arteries of the aortic arch. 
Late injection times, such as the one shown in Fig. 4 
with IT= 0.75 s, leads to considerable retrograde 
flow. As the particles are injected during diastole, 
they are sucked upstream directly. During the next 
systolic phase (1< T <1.5 s) the particles are 
transported into all three branching arteries. 
Repeated simulations show that the highest 
probability for embolus is through the left subclavian 
(LS) artery. Indeed, the simulations do confirm 
clinical observation of higher stroke incident rate 
through the LC artery [12]. 

The stress acting on the particles may be large 
initially, depending on the relative velocity between 
the blood flow and the stationary thrombus. This 
stress determines also possible instant of 
fragmentation of the thrombus, and which is affected 
by the mechanical property of the thrombus. The 
norm of the stress acting on the particles increases 
over time and exceeds in all cases 1 N/m2. The 
impact of stress on the particles was not considered 
here and can be seen as be a limiting factor in the 
simulations herein.  

5. DISCUSSION 
The results may be divided primarily into the 

fluid-mechanical aspect and secondly on potential 
clinical impact. The results demonstrate that the 
transport of spherical, rigid particles depends not 
only the commonly assumed drag, but also the rate 
of flow deceleration during the cardiac cycle. The 
deceleration affects enters both into the added mass 
and the Saffman terms (Eqs (5) and (6)). The results 
clearly demonstrate the role of retrograde, near-wall 
flow to transport particles upstream in the thoracic 
aorta. The results also help in explaining the elevated 
embolus risk heart arrythmia with prolonged diastole 
followed by a normal systole. The clinical impact of 
this work implies that the physical properties and the 
embolus (i.e. density and diameter) along with the 
detachment location and instant during the cardiac 
cycle strongly affect the risk for stroke. The multiple 
factors leading to stroke make it practically difficult 
to use patient-specific data to predict the risk for 
stroke. 

The limitations of the study are due to the 
assumption made on the one-way coupling between 
the particles and the fluid. Further assumptions are 
made with respect to particle properties, solid aortic 
walls, particle-wall interaction and the limited 
variations in the imposed boundary conditions.  

 

6. CONCLUSIONS 
Detached thrombus fragments from the heart or 

the thoracis aorta was observed clinically as a 
potential risk for ischemic stroke (embolus). The 
simulations herein focus on the impact of particle 
size and diameter, release location and release instant 
of time in the cardiac cycle and not least irregularities 
in the cardiac cycle itself. The results indicate that 
the risk för stroke depends on all these parameters. 
Classification of stroke risk only by the aortic 
geometry as attempted clinically is inadequate, as the 
risk depends strongly also on the flow dynamics.  
The risk for stroke is very low for embolus released 
during systole and early diastole. Release in diastole 
implies risk for stroke with all four particle types. 
The results show that also smaller particles may lead 
to elevated stroke risk. This is in contrasts with 
clinical finings that the risk for stroke applies only 
for larger aortic atheroma with diameters larger than 
4 mm.  
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Table 1: Continuous injection of particles at the aorta inlet (IP1), after 10 cardiac cycles. The relative escape 
rate (ER) from the outlet planes of the thoracis aorta, expressed in percents. The 2 mm and 5 mm particles 
are shown in the upper and lower tables, respectively. The portion of injected particles that are found in the 
thoracic aorta after 10 cardiac cycle is denoted as “Remain”.  

 Case A Case B Case  C Case D 

 1080 1200 1080 1200 1080 1200 1080 1200 

Exit 37.4 36.6 37.0 36.3 44.1 43.3 43.3 42.6 

BC 9.5 10.2 9.7 10.4 8.9 9.7 10.3 11.2 

LC 6.3 6.7 5.7 6.4 5.0 5.4 5.8 6.0 

LS 5.1 5.9 6.8 7.2 4.8 5.4 6.7 7.4 

Remain 41.7 40.7 40.9 39.7 37.1 36.3 33.9 32.7 
 

 Case A Case B Case C Case D 

 1080 1200 1080 1200 1080 1200 1080 1200 

Exit 25.9 24.4 23.9 22.8 44.1 26.1 31.7 28.7 

BC 46.8 48.1 43.5 45.1 8.9 45.6 49.6 50.6 

LC 6.5 7.1 4.4 4.7 5.0 8.0 7.3 8.4 

LS 4.1 4.0 3.9 4.2 4.8 5.4 6.7 7.5 

Remain 16.8 16.4 24.2 23.3 37.1 15.0 4.7 4.7 
 

 
Table 2: Continuous injection of particles at the aortic arch (IP3), after five cardiac cycles. The relative 
escape rate (ER) from the outlet planes of the thoracis aorta, expressed in percents. The 2 mm and 5 mm 
particles are shown in the upper and lower tables, respectively. The portion of injected particles that are 
found in the thoracic aorta after 5 cardiac cycle is denoted as “Remain”.  

 Case A Case  B Case C Case D 

 1080 1200 1080 1200 1080 1200 1080 1200 

Exit 99.1 98.9 99.5 99.4 94.2 94.7 99.8 99.9 

BC 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

LC 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

LS 0.3 0.6 0.5 0.5 1.2 1.2 0.0 0.0 

Remain 0.5 0.6 0.1 0.1 4.6 4.1 0.1 0.1 
 

 Case A Case  B Case C Case D 

 1080 1200 1080 1200 1080 1200 1080 1200 

Exit 92.0 91.7 95.3 95.0 93.8 93.7 95.0 93.8 

BC 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

LC 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

LS 8.0 8.3 4.7 5.0 6.2 6.3 5.0 6.2 

Remain 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
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IT=0.25 

 
 T=0.50    T=0.75    T=1.00   T=1.50 
 
 
IT=0.50 

 

  T=0.50    T=0.75    T=1.00   T=1.50 

 

IT=0.75 

 
  T=0.50    T=0.75    T=1.00   T=1.50 
 

Figure 4. Injection of a single bolus of particles (Case A) at IP4, marked in left frame in the lowest row. 
There injection instants in the cardiac cycles are considered in the frames above: IT=0.25, 0.5 and 0.75 of 
the cardiac cycle, depicted in the three rows, respectively.  The instantaneous particle positions, at different 
cardiac times are shown for each of the cardiac cycle instances is in the horizontal frames. T=0.75, 1, 1.25 
and 1.5 stand for cardiac instant corresponding to about mid-diastole, end-diastole, peak- and end systole, 
respectively. Time T> 1, corresponds to the 2nd cardiac cycle. The injected particles were of density of 1080 
kg/l and diameter of 5 mm. The norm of stress acting on the particles is used to color the particles (the 
colormap is shown in the low-left frame).  Note (low-right frame) that particles that are injected in diastole 
are transported upstream into all three arteries that branch out from the aortic arch. Particles injected 
during systole do not end-up in the branching arteries. 
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ABSTRACT
Low-dimensional hemodynamic simulations of-

fer the advantage of modelling blood flow across
the entire vascular system simultaneously. This
approach enables the representation of large-scale
physiological processes, including the complete
cycle of oxygen transport within the vascular system.

In this cycle, inhaled oxygen diffuses from the
alveoli into the pulmonary capillaries. Oxygen-
ated blood is then transported via the pulmonary
veins to the left heart and subsequently distributed
through the systemic arteries. In the systemic capil-
laries, oxygen diffuses from the blood plasma into
the surrounding tissues. The resulting deoxygen-
ated blood is returned to the right heart through the
systemic veins and is then transported back to the
lungs via the pulmonary arteries. These processes in-
volve advection-driven blood transport between two
diffusion-driven stages: oxygen uptake in the lungs
and oxygen delivery to tissues. The heart sustains
this cycle by providing the necessary energy to main-
tain blood flow.

The primary objective of this study is to simu-
late these processes and replicate a realistic oxygen
transport cycle within the whole modeled vascular
system using the one- and zero-dimensional hemo-
dynamic solver, first_blood. Evaluation of the sim-
ulation results demonstrated that the model success-
fully reproduces realistic dynamics across the entire
vascular system.

Keywords: tissue oxygenation, oxygen uptake,
hemodynamics, one- and zero-dimensional simu-
lations

NOMENCLATURE
A Cross section [m2]
C Oxygen concentration

[
m3

m3

]

D Diffusion coefficient
[

m3

m3

]
Kmax -

[
m3(O2)

m3(plasma)·mmHg·s

]
Mmax Maximum consumption rate of oxygen[

m3(O2)
s·m3(plasma)

]
P Partial pressure [mmHg]
hc Wall thickness of capillary vessels [m]
j Index of the given division point [1]
n Number of division points [1]
t Time [s]
x Axial coordinate [m]
α Oxygen solubility

[
m3

mmHg·m3

]
κ Wall permeability

[
m3(O2)

mmHg·mm·s

]
ϕ Volume fraction [%]
τ Time constant of oxygen dissolution [s]
S
V Vessel surface area to volume

[
1
m

]
CRBC RBC concentration in blood

[
1

m3(plasma)

]
HB Haemoglobin [−]
HBO2 Haemoglobin saturation [%]
RBC Red blood cell [−]

Subscripts and Superscripts
a Alveoli
c Capillary
p Pulmonary
sat Saturation
t Tissue

1. INTRODUCTION
Studying biological processes through mathem-

atical modeling could become a cornerstone in un-
derstanding complex physiological phenomena in the
future. Hemodynamics, the dynamics of blood flow,
is a fundamental aspect of cardiovascular physiology,
directly influencing the delivery of nutrients and oxy-
gen to tissues.

The vascular system has many tasks, one of
which is the transport of O2 (oxygen), which is of
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prime importance. O2 is crucial for the body since
human cells need O2 to produce adenosine triphos-
phate, which can be used or stored as energy. In case
of inadequate blood supply, the body activates cer-
tain autoregulation processes to match the demand.
For realistic haemodynamic simulations, taking these
into account is inevitable.

The simulation of O2 transport is the first step
to simulate certain autoregulation processes, such as
the metabolic response. For that reason, this article
presents a mathematical model for the O2 transport.
The models include tissue O2 uptake at the systemic
capillaries and blood oxygenation at the pulmonary
capillaries. Modelling these two processes ensures
that the whole O2 transport cycle is adequately cap-
tured.

1.1. The vascular system model
Low-dimensional haemodynamic simulations

have the advantage of being computationally less
demanding, making it possible to simulate blood
flow in almost the entire vascular system simultan-
eously. This approach considers each large vessel as
an axisymmetric pipeline, which builds up a vascular
tree. Two equations describing the behavior of the
fluid, the mass and momentum balances, are solved.
The vessels are not rigid, so a material model con-
necting the transmural pressure and vessel deform-
ation is needed [1]. This adds a third independent
equation to the previous two. A detailed description
of the vascular model is presented in [2]. The three
independent equations are solved with the MacCor-
mack scheme and the method of characteristics with
the first_blood solver [3, 4].

1.2. Structure of the paper
The paper is structured as follows: After the

introduction, a model for transport simulation in
lumped models is presented. This is followed by
a description of a modified version of the tissue
oxygenation model from [5]. Before the results
are presented and discussed, the blood oxygenation
model is also introduced.

2. METHODS
2.1. Transport model for lumped models

For the vessels modelled in one dimension, the
transport equation is solved given by Eq. 1, where
C is a general transport variable. The effect of dif-
fusion is small compared to the advection, the min-
imum of the Péclet number is around PeO2

= vcLc
DO2
=

0.001[ m
s ]·0.00315[m]

1.65·10−9[ m2
s ]

≈ 1909[1], where vc is velocity of

the plasma in the capillaries [6], Lc is the length of a
capillary (the value is estimated) and DO2 is the diffu-
sion coefficient [5]. Red blood cells are much larger
than O2 molecules, and the effect of diffusion is even
smaller, so the diffusion along the vessel axis can be
neglected entirely.

The solver calculates the velocity field in every

timestep for all vessels; thus, the concentration val-
ues can also be determined. At the intersections
of the vessels there are nodes, the concentration is
determined by assuming perfect mixing, providing
boundary conditions. The concentration of the nodes
is calculated as the weighted average of concentra-
tions flowing toward the node, and the weights are
the volumetric flow rates.

∂C
∂t
= −v

∂C
∂x

(1)

Besides the vessels modelled in 1D, there are
also lumped models. For example, the peripherals
are modelling small vessels, veins and organs. The
structure of a peripheral model can be seen in Fig-
ure 1. The solver determines the volumetric flow
rate and pressure values for these zero-dimensional
models in each time step. Velocity and a spatial co-
ordinate are necessary to calculate the transport. The
next description briefly describes how these paramet-
ers are estimated for the 0D models.

• The time average of the volumetric flow rate
corresponding to the resistance at the given peri-
pheral model is calculated from a previous sim-
ulation for a cardiac cycle.

• Average velocity values corresponding to each
segment can be found in the literature [6]. Time
and spatial averages are needed in the simu-
lations for arterioles, capillaries, venules, and
veins. Table 1 presents the literature values con-
sidered in this work.

• The flow rate and the velocity determine the
cross-section area for each segment. This way,
in every time step with the previously calculated
volumetric flow rate, a realistic velocity value
can be obtained.

• Finally, the length is estimated for each seg-
ment; see Table 1 for the values. The venous
vessel lengths are assumed to be equal to the
length of the arterial path from the heart to the
considered periphery.

Figure 1. Peripheral models. Each compart-
ment (arterioles, capillaries, venulares and veins)
is modeled with an RLC circuit [7]. The left node
of the lumped model is connected to a 1D vessel
segment.

Providing that all segments at each periphery
have every necessary additional parameter (a cross-
section area and length), the transport of substances
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Table 1. Velocity and length values for each seg-
ment. * indicates that for each peripheral model,
the sum of the venous vessel lengths is uniquely
determined based on the arterial model. The ven-
ous vessel lengths are assumed to be equal to the
length of the arterial path from the heart to the
considered periphery.

v [ m
s ] L [m]

arterioles 0.02 0.0225
capillaries 0.001 0.00315
venules 0.033 0.00515
veins 0.133 *

can be simulated the same way as for the vessels
modelled in one dimension. The described transport
model is general, and an arbitrary number of trans-
port variables can be solved simultaneously.

2.2. Tissue oxygenation
The haemoglobin (HB) in red blood cells

(RBCs) is mainly responsible for oxygen delivery.
An HB molecule can bind a maximum of four O2
molecules reversibly. Hemoglobin saturation (HBsat)
indicates the percentage of bound O2 molecules rel-
ative to the maximum amount possible. If all HB
molecules are bound to four O2 molecules, the sat-
uration is 100%. O2 molecules stay attached to
the HB molecules because of a balance between the
partial pressure of O2, PO2,p, and the HB satura-
tion. This balance can be represented with a sigmoid
curve. The curve is obtained by fitting (with the least
squares method), while the data points are taken from
the relevant interval of PO2,p (40mmHg ≤ PO2,p ≤

95mmHg) from the literature, see Table 2. The func-
tion is given by Eq. 2,

HBO2 =
L

1 + e−k(PO2−m) + b (2)

where L = 1.251[−], k = 0.0676[1/mmHg], m =
17.71[mmHg] and b = −0.274[−], and the curve is
shown by Figure 2. The shape of the curve can be ex-
plained by the fact that the first O2 molecule bound to
an HB molecule changes the O2-affinity, making the
binding of the second and third O2 molecule easier
[8].

Table 2. Corresponding values of PO2 [mmHg]
and HBO2 [1] in normal physiological conditions
in the relevant interval (40mmHg ≤ PO2 ≤

95mmHg

PO2 40 50 60 70 80 95
HBO2 0.75 0.85 0.91 0.94 0.96 0.97

As RBC reaches the capillaries, the partial pres-
sure reduces; thus, the O2 disconnects from the HB
molecules and enters the blood plasma. Between
the plasma and the tissue, the main driving force
is the diffusion because the velocity of plasma is

Figure 2. Sigmoid curve fitted with least squares
method to data points are taken from Table 2.

≈ 0.5 − 1[ mm
s ] [6], leaving enough time for the O2

diffusion from the plasma to tissues through the ca-
pillary walls. Altogether, four transport equations
are solved to model this complicated phenomenon,
one for each: RBC, HBO2 , O2 concentration in the
plasma, and O2 concentration of the tissue. In larger
arteries, arterioles, venules, and veins, O2 absorption
is negligible; thus, Eq. 1 is solved for these parts of
the vascular model. However, handling the O2 diffu-
sion needs special source terms.

Capillaries can be found in the systemic peri-
pherals and also in the pulmonary circulation. First,
we discuss the former. The mathematical model de-
scribing the tissue oxygenation is based on the work
of Bing [5]. The following assumptions are applied
in the case of this model:

• O2 and RBC diffusion is neglected along the
vessel axis.

• The dissolution of O2 from HB to plasma is in-
stantaneous, i.e., Eq. 2 is updated each timestep.

• The inter-segment advection (e.g. arterioles-
venules) term is not considered. This means that
the partial pressure difference of O2 between the
segments does not inflict a change in O2 concen-
tration.

All following differential equations are advec-
tion transport ones with different source terms to
mimic certain biological or chemical effects. The
parameters and their values are in Table 3. The first
is for the O2 concentration in the capillaries, Cc, that
is
∂Cc

∂t
= − v

∂Cc

∂x︸︷︷︸
advection

−
κc
hc

S c

Vc

(Cc

αb
−

Ct

αt

)
︸              ︷︷              ︸

diffusion from plasma to tissue

+

+
1
τ
∆HBO2 ·CRBC · NO2/RBC

M
NA · ρ︸                                     ︷︷                                     ︸

O2 dissolving from HB to plasma

(3)

The diffusion of O2 into tissue is driven by the par-
tial pressure difference of dissolved O2 between the
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Table 3. Parameters of tissue oxygenation model.
Literature provided an interval for each para-
meter, and the applied values fall within that
range [5]. The exceptions are ϕc and S c

Vc
, which

come from synthetic geometries suggesting differ-
ent values: ϕc = 1.42[%] and S c

Vc
= 6.1638 · 105[ 1

m ].
ϕt is then calculated as 1-ϕc.

Notation Unit Value
κc

m3

mmHg·mm·s 4.2 · 10−14

hc m 1.0 · 10−6

S c
Vc

1
m 4.74 · 105

αb
m3

mmHg·m3 3.11 · 10−5

αt
m3

mmHg·m3 3.95 · 10−5

τ s* 8.0 · 10−2

ϕc % 1.1303
ϕt % 98.8697
Mmax

m3

s·m3 2.4 · 10−4

C50
m3

mmHg·m3 109

NO2/RBC
1
1 2.6 · 10−5

M kg
mol 0.032

NA
1

mol 6 · 1023

ρ kg
m3 1.43

plasma and the tissue, expressed as PO2,p − PO2,t =
Cc
αb
−

Ct
αt

. The term κc
hc

S c
Vc

represents the rate of change
in Cc due to a unit difference in partial pressure.
Moreover, the last term models the dissolution of O2
to plasma from O2 bound to hemoglobin (HB) ac-
cording to the following considerations.

• At each timestep there is a given HBO2 and
Cc value. These are not necessarily in perfect
balance, i.e., the sigmoid relationship given by
Eq. 2 is not met. ∆HBO2 gives the difference
between the actual state and the sigmoid curve
with the current Cc.

• The difference dissolves into the plasma de-
scribed by the differential equation of a first-
order lag.

• The dissolved amount is also substracted from
the HBO2 to ensure mass balance.

Eq. (4 describes the O2 concentration of tissues.
The second term, corresponding to the O2 diffusion
from plasma to tissue, is the same as in Eq. (3, but
multiplied with ϕc

ϕt
(the ratio of capillary to tissue

volume) and with a different sign to ensure mass bal-
ance. The multiplication by ϕc

ϕt
is necessary since

the variables in the equations represent concentra-
tion, and the volumes of tissue and blood are differ-
ent.
∂Ct

∂t
=
κc
hc

S c

Vc

ϕc

ϕt

(Cc

αb
−

Ct

αt

)
︸                  ︷︷                  ︸

diffusion from plasma to tissue

−
MmaxCt

Ct +C50︸    ︷︷    ︸
O2 consumption

; (4)

The O2 consumption by tissue activity (see last term
in Eq. 4) is modelled by the Michaelis–Menten kin-
etics, where C50 is Ct at the half maximum consump-
tion rate [5], as this model is applied to describe nu-
trient uptake by cells [9].

The third equation describes the HBO2 saturation
level. The only source term is the dissolution of O2
from HB to plasma, same as in Eq. (3).

∂HBO2

∂t
= − v

∂HBO2

∂x︸    ︷︷    ︸
advection

−
1
τ
∆HBO2︸    ︷︷    ︸

O2 dissolving from HB to plasma

(5)

Finally, the last one tracks the flow of RBC cells. As
the amount of RBC cells remains constant on the low
time scale, no additional source terms exist.

∂CRBC

∂t
= − v

∂CRBC

∂x︸   ︷︷   ︸
advection

(6)

Figure 3. The transport of O2 in capillaries.

2.3. Blood oxygenation
Gas exchange in the pulmonary circulation oc-

curs with the help of alveoli, which are small air sacs
in the lungs that allow gases to enter the blood. The
difference between the partial pressure of O2 in the
alveoli and in the capillaries drives the diffusion of
O2. The partial pressure of O2 in the alveoli is about
PO2,a = 100[mmHg], with minimal fluctuations over
time [8]. The applied mathematical method is a
modification of the systemic capillaries. The main
difference being the direction of O2 diffusion, and,
since the fluctuations of the partial pressure of O2 in
the alveoli is low, it is assumed to be constant, so is
the tissue concentration. Overall, there is no need for
Eq. 4 in the pulmonary circulation, Eq. 5 and Eq. 6
are the same; however, the development in the source
term of the plasma concentration model is crucial to
cope the correct O2 diffusion.

∂Cp,c

∂t
= − v

∂Cp,c

∂x︸ ︷︷ ︸
advection

−Kmaxsin2
( jπ

n

)(Cp,c

αb
− PO2,a

)
︸                              ︷︷                              ︸

diffusion from alveoli to plasma

+

+
1
τ
∆HBO2 ·CRBC · NO2/RBC

M
NA · ρ︸                                     ︷︷                                     ︸

O2 dissolving from HB to plasma

, j ∈ {1; 2...n};

(7)
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The second term on the right hand-side of Eq. 7
describes the diffusion of O2 from the alveoli. Kmax is
a constant parameter representing the maximum con-
centration change caused by a unit partial pressure
difference in one second. The sin2 function models
the gradual change of the vessels rather than a sudden
shift, so there is no O2 diffusion in the start and end
of the pulmonary capillaries.

(Cp,c

αb
− PO2,a

)
is the par-

tial pressure difference driving the diffusion of O2.
Table 4 gives the parameters of Eq. 7.

Table 4. Notations used in Eq. 7 describing the
O2 uptake in the pulmonary capillaries.

Notation Dimension (value)
PO2,a mmHg 100
Kmax

m3

m3·mmHg·s 6.479 · 10−4

3. RESULTS AND DISCUSSION
Figure 4 represents the results of the O2 trans-

port simulation. Even though the simulation is transi-
ent, it converges to a periodic state. Since the fluctu-
ations of the concentration levels within the periodic
state are negligible, the figure contains temporal av-
erages. While the y-axis presents the saturation level
and the plasma O2 concentration for the top- and
bottom-side plot, respectively, the x-axis is a quasi-
spatial coordinate, i.e., the actual lengths are distor-
ted, giving each segment of the circulatory system
the same gap. The HBO2 saturation level (see top-
side) is high for the systemic arteries and the pulmon-
ary veins, while it is low for the systemic veins and
the pulmonary arteries. The simulation results in a
high level of around 97% and a low of 75%, which, as
the dashed lines indicate in the figure, match the lit-
erature data qualitatively. Similar conclusions can be
drawn from the bottom-side figure regarding plasma
O2 concentration. A slight discrepancy is present
for the high-oxygenated level, but the low level co-
incides perfectly. It is interesting to notice the trans-
ition from high to low level in both cases. While the
saturation level drops linearly, the plasma O2 concen-
tration shows exponential tendencies.

Even though the model results in physiologic-
ally relevant values, the validation can be only con-
sidered qualitatively. A significant uncertainty ori-
ginates from the parameters. Since the original para-
meters are from different sources, they are not ne-
cessarily free from contradictions. The cited article
specifically models the human brain, so the paramet-
ers determined are not necessarily valid for all body
parts. The adopted mathematical model used for the
synthetic geometries is given by [10], which focuses
solely on the cerebral microvasculature. Some para-
meters cannot be directly measured, and only estim-
ates can be applied. A patient-specific or even a
population-based model needs further in-vivo meas-
urements and calibration of the model. Finally, the
modelled biology itself might be more complex than

Figure 4. Simulation results of the O2 transport
cycle after the transient. The haemoglobin sat-
uration and plasma O2 concentration values are
physiologically correct at every location in the
vascular system.

the current model.

4. CONCLUSIONS
The paper presents a possible mathematical

method to model oxygen (O2) transport via blood
flow in the circulatory system. To obtain the classic
hydraulic variables (such as pressure or velocity), the
solution of the traditional mass and momentum bal-
ance equations and the deformable walls need to be
coped. The basis for predicting O2 concentration is
the advection-diffusion equation from fluid dynam-
ics. While diffusion along the vessel axis is negli-
gible due to the high Peclet number, diffusion drives
the exchange between the capillaries and tissues in
both systemic and pulmonary capillaries. The former
provides O2 for the tissues (such as organs or muscle)
using the O2 for their primary function; the latter is
responsible for the O2 intake to the bloodstream from
the lungs.

The presented model is validated qualitatively,
i.e., the results coincide with physiological ranges in
general. The O2 saturation level is above 95% after
the O2 intake in the lungs, i.e., the pulmonary veins,
the left side of the heart, and the systemic arteries.
The O2 consumption of the tissues at the systemic ca-
pillaries reduces O2 concentration to 75%. However,
patient-specific or population-based validation is in-
evitable in future work, which requires in-vivo meas-
urements performed on real patients. Furthermore,
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verification and a thorough uncertainty analysis are
necessary to improve the reliability of the model.

ACKNOWLEDGEMENTS
GEMINI has received funding from the

European Union’s Horizon 2020 research and
innovation programme under the grant agreement
No 101136438.

The research was supported by the János Bolyai
Research Scholarship (BO/00484/23/6) of the Hun-
garian Academy of Sciences and by the New Na-
tional Excellence Program of the Ministry for Cul-
ture and Innovation from the source of the National
Research (Wéber Richárd ÚNKP-22–5-BME-426).

Project no. TKP-6-6/PALY-2021 has been im-
plemented with the support provided by the Ministry
of Culture and Innovation of Hungary from the Na-
tional Research, Development and Innovation Fund,
financed under the TKP2021-EGA funding scheme.

REFERENCES
[1] Olufsen, M. S., 1999, “Structured tree

outflow condition for blood flow in lar-
ger systemic arteries”, American Journal
of Physiology-Heart and Circulatory
Physiology, Vol. 276 (1), pp. H257–H268,
URL https://www.physiology.org/doi/
10.1152/ajpheart.1999.276.1.H257.

[2] Wéber, R., Gyürki, D., and Paál, G., 2023,
“First blood: An efficient, hybrid one- and zero-
dimensional, modular hemodynamic solver”,
International Journal for Numerical Methods
in Biomedical Engineering, Vol. 39 (5), p.
e3701.

[3] Richárd, W., “git-
hub.com/weberrichard/first_blood.”, .

[4] Wéber, R., Viharos, M., Gyürki, D., and Paál,
G., 2024, “Improvement for the hemodynamic
solver, First Blood, using the MacCormack
scheme”, Biomechanica Hungarica.

[5] Bing, Y., Józsa, T. I., and Payne, S. J., 2024,
“Parameter quantification for oxygen transport
in the human brain”, Computer Methods and
Programs in Biomedicine, Vol. 257, p. 108433,
URL https://linkinghub.elsevier.
com/retrieve/pii/S0169260724004267.

[6] Nichols, W. W., O’Rourke, M. F., and Vlacho-
poulos, C., 2011, McDonald’s blood flow in
arteries: theoretical, experimental and clin-
ical principles, Hodder Arnold, London, 6th ed
edn., ISBN 978-0-340-98501-4.

[7] Liang, F., Takagi, S., Himeno, R., and
Liu, H., 2009, “Biomechanical characteriz-
ation of ventricular–arterial coupling during
aging: A multi-scale model study”, Journal

of Biomechanics, Vol. 42 (6), pp. 692–
704, URL https://linkinghub.elsevier.
com/retrieve/pii/S0021929009000268.

[8] Fonyó Attila, Ligeti Erzsébet, Kollai Márk, and
Szűcs Géza, 2008, Az orvosi élettan tankönyve,
Medicina, Budapest, 4., átdolg., bőv. kiad edn.,
ISBN 978-963-226-126-3, oCLC: 909502283.

[9] Wong, J., Simmons, C., and Young, E.,
2017, “Modeling and Measurement of
Biomolecular Transport and Sensing in
Microfluidic Cell Culture and Analysis
Systems”, Modeling of Microscale Trans-
port in Biological Processes, Elsevier,
ISBN 978-0-12-804595-4, pp. 41–75, URL
https://linkinghub.elsevier.com/
retrieve/pii/B9780128045954000031.

[10] El-Bouri, W. K., and Payne, S. J., 2015,
“Multi-scale homogenization of blood
flow in 3-dimensional human cerebral
microvascular networks”, Journal of The-
oretical Biology, Vol. 380, pp. 40–47, URL
https://linkinghub.elsevier.com/
retrieve/pii/S0022519315002398.

6
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors

https://www.physiology.org/doi/10.1152/ajpheart.1999.276.1.H257
https://www.physiology.org/doi/10.1152/ajpheart.1999.276.1.H257
https://linkinghub.elsevier.com/retrieve/pii/S0169260724004267
https://linkinghub.elsevier.com/retrieve/pii/S0169260724004267
https://linkinghub.elsevier.com/retrieve/pii/S0021929009000268
https://linkinghub.elsevier.com/retrieve/pii/S0021929009000268
https://linkinghub.elsevier.com/retrieve/pii/B9780128045954000031
https://linkinghub.elsevier.com/retrieve/pii/B9780128045954000031
https://linkinghub.elsevier.com/retrieve/pii/S0022519315002398
https://linkinghub.elsevier.com/retrieve/pii/S0022519315002398


Conference on Modelling Fluid Flow (CMFF’25)
The 19th International Conference on Fluid Flow Technologies

Budapest, Hungary, August 26-August 29, 2025

Modelling the metabolic and myogenic control in human blood
circulation

Richárd WÉBER1, Márta VIHAROS2, György PAÁL3

1 Department of Hydrodynamic Systems, Faculty of Mechanical Engineering, Budapest University of Technology and Economics. H-1111
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ABSTRACT
Hemodynamics, the study of blood flow dy-

namics, is a fundamental aspect of cardiovascular
physiology, governing the delivery of oxygen and
nutrients to tissues. A critical mechanism, ensuring
stable blood flow under varying conditions, such as
changes in blood pressure, is autoregulation. The
myogenic response, a cornerstone of autoregulation,
involves the contraction of arterioles in response to
increased intravascular pressure, thereby stabilizing
blood flow. Similarly, metabolic responses regulate
vascular tone in accordance with the metabolic de-
mands of tissues, ensuring an adequate supply of
oxygen [1].

This study introduces refined mathematical mod-
els of regulatory mechanisms, implemented within
a one- and zero-dimensional hemodynamics solver,
first_blood[2]. The simulation mimics the body’s
response to changes by considering the peripheral
resistances varying. Simulation results are system-
atically evaluated against established physiological
knowledge. The findings demonstrate that the sim-
ulations can reproduce the behaviour of the control
mechanisms. Specifically, the myogenic and meta-
bolic response models yielded qualitatively accurate
results. Future work will focus on validation with
clinical in-vivo measurement data.

Keywords: metabolic control, myogenic control,
haemodynamics, one- and zero-dimensional sim-
ulations

NOMENCLATURE
C Oxygen concentration

[
m3

m3

]
G Static gain [1]
R Vascular resistance

[
m3

m3

]
M Maximum oxygen consumption rate[

m3(O2)
s·m3(plasma)

]

a Inner vessel radius [m]
b Outer vessel radius [m]
c A constant parameter [m2]
f Parameter of a sigmoid curve

[
1

Pa

]
or
[

m3

m3

]
k A constant parameter [1]
u A constant parameter [1]
p Pressure [Pa]
t Time [s]
x Independent variable of a sigmoid curve

[Pa] or [s]
σθ Circumferential wall tension [Pa]

Subscripts and Superscripts
fact Scaling factor
max Maximal value
met Metabolic
min Minimal value
myo Myogenic

1. INTRODUCTION
The human circulatory system is responsible for

transporting viable nutritions, ions, oxygen, etc. to
the tissues. Maintaining blood flow and pressure is
inevitable to keep the body functional. Although the
complexity of blood flow regulation is high, model-
ling of such phenomena might help in understand-
ing the fundamental operations, in decision-making
or diagnose. Besides physiological and hormonal
effects, three major control mechanisms influence
blood pressure: myogenic, metabolic and neural.
While the neural one uses baroreceptors from vari-
ous locations of the arterial network controlling the
heart, the former two are local mechanisms effecting
only the diameter of arterioles.

In suboptimal conditions (e.g., low blood pres-
sure or low tissue O2 (oxygen) levels), the system at-
tempts to correct this through regulation mechanisms
that control the amount of blood flowing through the
capillaries. Local regulation consists of two main
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phenomena: myogenic and metabolic mechanisms
that operate indepedently. The former responds to
changes in blood pressure, while the latter responds
to changes in the chemical composition [1], from
which, the study focuses on the O2 level. This work
aims to capture the known and accepted characterist-
ics of these processes. It also applies the O2 transport
modelling, that is also presented at this conference,
titled "Modelling the transport of oxygen in the hu-
man vascular system".

Arteries are responsible for delivering oxygen-
ated blood to organs and tissues. These vessels vary
in diameter and length, with each type serving a dif-
ferent purpose. Smaller arterial vessels include ar-
terioles, terminal arterioles, and capillaries, with dia-
meters of 20-200 µm, 8-20 µm, and 4-7 µm, respect-
ively. Larger arteries have relatively low vascular res-
istance, contributing about 10% to the total vascular
resistance, while small arteries and arterioles contrib-
ute 50-55%, capillaries 30-35%, and the rest comes
from venules and veins [3].

When considering autoregulation, the brain of-
ten comes to mind first, as it is one of the most vital
organs in the body. The blood supply to the intracra-
nial system is therefore a high priority, with a numer-
ical value around 50−60 ml

min 100 g , around 20% of the
cardiac output when the body is at rest [4]. Cerebral
autoregulation can be seen as the body’s attempt to
maintain this value under various conditions. Phys-
icians often use the mean arterial pressure - cereb-
ral blood flow (MAP-CBF) diagram to represent this
phenomenon.

According to the original theoretical cerebral
autoregulation curve, for a MAP value between 60
and 150 mmHg (the lower and upper limit of autore-
gulation), CBF remains almost constant as shown by
Figure 1. This theory was described by Lassen in
1959. The classic autoregulation curve was later re-
jected. The updated autoregulation curve has a sim-
ilar shape, but its width is different. Recent studies
suggest that the plateau is much narrower, around
5 − 10 mmHg. It is also unclear whether the autore-
gulation curve is symmetric, as the brain might re-
spond better to an increase in MAP than to a de-
crease. Obtaining the real curve is challenging, as
measuring CBF has its own difficulties. Two com-
mon methods, Doppler ultrasound and magnetic res-
onance imaging, both have considerable measure-
ment uncertainties [4], [5].

1.1. The myogenic response
The myogenic response is observed in arterioles

that supply blood to the brain and heart, among other
organs. It works as follows: when blood pressure in-
creases, the vessel wall initially expands. If the pres-
sure remains constant, the vessel then contracts, of-
ten to a diameter smaller than its original size [6].
This contraction increases blood flow velocity and
decreases pressure. The vascular resistance of ves-
sels depends heavily on their diameter (R ∼ 1

d4 ), so

Figure 1. The original CBF-MAP curve.

by adjusting the diameter based on pressure, the body
can regulate blood flow distribution to tissues and ca-
pillary pressure. Increased and maintained pressure
in resistance arteries and arterioles causes these ves-
sels to contract, a phenomenon known as the myo-
genic response. The steady-state response of these
vessels is called myogenic tone. These mechanisms
contribute to the autoregulation of blood flow in the
brain, heart, skeletal muscles, and other organs [6].

Despite their importance, not all aspects of these
biological functions are fully understood due to their
complexity. Processes involving G-protein coupled
receptors and ion channels, among others, play a role
in the development of myogenic tone and response.
The goal of mathematical modelling is not to en-
compass the entire process but focuses on establish-
ing a direct relationship between pressure and peri-
pheral resistance based on documented observations
by physicians [6]. Mathematical models for myo-
genic autoregulation already exists in the literature
[7], [8].

1.2. The metabolic response
Cells use Adenosine triphosphate (ATP) as a

source of energy. ATP is typically produced through
either oxidative phosphorylation or glycolysis, with
the body preferring the former, which requires O2.
For this reason the body is in continuous need for
O2. O2 demand can change for various reasons, in-
cluding the onset of exercise. If the O2 supply is in-
sufficient, meaning that it does not match the need of
the tissues, adenosine is produced. Adenosine, along
with other substances produced as metabolic waste,
causes vasodilation. Therefore, if the O2 concentra-
tion is lower than needed, the vessels dilate, reducing
their vascular resistance and allowing a larger blood
flow to the tissue, increasing the O2 supply. Literat-
ure suggests that the surface area responsible for O2
diffusion also increases during exercise, increasing
the amount of O2 that can diffuse from the plasma to
the tissues. This process results in a balance between
the new level of O2 demand and supply [1] [3].

The paper presents a comprehensive approach to
simulate myogenic and metabolic blood flow regula-
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tion, integrating insights from both literature research
and mathematical modeling. The main objective of
this work is to develop first_blood, a zero- and one-
dimensional hemodynamic solver [2]. Researches
regarding the control mechanisms could have real-
world impact on medical research and clinical prac-
tice in the future. By advancing our ability to sim-
ulate these processes, it may pave the way for bet-
ter diagnostic methods, targeted therapies, and new
treatments for vascular disorders. The results of the
simulations are thoroughly evaluated and discussed
in the context of existing knowledge. The findings
suggest that the simulations can mimic the behavior
of the control mechanisms discussed, the myogenic
and metabolic response models provide qualitatively
correct results.

2. METHODS

2.1. Classic hemodynamic model

The model consists of large vessels modeled as
axisymmetric tubes in one dimension (1D), which
build up a vascular tree. The geometrical parameters
(for example, diameter and length values) are taken
from [9]. The vessels are elastic, and the relation-
ship between the vessel deformation and the pres-
sure described by a nonlinear function [10]. This,
in addition to two fluid mechanics equations (the
one dimensional mass and momentum equations) are
solved with the method of characteristics and the
MacCormack scheme [11]. Some parts of the car-
diovascular system are modelled in zero dimension
(0D) using electrical elements, e.g. resistors, induct-
ors, capacitors, diodes and elastances. The smal-
ler vessels (arterioles, capillaries and venules) and
the veins are modelled using lumped models also,
each compartment is taken into account with an RLC
circuit at each periphery [12, 13]. The equations
are solved the in-house hemodynamic solver, called
first_blood [2].

2.2. Modeling the myogenic response

Figure 2. Peripheral models. Each compart-
ment (arterioles, capillaries, venulares and veins)
is modeled with an RLC circuit [12].

The simulation models the behavior of arterioles
by considering the parameters of the peripheral mod-
els varying. For example, resistances vary with geo-
metry, i.e., a smaller diameter results in higher res-
istance. In this context, the goal is to establish a re-
lationship between peripheral resistances and pres-
sure, since the myogenic response reacts to changes
in blood pressure. First, an idealized relationship

between pressure and peripheral resistance is given,
based on a few assumptions:

• The arterioles are modeled as thick-walled
tubes, since the ratio of the inner radius and the
wall thickness is around 3

4 [14].

• Since the Poisson coefficient of the vessel walls
is close to 0.5 [2], it is an acceptable approxim-
ation to consider it incompressible.

• The shortening of the vessels as a response to
increased pressure is neglected. Combining this
with incompressible wall means constant area
for the annulus.

• Theoretically the vessels response to stretch,
trying to maintain constant circumferential wall
tension despite changes in pressure [1]. We as-
sume that the body strives to keep the circumfer-
ential wall tension constant at the inner diameter
of the vessel.

• The pressure outside the arterioles is atmo-
spheric.

The circumferential wall tension for a thick
walled-tube can be written as:

σθ(u) =
pa2

b2 − a2

(
1 +

b2

u2

)
, (1)

where a and b are the inner and outer radius of the
tube, p is the internal pressure and u is the radial co-
ordinate (a ≤ u ≤ b). The third assumption above
can be written in mathematical form:

(r + h)2 − r2 = c, (2)

where c is a constant parameter, h is the wall thick-
ness and r is the inner radius of the annulus. h can be
determined as a function of r as h = −r ±

√
r2 + c

from Eq. (2). Since h, r and c are all positive,
h = −r +

√
r2 + c.

From the fourth assumption Eq. (1) should be
evaluated at u = r. The inner radius of the tube is
naturally a = r. We obtain:

σθ,0 =
pr2

b2 − r2

(
1 +

b2

r2

)
, (3)

where σθ,0 is constant. Substituting b = r + h and
h = −r +

√
r2 + c to Eq. (3) we get:

σθ,0 = p
(
1 +

2r2

c

)
. (4)

As previously mentioned a relationship between the
peripheral resistances (R) and the pressure is needed,
making the peripheral parametes time-dependent.
The resistances are inversely proportional to r4, so
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R =

(
σθ,0

p − 1
)−2

k
. (5)

Note that k is a constant parameter. After dividing
both sides with the nominal resistance we obtain:

R f act =

(
σθ,0

p − 1
)−2

k∗
, (6)

where k∗ is also a constant parameter, and R f act is
a scaling factor of the nominal resistance. To de-
termine the two constants (σθ,0 and k∗) two equations
are needed. σθ,0 can be calculated by substituting
b = r + h to Eq. (3), rearranging and using the first
assumption ( h

r ≈
4
3 if p = pre f ).

σθ,0 = p
(
1 +

2
2 h

r + ( h
r )2

)
=

29
20

pre f (7)

This provides a value for σθ,0, since pre f is a given
parameter from the reference model. k∗ can be calcu-
lated by substituting the value of σθ,0 to Eq. (6), since
R f act is 1 if p = pre f . This gives k∗ =

( 29
20 − 1

)−2
=

400
81 [1]. At this stage the theoretical idealised curve is

given with all it’s parameters and constants.
In reality the vessels can not expand or contract

without limitations, meaning that function given by
Eq. (6) is not realistic. Instead, we assume that the
system aims to follow the derived curve but fails.
A more realistic sigmoidal connection is assumed
between the pressure and the scaling factor of R:

R f act =
Rmax + Rmine− f ·xmyo

1 + e− f ·xmyo
, (8)

Eq. (6) and Eq. (8) are obviously really differ-
ent functions. So the next step is to determine the
parameters (Rmax, Rmin and f ) of the sigmoid curve
considering the derived curve given by Eq. (6). The
applied method sets the parameters so that Eq. (8) ap-
proximates the saturation values at roughly the same
points as Eq. (6).

For the slope fitting we have to give the value of
f . By matching the derivatives of Eq. (8) and Eq. (6)

at pre f we get: f = 8
Rmax−Rmin

σθ,0
p2

re f k∗

(
σθ,0
pre f
− 1
)−3

.

Since the vascular resistance is a function of the
diameter, the saturation values can be given with
the normalized diameters obtained from [15]. With
satmax = 1.773 and satmin = 0.772, Rmin and Rmax
can be determined as:

Rmin =

satmin, if xmyo < 0
2 − satmax, otherwise.

(9)

Rmax =

2 − satmin, if xmyo > 0
satmax, otherwise.

(10)

xmyo, the independent variable of the myogenic con-

Figure 3. The theoretical curve given by 6 and the
more resalistic sigmoidal curve.

trol can be calculated from p with a low-pass filter.
The differential equation for the filter is [7],

τmyo
dxmyo

dt
= −xmyo +Gmyo

(
p̄ − pre f

)
(11)

Gmyo = 0.9 is the static gain, τmyo = 40s is the time
constant of the low-pass filter, p̄ is the time-average
of the last cardiac cycle and pre f is the reference pres-
sure. For each periphery pre f is determined as the
time average of the arteriolar pressure of the last car-
diac cycle from a previous simulation (without any
autoregulation). The simulation can calculate the
scaling factor of resistances (R f act) from the refer-
ence and the actual pressure with the given model.
The arteriolar resistances are given for the next time
step.

2.3. Modeling the metabolic control
Similar to the myogenic control, a sigmoidal

connection between tissue O2 level and the peri-
pheral resistances is assumed. The saturation levels
of the sigmoid curve are the same as for the myo-
genic control since the same vessels are responsible
for these mechanisms and there is no information in
the literature to suggest otherwise according to the
author’s knowledge. Similarly to the modelling of
the myogenic response, the base simulation without
any regulation mechanisms is used as the reference.
Based on Eq. (8), the time dependent peripheral res-
istances can be determined as

R f act =
Rmax + Rmine− fmet ·xmet

1 + e− fmet ·xmet
(12)

where fmet is scaled, so that the relative central slope
is the same as in Eq. (8). The independent variable of
the metabolic control (xmet) is calculate from Ct with
a low-pass filter:

τmet
dxmet

dt
= −xmet +Gmet

(
C̄t − C̄t,re f

)
(13)

Gmet = 0.9 is the static gain, τmet = 40s is the time
constant of the low-pass filter and C̄t is the time av-
erage of Ct in the last cardiac cycle. For each peri-
phery C̄t,re f is calculated as the time average of the
tissue O2 concentration of the last cardiac cycle from
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a previous simulation (without any autoregulation).

3. RESULTS AND DISCUSSION
3.1. Results of the myogenic response

Figure Figure (4) shows the simulated CBF-
MAP curves with and without the myogenic response
for the cerebral peripheries (the myogenic response
for other peripheries were turned off for all simula-
tions). The MAP values where modified by chan-
ging the miniumun of the elastance function of the
left ventricle in the heart model that mimics the con-
traction of the heart. MAP was calculated as the
time-average of the aortic pressure, CBF (the time-
averaged volumetric flow rate of blood through the
arteries supplying the intracranial system) is relative
to the simulation computed with the base model.

A third-degree polynomial was fitted to the data
points in both cases, since this type of function is re-
commended by physicians to describe autoregulation
[16]. As expected, the myogenic response makes the
CBF-MAP curve flatter over a certain range. How-
ever, the simulated curve is not as flat as the the-
oretical CBF-MAP curve, which is usually depicted
with a more horizontal plateau. The simulation suc-
cessfully mimics the body’s behavior, meaning it at-
tempts to maintain constant blood flow under varying
conditions.

The myogenic mechanism responds to changes
in blood pressure, but the body has multiple mech-
anisms that regulate blood pressure, e.g., the barore-
flex. This means that the CBF-MAP curve observed
by physicians is influenced by numerous factors [17].
Without accounting for these other processes, the
simulated CBF-MAP curve cannot match the one
measured in humans. It is also impossible to measure
the effect of only the myogenic response in humans,
since the other responses cannot be turned on or off
independently.

Moreover, there are fairly different CBF-MAP
curves found in the literature. The uncertanities of
the CBF measurement methods (for example mag-
netic resonance imaging and transcranial Doppler ul-
trasound) are high [5], meaning that, achieving ac-
curate numerical data is challenging, and the meas-
urement error accumulates to the MAP-CBF curve.
Since the model gives qualitatively correct results
the model is found to be acceptable. In-vivo meas-
urements could give the opportunity to calibrate the
model to a for a population stochastically, or even a
patient-specific level.

3.2. Results of the metabolic response
The metabolic response can be observed when

an organ’s O2 demand increases, such as during ex-
ercise. The body responds by dilating resistance
vessels, which increases blood flow to the organ.
The increased O2 demand can be modeled by chan-
ging the O2 consumption term in the equations. To
test whether the metabolic response model accur-
ately mimics the body’s behavior, four simulations

Figure 4. Evaluated CBF-MAP curves of the
simulations. The myogenic response is only ap-
plied for the cerebral peripherals. The MAP val-
ues are modified by changing the miniumun of
the elastance function of the left ventricle in the
heart model that mimics the contraction of the
heart. MAP is calculated as the time-average of
the aortic pressure, CBF is relative to the simula-
tion computed with the base model.

are computed. First, regulation is turned off, and all
model parameters are set to their default values. In
the second scenario, regulation is turned on, but the
parameters remain the same. In the third scenario,
the maximum oxygen consumption rate is doubled,
but the metabolic response is turned off. In the fourth
scenario is still doubled, but this time, the metabolic
response is turned on. Overall every scenario is con-
sidered with the metabolic response and the modelled
exercise.

The results of these simulations are shown in
Figure (5). In the first two scenarios, the tissue
O2 concentration, the tissue oxygenation stabilizes
at the same level, as expected. However, when O2
consumption increases (in the third scenario), the tis-
sue oxygenation decreases. When the metabolic re-
sponse is activated (in the fourth scenario), the oxy-
genation increases and stabilizes between the values
from the first two and the third scenarios. These res-
ults are consistent with expectations. The increased
metabolic demand is regulated by increasing the dia-
meters of the arterioles; thus, the blood flow is in-
creased. The elevated blood flow tries to compensate
the increased demand of O2 in the tissues.

The model gives qualitatively accurate simu-
lation results. The limitation of the study is the
available in-vivo measurements. Performing in-vivo
measurement on real patients requires both physi-
cians with ethical approval, and expensive measure-
ment setup. Moreover, the available measurement
scenarios are highly limited, only certain variables
can be measured directly, and only at certain loca-
tions. However, the main objective of future research
is to collaborate with physicians and to obtain in-vivo
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measurement data. Such data gives the opportunity
to calibrate the model population- or even patient-
wise.

Figure 5. Evaluated CBF-MAP curves of the sim-
ulations. The myogenic response was only applied
for the cerebral peripherals. The MAP values
where modified by changing the minimun of the
elastance function of the left ventricle in the heart
model that mimics the contraction of the heart.
MAP was calculated as the time-average of the
aortic pressure, CBF is relative to the simulation
computed with the base model.

3.3. Conclusion

The study presented a possible way to model two
cardiovascular system control mechanisms, the myo-
genic and the metabolic response. Although both
work locally, the myogenic response aims to ensure
the constant circumferential shear stress, and to keep
the blood flow constant and protect the vessels from
overpressure. Traditional fluid and solid mechanical
considerations determine a theoretical function for
the pressure - peripheral resistance; however, lower
and upper diameter boundaries limit the deformation
keeping the physiological relevance. The metabolic
response maintain the oxygen saturation level high
ensuring the proper function of tissues and organs.
The applied mathematical model builds on the same
foundations as the myogenic one.

The simulation results suits the physiological
relevance and gives qualitatively correct values. The
myogenic model mimics the autoregulation, i.e., lim-
its the effect of increased mean arterial pressure to
the cerebral blood flow keeping the nutrient supply
high despite changing physiological state. Analysing
the metabolic response, by creating simulation scen-
arios with mimicking exercise by an increased oxy-
gen demand could prove the qualitative relevance of
the model. The results clearly set the direction for
further research: in-vivo measurement can increase
the validity of the models.
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ABSTRACT 
Melt blowing is an industrial process used to 

design various products across different fields like 
surgical masks, filtration devices, diapers or 
electronic devices. The process consists in 
attenuating a fibre of adhesive using gases at a high 
velocity. Achieving optimal fibre attenuation is of 
paramount importance to get a convenient industrial 
application that meets quality requirements. The 
dynamics of this process is investigated by 
implementing a multiphase mathematical model that 
employs the Volume of Fluid (VOF) method. Three-
dimensional multiphase simulations are conducted to 
gain insights into the influence of operating 
parameters on the fibre dynamics and attenuation. 
The simulation replicates the interaction between 
compressible air and the fluid fibre, which is treated 
as a non-Newtonian fluid with a temperature-
dependent viscosity following a Cross-Arrhenius 
law. Attenuation results are compared with 
experimental measures and observations. By 
conducting multiphase simulations leveraging the 
capabilities of the VOF model, valuable insights into 
the dynamics and the physical properties of the fibres 
is obtained, contributing to the optimization of the 
melt blowing process in various industrial 
applications. 

Keywords : Melt blowing, Volume of Fluid 
(VOF), Non-Newtonian fluids, Computational 
Fluid Dynamics (CFD), Holt-melt adhesive, 
Turbulence damping  

NOMENCLATURE 
A [𝑚𝑚−1] interfacial area density 
B [-] turbulence damping factor 
𝑐𝑐𝑝𝑝 [𝐽𝐽. 𝑘𝑘𝑘𝑘−1.𝐾𝐾−1] specific heat at a constant 

pressure 
𝑐𝑐𝑣𝑣 [𝐽𝐽. 𝑘𝑘𝑘𝑘−1.𝐾𝐾−1] specific heat at a constant 

volume 

D [m] fibre diameter 
𝐷𝐷0 [m] fibre diameter at the first 
measurement point (i.e. Z = 0.53 mm) 
𝑑𝑑𝑑𝑑  [m] cell to face distance vector 
𝐸𝐸𝑎𝑎 [J/mol] activation energy of the fluid 
𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶 [N/𝑚𝑚3] surface tension force 
𝑔𝑔  [𝑚𝑚. 𝑠𝑠−2] gravitational acceleration vector 
k [J/kg] turbulent kinetic energy 
l [m] turbulent length scale 
𝑀𝑀𝑓𝑓          [kg]        mass of fibre present in the domain 
𝑚̇𝑚  [kg/s] mass flow rate 
m’ [-] dimensionless flow rate ratio 
𝑛𝑛  [-] surface normal vector 
N [-] power-law index 
p [Pa] pressure field 
𝑅𝑅  [𝐽𝐽.𝐾𝐾−1.𝑚𝑚𝑚𝑚𝑚𝑚−1] gas constant 
𝑆𝑆𝜔𝜔,𝑖𝑖   [𝑚𝑚2/𝑠𝑠4] turbulence damping source term 
𝑡𝑡 [s] flow time 
𝑇𝑇 [K] temperature field 
𝑇𝑇𝑅𝑅 [K] Cross-Arrhenius model reference 
temperature 
T’ [-] dimensionless temperature ratio 
𝑢𝑢  [m/s] velocity vector 
𝛼𝛼  [-] volume fraction 
𝛽𝛽  [-] turbulence damping destruction 
term 
𝛾̇𝛾 [𝑠𝑠−1] shear rate  
𝛿𝛿𝑠𝑠  [-] dirac distribution concentrated at 
the interface 
∆𝑛𝑛  [m] grid size 
∆𝑡𝑡  [s] time step size 
𝜗𝜗 [-] slope limiter value 
𝜅𝜅  [𝑊𝑊.𝑚𝑚−1.𝐾𝐾−1] thermal conductivity 
𝜆𝜆  [s] Cross-law relaxation time 
𝜇𝜇  [Pa.s] dynamic viscosity 
𝜇𝜇0  [Pa.s] zero-shear viscosity 
𝜇𝜇𝑡𝑡  [Pa.s] turbulent viscosity 
𝜌𝜌  [kg/𝑚𝑚3] density 
𝜎𝜎 [N/m] surface tension coefficient 
𝜑𝜑 [-] flow variable 
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𝜑𝜑�   [-] flow variable mean value 
𝜑𝜑′  [-] flow variable fluctuating part 
𝜒𝜒 [𝑚𝑚−1] local curvature at the interface 
𝜔𝜔 [𝑚𝑚2/𝑠𝑠3] turbulent specific rate dissipation  
 
Subscripts and Superscripts 
𝑎𝑎 air phase 
𝑎𝑎𝑎𝑎𝑎𝑎 ambient 
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 Coarsest grid 
𝑓𝑓 fibre fluid phase 
𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 grid face 
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 Finest grid 
𝑖𝑖 𝑖𝑖 phase 
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 Medium grid 
𝑚𝑚𝑚𝑚𝑚𝑚  minimum value 
𝑡𝑡            turbulent 
𝑍𝑍 = 𝑍𝑍𝑘𝑘  𝑍𝑍𝑘𝑘 = (7 𝑚𝑚𝑚𝑚, 12 𝑚𝑚𝑚𝑚) 

1. INTRODUCTION 
The melt blowing process involves the extrusion 

of a polymer called fibre through a nozzle, where 
convergent air jets attenuate the polymer to create 
non-woven textiles with reduced adhesive usage. 
This process has been widely studied since its 
creation in the 1950s [1] to enhance its efficiency, 
improve product quality, and reduce energy 
consumption. This industrial process enables the 
production of  high-filtration devices [2], that can be 
masks, diapers or disposable hygiene products in 
general. One of the main issues encountered in the 
melt-blowing process is the lack of reproducibility, 
by not being able to fully control the fibre pattern 
uniformity along the process. Defects like undesired 
breakups, shot formation and fibre vibrations tend to 
affect the fibre pattern, potentially leading to 
imperfections in the final application or altering the 
filtration functionalities of the product.  

Although experimental setups composed of 
high-speed cameras, halogen lamps and diffuser 
glasses can capture all these phenomena [3], 
measuring the diameters and temperatures of the 
fibres is a challenging and costly process. Therefore, 
numerical methods techniques need to be explored to 
set up the process without having to perform these 
experiments. Computational fluid dynamics (CFD) 
simulations have been performed to study the airflow 
in the melt blowing process, focusing on different 
nozzle geometries and employing three-dimensional 
turbulent steady-state analyses. Single phase models 
of the airflow have been implemented to study the 
impact of different nozzle configurations on 
turbulence levels and air recirculation, two 
phenomena that might lead to the splitting of the 
fibre flow [4] [5]. Nonetheless, such models do not 
consider the presence of the fibre. A solution is to 
couple a one-dimensional model of the fibre flow 
with the airflow. This is done by incorporating drag 
and heat transfer exchange source terms to the 
momentum and heat transfer equations of the fibre 
flow using the fundamental equations of the melt-

spinning process [6]. The source term coefficients 
might need adjustments to validate the melt-blowing 
process experimental results [7] [8] [9]. 
Nevertheless, these models do not take into account 
the fibre motion and its implications on the 
surrounding airflow. Multiphase models can be 
contemplated as an alternative to capture the 
complex physical coupling between the air and the 
fibre [10]. The computational resources required and 
the challenges associated with an accurate modelling 
of the multiphase nature of the process should be 
considered though, as the fluid properties are 
complex and the need for adequate spatial and 
temporal discretisation can result in significant time 
restrictions [11]. One of the most known models used 
in gas-liquid simulations is the Euler-Euler model, in 
applications that involve atomisation in particular. In 
such model, both phases are treated as 
interpenetrating continuum. This is particularly 
useful when breakups and bubble formation are 
expected, as in spray modelling [12], [13]. A similar 
approach has been employed to model the interaction 
between a gas and solid particles [14], [15], [16].  
Other approaches combine the Euler-Euler model 
with the VOF model, the latter being primarily used 
to track the interface between two immiscible 
phases. Such hybrid methodology consists in using 
the Euler-Euler model to capture dispersed flow 
phenomena while the VOF model is used to model 
the internal gas-liquid flow [17], [18]. 
Nonetheless, implementing the VOF model without 
coupling it with the Euler-Euler model proved to be 
sufficient for investigating jet-instability and droplet 
formation in atomisation[19]. 

The model presented in this study employs the 
VOF model to track the interaction between the fibre 
and the airflow in a multi-hole nozzle structure used 
in the melt-blowing process. Such methodology has 
already been employed in swirl die structures [20]. 
Valuable information can be obtained on the flow 
thermophysical properties, the fibre dynamics and 
the fibre pattern by simulating under various 
operating conditions without having to conduct 
challenging and expensive experiments. The present 
work shows how CFD can be used as a decision 
support tool to optimise the configuration of complex 
manufacturing processes. Two different cases are 
compared to investigate the influence of the air-
polymer flow rate on fibre pattern and fibre 
dynamics. The fibre attenuation and motion 
frequencies are analysed and compared with 
experimental results. 

2. GOVERNING EQUATIONS 
The VOF model is employed to track the 

interface between two immiscible fluids here, which 
are the air, modelled as an ideal gas and the polymer 
fibre fluid. The volume fraction 𝛼𝛼 is calculated in a 
control volume to determine the presence of the 
primary (air) and secondary (polymer fibre fluid) 
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phases. When α=1, the control volume is full of 
adhesive, while when α=0, the control volume is full 
of air. The VOF model is governed by a set of 
equations that include the mass, momentum and 
energy conservation and the transport of the volume 
fraction: 
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑑𝑑𝑑𝑑𝑑𝑑 (𝜌𝜌𝑢𝑢) = 0 (1) 

 
𝐷𝐷(𝜌𝜌𝑢𝑢)
𝐷𝐷𝐷𝐷 = −∇𝑝𝑝 + 𝑑𝑑𝑑𝑑𝑑𝑑 �𝜇𝜇∇𝑢𝑢 + 𝜇𝜇�∇𝑢𝑢�𝑇𝑇�

+ 𝜎𝜎𝜎𝜎𝛿𝛿𝑠𝑠𝑛𝑛 + 𝜌𝜌𝑔𝑔 
(2) 

 
 

𝐷𝐷(𝜌𝜌𝜌𝜌)
𝐷𝐷𝐷𝐷

− 𝑑𝑑𝑑𝑑𝑑𝑑(𝜅𝜅∇𝑇𝑇) + 𝑑𝑑𝑑𝑑𝑑𝑑�𝑢𝑢𝑝𝑝� +
𝐷𝐷�𝜌𝜌�0.5�𝑢𝑢�2��

𝐷𝐷𝐷𝐷
( 𝛼𝛼
𝑐𝑐𝑣𝑣,𝑓𝑓

+ 1−𝛼𝛼
𝑐𝑐𝑣𝑣,𝑎𝑎

) = 0  
(3) 

 
 

𝐷𝐷(𝜌𝜌𝜌𝜌)
𝐷𝐷𝐷𝐷 = 0 (4) 

 
 

𝜌𝜌 = 𝛼𝛼𝜌𝜌𝑓𝑓 + (1 − 𝛼𝛼)𝜌𝜌𝑎𝑎 (5) 
 
 

𝜇𝜇 = 𝛼𝛼𝜇𝜇𝑓𝑓 + (1 − 𝛼𝛼)𝜇𝜇𝑎𝑎 (6) 
 
 

𝜅𝜅 =  𝛼𝛼𝜅𝜅𝑓𝑓 + (1 − 𝛼𝛼)𝜅𝜅𝑎𝑎 (7) 
 
with 𝑢𝑢 being the velocity vector, 𝜒𝜒 the local 
curvature at the interface, 𝛿𝛿𝑠𝑠 the dirac distribution 
concentrated on the interface, 𝜎𝜎 the surface tension 
coefficient, 𝜌𝜌𝑓𝑓 the fibre fluid density, 𝜌𝜌𝑎𝑎 the air 
density, 𝜇𝜇𝑓𝑓 the fibre fluid viscosity, 𝜇𝜇𝑎𝑎 the air 
viscosity, 𝑐𝑐𝑣𝑣,𝑓𝑓 the fibre fluid specific heat, 𝑐𝑐𝑣𝑣,𝑎𝑎 the air 
specific heat, 𝜅𝜅𝑓𝑓 the fibre fluid conductivity and 𝜅𝜅𝑎𝑎 
the air conductivity. 𝑛𝑛 represents the surface normal. 
Its expression is 𝑛𝑛 = ∇𝛼𝛼. Capillary effects are taken 
into account in this study. The Continuum Surface 
Force (CSF) model [21] is used to model the surface 
tension effect between the air and adhesive phases. 
A constant surface tension coefficient value of 𝜎𝜎 =
0.03 𝑁𝑁/𝑚𝑚 is used in this study. The surface tension 
force 𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶 is calculated using the following 
formulation: 
 

𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶 = 𝜎𝜎𝜒𝜒∇𝛼𝛼 (8) 
 
where 𝜎𝜎 is the surface tension coefficient, and ∇𝛼𝛼 
denotes the gradient of the volume fraction (𝛼𝛼) 
across the interface between the air and adhesive 
phases. 
As for turbulence modelling, the RANS (Reynolds 
Averaged Navier Stokes) equations of the continuity, 
momentum and heat transfer are solved. A flow 

variable 𝜑𝜑(𝑋𝑋, 𝑡𝑡) is split into two terms: a mean value 
𝜑𝜑�  and a fluctuating part 𝜑𝜑′: 
 

𝜑𝜑(𝑋𝑋, 𝑡𝑡) = 𝜑𝜑�(𝑋𝑋, 𝑡𝑡) + 𝜑𝜑′(𝑋𝑋, 𝑡𝑡) (9) 
 
The turbulence models that are based on that 
Boussinesq hypothesis express the turbulent 
viscosity 𝜇𝜇𝑡𝑡 as a function of 𝑘𝑘, the turbulent kinetic 
energy and length scale 𝑙𝑙: 

𝜇𝜇𝑡𝑡 = 𝜌𝜌𝜌𝜌√𝑘𝑘 (10) 
 
where k is defined as: 

𝑘𝑘 =
1
2 u′ ∙ u′������� (11) 

 
The k-ω SST model [22] is the turbulence model 
chosen, as it turns out to be more able to solve flows 
with strong adverse pressure gradient and flow 
separation, as it is the case of dual rectangular jets 
melt-blowing die flows [23]. A turbulence damping 
source term 𝑆𝑆𝜔𝜔,𝑖𝑖 is introduced in the ω equation [24] 
to dampen the turbulence near the interface to avoid 
inaccurate results caused by non-physical velocity 
jumps.  

𝑆𝑆𝜔𝜔,𝑖𝑖 = 𝐴𝐴∆𝑛𝑛𝑛𝑛𝜌𝜌𝑖𝑖(𝐵𝐵
6𝜇𝜇𝑖𝑖

𝛽𝛽𝜌𝜌𝑖𝑖∆𝑛𝑛2
)2 (12) 

 
Where 𝐴𝐴 = 2.0 𝛼𝛼𝑖𝑖|∇𝛼𝛼𝑖𝑖|, 𝛼𝛼𝑖𝑖 being the phase 𝑖𝑖 volume 
fraction, ∆𝑛𝑛 represents the grid size; 𝛽𝛽 = 0.075 the 
destruction term; 𝜌𝜌𝑖𝑖 the density of the phase 𝑖𝑖; 𝜇𝜇𝑖𝑖 the 
viscosity of the phase 𝑖𝑖 and 𝐵𝐵 the damping factor. A 
damping factor of 10 has been selected, with the 
intention to not completely eliminate all the 
turbulence at the interface, but rather to capture the 
behaviour of the multiphase flow avoiding the 
introduction of numerical instability. 

3. FLUID RHEOLOGY AND 
THERMOPHYSICAL PROPERTIES 

The fibre fluid is modelled as a temperature-
dependent non-Newtonian fluid. To capture the data 
of the measurements obtained from a parallel plate 
viscometer at different temperatures (Figure 1), the 
Cross-Arrhenius model is employed: 
 

𝜇𝜇𝑓𝑓 = 𝑒𝑒
𝐸𝐸𝑎𝑎
𝑅𝑅 (1𝑇𝑇−

1
𝑇𝑇𝑅𝑅

) 𝜇𝜇0
1 + (𝜆𝜆𝛾̇𝛾)𝑁𝑁 (13) 

 
where 𝜇𝜇0 is the zero shear viscosity, 𝜆𝜆 the relaxation 
time, 𝛾̇𝛾 the shear rate and 𝑁𝑁 the power-law index. 𝐸𝐸𝑎𝑎

𝑅𝑅
 

is the activation energy of the polymer divided by the 
ideal gas constant and 𝑇𝑇𝑅𝑅 is the reference 
temperature. For this fluid, 𝑇𝑇𝑅𝑅 = 150 º𝐶𝐶 =
423.15 𝐾𝐾 and 𝐸𝐸𝑎𝑎

𝑅𝑅
= 6843.83 𝐾𝐾. The values of the 

cross law parameters are 𝜇𝜇0 = 2,4 𝑃𝑃𝑃𝑃. 𝑠𝑠, 𝜆𝜆 = 0.2 𝑚𝑚𝑚𝑚 
and 𝑁𝑁 = 0.85. 
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Figure 1. Evolution of the dynamic viscosity 

𝝁𝝁𝒇𝒇 as a function of the shear rate 𝜸̇𝜸 at different 
temperatures 

The air employed to attenuate the fibre follows 
the ideal gas law. The other thermophysical 
properties (specific heat, density, thermal 
conductivity, surface tension) are maintained 
constant for both the air and the fibre fluid.  

4. FLOW DOMAIN AND 
DISCRETISATION 

4.1. The boundary conditions and the 
flow domain mesh 

The flow domain is shown in Figure 2. The three 
entry ducts are the nozzle components. The central 
duct contains the fibre fluid, and the other ones air, 
with a hydraulic diameter of 0.52 mm. 

 
Figure 2. The fluid flow domain boundary 
conditions with the three entry ducts 

The flow domain has been meshed by 
parametrising the number of division and node 
distribution at each edge. The structured mesh 
(Figure 3) is composed of 4 millions of hexahedral 
cells, with an average orthogonal quality of 0.99 and 
a mean aspect ratio of 7.29. To capture accurately 
volumetric fraction gradients at the interface 
between the air and the adhesive, an adaptive mesh 
refinement method is employed (see the cut view in 
Figure 3 for the interface where such method is 
employed). This approach allows for finer resolution 
without overly increasing the number of cells.  
 

 
Figure 3. The fluid flow domain mesh 

isometric view with the cut view showing the 
mesh interface refinement 

4.2. Spatial and temporal discretisation 
The governing equations of the flow are 

discretised using the finite volume method (FVM) 
and solved using Ansys® Fluent 2020 R1. Second-
order accurate schemes are employed, and the 
PRESTO! (pressure staggering option) scheme is 
used for the discretisation of the pressure equation. 
The gradients are computed using the least squares 
cell based method and the discretised equations are 
solved in a coupled manner. As the explicit 
formulation is employed for the discretisation of the 
volume fraction equation, the first-order implicit 
method is used to perform the temporal 
discretisation.  

4.3. Interface capturing method 
To capture the interface between the air and the 

adhesive, the compressive scheme [25] is employed. 
This scheme is based on a slope limiter that is used 
to handle sharp changes in the solution domain. 
 

𝛼𝛼𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝛼𝛼𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + 𝜗𝜗∇𝛼𝛼𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ∙ 𝑑𝑑𝑑𝑑 (14) 
 
where 𝛼𝛼𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  is the value of the volume fraction of the 
face; 𝜗𝜗 is the slope limiter value, 𝛼𝛼𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  is the value 
of the volume fraction of the donor cell and 𝑑𝑑𝑑𝑑 is the 
cell to face distance. 

5. RESULTS AND DISCUSSION 
In this section, the results obtained from the 

multiphase model, using the same configuration as in 
two experiments previously conducted by Formoso 
et al. [26], are presented. The experimental 
measurements for the two cases considered (EXP A3 
and EXP A5) revealed different results in terms of 
fibre patterns and motion frequencies, as the 
combination of air-polymer flow rate (𝑚𝑚′ = 𝑚𝑚𝑎𝑎̇

𝑚𝑚𝑓𝑓̇
) is 

doubled from EXP A3 to EXP A5 while the 
temperature ratio (𝑇𝑇′ = 𝑇𝑇𝑎𝑎−𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎

𝑇𝑇𝑓𝑓−𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎
) is the same. The 

air-polymer flow rate ratio influence proved to be 
predominant over that of the temperature ratio, 
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therefore the study focuses on the effect of the air-
polymer flow rate ratio. The frequencies of the fibre 
oscillations and the attenuation of the fibre are key 
results, which determine whether if the experiment is 
within the limits of the operating conditions window. 
Otherwise, instabilities can appear and are likely to 
generate defects on the final product. The 
experimental results indicate that in both cases, no 
fibre breakup has been observed. However, the range 
of fibre motion frequencies differs significantly 
between EXP A3 and EXP A5. To validate the 
results, the experimental measures are compared 
with the fibre attenuation of the CFD results as well 
as the fibre movement in both the YZ and ZX plane. 
The frequencies obtained from such movement are 
assessed by studying the temporal evolution of the 
minimum Y-coordinate of the fibre.  

5.1. Grid convergence and time step 
size influence study 

A grid and time step size sensitivity analysis is 
performed by comparing three spatial resolutions 
and two temporal resolutions. The variations of the 
fibre diameter at two locations (Figure 4), as well as 
the total mass of fibre within the domain are 
analysed. A Richardson extrapolation is then 
conducted following the guidelines proposed by 
Celik [27]. The case considered for this study has an 
air-polymer flow rate 𝑚𝑚’ = 1.3 and a temperature 
ratio 𝑇𝑇’ = 1.52. 

 
Figure 4. The fibre in the ZX plane and the 

positions used to monitor the fibre dynamics 

The configurations of the three cases considered are 
presented in Table 1. The medium grid includes three 
levels of local refinement at the interface between the 
fibre and the surrounding air. This grid is compared 
against a coarser grid with two levels of refinement 
and a finer grid with four levels of refinement. For 
each grid, the simulation was run for the equivalent 
of two complete cycles of fibre dynamics (20.25 ms). 

Table 1. Grid characteristics 

Grid ∆𝑡𝑡 
Number of 
time steps 
simulated 

Coarse 
(3,800,000 cells) 2 μs 10250 

Medium 
(4,600,000 cells) 2 μs 10250 

Fine 
(9,800,000 cells) 1 μs 20500 

The grid convergence index (GCI) values obtained 
from the grid convergence test values (Table 2) 

proved to be accurate enough as the GCI values are 
all below 15% (Table 3). 

Table 2. Grid convergence test values 

 

 
Coarse 

grid 
 

 
Medium 

grid 
 

 
Fine grid 

 

𝑫𝑫�𝒁𝒁 =𝟕𝟕 𝒎𝒎𝒎𝒎 0.166±0.025 
mm 

0.179±0.025 
mm 

0.18±0.024 
mm 

𝑫𝑫�𝒁𝒁 =𝟏𝟏𝟏𝟏 𝒎𝒎𝒎𝒎 0.124±0.027 
mm 

0.135±0.025 
mm 

0.139±0.026 
mm 

𝑴𝑴�𝒇𝒇 1.454±0.03 
mg 

1.491±0.025 
mg 

1.492±0.025 
mg 

 

Table 3. Grid convergence index values 

 
 

𝑮𝑮𝑮𝑮𝑮𝑮𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 
 

 
𝑮𝑮𝑮𝑮𝑮𝑮𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴 

 
𝑮𝑮𝑮𝑮𝑮𝑮𝑭𝑭𝑭𝑭𝑭𝑭𝑭𝑭 

𝑫𝑫�𝒁𝒁 =𝟕𝟕 𝒎𝒎𝒎𝒎 9.84% 0.76% 0.058% 

𝑫𝑫�𝒁𝒁 =𝟏𝟏𝟏𝟏 𝒎𝒎𝒎𝒎 18.55% 8.77% 4.0% 

𝑴𝑴�𝒇𝒇 3.188% 0.09% 0.002% 

5.2. EXP A3 (m’=1.3; T’=1.52) 
As for EXP A3, the point at which the dynamics 

starts is located at Z=2 mm in both the YZ (Figure 5) 
and ZX (Figure 6) plane. The dynamics of the fibre 
in the YZ plane is stronger than in the ZX plane 
though, as wiggles can be noticed. Such dynamics is 
likely to create fibre patterns of a similar shape as 
those observed by Formoso et al. [26].  
 

 
Figure 5. EXP A3 fibre dynamics in the YZ 

plane 
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Figure 6. EXP A3 fibre dynamics in the ZX 

plane 

The mean fibre attenuation obtained from the 
CFD model (Figure 7) is in agreement with the 
experimental results, as the differences between both 
results are within a 10% margin. 

 
Figure 7. Mean fibre attenuation comparison 

between experimental and CFD results for EXP 
A3 

The frequencies obtained from the variations in 
the minimum Y-coordinate of the fibre at 𝑍𝑍 =
12 𝑚𝑚𝑚𝑚 (Figure 8) are consistent with the 
experimental data, displaying a range from 0.05 to 
0.8 kHz, with the most significant peak being located 
between 0.175 and 0.23 kHz (Figure 9). 

 
Figure 8. Spectrogram depicting the 

variations of the minimum Y-coordinate of the 
fibre at Z=12 mm for EXP A3 

 
Figure 9. Comparison between the 

frequencies obtained from experiments and CFD 
for EXP A3 

5.3. EXP A5 (m’=2.7; T’=1.52) 
As for EXP A5, where the dimensionless flow 

rate ratio is more than doubled that of EXP A3 by 
doubling the airflow rate 𝑚̇𝑚𝑎𝑎, the fibre dynamics is 
significantly impacted. Hence, the fibre motion is 
predominantly two-dimensional, as the motion is 
mainly noticeable in the YZ plane. 

Moreover, the amplitudes of the oscillations in 
the YZ plane are substantially steeper than in EXP 
A3 (Figure 10), with the highest amplitudes 
occurring near the starting point of the fibre 
oscillation (Z=2 mm). 

 

 
Figure 10. EXP A5 fibre dynamics in the YZ 

plane 

The change in airflow rate also influences the 
mean fibre attenuation values (Figure 11), which are 
observed to be lower than those in EXP A3. The 
values obtained from the CFD model are still in 
agreement with the experimental ones. 

 
Figure 11. Mean fibre attenuation 

comparison between experimental and CFD 
results for EXP A5 
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As for the fibre motion, the frequency range 
obtained from simulations is considerably broader 
than in EXP A3. Indeed, the frequencies (Figure 12) 
extend from 0.1 to 1.7 kHz, with a high-frequency 
bandwidth ranging from 0.3 to 0.7 kHz and the most 
significant peak located between 0.45 and 0.5 kHz 
(Figure 13). 

 
Figure 12. Spectrogram depicting the 

variations of the minimum Y-coordinate of the 
fibre at Z=12 mm for EXP A5 

 
Figure 13. Comparison between the 

frequencies obtained from experiments and CFD 
for EXP A5 

6. CONCLUSIONS 
A mathematical multiphase model of the melt-

blowing process in multi-hole nozzles was 
developed, by employing the VOF model. The fluid 
flow equations are discretised and solved using the 
finite volume method. The model provides 
information on the fibre dynamics as well as the air 
and temperature fields. The results showed that by 
doubling the air-polymer flow rate ratio, the 
attenuation of the fibre and the oscillations of the 
fibre motion are significantly affected. Furthermore, 
the agreement between the CFD results and 
experimental data of the fibre attenuation and 
dynamics provides confirmation that the adoption of 
the VOF model is appropriate and effective for 
studying the melt blowing process. This alignment 
between the numerical predictions and experimental 
observations validates the capability of this model to 
capture the complex phenomena occurring in the 
process not only qualitatively, but also 
quantitatively. This further establishes the suitability 
of multiphase simulations as a valuable tool for 
investigating and optimising the melt blowing 
process. By leveraging the capabilities of multiphase 
simulations, insights can be gained into the impact of 
the process parameters, and the performance of the 

melt blowing process can be predicted more 
efficiently and cost-effectively compared to relying 
solely on experimental trials. 
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ABSTRACT
Cavitation near solid surfaces is a critical phe-

nomenon due to its potential to damage materials and
impair the performance of machinery such as pumps
and turbines. Previous studies have employed com-
pressible multiphase solvers to simulate the collapse
of cavitation bubbles near walls, often using equival-
ent radius as a key parameter for validation. In this
work, we aim to deepen the understanding of cavit-
ation bubble dynamics by comparing two modeling
approaches: (i) the Volume-of-Fluid (VOF) method
with the All-Mach approach and (ii) the Level-Set
method with Euler equations. The simulations are
conducted using Basilisk and M2C, respectively, two
open-source solvers that leverage adaptive meshes on
the one hand and multiphysics on the other hand for
high-resolution computations that can tackle com-
plementary regimes. A novel aspect of this study
is the simulation of bubble dynamics starting from
the breakdown phase, which provides a more com-
prehensive understanding of the collapse process.
Our results indicate that while the equivalent radius
shows limited sensitivity to modeling conditions, the
maximum wall pressure is strongly dependent on the
bubble’s stand-off ratio. By comparing the simula-
tion results to experimental measurements and visu-
alizations, we evaluate the accuracy and applicabil-
ity of the two approaches under various conditions.
This study provides new insights into the sensitivity
of cavitation bubble collapse to modeling conditions
and informs the selection of numerical methods for
accurate prediction of cavitation-induced phenom-
ena.

Keywords: bubble dynamics, bubble modeling,
laser-induced cavitation

NOMENCLATURE
maxr(Pw) [MPa] maximum wall pressure

Req [mm] equivalent radius of bubble
D(tMR) [mm] distance from the bubble’s

centroid to the wall
max

t
(Req) [mm] maximum equivalent radius of

bubble

Subscripts and Superscripts
L laser
tMR time when bubble reaches its maximum

equivalent radius
eq equivalent
r radial direction
w wall

1. INTRODUCTION
Cavitation refers to the formation, growth, and

collapse of vapor bubbles in a liquid due to rapid
changes in pressure or temperature [1, 2]. Cavitation
bubbles commonly occur in hydraulic machinery
such as pumps and turbines [3, 4]. On one hand, their
collapse can cause erosion and vibration on solid sur-
faces [5]. On the other hand, cavitation can offer be-
nefits across various fields like enhancing the drilling
rate of petroleum wells [6] and performing shotless
peening on metals [7]. Understanding bubble col-
lapse near solid surfaces is therefore essential.

There is a substantial body of research dedicated
to investigating cavitation bubble dynamics through
experimental approaches [8, 9, 10, 11]. However, ex-
periments face limitations such as difficulty in meas-
uring pressure, temperature and velocity fields in-
side the bubble. In order to address these challenges,
numerical simulations have been developed to study
bubble dynamics near a solid boundary. One widely
used method is the Volume-of-Fluid (VOF) method
with All-Mach approach, implemented in Basilisk by
[12, 13]. Simulations using this method assume pre-
defined initial conditions, such as pressure, temper-
ature and velocity at a given bubble size. Recently,
Zhao et al. [14] employed the Level-Set method
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with Euler equations using M2C solver to simulate
laser-induced bubble generation, specifically focus-
ing on pear-shaped and elongated bubble formation.
Their work provides a robust framework for model-
ing bubble behavior and greatly advances the under-
standing of laser-induced bubble dynamics as they
model the breakdown phase, hence the formation of
the bubble.

In this work, we aim to deepen the understand-
ing of cavitation bubble dynamics by simulating a
single axi-symmetric bubble near a solid boundary.
We compare the results obtained using two numer-
ical models: the VOF method with the All-Mach ap-
proach by [13, 15] and the Level-Set method with
Euler equations by [14] which will be conducted in
the present study. Key metrics, such as the bubble
equivalent radius and maximum wall pressure, are
analyzed and validated against experimental data
from [16, 17]. This comparison evaluates the ac-
curacy and applicability of the two numerical ap-
proaches, contributing to advancements in modeling
cavitation-induced phenomena.

2. PROBLEM FORMULATION
2.1. Problem description

Figure 1 illustrates the problem investigated in
this work, showing an axi-symmetric vapor bubble
induced by laser.

vapor

laser source

fluid

165mm

330mm
z

r

o

z

r

o
Imaginary 
fiber

z=-0.152mm

0.1mm

θL =19.2°

(a) (b)

(c)

Figure 1. Schematic of laser-induced bubble
generation. (a) Computational domain with axi-
symmetry. (b) Geometry of the laser radiation do-
main. (c) Temporal profile of laser power.

In the experiment performed by [16], a Q-
switched Nd: YAG laser with a wavelength of
532nm, maximum pulse energy of 200mJ and a pulse
duration of 5ns was used as the energy source to in-
duce the cavitation bubble. The experiment was car-
ried out in a 20.3 × 20.3 × 20.3 cm3 glass tank filled
with pure water under ambient conditions: temperat-
ure T = 293.15K and pressure P = 101325Pa.

To replicate the experimental conditions in
our computational model, we employed an axi-
symmetric simulation domain with radius and length
of 165 mm. In our simulations, r denotes the ra-
dial coordinate. The laser, positioned outside the
water tank in the experiment, is modeled as origin-
ating at z = −0.152 mm, with a laser source ra-

dius of RL = 0.05 mm, and a convergence angle of
θL = 19.2◦, consistent with the laboratory experi-
ment, as shown in Fig. 1.

Computational domain size is 55 times the max-
imum bubble radius to avoid the impact of compu-
tational boundary on bubble shape and size by con-
straining its growth. The initial conditions assumed
that the domain is filled with liquid water of density
ρ0 = 0.001 g/mm3, pressure p0 = 1atm, and temper-
ature T0 = 293.15 K. The flow is initially assumed
at rest. In the computational model, the spatial dis-
tribution of laser intensity is simplified and treated
as a step function, as shown in Fig. 1(c). The laser
power increases rapidly to its peak within 0.01ns, re-
mains constant for 5ns, and then decreases to zero
over 0.02ns. In our simulation, the absorption coef-
ficient α is set to 101222 m−1 for liquid water and
10−5 m−1 for the vapor. The vaporization temperat-
ure and latent heat of vaporization are specified as
Tvap = 373.15 K and l = 2256.4 J/g, respectively.

The bubble dynamics can be analyzed using two
key parameters: the equivalent radius, denoted as
Req, and the distance from the bubble’s centroid to
the solid wall, L. The stand-off ratio, expressed as

γ =
D(tMR)

max
t

(Req)
(1)

quantifies the relative distance between the bubble’s
centroid and the wall, where tMR refers to the time
when the bubble reaches its maximum equivalent ra-
dius.

2.2. Governing equations
The equations, governing the compressible two-

phase flows neglecting the effects of viscosity and
surface tension while considering radiative heat
transfer, are presented in this section. The governing
equations for the conservation of mass, momentum,
and energy in a compressible fluid are expressed in a
conservative form as follows.
∂W(x, t)
∂t

+ ∇ · F (W) = ∇ · G(W) (2)

with

W =

 ρρV
ρet

 ,F =
 ρVT

ρV ⊗ V + pI
(ρet + p) VT

 ,G =
 0T

0(
k∇T − qr

)T

 . (3)

ρ, V, p, and T denote the fluid’s density, velocity,
pressure, and temperature, respectively. The total en-
ergy per unit mass, et, is defined as

et = e +
1
2
|V|2 (4)

where e represents the fluid’s internal energy per unit
mass. k is the thermal conductivity coefficient, set to
0.5576 W/mK for liquid and 0.02457 W/mK for va-
por. qr refers to the radiative heat flux induced by the
laser. To close the governing equations (2), a com-
plete equation of state (EoS) for each phase, includ-
ing a temperature equation, is required. In this study,
the Noble-Abel stiffened gas (NAS G) equations are
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employed as the pressure and temperature equation
[18] for both phases. Specifically,

pI(ρ, e) = (γI − 1)
e − qI
1
ρ
− bI

− γI pcI (5)

TI(ρ, e) =
γI

cpI

(
e − qI −

(
1
ρ
− bI

)
pcI

)
(6)

in which the subscript I ∈ {0, 1} identifies the liquid
(0) and vapor (1) phases. For each phase, γ, pc, q
and b are constant parameters that characterize its
thermodynamic properties. cp denotes the specific
heat capacity at constant pressure, assumed to be a
constant. The values of these parameters and other
related thermodynamic properties are adopted from
Zein et al. [19] and summarized in Table 1.

Table 1. NASG EoS parameters and thermody-
namic properties for liquid and vapour phase.

Parameter Units Value
cp0 J kg−1 K−1 7094.593
γ0 – 2.057
pc0 Pa 1.066×109

b0 m3 kg−1 0
q0 J kg−1 -1994.674×103

cp1 J kg−1 K−1 1592.4
γ1 – 1.327
pc1 Pa 0
b1 m3 kg−1 0
q1 J kg−1 1995×103

The laser radiation equation is derived based
on energy conservation, taking into account the as-
sumptions that the laser radiation dominates over the
black-body radiation and that the laser propagates in
a fixed direction with a certain wavelength [14].

∇ · (Ls) = ∇L · s + (∇ · s)L = −α(I)L (7a)
qr = Ls (7b)

where s = s(x) denotes the direction of the laser
propagation, which is constant only when the beam
is parallel. The spatial variable x refers to the posi-
tion on the surface of the laser fiber, where the initial
laser radiance used to induce the vapor bubble is cal-
culated, and L represents the laser radiance, which
can be calculated for uniform beam as:

L =
P0(1 + cos θL)

πr2 (8)

2.3. Numerical schemes
In this section, we present a summary of the nu-

merical schemes used, and we refer to Zhao et al.
[14] for a detailed description. The above governing
equations are solved using a finite volume method
based on exact multiphase Riemann problem solver.
The vapor-liquid interface is tracked by the level set
method and the phase transition process is accom-
plished when the intermolecular potential energy in
the liquid phase reaches the latent heat.

In the current study, we do not model the laser
fiber as a fixed boundary interacting with the vapor
since the bubble in our case is free-floating without
interaction with the fiber.

3. SPATIAL CONVERGENCE STUDY
3.1. The global influence of mesh resolu-

tion
In this section, the influence of global mesh re-

finement is investigated to identify an optimal mesh
size that ensures convergence in the bubble’s gener-
ation simulated using M2C. We refer to Yang et al.
[17] for a detailed grid convergence study for Ba-
silisk.

As shown in Figure 2(a), the axi-symmetric com-
putational domain is 330mm × 165mm. Since the
bubble induced by laser has an experimental radius
of approximately 2.7mm, a region of 9mm × 8mm
(indicated by a cyan dashed box) is designated with
finer mesh resolution than the surrounding area, as
illustrated in Fig. 2(b). This region, larger than the
maximum bubble radius, ensures that the bubble can
grow and collapse under a consistent mesh refine-
ment. The red area highlights the location where the
bubble will evolve.

At first, only the mesh size within this designated
region is varied, while the mesh outside remains un-
changed. Seven cases for γ = 1.82 are examined,
with minimum cell size from ∆x = 4.5 × 10−6m to
∆x = 10−5m.

330mm

330mm wall

165mm

9mm

8mmz
r

bubble
o

(a) (b)

Figure 2. Global mesh distribution

In Figure 3, it can be observed that all cases ex-
hibit a rapid expansion of the bubble in the first 270-
300 µs, reaching a maximum radius between 2.6mm
and 2.8mm, which corresponds well with the exper-
imentally measured radius of approximately 2.7mm.
The maximum bubble radius tends to converge as
the mesh is refined. Minimum cell sizes finer than
∆x = 5 × 10−6m show less variability in the max-
imum radius and collapse time. Besides, in Figure
4, similar to the bubble radius, the pressure peak at
the wall reaches a convergence at ∆x = 5 × 10−6m.
Therefore, based on both the bubble radius and the

3
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



pressure peak, ∆x = 5 × 10−6m is an optimal choice
for balancing computational cost and accuracy.

0 100 200 300 400 500 600
t(µs)

0.0

0.5

1.0
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2.0
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R
eq
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)

∆x = 10−5m
∆x = 9×10−6m
∆x = 8×10−6m
∆x = 7×10−6m
∆x = 6.1×10−6m
∆x = 5×10−6m
∆x = 4.5×10−6m

Figure 3. Evolution of bubble radius obtained
with different computational meshes. The min-
imum cell size is reported in the legend.

Figure 4. Evolution of pressure at wall obtained
with different computational meshes. The min-
imum cell size is reported in the legend.

3.2. The local influence of mesh resolution
After determining the optimal global mesh size,

we further study the sensitivity of bubble nucleation
to local spatial resolution. Since our model initially
assumes a domain entirely filled with liquid, a bubble
is generated as part of the simulation mesh element.
Suppose we do not maintain a consistent initial mesh
near the region of bubble nucleation. In that case,
each simulation will generate different initial bubbles
due to the varied spatial resolution, leading to non-
comparable results. This makes it imperative to fix
the initial mesh to ensure repeatability and consist-
ency across different simulations.

To further validate our numerical approach, three
simulations are carried out: (a) a first simulation
with a fixed extra-fine region at nucleation site
whose cell size is ∆x=5×10−6m, while 10−5m is
used elsewhere within the cyan dashed box of fig.
2, (b) a second simulation with uniform cell size
∆x=5×10−6m within the cyan dashed box of fig. 2,

and (c) a third simulation with uniform cell size
∆x=10−5m within the cyan dashed box of fig. 2. The
equivalent bubble radius during the first 45µs after
bubble generation is depicted in figure 5. We observe
that the initial bubble generation is highly sensitive
to spatial resolution around the nucleation site. Spe-
cifically, the difference between the black curve(with
a uniform mesh size of 10−5m throughout the do-
main) and the magenta curve(with a refined mesh
size of 5×10−6m in the nucleation region and 10−5m
elsewhere) is significantly larger than the difference
between cyan and magenta curves. This observa-
tion confirms the necessity of fixing the initial mesh
around the bubble nucleation site to ensure consistent
results.

0 10 20 30 40
t(µs)

0.0

0.5

1.0

1.5

2.0

R
eq

(m
m

)
With a fixed extra region of

∆x = 5×10−6m
With uniform ∆x = 5×10−6m
With uniform ∆x = 10−5m

Figure 5. Influence of local mesh refinement at
nucleation site.

To make sure that the bubble will be generated
under identical initial conditions, we fix the mesh
resolution in the region of 0.4mm × 0.6mm near the
bubble nucleation site, denoted as Ω0. Specifically,
the mesh size is set to 5 × 10−6m within Ω0 for the
first 200 time steps, as Figure 6 . This mesh size was
determined to be optimal in the previous section.

Outside this space (Ω1), the mesh size can vary,
but the bubble will always start within the extra fine
mesh in Ω0. This setup allows for reliable conver-
gence studies, as the bubble’s initial formation is con-
sistent across simulations, regardless of the coarser
mesh outside Ω0.

Fig. 6 illustrates this mesh configuration, high-
lighting the denser mesh region around the nucle-
ation site and the coarser mesh outside of it.

To determine the optimal mesh size in the re-
gion Ω1, three cases for γ = 1.82 are considered,
with different mesh sizes: ∆x = 10−5m, 2 × 10−5m,
5 × 10−6m. In particular, we focus on the evolution
of the bubble radius and the pressure exerted at the
wall. From Figure 7, all simulations capture the gen-
eral trend of bubble growth and collapse. The bubble
expands and then collapses, following the same qual-
itative behavior as the experimental measurements.
The mesh resolution of ∆x = 10−5m shows a better
agreement with the experimental results, reaching a
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Figure 6. Local mesh distribution near the bubble
nucleation site. (a) t=0s. (b) t=10−7s. The red
area within Ω0 represents the bubble right after
its nucleation.

maximum radius of 2.7 mm which matches well the
experimental results. Besides, in Figure 8, the sim-
ulation with ∆x = 10−5m exhibits a relative error of
1.3% in the timing of the peak pressure and 6% in the
peak pressure value, compared to the experimental
measurements.

A notable feature regarding maximum wall pres-
sure for ∆x =5 × 10−6m is found to be approxim-
ately 17MPa (see green line in fig. 8). This pressure
peak is significantly higher than what observed ex-
perimentally (see blue crosses in fig. 8) and specu-
late that it is due to inaccuracies on the prediction
of the bubble size rather than to mesh resolution.
To verify our assumption, an additional simulation
was conducted using the same mesh resolution of ∆x
=5× 10−6m but with a 20% higher absorption coeffi-
cient. This adjustment led to a 1% increase in the nu-
merical maximum bubble size, matching the experi-
mental measurements by [16] (see orange line in fig.
7). The wall pressure is highly sensitive to the col-
lapse dynamics. As the bubble grows slightly larger,
its collapse becomes significantly less sharp due to a
reduced collapse velocity and lower compression of
the surrounding fluid. This deceleration diminishes
the intensity of the pressure wave generated during
collapse, and consequently, the impact on the wall
is reduced. The resulting pressure peak for the size-
matched simulation is now in good agreement with
the experiments, as shown by the orange line in fig.
8. This confirms that ∆x = 5 × 10−6m gives sim-
ilar results to ∆x = 10−5m once the bubble dynam-
ics are properly matched with the experiment data.
Therefore, ∆x = 10−5m is chosen as the converged
mesh size for region Ω1, ensuring accurate and effi-
cient simulations in the following studies.

In conclusion, a spatial convergence study has
been conducted and we identified an optimal mesh
size of ∆x = 5 × 10−6m within Ω0 and 10−5m within
Ω1 to conduct the following simulations.

4. RESULTS
In this study, three γ are considered, i.e. γ ≈ 1,

1.6, 2.2, in order to investigate three conceptually

Figure 7. Comparison of radius between experi-
ment and simulation.

Figure 8. The sensitivity of wall pressure to mesh
size.

different cavitation regimes ([16]). A single bubble
near a solid wall is modeled by two different ap-
proaches. Firstly, we simulate a cavitation bubble
initialized at rest. The corresponding simulations are
carried out using two numerical solvers, namely Ba-
silisk [12] and M2C [14]. As the two solvers employ
different numerical methods and discretization ap-
proaches, this preliminary comparison will allow us
to single out the discrepancies in the numerical sim-
ulations that are due to the numerical solver. Hence,
we compare them in terms of the time evolution of
(i) the equivalent bubble radius (Req, i.e. the radius of
a fictitious spherical bubble with the same volume),
and (ii) the maximum wall pressure (maxr(Pw)).

A second part of our investigation includes the
laser generation and the first collapse. In this second
part, we use the sole M2C solver, owing to its
multiphysics capabilities to simulate a laser-induced
bubble from the generation point. By comparing the
equivalent radius and the maximum wall pressure
between our simulations and the experimental meas-
urements by [16], we will discuss the limitations of
simulating a cavitation bubble starting from rest.
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4.1. A bubble from rest

This section examines the dynamics of a bubble
near a wall assuming that the bubble has been initial-
ized at rest starting from its maximum size. The ini-
tial bubble temperature is set to be TG,0/TL,0=0.826.
The initial pressure ratio between outside and in-
side the bubble is specified to be PG,0/PL,0=1/50.
Two solvers are here compared, i.e. M2C and Ba-
silisk, making sure that the simulations have consist-
ent initial configurations and converged mesh res-
olution. The selected stand-off ratios are γ=1.049,
1.537, 2.152, as for such three stand-off ratios we can
initialize the bubble shape using the fitting of [17].

As illustrated in Figure 9, both equivalent radius
and collapse time predicted by Basilisk and M2C
show a strong agreement. The deviation between the
two numerical solvers remains within 5% for the col-
lapse time. Furthermore, the collapse times predicted
by both solvers are within the range reported in the
experiments by [16, 17]. We further stress that both
solvers reproduce the trend observed in the experi-
ments, i.e. tc ↓ for γ ↑.

Regarding the maximum wall pressure
maxr(Pw), as shown in Fig. 10, both solvers
display a similar trend across all γ. However, M2C
tends to predict a sharper increase in maxr(Pw) in
time near the pressure peak time tp. As γ increases
from 1.049 to 2.152, both solvers predict a decrease
in the peak pressure.

A significant deviation is observed for γ =
1.049, with M2C predicting a pressure peak ap-
proximately 50% higher than Basilisk. Furthermore,
an oscillatory behavior appears in the M2C result,
which is absent in Basilisk. This highlights the sens-
itivity of maxr(Pw) for γ ≈ 1. This discrepancy
in pressure peak and the oscillatory behavior may
stem from differences in interface capturing methods
(VOF vs Level-Set method), as well as variations in
discretization schemes. In particular, the nonphysical
behavior observed with the Level Set method may be
related to its frequent re-initialization process inher-
ent to the method, which can shift the interface pos-
ition. This becomes especially problematic near the
wall, where such shifts can locally violate pressure
continuity and lead to non-physical pressure peaks
and oscillations. In contrast, for γ = 1.537 and 2.152,
the relative error significantly reduces to a range of
5% to 8% in pressure peak.

In conclusion, both M2C and Basilisk can ef-
fectively simulate the dynamics of a bubble initially
at rest near a wall. While the equivalent radius and
collapse time show minimal sensitivity to the mod-
eling approaches, the maximum wall pressure exhib-
its a stronger variability, particularly for γ ≈ 1. A
detailed comparison with the modeling approach in-
cluding laser generation must therefore focus primar-
ily on the pressure quantification, rather than on in-
terfacial indicators.

Figure 9. Bubble equivalent radius and collapse
time: Comparison between the two numerical
solvers for three stand-off ratios. The inset shows
the numerical collapse times for the three stand-
off ratios, compared with the experimental meas-
urements by [16, 17].

Figure 10. Maximum wall pressure: Compar-
ison between the two numerical solvers for three
stand-off ratios.

4.2. A bubble from laser generation
In this section, three slightly different γ are se-

lected, i.e., γ= 1.07, 1.68, 2.18, as they correspond to
the stand-off ratios reproduced in the laser-induced
cavitation experiments of [16]. We will now simu-
late bubble generation thanks to the capacitive phase-
change approach implemented in M2C.

As illustrated in Figure 11, the maximum
wall pressure predicted by the simulation generally
matches well with the experimental measurements,
although a significant deviation of 34% for γ=1.68
in the pressure peak is observed. This discrepancy
is likely attributed to the difference in the equival-
ent radius and interfacial dynamics between experi-
mental results and the simulation, as shown in Figure
12. For γ=1.07 and for γ=2.18, we observe that the
relative error is considerably smaller, around 5% and
2% in pressure peak, respectively. This minimal de-
viation can also be explained by the nearly-perfect
match between the bubble’s equivalent radius evol-
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ution in M2C simulation and experimental data for
these two γ.

Figure 13 shows the comparison in wall pres-
sure among the simulation of bubble initially at rest
implemented with both M2C and Basilisk, the sim-
ulation of bubble from generation using M2C, and
experimental measurements. The results indicate
that simulating the bubble generation provides bet-
ter agreement with the experiments and simulations
initiated from rest, regardless of the numerical ap-
proach used, largely underestimate the pressure peak
at γ > 1. This highlights the importance of including
the memory of the formation and expansion phases
in the bubble dynamics simulations.

To further reinforce the significance of model-
ing the entire bubble evolution from the breakdown
phase, two additional cases for γ ≈ 1.6 were simu-
lated with M2C: (i) one including only the expansion
and collapse phases, initialized with a small radius of
0.16 mm and high internal pressure and temperature
(PG,0/PL,0 = 3225, TG,0/TL,0 = 33.67); (ii) another
considering only the collapse phase, starting from the
maximum bubble size of 2.7mm with initial pressure
and temperature corresponding to a bubble from rest
(i.e. PG,0/PL,0 = 1/50, TG,0/TL,0 = 0.826), as shown
in Figure 14 and 15. These results clearly show that
including the bubble breakdown phase provides the
best agreement with experimental measurements by
[16], while simulations that model only the expan-
sion and collapse phases perform better than those
starting solely from the maximum radius, which are
the least accurate.

Figure 11. Maximum wall pressure: Compar-
ison between simulations (dashed lines) and ex-
periments by [16] (solid lines).

5. CONCLUSION
Simulations of bubbles from rest, implemented

using M2C and Basilisk, demonstrate strong agree-
ment in predicting the equivalent radius and collapse
time, with deviations between the two solvers re-
maining within 5%. Both methods accurately cap-
ture the trend of decreasing collapse time as γ in-
creases, and the simulated results match well with

Figure 12. Evolution of Req simulated by M2C
(solid lines) and measured experimentally by [16]
(dashed lines), together with the collapse time re-
ported in the inset.

Figure 13. Comparison of maximum wall pres-
sure. The solid lines denote simulations from rest
carried out using M2C (solid black line) and Ba-
silisk (solid red line). The black dashed-dotted
line refers the M2C simulations including the
laser-generation of the cavitation bubble, while
the green dashed-dotted line refers to the exper-
iments by [16].

experimental measurements for these metrics. How-
ever, the maximum wall pressure (maxr(Pw)) shows
greater sensitivity to the modeling approach, partic-
ularly at lower γ. For γ ≈ 1, a significant dis-
crepancy of approximately 50% is observed between
both solvers, highlighting the influence of differences
in interface capturing methods (VOF vs Level-Set
method) and numerical discretizations.

Simulations of bubble from its nucleation, con-
ducted with M2C, achieve better agreement with ex-
perimental results compared to those started with
the bubble at rest. By incorporating the formation
and expansion phases of the bubble, the simula-
tion provides more accurate predictions of maximum
wall pressure and a comprehensive understanding of
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Figure 14. Comparison of Req for γ ≈ 1.6 ob-
tained from M2C simulations initialized at differ-
ent starting points and measured experimentally
by [16].

Figure 15. Comparison of maxr(Pw) for γ ≈ 1.6
obtained from M2C simulations initialized at dif-
ferent starting points and measured experiment-
ally by [16].

bubble collapse. For γ ≈ 1 and γ ≈ 2.2, relative er-
rors in wall pressure peak between simulation and
experiment are minimal, at approximately 5% and
2%, respectively. However, for γ ≈ 1.6, a signific-
ant deviation of 34% in pressure peaks was observed.
This discrepancy is attributed to differences in the
evolution of bubble radius and interfacial dynamics
between the simulation and experiment, as evidenced
by the radius evolution analysis.

Overall, simulations of bubbles from generation
exhibit superior accuracy in predicting experimental
results compared to those from rest. While both
modeling approaches are effective in capturing key
bubble dynamics such as collapse time and equival-
ent radius, the inclusion of the formation and ex-
pansion phases in the simulation process enhances
the predictive capability for maximum wall pressure.
These findings underscore the sensitivity to the ini-
tialization modeling assumptions and further studies
will be aimed to identify the initial conditions cap-
able of simulating the bubble dynamics without ne-
cessarily including the bubble generation.
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ABSTRACT 

It has been hypothesised in the literature that 

secondary flows play a role in intracranial aneurysm 

formation. [1], [2] Complex flow fields develop 

inside the arteries, affected by several parameters. 

The irregular shape of the blood vessels means that 

the effects of the geometry features, such as bends or 
cross-section changes are superposed. The 

complexity of the flow-field is further increased by 

the pulsatile nature of the blood flow. 

The aim of this research is to better understand 

the relationship between the geometry and the 

developed flow-field in the case of intracranial 

arteries. Artificial models were created, where the 

cross-section was assumed to be constant and 

circular. The models consisted of two bends with a 

straight section between them. During the study 

several parameters were changed in the model. These 
include the diameter of the pipe, the radii of the 

bends, the length of the straight section between the 

bends and finally the Reynolds number. All the 

parameter ranges were selected to correspond to 

those in real vessels. CFD simulations were carried 

out on the models using Ansys CFX.  

The study is limited by the number of bends and 

the number of configurations. The simulations were 

steady state, the transient effects of the pulsatile flow 

were not studied. Future work can expand on this 

research by improving on these limitations or by 
increasing the number of bends. 

Keywords: Aneurysm, haemodynamics, CFD, 

CFX, Secondary flow, Python 

NOMENCLATURE 

 

Fr [-] frenet unit vector 

r [-] vector 

p [-] arbitrary point in plane 

rc [-] centreline point in plane 

v [m/s] absolute velocity vector 

 

Subscripts and Superscripts 

 
n, b, t normal, binormal, tangent components of 

the Frenet system 

ax axial velocity 

sec secondary velocity 

rad radial component 

circ circumferential velocity 

x, y, z axes 

1. INTRODUCTION 

Aneurysms are malformations of the blood 

vessel wall. Two shapes are known. One is the so-

called fusiform aneurysm. These form on arteries in 

the abdomen, the artery grows out radially in all 

directions. The other form is the saccular aneurysm. 

These are typical inside the brain. A sac grows on the 

side of the blood vessel, and it is connected to it with 
a smaller neck section.  

Aneurysms might not influence the patient and 

may go unnoticed for long times as they do not have 

distinctive symptoms. Their danger lies in the 

rupture of the sac. The rupture of the sac can lead to 

stroke. Stroke is still one of the leading sources of 

death in the world. With the use of modern digital 

medical imaging technologies getting more common 

more aneurysms are discovered. Once discovered, 

the aneurysm can be treated effectively. Modern 

treatments use flow diverter stents, which are a web-
like structure made of biocompatible metal alloys. 

These are placed in the artery at the neck of the 

aneurysm using a catheter. Another common method 

is coiling, when a thin metal wire is coiled inside the 

sac itself. Both of these methods reduce the velocity 

of the blood inside the sac, so that it starts to 

coagulate, and then the aneurysm may disappear. 

Both methods are endovascular procedures, in 

contrast to older open surgery methods.  

As aneurysms do not have distinctive symptoms 

they are often discovered by accident. Thus, their 
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formation and development are not well understood. 

There are several theories on the cause of the 

aneurysm initiation. The initiation and growth of the 

sac are complex biomechanical processes. It is also 

believed that elevated secondary flows also play a 

role in the formation of the aneurysm sac.  

Secondary flows exist in many fields of fluid 

dynamics. Everywhere it means a flow which is 
perpendicular to the main flow direction. The 

importance of secondary flows varies among the 

various fields of fluid dynamics. For example, in 

river flows they are well studied. The secondary 

flows play an important role in the movement of 

sediment in the river. In the case of mixing vessels, 

the vertical circulation of the liquid is also a 

secondary flow. Secondary flows also develop inside 

pipe networks. Most often bends in the pipe induce 

the secondary flow, but valves and pumps can also 

do it. In most engineering cases secondary flows 
inside a pipe are disadvantageous. Therefore, most 

studies focus on their reduction or dissipation.  

A mathematical approach was proposed by Dean 

back in 1927 [3]. He assumed a pipe with circular 

cross-section, constant diameter and bend radius. 

The work also assumed the radius of the bend to be 

large compared to the radius of the cross section of 

the pipe. It also assumed the Reynolds number to be 

small and the flow to be steady state. 

Later research expanded on the work of Dean by 

focusing on pulsatile flows in curved pipes. The flow 
varied in a sinusoidal manner. It had similar 

limitations as the work by Dean. It was again 

assumed that the curvature of the pipe bend was 

bigger than the radius of the cross-section of the pipe. 

[4], [5] 

Physiological curved geometries often are non-

planar, and thus have torsion besides curvature. 

Researchers also investigated the effects of torsion 

on the secondary flows. Yamamoto et al. [6] 

investigated the effects of torsion numerically in a 

steady flow. Others demonstrated [7], [8], [9] in 

helical pipes that torsion causes asymmetric Dean 
vortices in the cross section of the pipe. The vortex 

in one half becomes bigger, while the other becomes 

smaller. Nijjari et al. [10] investigated pulsatile flows 

in a curved pipe bend with torsion with elastic walls.  

The above-mentioned research only focused on 

helical vessels or singular pipe bends. The radius of 

the bend was constant, and larger than the radius of 

the cross-section. However, in physiological blood 

vessels several bends can occur in a short distance, 

which may influence the development of the 

secondary flows in the next bend downstream. The 
radius of the bend might not be constant throughout 

the bend.  

This paper aims at investigating the 

superposition of bends within a short distance of 

each other and their effect on the developing 

secondary flows using computational fluid dynamics 

(CFD). 

2. METHOD 

In order to investigate the superposition of pipe 

bends and their effect on the secondary flows a 

simple geometry was created. The geometry had 

several parameters, and a parametric study was 

made.  

 

Figure 1. Parameters of the geometry, in blue the 

zero point for the post-processing coordinate-

system 

The geometry is a pipe with a circular cross-

section and consists of straight and curved sections. 

The curved sections were each a 90° bend in opposite 

directions. Between the pipe bends there was a 
straight section. Before the first bend and after the 

second bend straight sections were made with 20 

diameters in length. This was done to ensure a fully 

developed flow to arrive at the first bend, and to 

observe the dissipation of the secondary flows after 

the second bend. The geometry was created using 

FreeCAD 0.21.2 via the Python API. The geometry 

had the diameter of the pipe 𝐷, the radii of the bends 

𝑅1, 𝑅2 and the length of the straight section between 

the bends 𝑥1 as parameters. These can also be seen 

in Figure 1. The geometries were exported as an open 

surface mesh in the .stl format.  

Meshing of the geometries was carried out with 

the Vascular Modelling Toolkit (VMTK) Python 

package. The mesh had an element size of 0.3 mm 

with tetrahedral elements. The inflation on the wall 

consisted of 8 layers, with a growth ratio of 1.25. The 

mesh settings were identical for all the cases. For the 

CFD simulations Ansys CFX 23R2 was used. The 

simulations were steady state. The fluid chosen was 

water. The inlet was set up as a velocity inlet, with a 
parabolic velocity profile. The mean velocity of the 

profile was calculated from the Reynolds-number 

prescribed for the given simulation. As the possible 

maximum Reynolds-number in the parameter set 

was 800, no turbulence model was used. The outlet 

was set as an opening with 0 Pa. The walls were rigid 

and set as non-slip walls.  

The parameters of the study were the diameter of 

the pipe (D), the radii of the pipe bends (R), the 

length of the straight section between the bends (x1) 

and the Reynolds-number (Re). The radii for the pipe 
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bends were the same for a given case, so the 

geometry is centrally symmetrical. They were 

defined using the R/D ratio. The value of x1 was also 

made dimensionless using the diameter of the pipe. 

The ranges were selected, based on data from real 

arteries used in previous research. The range and 

increments of the parameters can be seen in Table 1. 

By multiplying the number of possible values for 
each the total number of cases is 990.  

Table 1. Ranges and increments of the 

parameters 

Parameter Minimum Maximum Increment 

D [mm] 3 5 1 

R/D [-] 1 10 1 

x1 [-] 0 10 1 

Re [-] 100 800 350 

 

The parametric study was run using the Dakota 

open-source package. It managed the running of the 

cases, including modifying the scripts and 

commands necessary for running the simulations and 

post-processing. It also managed running the cases 

parallelly, thus greatly reducing the time required for 

running all the cases.  

3. POST-PROCESSING 

The post-processing was carried out using 

Paraview 5.10.1 and custom in-house built Python 

scripts. The post-processing focuses on the 
decomposition of the velocity field into secondary 

components. The decomposition is done using 

Frenet frames along the centreline of the geometry. 

A clear understanding of the Frenet frames is 

essential. 

For each geometry a centreline can be 

calculated. Along this centreline, at any given point 

an orthogonal coordinate-system can be defined. In 

case of a Frenet-system each of the three axes point 

to a specified direction. The Frenet tangent vector 

𝐹𝑟̲̲ 𝑡̲  is parallel to the tangent of the centreline at that 

point. The Frenet normal vector 𝐹𝑟̲̲ 𝑛̲ is perpendicular 

to the Frenet tangent vector, and points towards the 

centre of the tangent circle of the centreline. The 

third axis is the Frenet binormal vector 𝐹𝑟̲̲ 𝑏̲ and is 

perpendicular to the other two axes. All of them are 

unit vectors. By using the Frenet normal and 

binormal vectors a plane can be defined. The 

geometry can be sliced with this plane. All further 

calculations were carried out on these slices.  

The centreline was defined according to the 
geometrical parameters. The centreline was sampled 

at 0.1 mm intervals. A Python script calculated the 

Frenet unit vectors at each point.  

The velocity field can be decomposed into an 

axial component and a secondary component. The 

first are parallel to the centreline, while the second 

are perpendicular to it, and lies in the plane of the 

slice. The axial component is calculated first using 

the Frenet tangent vector as can be seen in Eq. (1). 

Using Eq. (2) the secondary component can be 

calculated by subtracting the axial component, 𝑣̲𝑎𝑥, 

from the velocity vector 𝑣.  

 

𝑣̲𝑎𝑥 = (𝑣̲ ∙ 𝐹𝑟̲̲ 𝑡̲) ∙ 𝐹𝑟̲̲ 𝑡̲  (1) 

 

𝑣̲𝑠𝑒𝑐 = 𝑣̲ − 𝑣̲𝑎𝑥 (2) 

 

The secondary velocity is in the plane of the slice 

it can be further decomposed into two components. 

Given the circular cross-section switching to a polar 

coordinate-system around the centreline point 𝑟𝑐 is 

beneficial. So the secondary velocity can be 

decomposed into a radial and a circumferential 

component. First a radial unit vector is calculated 

using Eq. (3) between 𝑟𝑐 and an arbitrary point 𝑝 in 

the slice. Using the radial unit vector the radial 

component, 𝑣̲𝑟𝑎𝑑 of the secondary velocity can be 

calculated as seen in Eq. (4). The circumferential 

velocity 𝑣̲𝑐𝑖𝑟 can be calculated by simply subtracting 

the radial velocity from the secondary velocity as 

seen in Eq. (5). [11] 

𝑟̲𝑟𝑎𝑑 =
𝑝 − 𝑟𝑐

|𝑝 − 𝑟𝑐|
 (3) 

 

𝑣̲𝑟𝑎𝑑 = (𝑣̲𝑠𝑒𝑐 ∙ 𝑟̲𝑟𝑎𝑑) ∙ 𝑟̲𝑟𝑎𝑑  (4) 

 

𝑣̲𝑐𝑖𝑟 = 𝑣̲𝑠𝑒𝑐 − 𝑣̲𝑟𝑎𝑑 (5) 

 

After computing the various velocity 

components in the slices, the average of each was 

computed for each slice along the centreline.  

4. RESULTS 

In the following section the findings will be 

explained, based on velocity graphs along the 

centreline between different configurations.  

As the length of the centreline varies 

considerably between different configurations, it was 

made dimensionless for the graphs. The straight 

sections of the pipe were made dimensionless with 
the diameter. For the bend sections the length of the 

arc was chosen, which is the quarter circle. The 

reference point was set to the halfway point between 

the two pipe bends, shown in blue in Fig 1. So 

negative values along the x-axis are towards the inlet, 

and positive values are towards the outlet. The inlet 

straight section is not shown on the graphs to help 

with readability. The velocity component magnitude 

averages were normalized with the average of the 

inlet velocity.  

The first grouping was done by fixing the 

diameter and the value of 𝑥1 and changing the value 

of the curvature of the pipe bends. For 𝐷 =
4 𝑚𝑚, 𝑥 1 = 0, 𝑅𝑒 = 100 the results can be seen in 

Figs. 2., 3.  

As 𝑅/𝐷  decreases, the maximum value of the 

circumferential velocity increases in both bends. 
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Figure 2. Plot of the circumferential velocity for 

𝑫 = 𝟒 𝒎𝒎, 𝒙 𝟏 = 𝟎, 𝑹𝒆 = 𝟏𝟎𝟎  

This is because a higher 𝑅/𝐷 ratio means the 

bend is shallower. An infinitely high ratio would 

mean straight pipe, where no circumferential 

velocity would develop. The local maxima in the 

second bend are lower than in the first bend for 

𝑅/𝐷 = 1 and 𝑅/𝐷 = 2. For the other two 

configurations the maxima in the two bends are 

equal. With the exception of 𝑅/𝐷 = 10, the velocity 

in both bends have distinct maximum, while 𝑅/𝐷 =
10 has the shape of a plateau. In the second bend the 

location of the maximum moves towards the end of 

the bend as 𝑅/𝐷 decreases. The circumferential 

velocity dissipates faster for 𝑅/𝐷 = 1, as in the other 

cases, while having the highest maximum in the 

second bend.  

The radial velocity graph shows similar findings 

to the circumferential ones. 𝑅/𝐷 = 1 and 𝑅/𝐷 = 2 
have lower local maximum values in the second 

bend, though the values are similar despite the 

difference in the maxima in the first bend.  The local 

maxima are further towards the end of the bends in 

both bends. For 𝑅/𝐷 = 2 and 𝑅/𝐷 = 5 a secondary 

rise can be seen at the end of the first bend. This rise 

in radial velocity also appears in the second bend for 

𝑅/𝐷 = 5 with a lower value than in the first bend. 

After the second bend the radial velocity decreases 

in a similar manner for all the different 𝑅/𝐷 ratios.  

With the increase of the Reynolds-number to 

800 both graphs change considerably. The graph for 

the circumferential velocity can be seen in Fig. 4. and 

Fig. 5. The maxima are higher than in the case of 

𝑅𝑒 = 100, meaning that relative importance of the 

secondary flows is higher than in the case of the 

lower Reynolds number.  

 

Figure 3. Plot of the radial velocity for 𝑫 =
𝟒 𝒎𝒎, 𝒙 𝟏 = 𝟎, 𝑹𝒆 = 𝟏𝟎𝟎  

In both bends the maxima increases as 𝑅/𝐷 

decreases. The location of the maximum moves 

backwards in each bend as the radius decreases, 

except for 𝑅/𝐷 = 1. In this configuration in the 

second bend there are two maxima. One at the 

beginning of the bend and one at the end of the bend 

with a slight decrease between them.  

 

Figure 4. Plot of the circumferential velocity for 

𝑫 = 𝟒 𝒎𝒎, 𝒙 𝟏 = 𝟎, 𝑹𝒆 = 𝟖𝟎𝟎  

As for the second bend, the local maxima are 

smaller than in the first bend for all configurations. 
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The dissipation of the circumferential velocity takes 

longer and differs more between the different 

𝑅/𝐷 ratios. The longer dissipation is probably 

caused by the higher relative velocity values.  

 

Figure 5. Plot of the radial velocity for 𝑫 =
𝟒 𝒎𝒎, 𝒙 𝟏 = 𝟎, 𝑹𝒆 = 𝟖𝟎𝟎  

The plot of the radial velocity shows the radial 

velocity in comparable range to Fig. 3. This is in 

contrast with the circumferential velocity, where 

with the increase of the Reynolds number the relative 

velocity increased. The maximum in the first bend 

moves backwards as the 𝑅/𝐷  ratio decreases, and 

the increases as 𝑅/𝐷  decreases. In the second bend 
the local maxima are lower than in the first bend for 

all configurations. After the second bend increases in 

the radial velocity can be observed for 𝑅/𝐷 = 1 and 

𝑅/𝐷 = 2  

The effect of the length of the straight section 

was also investigated. The results will be shown for 

𝑅/𝐷 = 5, as it is the shows the trends the best. The 

first graph in Fig. 6. shows the circumferential 

velocity for 𝑅𝑒 = 100. The graphs show identical 

trends in the two bends and between each other too. 

Also visible is that with the increase of 𝑥1 the 

minimum value between the two bends decreases. 

The radial velocity graph seen in Fig. 7. shows 

similar results to Fig 6. The trends look nearly 

identical between the different configurations and 

between each other. As expected, the minimum 

between the bends decreases as 𝑥1 increases. The 

difference is that the radial velocity graphs have a 
secondary peak in each bend. 

 

Figure 6. Plot of the circumferential velocity for 

𝑫 = 𝟒 𝒎𝒎, 𝑹/𝑫 = 𝟓, 𝑹𝒆 = 𝟏𝟎𝟎 

For 𝑅𝑒 = 800 the circumferential velocity graph 
is shown in Fig. 8. The results for the first bend show 

matching shapes for each configuration. The 

minimum between the bends decreases as 𝑥1 

increases, as seen in the case of 𝑅𝑒 = 100. The 

results for the second differ though. The maxima are 

lower than in the first bend. It also increases as 𝑥1 

increases. The relative velocity maxima is two times 

higher than in the case of 𝑅𝑒 = 100. 

 

Figure 7. Plot of the radial velocity for 𝑫 =
𝟒 𝒎𝒎, 𝑹/𝑫 = 𝟓, 𝑹𝒆 = 𝟏𝟎𝟎 
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Figure 8. Plot of the circumferential velocity for 

𝑫 = 𝟒 𝒎𝒎, 𝑹/𝑫 = 𝟓, 𝑹𝒆 = 𝟖𝟎𝟎 

The results for the radial velocity can be seen in 

Fig. 9. The results show similarities to both Fig 8. 

and Fig. 7. The shape of the graphs for the first bend 

are nearly identical. The minimum between the 

bends decreases as 𝑥1 increases. The maxima in the 

second bend are again lower, than in the first bend, 

and increases as 𝑥1 increases. The range is again 

similar to the case of 𝑅𝑒 = 100 and thus lower than 
the range of the circumferential velocity.  

 

Figure 9. Plot of the radial velocity for 𝑫 =
𝟒 𝒎𝒎, 𝑹/𝑫 = 𝟓, 𝑹𝒆 = 𝟖𝟎𝟎 

However, the shapes between the first and 

second bend do not look as similar as in Fig. 7. The 

exception is 𝑥1 = 10. The second rise up in velocity 

is not present in the second bend.  

5. SUMMARY 

The goal of the paper was to explore the effects 

of two pipe bends in opposite directions on 

secondary flows. A simple geometry was created 

which consisted of two 90° pipe bends with a straight 

section between them. It had three parameters which 
were changed. The flow was studied by steady state 

CFD simulations at different Reynolds-numbers. All 

the parameters were chosen to reflect real 

morphological data, to support research regarding 

the effect secondary flows on cardiovascular 

diseases.  

At low Reynolds-number the first bend has less 

effect on the second one in most configurations. The 

exceptions for both in terms of radial and 

circumferential velocity happen when 𝑥1 = 0 and the 

bends have a radius of 𝑅/𝐷 = 1 and 𝑅/𝐷 = 2. In 

these cases, the maximum values were lower than in 

the first bend. The radial and circumferential 

velocities were in the same range. At 𝑅𝑒 = 800 the 

first bend affected the developed flow noticeably. 

The local maxima in the second bend were smaller 

than in the first bend. This effect was stronger when 

𝑥1 was small. As 𝑥1 increased the maxima in the 

second bend increased. As the bends were in 

opposite directions, they induce vortices in opposing 
rotating directions. So, the second bend first must 

slow down the vortices from the first bend and then 

starts to induce vortices in the opposite direction, 

hence the lower maximum values. Increasing the 

distance between the bends allows the secondary 

flows to dissipate more, thus the second bend can 

induce faster secondary flows. But even with the 

distance of 10 diameters, the maxima for both 

secondary velocity components were lower than in 

the first bend. With the increase of the Reynolds-

number and in turn the velocity, the relative 

circumferential velocity increased considerably 
more than the relative radial velocity. The relative 

radius of 𝑅/𝐷 affected the location of the maximum 

secondary velocity location inside the bend.  

In conclusion the first bend has a significant 

effect on the flow in the second bend, particularly at 

higher Reynolds-numbers. The distance between the 

bends also plays a crucial role in the strength of 

secondary flows in the second bend. The relative 

radius affects both the strength of the secondary 

flows and the location of the maxima inside the bend. 
These findings have implications for understanding 

the development of cardiovascular diseases, 

particularly in relation to aneurysm formation. The 

exact location of the secondary flow maximum is of 

interest as elevated secondary flows show correlation 

with aneurysm formation. [12] 
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The research can be extended to include more 

configurations, like non-planar cases or bends with 

non-constant radius. The effect of oscillatory and 

pulsatile flow may also be worth considering.  
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ABSTRACT
It has been shown both numerically [1] and

experimentally [2] that employing miniature vortex
generators (MVGs) to create spanwise mean velocity
gradients (SVGs), which in turn attenuate the growth
of Tollmien–Schlichting (TS) waves, can delay the
transition from laminar to turbulent flow in a low-
turbulence boundary layer over a flat plate.

Recently, a parametric study was carried out by
Szabó et al. [3] which showed that the measure-
ments carried out by Sattarzadeh et al. [4] utilised
non-optimal vortex generators. Consequently, my
aim was to find the optimal geometric parameters of
MVGs for a given far-field velocity and streamwise
position.

Finally, a Bayesian approach, following Ament
et al. [5], is used to optimise the geometric properties
of the MVGs.

Keywords: boundary layer, CFD, flow stability,
MVG, optimization, transition delay

1. INTRODUCTION
Delaying laminar-turbulent transition is crucial

for reducing friction drag on streamlined bodies.
Transition occurs via boundary layer instabilities
(natural transition) or bypass transition, determined
by free-stream turbulence levels [6]. Bypass trans-
ition, prevalent at high turbulence, is complex and
less suitable for control. Natural transition, occur-
ring at low turbulence, is better understood, driven
by the exponential growth of small disturbances like
Tollmien-Schlichting (TS) waves, describable by lin-
ear stability theory, followed by a non-linear second-
ary instability phase [7]. Dampening TS waves is
thus a key strategy for transition delay.

Various active (e.g., wall movement, suction)
and passive (e.g., shape optimisation, localised sur-
face modifications [8, 9]) techniques aim to delay
transition. While structures like riblets can inhibit
Görtler instabilities, they do not suppress TS waves

[10, 11]. An effective TS wave dampening method
involves introducing streamwise streaks (alternat-
ing slow/fast flow regions) into the boundary layer
[12, 13]. These streaks induce spanwise shear, dis-
rupting disturbance energy growth, a principle used
in spanwise mean velocity gradient (SVG) methods
[12, 14].

Generating boundary layer streaks is effective
for flow stabilisation [15]. Higher amplitude streaks
offer better stabilisation [12], but excessive amp-
litudes can trigger secondary sinuous instabilities and
premature transition [16]. Passive methods are pre-
ferred over active ones due to no external energy re-
quirement. Early passive attempts with cylindrical
roughness elements had limited success, as increased
height destabilised their wakes [13].

A promising passive approach involves winglet-
type miniature vortex generators (MVGs), which cre-
ate strong, stable streaks for effective boundary layer
stabilisation [17]. Extensive experimental studies
[18, 19, 20, 2, 21] explored MVG parameter influ-
ences, streak reinforcement, instability development,
and pressure gradient effects, confirming TS wave
[2] and oblique disturbance [22] stabilisation. Most
studies utilised triangular MVGs, with some invest-
igating rectangular designs [2, 4]. These findings es-
tablished MVGs’ efficacy in creating streaky bound-
ary layers that attenuate TS wave growth. Recently,
[23] applied MVGs to an aircraft fuselage, develop-
ing practical parameter selection guidelines.

Numerical investigations have further explored
MVG flow stability. Siconolfi et al. [1] used Bi-
Global stability analysis, finding reasonable agree-
ment with experiments [19] but noted challenges in
comparing disturbance growth near MVGs due to
instability scattering. Nobis et al. [24] optimised
MVG design using a direct-adjoint looping approach
to minimise downstream TS wave energy, signific-
antly improving performance but neglecting span-
wise spacing, a key parameter for streak evolution
[4, 25]. Most recently, Szabó et al. [3]conducted a
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parametric study of 225 rectangular MVG configur-
ations using steady-state simulations, Boundary Re-
gion Equations (BRE) for flow extension, and BiG-
lobal stability analysis. They varied MVG height,
inter-pair, and intra-pair distances, finding that taller,
more sparsely placed MVGs sustain stronger streaks.

Bayesian optimisation [26] is a technique for
optimising expensive-to-evaluate functions, with ap-
plications in areas like fluid dynamics [27]. First,
a probabilistic surrogate model (typically a Gaus-
sian Process, GP) of the objective function is ini-
tialised and built using available data points. Then,
an acquisition function determines the next sampling
point by balancing exploration and exploitation. Fi-
nally, the objective function is evaluated at the new
point(s), and the model is updated. The process iter-
ates until a stopping criterion is met.

1.1. Objectives of the study
In this study, the stability of the streaky bound-

ary layer generated by MVGs mounted on a zero-
pressure-gradient flat plate is analysed using local
modal linear stability analysis. As such, it is im-
portant to emphasise that the present study focuses
specifically on using MVGs to delay the growth of
TS waves. Therefore, the recommendations provided
here may not necessarily yield improvements in all
aspects of MVG design.

Unlike Pederson et al. [28] and Klauss et al.
[29], who used streak amplitude as an indirect meas-
ure of boundary layer stabilisation, this study directly
characterises the flow by solving local stability equa-
tions within the framework of the eN method. Two
N factors are computed, one for TS waves and an-
other for secondary instabilities. While using two N
factors to assess flow stability may seem unconven-
tional, it is not unprecedented: Scrauf [30] success-
fully employed this approach by separately evaluat-
ing stationary crossflow instability and TS waves to
correlate local stability calculations with in-flight test
data.

Although the eN method may appear simplistic
compared to more recently developed stability ana-
lysis tools, it remains widely used in industrial ap-
plications [31, 32] due to its simplicity, relatively low
computational cost, and ability to capture key aspects
of the transition process. Its continued success sug-
gests that it can provide valuable predictions.

This study focuses on rectangular MVGs, allow-
ing the investigation of key parameters such as span-
wise spacing, an aspect not considered in previous
topology optimisation studies [28, 29, 24].

A Bayesian optimisation was conducted where
three parameters were varied simultaneously: the
height (h), the distance between MVGs in each pair
(Λ), and the angle of the MVGs (θ). The aim of
this optimisation, consistent with [28] and [29], was
to attenuate primary instabilities while avoiding the
emergence of secondary instability modes. The res-
ults can be found in Section 3.

2. FLOW CONFIGURATION AND MOD-
ELLING

2.1. Flow configuration

A zero-pressure-gradient incompressible bound-
ary layer is considered. Dimensional quantities are
denoted with a hat (□̂), while non-dimensional quant-
ities are represented without it. The free-stream velo-
city is set to Û∞ = 6 m/s, and the kinematic viscosity
is ν̂ = 1.4607×10−5 m2/s. The problem setup is illus-
trated in Figure 1. The downstream distance from the
idealised leading edge to the MVG centre is denoted
as x̂MVG. The spanwise distance between two MVGs
is d̂, and the spanwise distance between MVG pairs
is Λ̂. The MVGs have a width ŵ, length L̂, and height
ĥ, and are oriented at an angle θ̂ relative to the free-
stream velocity. Recently, [3] found that an import-
ant metric for the distance between MVGs is its ratio
to the distance between different pairs, as such, this
ratio (d̂/Λ̂) was kept at a fixed value. The specific
constant parameter values are provided in Table 1,
along with their ratios to the boundary layer thick-
ness at the MVG location (δ̂99,MVG = 3.610 mm).
The parameters varied during the optimisation and
their bounds are provided in Table 2, along with the
same ratio as before.

2.2. Modelling

The stability of an incompressible boundary
layer over a flat plate is analysed using linear stabil-
ity theory. For a detailed description of the employed
method, the reader is referred to [3]. In summary, the
governing equations are non-dimensionalised with
the free-stream velocity Û∞ and boundary layer
length scale δ̂0 =

√
L̂0ν̂/Û∞. The length scale is

L̂0 = x̂st where x̂st is the start of the BRE cal-
culation, shown on Fig. 1. Because of these, the
Reynolds number used in this paper is defined as
Reδ = δ̂0Û∞/ν̂. The velocity field is decomposed
into a steady base flow and small perturbations. The
base flow is calculated in two steps. First, near the
MVGs, the complete NS equations are solved. Fur-
ther downstream, they can be simplified under ap-
propriate scaling assumptions. Introducing the small
parameter ε, the boundary region equations (BRE)
are derived, which extend the boundary layer equa-
tions and allow the efficient extension of the base
flow downstream during the second step.

The stability of the streaky boundary layer is
analysed using the BiGlobal stability framework
[33]. Since the base flow varies weakly in the stream-
wise direction, disturbances are assumed to take the
form of modal waves with a prescribed real fre-
quency, while the complex wavenumber is computed
as an eigenvalue. This leads to the BiGlobal stabil-
ity equations, widely used in flow stability studies.
The spatial growth rate is given by the imaginary part
of the wavenumber, and the eigenvalue problem is
solved using standard numerical methods. Finally,
the growth rates from each slice are used to calculate

2
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



Figure 1. Flow configuration

Table 1. Constant parameters of the computational setup

d̂/Λ̂ (−) ŵ (mm) L̂ (mm) x̂MVG (mm) x̂0 (mm) x̂st (mm) x̂1,CFD (mm)
0.5 0.3 3.25 222 213 235 240

(0.083δ99,MVG) (0.90δ99,MVG)

Table 2. Varied parameters of the computational setup

Λ̂ (mm) ĥ (mm) Θ (◦)
[15, 100] [0.9, 2.5] [3, 15]
[4.15, 27.70] δ99,MVG [0.25, 0.69] δ99,MVG

the N factor to be used in the eN method.
The transition to turbulence is predicted using

the eN method, where the transition location correl-
ates with the growth of instability waves. The N
factor is computed for each eigenmode, with trans-
ition occurring when a critical N value is reached.
Two types of instabilities are considered: modified
TS waves and secondary instabilities. TS waves, the
primary instability in two-dimensional boundary lay-
ers, are weakened by streaks and dominate at low
frequencies. In contrast, secondary instabilities arise
due to streaks and exhibit a broader frequency range,
often accelerating transition.

For TS waves, a conservative transition threshold
of N = 7 is used. No established threshold exists
for secondary instabilities, so the maximum N value
among all unstable modes is tracked.

2.3. Numerical solution and parameters
The base flow computation consists of two steps:

first, the near-MVG flow is computed using 3D CFD,
followed by solving the BRE for the downstream
flow. BRE calculations start slightly upstream of the
CFD domain’s end to prevent any effects from the
boundary condition.

The CFD simulation employs ANSYS CFX 21
R2 [34], using a steady-state solver. To reduce the
computational cost, only half of the geometry (a
single MVG) was simulated, while the rest of the
computational domain was accounted for by pre-
scribing symmetry boundary conditions to the base
flow. A Blasius profile is imposed upstream, while
a free-outflow boundary is applied downstream to al-

low backflow into the domain. The mesh is generated
with GMSH [35]. As shown in the figure, the mesh is
finest near the MVG, with element size progressively
increasing further away. A typical mesh contains ap-
proximately 8−16 ·106 elements. Second-order spa-
tial discretisation is used, and mesh refinement tests
confirm negligible sensitivity in results.

The BRE and BiGlobal stability equations are
solved using a finite element method, implemented
in the parallel version of the open-source finite ele-
ment library FreeFem [36]. Taylor-Hood elements
are used, where the velocity and pressure fields are
discretised using P2 and P1 elements, respectively.
The mesh, consisting of triangular elements, is gen-
erated using BAMG [37], the built-in mesh generator
of FreeFem, which utilises Delaunay triangulation to
discretise the domain. It adapts element sizes for ef-
ficient wall-normal and spanwise resolution. Further
mesh refinement studies verified that increased resol-
ution has minimal effect on transition Reynolds num-
bers.

BRE equations are discretised with a second-
order backward Euler scheme, using PETSc [38] for
sparse linear algebra and SLEPc [39] for eigenvalue
computations. The non-linear system of equations
arising from the discretisation of the BRE is solved
using a second-order line search (Newton-Raphson)
method with the SNES library of PETSc. LU factor-
isation via MUMPS [40] ensures efficient Jacobian
inversion.

BiGlobal stability calculations employ the
Krylov-Schur algorithm with shift-invert techniques.
This approach enables the extraction of eigenvalues
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near an initial guess, referred to as the shift. For each
MVG configuration, streamwise location, and fre-
quency, multiple eigenvalue calculations with vary-
ing shifts are performed to capture the relevant por-
tion of the spectrum. Shifts are adjusted dynamically
to ensure unstable modes are reliably tracked down-
stream. If an eigenvalue is lost, an additional shift is
introduced based on the most unstable mode, guar-
anteeing accurate instability detection.

Two sets of stability analyses are conducted: one
for the modified TS waves and another for the sec-
ondary instabilities.

2.4. Optimisation
In order to efficiently explore the parameter

space and identify optimal configurations, a multi-
objective Bayesian optimisation approach was im-
plemented using the BoTorch [41] package for Py-
thon. The logNEHVI (log-constrained Noisy Ex-
pected Hypervolume Improvement) [5] acquisition
function was employed to maximise two compet-
ing objectives. The first of these is the transitional
Reynolds number in the low-frequency TS wave do-
main, which should be maximised. The second is
the maximum growth rate of secondary instabilit-
ies, which should be minimised, but was multiplied
by -1 to reformulate it as a maximisation problem.
We assume that our results are exact, so the acquisi-
tion function was used in a noiseless setting, this in-
creases numerical stability compared to using the lo-
gEHVI (log-constrained Expected Hypervolume Im-
provement) formulation. The parameter space was
constrained using the non-linear constraint handling
capabilities of BoTorch to ensure physically relevant
configurations. These constraints ensured that two
MVGs in the same pair can not touch:

d̂ − 2 · L̂ · sin(Θ) >
ŵ
2

(1)

and that two MVGs in different pairs could not
touch:

d̂ + 2 · L̂ · sin(Θ) < Λ̂ −
ŵ
2

(2)

To accelerate convergence, four new points were
queried and evaluated in each iteration step. The goal
was to identify a Pareto frontier, balancing both ob-
jectives, and the optimisation process was terminated
once a sufficient number of Pareto-optimal points
were found.

During the optimisation three parameters were
varied to validate the viability of the optimisation
process, so that it can be used in the future for
broader sets of parameters. The constant parameters,
such as the streamwise velocity, streamwise position
of the MVGs, etc. are shown in Table 1. The bounds
of the varied parameters are shown in Table 2. In this
three-parameter run, relevant results from the afore-
mentioned parameter study [3] were used as initial

data to guide the optimization. This approach facil-
itated an accelerated convergence toward the Pareto-
optimal solutions.

3. RESULTS
In this section, the results obtained from the pre-

viously outlined modelling framework are presented.
A total of 87 points were evaluated in the model,
with 28 taken from the initial parameter study [3]
and 59 newly queried points. As demonstrated by
the Pareto frontier, Fig. 2a, previous results from
[3] and [4] were significantly improved. The best-
performing configuration reached the end of the com-
putational domain without triggering the laminar-
turbulent transition while maintaining low amplific-
ation of secondary instabilities. The convex hull
highlights theoretically ideal points, which slightly
outperform some of the Pareto-optimal configura-
tions, suggesting that further evaluations could lead
to Pareto-optimal points aligning more closely with
these theoretically ideal ones. All newly tested points
are shown in Fig. 2b, with MVG height and spacing
scaled by factors of 104 and 103, respectively, to em-
phasise trends rather than absolute values. Full mark-
ers indicate Pareto-optimal points, while opaque ones
represent suboptimal configurations. The x-axis de-
notes the transition Reynolds number. The figure
reveals distinct optimal ranges for both MVG angle
and spacing, while height remains maximised in all
optimal cases. The angle effect can be attributed to
the need for a sufficiently strong vortex to generate
a streaky boundary layer without excessively amp-
lifying secondary instabilities. The optimum MVG
spacing arises from the necessity of streak interac-
tions, if too close, they break down prematurely; if
too far apart, they fail to sustain each other. The con-
sistently maximal height suggests that vortices gen-
erated higher in the boundary layer have a stronger
influence on TS wave modulation. However, the up-
per bound was not extended further, as excessively
tall MVGs might trigger transition mechanisms bey-
ond the capabilities of the model.

Two points from the Pareto-frontier, the ones
with the highest transitional Reynolds-numbers were
further analysed, the parameters of these configura-
tions, along with the best points from [3] and [4] are
summarized in Table 3

The amount of drag reduction achieved can be
quantified using an averaged drag coefficient (cD)
which is calculated in the following way:

cD =

F̂MVG

Û2
∞·ρ̂·Λ̂/2

+
∫ x̂1

x̂st
c f (x̂) dx̂

x̂1 − x̂0
(3)

Where c f is the skin friction coefficient which
can be seen in Fig. 3 and FMVG is queried from the
laminar CFD of the first phase of the calculation. The
figure is shown as a function of Reδ to be consistent
with the other figures. For the turbulent part of the
function the Schultz-Grunow formula [42] was used.
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(a) Pareto frontier; the x-axis is the maximum N factor cal-
culated for the secondary instabilities, while the y-axis show
the transition Reynolds number. The points from [3] and [4]
are the best points from their studies according to our cri-
teria.

(b) The three varied parameters during the optimisation
scaled to fit in the same figure. The x-axis show the
transition Reynolds number. Full markers indicate Pareto-
optimal points, while opaque ones represent suboptimal
configurations.

Figure 2. Results of the three-variable optimisation.

Table 3. Results of the three-variable optimisation

Name Λ̂ (mm) d̂/Λ̂ (−) Θ̂ (◦) ĥ (mm) ReTr (−) eN
max (−)

Sz2024 26.5 0.5 9 1.9 1950 1.71
S2015 13 0.25 9 1.3 1793 3.93
Opt1 76.9 0.5 7.58 2.5 > 2781∗ 1.91
Opt2 61.1 0.5 6.15 2.5 2503 0.62
∗There was no transition detected within the computational domain.

The well-known phenomena of the transitional phase
overshooting the turbulent phase was neglected.

Due to this effect the results can vary based on
the length of the integration, thus the calculation was
executed for multiple streamwise coordinates shown
with grey dashed lines. In dimensional form, these
are the following: x|Reδ=1500 = 5.5(m), x|Reδ=2000 =

9.8(m), x|Reδ=2500 = 15(m), x|Reδ=2781 = 19(m). The
results can be seen in Table 4. In addition, the values
for natural transition of the Blasius boundary layer
are also included in Table 4.

This shows that, given a shorter body (L =

5.5(m)), the drag coefficient between that of a flat
plate and of a flow modulated by MVGs can increase
by as much as 78%. On the other hand, the strategy
works well on longer bodies (L = 19(m)), where
the same metric can be decreased by 89%. The ex-
planation for this large difference is twofold. In the
laminar regime, the vortices generated by the MVGs
increase the friction losses. However, by remaining
laminar for a much longer distance, the difference in
friction between the laminar and turbulent regimes
compensates for the higher initial loss.

4. SUMMARY

This paper presents an optimisation method for
the geometric properties MVGs, based on local linear
stability analysis. Building on prior studies, the base
flow near the MVG was computed using 3D CFD
simulations, while the downstream evolution of the
streaky boundary layer was predicted using the BRE.
The stability analysis was performed by solving the
BiGlobal stability equations, conducting two sets of
calculations for each MVG configuration: one for
the modified TS waves and another for identifying
potential secondary instabilities that could promote
transition. Transition location was estimated using
the eN method for the TS waves with a conservative
N = 7 value, while for secondary instabilities, the
maximum N factor was computed as a destabilisation
indicator in the absence of a specific N value. These
criteria were used as objectives in a multi-objective
Bayesian optimisation approach to find new MVG
configurations, which, based on our criteria, outper-
form previously investigated MVGs. The findings of
this study should be further examined through exper-
imental validation or high-fidelity direct numerical
simulations.

5
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Table 4. Drag results
Name cD|Reδ=1500 cD|Reδ=2000 cD|Reδ=2500 cD|Reδ=2781

Blasius 2.15 · 10−4 8.18 · 10−4 15.91 · 10−4 20.80 · 10−4

S2015 3.66 · 10−4 7.44 · 10−4 14.43 · 10−4 16.57 · 10−4

Sz2024 3.90 · 10−4 5.19 · 10−4 12.46 · 10−4 14.98 · 10−4

Opt1 3.83 · 10−4 3.01 · 10−4 2.50 · 10−4 2.29 · 10−4

Opt2 3.82 · 10−4 2.99 · 10−4 2.71 · 10−4 5.56 · 10−4

Figure 3. The skin friction coefficients for dif-
ferent configurations. The x-axis shows the non-
dimensional streamwise coordinate, Reδ and the y-
axis shows the local friction coefficient c f . Note that
the Opt1 configuration stayed laminar throughout the
computational domain (x1 = 19(m)).

ACKNOWLEDGEMENTS
This research was performed within the frame-

work of the NKFI Hungary 142675 project. The pro-
ject is supported by the Doctoral Excellence Fellow-
ship Programme (DCEP) is funded by the National
Research Development and Innovation Fund of the
Ministry of Culture and Innovation and the Bud-
apest University of Technology and Economics. The
work used high-performance computing resources,
provided by HPC Competence Center of the Govern-
mental Agency for IT grant ID c_mvgopt03.

REFERENCES
[1] Siconolfi, L., Camarri, S., and Fransson, J.

H. M., 2015, “Stability analysis of boundary
layers controlled by miniature vortex generat-
ors”, Journal of Fluid Mechanics, Vol. 784, pp.
596–618.

[2] Sattarzadeh, S. S., and Fransson, J. H. M.,
2014, “Experimental investigation on the
steady and unsteady disturbances in a flat plate
boundary layer”, Physics of Fluids, Vol. 26, p.
124103.

[3] Szabó, A., Nagy, P. T., De Baets, G., Vaniers-
chot, M., and Paál, G., 2024, “Stability analysis
of a streaky boundary layer generated by mini-
ature vortex generators”, Computers and Flu-
ids, Vol. 269, p. 106123.

[4] Sattarzadeh, S. S., and Fransson, J. H. M.,
2015, “On the scaling of streamwise streaks
and their efficiency to attenuate Tollmien-
Schlichting waves”, Experiments in Fluids,
Vol. 56, p. 58.

[5] Ament, S., Daulton, S., Eriksson, D., Balan-
dat, M., and Bakshy, E., 2025, “Unexpected
Improvements to Expected Improvement for
Bayesian Optimization”, 2310.20708.

[6] Kachanov, Y. S., 1994, “Physical Mechanisms
of Laminar-Boundary-Layer Transition”, An-
nual Review of Fluid Mechanics, Vol. 26, pp.
411–482.

[7] Herbert, T., 1988, “Secondary Instability of
Boundary Layers”, Annual Review of Fluid
Mechanics, Vol. 20, pp. 487–526.

[8] Gad-el-Hak, M., 2000, Flow Control: Pass-
ive, Active, and Reactive Flow Manage-
ment, Cambridge University Press, ISBN
9780521770064.

[9] Xu, H., Lombard, J. E. W., and Sherwin, S. J.,
2017, “Influence of localised smooth steps on
the instability of a boundary layer”, Journal of
Fluid Mechanics, Vol. 817, pp. 138–170.

[10] Luchini, P., and Trombetta, G., 1995, “Effects
of riblets upon flow stability”, Applied Sci-
entific Research, Vol. 54, pp. 313–321.

[11] Nagy, P. T., Szabó, A., and Paál, G., 2022, “The
effect of spanwise and streamwise elastic coat-
ing on boundary layer transition”, Journal of
Fluids and Structures, Vol. 110 (103521).

[12] Cossu, C., and Brandt, L., 2004, “On Tollmien-
Schlichting-like waves in streaky boundary
layers”, European Journal of Mechanics -
B/Fluids, Vol. 23, pp. 815–833.

[13] Fransson, J. H. M., Talamelli, A., Brandt, L.,
and Cossu, C., 2006, “Delaying Transition to
Turbulence by a Passive Mechanism”, Physical
Review Letters, Vol. 96, p. 064501.

[14] Fransson, J. H., 2015, “Transition to Turbu-
lence Delay Using a Passive Flow Control
Strategy”, Procedia IUTAM, Vol. 14, pp. 385–
393, iUTAM_ABCM Symposium on Laminar
Turbulent Transition.

6
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors

2310.20708


[15] Pearce, H. H., 1961, “Shock-induced separa-
tion and its prevention by design and boundary
layer control”, G. V. Lachmann (ed.), Bound-
ary layer and flow control: its principles and
application, Vol. 2, Pergamon Press, pp. 1166–
1344.

[16] Andersson, P., Brandt, L., Bottaro, A., and
Henningson, D., 2001, “On the breakdown
of boundary layer streaks”, Journal of Fluid
Mechanics, Vol. 428, pp. 29–60.

[17] Shahinfar, S., Sattarzadeh, S. S., Fransson, J.
H. M., and Talamelli, A., 2012, “Revival of
Classical Vortex Generators Now for Transition
Delay”, Phys Rev Lett, Vol. 109, p. 74501.

[18] Fransson, J. H. M., and Talamelli, A., 2012,
“On the generation of steady streamwise
streaks in flat-plate boundary layers”, Journal
of Fluid Mechanics, Vol. 698, pp. 211–234.

[19] Shahinfar, S., Fransson, J. H. M., Sattarza-
deh, S. S., and Talamelli, A., 2013, “Scaling
of streamwise boundary layer streaks and their
ability to reduce skin-friction drag”, Journal of
Fluid Mechanics, Vol. 733, pp. 1–32.

[20] Sattarzadeh, S. S., Fransson, J. H. M., Tala-
melli, A., and Fallenius, B. E. G., 2014, “Con-
secutive turbulence transition delay with re-
inforced passive control”, Physical Review E,
Vol. 89, p. 061001.

[21] Downs, R. S., Fallenius, B. E. G., Frans-
son, J. H. M., and Mårtensson, H., 2017,
“Miniature Vortex Generators for Flow Con-
trol in Falkner–Skan Boundary Layers”, AIAA
Journal, Vol. 55, pp. 352–364.

[22] Shahinfar, S., Sattarzadeh, S. S., and Fransson,
J. H. M., 2014, “Passive boundary layer con-
trol of oblique disturbances by finite-amplitude
streaks”, Journal of Fluid Mechanics, Vol. 749,
pp. 1–36.

[23] Weingärtner, A., Mamidala, S. B., and Frans-
son, J. H., 2023, “Application of Miniature Vor-
tex Generators for Boundary Layer Transition
Delay”, AIAA Paper 2023-0097.

[24] Nobis, H., Schlatter, P., Wadbro, E., Berggren,
M., and Henningson, D., 2023, “Topology
optimization of roughness elements to delay
modal transition in boundary layers”, F. Aut-
eri, D. Fabre, F. Giannetti, and A. Hanifi
(eds.), Progress in Flow Instability, Transition
and Control, ERCOFTAC, 15TH ERCOFTAC
SIG33 WORKSHOP, p. 44.

[25] Bagheri, S., and Hanifi, A., 2007, “The stabil-
izing effect of streaks on Tollmien-Schlichting
and oblique waves: A parametric study”, Phys-
ics of Fluids, Vol. 19, p. 78103.

[26] Garnett, R., 2023, Bayesian Optimization,
Cambridge University Press.

[27] Diessner, M., O’Connor, J., Wynn, A., Laizet,
S., Guan, Y., Wilson, K., and Whalley, R. D.,
2022, “Investigating Bayesian optimization for
expensive-to-evaluate black box functions: Ap-
plication in fluid dynamics”, Frontiers in Ap-
plied Mathematics and Statistics, Vol. 8.

[28] Pederson, C. C., Choudhari, M. M., Zhou,
B. Y., Paredes, P., and Diskin, B., 2020, “Shape
optimization of vortex generators to control
mack mode amplification”, AIAA AVIATION
2020 FORUM, Vol. 1 PartF.

[29] Klauss, C. W., Pederson, C. C., Paredes, P.,
Choudhari, M. M., and Diskin, B., 2022, “Sta-
bility Analysis of Streaks Induced by Optim-
ized Vortex Generators”, AIAA Paper 2022-
3249.

[30] Schrauf, G., 2004, “Large-Scale Laminar Flow
Tests Evaluated with Linear Stability Theory”,
Journal of Aircraft, Vol. 41 (2), pp. 224–230.

[31] Schrauf, G. H., and von Geyr, H., 2020, Simpli-
fied Hybrid Laminar Flow Control for the A320
Fin - Aerodynamic and System Design, First
Results.

[32] Schrauf, G. H., and von Geyr, H., 2021, Simpli-
fied Hybrid Laminar Flow Control for the A320
Fin. Part 2: Evaluation with the eN-method.

[33] Theofilis, V., 2003, “Advances in global lin-
ear instability analysis of nonparallel and three-
dimensional flows”, Progress in Aerospace Sci-
ences, Vol. 39 (4), pp. 249–315.

[34] ANSYS Inc., 2021, ANSYS 21 R2 CFX Theory
Guide.

[35] Geuzaine, C., and Remacle, J.-F., 2009,
“Gmsh: A 3-D finite element mesh gener-
ator with built-in pre- and post-processing fa-
cilities”, International Journal for Numerical
Methods in Engineering, Vol. 79 (11), pp.
1309–1331.

[36] Hecht, F., 2012, “New development in
freefem++”, Journal of Numerical Mathemat-
ics, Vol. 20 (3-4), pp. 251–266.

[37] Hecht, F., 1998, BAMG: Bidimensional aniso-
tropic mesh generator, INRIA.

[38] Balay, S., Gropp, W. D., McInnes, L. C., and
Smith, B. F., 1997, “Efficient Management of
Parallelism in Object Oriented Numerical Soft-
ware Libraries”, E. Arge, A. M. Bruaset, and
H. P. Langtangen (eds.), Modern Software Tools
in Scientific Computing, Birkhäuser Press, Bo-
ston, MA, pp. 163–202.

7
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



[39] Roman, J. E., Campos, C., Dalcin, L., Romero,
E., and Tomas, A., 2022, “SLEPc Users
Manual”, Tech. Rep. DSIC-II/24/02 - Revision
3.18, D. Sistemes Informàtics i Computació,
Universitat Politècnica de València.

[40] Amestoy, P. R., Buttari, A., L’Excellent, J.-Y.,
and Mary, T., 2019, “Performance and Scalab-
ility of the Block Low-Rank Multifrontal Fac-
torization on Multicore Architectures”, ACM
Trans Math Softw, Vol. 45 (1).

[41] Balandat, M., Karrer, B., Jiang, D. R., Daulton,
S., Letham, B., Wilson, A. G., and Bakshy,
E., 2020, “BoTorch: A Framework for Ef-
ficient Monte-Carlo Bayesian Optimization”,
Advances in Neural Information Processing
Systems 33.

[42] Schultz-Grunow, F., 1941, “New Frictional
Resistance Law for Smooth Plates”, .

8
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



1 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

Conference on Modelling Fluid Flow (CMFF’25) 

The 19th International Conference on Fluid Flow Technologies 

Budapest, Hungary, August 26 - August 29, 2025  

DESIGN AND DEVELOPMENT OF AN AUTOMATIC PUMP TEST RIG FOR 

CONDITION MONITORING OF MECHANICAL SEALS 

David Heel1, Peter Meusburger2, Helmut Benigni3, Johannes Bauer4, Ferdinand 
Werdecker5, Maximilian Raith6 

 
1 Corresponding author, Institute for Hydraulic Fluid Machinery, Graz University of Technology. Kopernikusgasse 24/4, A-8010 Graz, 

Phone: +43 (0) 316 873 7578, E-mail: david.heel@tugraz.at 
2 Institute of Hydraulic Fluidmachinery, Graz University of Technology. E-mail: peter.meusburger@tugraz.at 
3 Institute of Hydraulic Fluidmachinery, Graz University of Technology. E-mail: helmut.benigni@tugraz.at 
4 EagleBurgmann Germany, Äussere Sauerlacher Str. 6-10 D-82515 Wolfratshausen, E-mail: johannes.bauer@eagleburgmann.com 
5 EagleBurgmann Germany, Äussere Sauerlacher Str. 6-10 D-82515 Wolfratshausen, E-mail: ferdinand.werdecker@eagleburgmann.com 
6 EagleBurgmann Germany, Äussere Sauerlacher Str. 6-10 D-82515 Wolfratshausen, E-mail: maximilian.raith@eagleburgmann.com 

 

ABSTRACT  

This paper presents the design and 

implementation of an experimental pump test rig for 

investigating mechanical seals. The primary 

objective of the rig is to conduct long-term tests 

under varying operating parameters, providing a 

platform for developing condition monitoring 

systems for mechanical seals under realistic 

conditions. The adjustable parameters include pump 

speed, flow rate, system pressure, and water 

temperature at the pump inlet. Additionally, the 

design enables controlled air injection on the suction 

side, the simulation of dry running of the seal, and 

the resulting thermal shocks during automatic 

refilling of the circuit, allowing replication of entire 

industrial processes. By incorporating vibrations, 

shocks, and other disturbances generated by the 

pump, the test rig provides a more comprehensive 

testing environment compared to conventional 

spindle-based rigs. It supports both automatic and 

semi-automatic operation modes, enabling 

comprehensive evaluation of condition monitoring 

systems and their practical applicability.  

Keywords: Automatic operation, Condition 

monitoring, Long-term testing, Mechanical seals, 

Pump test rig 

NOMENCLATURE  

FN [N] normal force 

H [m] head 

K [-] wear coefficient 

Q [m³/h] flow rate 

Re [-] Reynolds number 

T [°C] temperature 

Vwear [m³] wear volume 

n [rpm] rational speed 

pabs [Pa] absolute pressure 

pdiff [Pa] differential pressure 

prel [Pa] relative pressure 

x [m] distance 

η [%] efficiency 

σ0 [N/m²] hardness 

 

Subscripts and Superscripts 

AE acoustic emission signal 

PS, SS pressure side, suction side 

 

1. INTRODUCTION  

Mechanical seals are high-precision sealing 

systems specifically developed for pressurized shaft 

passages. They are characterized by a very narrow 

sealing interface and low friction. Due to their low-

maintenance design and long service life, they are 

widely used in pumps, compressors, propeller shafts, 

mixers, and filtration systems. [1,2] A study by the 

Fraunhofer Institute identified that the mechanical 

seal is one of the main reasons for the failure of 

pumps in industrial processes, followed by bearing 

and gap wear. [3]  

Although mechanical seals are designed for long 

service lives, analysing premature failure or 

excessive wear remains a significant challenge. The 

unpredictability of such failures poses the risk of 

unplanned plant shutdowns, which can result in costs 

of several million euros per day, depending on the 

plant's size and production volume. [4] In many 

cases, repair and associated costs can surpass the 

initial cost of the seal by factors ranging from 100 to 

1000 times. [5] Continuous condition monitoring is 

therefore a key research focus to detect wear and seal 

failure at an early stage, enabling planned 

maintenance and replacement cycles, and ensuring 
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the operational reliability and cost-effectiveness of 

the entire system.  

Furthermore, API 682 [6], which defines the 

requirements for shaft sealing systems in centrifugal 

and rotary pumps in the field of oil-, gas- and process 

engineering, mandates three years of uninterrupted 

operation while complying with environmental 

emission regulations. To meet these standard 

requirements, condition monitoring of the 

mechanical seal may be essential. 

The sealing interface of a mechanical seal is 

oriented normally to the shaft and is formed by two 

opposing faces. These contact surfaces are designed 

to allow a thin lubricating film to be established 

under specific operating conditions. The thickness of 

which significantly influences both leakage and 

frictional behaviour. [7] Leakage occurs radially 

through the sealing interface. To better understand 

the function of a mechanical seal, refer to Figure 1, 

which illustrates its schematic structure. The axially 

movable rotating seal face is pressed against a 

stationary seat by one or multiple springs. This 

spring ensures automatic adjustment of the sealing 

interface, compensating for wear and thermal 

expansion, thereby maintaining continuous contact 

between the sealing face and the seat. Material 

pairings such as carbon graphite combined with 

metal or ceramic are often selected, while O-rings are 

employed as secondary sealing elements. [8] 

 

 

Figure 1. Schematic design of a mechanical seal  

Previous efforts to develop condition monitoring 

systems have predominantly utilized spindle test 

rigs, where the seal is installed in a dedicated test 

setup and the shaft is driven externally. The test rig 

presented in this publication enables the 

development of condition monitoring systems 

directly within a pump. In addition to facilitating the 

design of new monitoring approaches, it also allows 

for the evaluation of existing condition monitoring 

systems. By precisely controlling the operating 

conditions, specific processes and events can be 

conducted in a reproducible manner. 

2. FAILURE OF MECHANICAL SEALS 

2.1. Theory of wear 

When defining the tribological system of a 

mechanical seal based on DIN 50320 [9], the 

stationary seat serves as the base body, while the 

rotating seal face acts as the counterbody, which is 

subjected to the applied load. The intermediate 

substance is the process medium, which forms the 

sealing gap. Depending on the seal configuration, the 

process medium and, in some cases, the barrier fluid 

function as the environmental medium. In general, 

frictional states can be classified into solid-state 

friction, boundary friction, mixed friction, fluid 

friction, which includes hydrostatic, hydrodynamic, 

and elastohydrodynamic lubrication, as well as gas 

friction, which can occur under aerostatic or 

aerodynamic conditions. 

All of these frictional states can occur within a 

mechanical seal, leading to different wear 

mechanisms. The most common wear mechanisms 

include adhesion, abrasion, surface fatigue, and 

tribochemical reactions. [7] 

According to Popov [10], the dominant wear 

mechanism in sliding contacts is adhesive wear. 

Continuous stress on the sliding surfaces due to 

adhesive contact leads to crack formation at the 

welded surface unevenness. If adhesion forces 

become too high, particles or material grains may 

detach. These particles are further ground down 

within the sealing gap until they are flushed out, 

causing additional cracks and leading to material 

removal. [10,11] The wear volume Vwear can be 

determined using the Holm-Archard equation [12], 

which states that the worn volume is proportional to 

the normal force FN and sliding distance x, while 

inversely proportional to the hardness σ0 of the softer 

sliding partner. Manufacturers typically provide the 

wear coefficient K based on the material pairing. 

 

𝑉wear = 𝐾
𝐹N ∙ 𝑥

𝜎0
 (1) 

2.2 Premature failure 

A mechanical seal is a wear component designed 

for a specific service life. The primary factor used to 

determine its lifespan is the adhesive wear of the 

sealing surfaces. However, a significant amount of 

mechanical seals does not reach their expected 

service life. In such cases, the term "premature 

failure" is used. [13] 

There are numerous reasons why a mechanical 

seal may fail before reaching its intended lifespan. 

Some of these factors occur even before the seal is 

put into operation, including design flaws, 

manufacturing defects, or installation errors. 

Regardless of these pre-operational issues, this 

discussion focuses on failure mechanisms that arise 

during operation. In many cases, premature failure is 
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caused by a combination of multiple factors rather 

than a single issue. [14] 

2.2.1 Mechanical overload 

Even with proper design and installation, a 

mechanical seal may experience excessive 

mechanical stress. One of the primary causes is 

operational misuse of the equipment. Excessive 

pressure or sliding speeds can lead to grooving on the 

sealing surfaces. [5] Sudden pressure surges, often 

resulting from the rapid closing of a valve or shut-off 

device, can impose shock loads on the seal, 

potentially causing cracks or edge chipping. 

Additionally, mechanical overload can be induced by 

pump vibrations, whereas damaged bearings may 

cause these vibrations. Furthermore, improper flow 

conditions, such as blockages, deposits, or 

unfavourable operating points, can lead to increased 

radial forces acting on the seal, further accelerating 

wear and failure. [15] 

2.2.1 Thermal overload 

One of the leading causes of thermal overload is 

dry running of the seal, which can lead to fluid 

evaporation within the seal chamber. [13] A sudden 

temperature change, such as flushing the system with 

a cold medium after a high-temperature process, can 

cause thermal shock. Similarly, irregular operating 

conditions, including frequent start-stop cycles or 

insufficient flushing, can result in excessive heat 

build-up. [16] The consequences of thermal overload 

include crack formation, material embrittlement, and 

deformation of sealing components. [17] Moreover, 

excessively high temperatures can also cause 

degradation of secondary seals such as O-Rings, 

leading to leakage and failure of the entire sealing 

system.  

2.2.3 Chemical degradation 

Mechanical seals are also vulnerable to chemical 

attacks, particularly corrosion of metallic or ceramic 

components. [5] Additionally, carbonization or 

crystallization of process media can lead to increased 

leakage or even complete seal failure. [8] Secondary 

seals, may also be compromised if the material 

compatibility with the process fluid is insufficient. 

Chemical degradation is particularly critical in 

aggressive operating environments where exposure 

to acids, solvents, or high-temperature fluids 

accelerates material deterioration. 

3. CONDITION MONITORING FOR 
MECHANICAL SEALS 

The condition monitoring of mechanical seals 

can take various forms and must be tailored to the 

specific application. As previously discussed, there 

are numerous causes of seal failure. The first step in 

developing an effective monitoring system is to 

determine which failure mechanisms should be 

observed. Furthermore, the focus during 

development should always be on application in real 

use cases. 

A basic method for assessing the condition of a 

mechanical seal is leakage detection. Additional 

measurable parameters that provide insights into the 

frictional state include temperature measurements at 

the seal face, seat, or within the sealing gap. [18] In 

particular, during solid-state friction and boundary 

lubrication, wear is significantly increased due to the 

conversion of kinetic energy into heat at the 

tribological contact interface. As a result, the 

temperature of the entire tribosystem and especially 

the interfacial temperature rises. [9] To assess the 

stress conditions acting on the seal, comprising a 

combination of pressure and sliding velocity 

(pressure x velocity), it is necessary to measure the 

operating pressure and rotational speed of the 

system. [13,19]  

Lambert [20] already presented a system which 

monitors the condition of mechanical seals by 

measuring operating parameters in 1998. To improve 

reliability, the surface temperature was calculated 

using a finite element method. 

Beyond these basic condition monitoring 

techniques, measuring the lubrication film thickness 

within the sealing gap provides valuable information 

on the friction state of the sliding surfaces. By 

defining a critical threshold for fluid film thickness, 

a distinction can be made between pure fluid 

lubrication and solid-state contact. [19] Since the 

fluid film is only a few micrometers thick, the 

sensors used must have a very high resolution. 

However, measuring the lubrication film thickness is 

particularly challenging in transient operating 

conditions, where temperature variations further 

complicate the measurement task. 

Several sensor-based measurement techniques 

have been investigated for determining the 

lubrication film thickness, for example by Zou and 

Green [21] using an eddy current sensor. The eddy 

current proximity probes were attached to the end of 

the housing to measure the static and dynamic 

distance between the seat and the end face of the 

rotor.  

Another possibility is to use the acoustic 

emission signal (AE), as this can contain a lot of 

information on the friction of the end surfaces. Based 

on the operating conditions, three main mechanisms 

can contribute to AE generation during sliding, 

namely viscous friction due to the shearing of 

lubricant layers, the interaction between surface 

irregularities and fluid flows, and direct contacts of 

the surface irregularities. In addition to 

understanding the formation mechanism of 

tribological AEs in mechanical seals, there is a 

difficulty in characterizing the AE signal. [13,22] 

A further option is to impose active ultrasonic 

waves with a piezoelectric ultrasonic transducer and 

compare them with the signal reflected and received 
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by the sliding surface. [13] Dwyer-Joyce presents in 

[23] the theoretical principles for the interaction of 

ultrasound with the interfaces and the fluid film. 

The above list provides a brief overview of the 

possibilities for condition monitoring. There are 

many other promising methods. For future research, 

there are improvements in sensor accuracy, the 

integration of real-time monitoring systems, and the 

optimization of data analysis techniques to 

implement. 

4. TEST RIG 

The primary circuit, also referred to as the main 

circuit, is driven by the main pump. The test 

mechanical seals ensure that the medium in the main 

circuit is sealed against the environment and the 

rotating shaft of the main pump. 

Following the flow direction from the main 

pump, the medium passes through a flow control 

valve (C1), which regulates the volumetric flow rate, 

before entering the pressure vessel. The pressure 

vessel serves as a damping element, with an 

adjustable air cushion in the upper half that allows 

system pressure modulation. From there, the medium 

continues its way through a heat exchanger, which 

allows precise thermal conditioning, before flowing 

through a dedicated pipeline section designed for 

controlled air injection. Finally, the medium returns 

to the pump inlet, closing the loop. 

To simulate dry-running conditions, the pump's 

drainage valve (C6) can be opened, enabling 

controlled evacuation of the working fluid. Butterfly 

valves (C2) and (C3) are installed on the suction and 

pressure sides of the main pump. When closed, they 

prevent complete drainage of the system, ensuring 

that only the section between the valves is emptied. 

 

Figure 2. Test rig overview 

Table 1. Control valves of the test rig 

Flow control valve C1 

Butterfly valve pressure side C2 

Butterfly valve suction side C3 

Pressure boost valve C4 

Pressure relief valve C5 

Pump drain valve C6 

Air injection control valve C7 

 

 

Figure 3. Schematic diagram of main test rig 

components 

4.1 Control variables of the test rig 

The test rig can operate fully automatic, with 

predefined process steps being executed 

sequentially. Alternatively, a semi-automatic mode 

allows for manual input of specific control variables. 

The following sections describe the individual 

control loops. 

The drive motor of the main pump is controlled 

via a frequency converter, which regulates and 

monitors the motor operation. The actual speed is 

measured by a rotary encoder (M13) that records the 

rotational speed of the motor shaft. 

The flow rate in the primary circuit is regulated 

using a proportional valve (C1). By adjusting the 

valve position, the volume of liquid flowing through 

the main circuit can be continuously controlled. A 

magnetic inductive flow meter (M06) is used to 

measure the flow rate. To ensure the possibility of 

reducing the flow to zero discharge, a shut-off valve 

is installed in the primary circuit.  

The system pressure is regulated via an air 

cushion in the upper section of the pressure vessel. 

To increase pressure, compressed air from an 

external supply is introduced via the booster valve 

(C4), expanding the air cushion until the desired 

pressure is reached. Pressure reduction is achieved 

via the pressure relief valve (C5), which is connected 

to a vacuum tank. This allows air to be released from 

the pressure vessel into the vacuum tank, which is 

maintained at a reduced pressure by a vacuum pump. 

The actual system pressure is recorded by the 

piezoresistive pressure sensor (M03). 

P             
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V         

H            

A           

V         

  

    

  

  

  

  



5 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

The temperature in the primary circuit is 

regulated via a heat exchanger, which dissipates 

excess heat. The setpoint temperature is determined 

by sensor (M09), a PT100 resistance thermometer. 

The cooling source of the system is a chiller unit, 

while heat is introduced into the system through the 

operation of the main pump. 

 

Figure 4. Diagram of the instrumentation  

The test rig allows for controlled air injection 

into the main circuit on the suction side of the pump. 

This is achieved via a pipe section equipped with 

mixing nozzles. The pipeline assembly consists of an 

annular chamber with wall perforations, which is 

connected to a pressurized air line equipped with a 

check valve. The air flow rate is regulated using 

proportional valve (C7) and monitored via an 

ultrasonic flow meter (M08). 

Table 2. Measured variables at the test rig 

Pressure 

 Differential pressure pump M01 

 Relative pressure at seal M02 

 Absolute pressure suction side M03 

 Absolute pressure ambient M04 

 Relative pressure pressure vessel M05 

Flow rate  

 Main circuit M06 

 Flush mechanical seal M07 

 Air injection M08 

Temperatures 

 Suction side M09 

 Pressure side M10 

 Flush mechanical seal M11 

 Seal face M12 

Rotational speed 

 Main pump speed M13 

Electrical power 

 Main pump power M14 

4.2 Condition monitoring of the 
mechanical seal 

As shown in Figure 4, a set of measurement 

variables is extracted from the main pump, 

representing the condition monitoring system of the 

mechanical seal. These measured variables include 

the relative pressure of the seal (M02) and the 

ambient pressure (M04) as key pressure parameters. 

The pressure connection of (M02) is shown in Figure 

5. The hole ends very close to the sealing gap, the 

measured pressure corresponds to the pressure that 

the seal must also withstand. Additionally, the flow 

rate in the flushing line from the spiral casing to the 

seal is monitored using an ultrasonic flow meter 

(M07). Further monitoring parameters include the 

temperature in the flushing line (M11) and the 

temperature near the seal face (M12, thermocouple 

in Fig. 5). To complete the readings for a load 

collective, the rotational speed of the main pump 

(M13) is also recorded. 

 

Figure 5. Instrumentation of the mechanical seal 

The selected monitoring parameters represent 

fundamental baseline values. However, the system 

allows for future expansion. Before extending the 

monitoring setup, it is essential to determine the 

specific tests to be conducted on the test rig. If 

necessary, additional parameters can be integrated 

into the condition monitoring system. 

5. INITIAL MEASUREMENT DATA 

For this study, three measurement series were 

recorded, each representing a pump characteristic 

curve. The pump characteristics were determined at 

three constant rotational speeds: 1500 rpm, 

2500 rpm, and 3500 rpm In addition, for each 

measurement series the system pressure was 

maintained at 6 bar, and the temperature was kept 

constant at 20 °C on the suction side of the pump. 

Starting from zero discharge, the flow rate was 

incrementally increased in steps of 10 m³/h until the 

pump's maximum achievable flow rate was reached. 

The pump's delivery head is determined by the 

before mentioned parameters. 

The process sequence executed on the test rig 

ensures that the system is properly prepared before 

the actual measurement. Before recording a pump 

characteristic curve, the pipeline system is flushed, 

and the test rig is stabilized at a constant temperature 
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of 20 °C. Therefore, the main pump speed is set to 

2500 rpm, and a flow rate of 80 m³/h is held constant 

for 200 seconds. Following this stabilization phase, 

an automated flushing for the pressure sensors is 

performed at reduced speed. After completing this 

step, the actual measurement process is initiated. In 

the final stage, the pump speed is brought to a full 

stop at 0 rpm. This standardized procedure ensures 

repeatable initial conditions for each test run, thereby 

improving the reliability and reproducibility of the 

measurements.  

Each measurement series was recorded 

continuously. The measuring software sampled data 

at 1000 Hz and stored averaged values every second.  

Figure 6. Continuous recording at 2500 rpm, (top) 

full measurement log (bottom) first process step  

 

Figure 6 (top) illustrates the complete process 

sequence for the measurement series at 

2500 rpm.The graph (bottom) in Figure 6 shows the 

time interval of the initial section of the characteristic 

curve at a flow rate of 0 m³/s. Each process step 

consists of a settling phase and a holding phase. This 

is indicated by three vertical lines: the first marks the 

start of the process step and the beginning of the 

settling phase, the second marks the transition from 

the settling to the holding phase, and the third marks 

the end of the holding phase and the completion of 

the process step. 

During the settling phase, the control system 

adjusts the operating parameters until they stabilize. 

In the holding phase, the values reached at the end of 

the settling phase are maintained. If the target system 

pressure is 6 bar but only 4.5 bar is achieved within 

the predefined settling time, then 4.5 bar becomes 

the new target value for the holding phase. As a 

result, no significant changes occur during the 

holding phase, allowing for the calculation of an 

average value that is representative of this operating 

state of the pump while minimizing variance. 

For the measurement series, the settling phase 

was set to 60 s, followed by a 30 s holding phase. In 

Figures 7 to 9, a mean value was calculated from the 

data recorded during the holding phase, representing 

a single measurement point.  

The authors consistently present the data as a set 

of two graphs. The upper graph illustrates the pump 

characteristic curve at the respective rotational 

speed, along with the pump efficiency and the 

measured electrical power, compensated by the 

efficiency of the drive motor. By analysing the pump 

characteristic curve, its power and its efficiency, the 

operating point of the pump can be assessed. This 

evaluation also serves to associate the data related to 

the seal, which is depicted in the lower graph. For the 

seal-related data, the selected parameters include the  

sealed pressure, as well as the flow rate and 

temperature of the flushing medium. All data is 

plotted against the flow rate. Based on these 

representations, the following section analyses the 

trends observed in the measurement data, focusing 

on the interaction between pump and seal. 

 

Figure 7. (top) Pump characteristic 1500 rpm, 

(bottom) corresponding measured variables 

 

The results, as shown in Figure 7, illustrate the 

    ’     f                            d  f 

1500 rpm. At this speed, the pump reaches a 

maximum head of 20.4 m and a maximum flow rate 

of 65 m³/h, with a peak efficiency of 49.6 %. 

Examining the head curve from the first 

measurement series reveals that the second 

measurement point is slightly above the first. Gülich 

[24] describes characteristic curves where the 

gradient ∂H/∂Q > 0 is as "unstable." The drop in head 

at very low flow rates can be attributed to 
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recirculation within the impeller, a typical behaviour 

for centrifugal pumps of this specific speed and 

design. The power and efficiency curves both follow 

the expected trends. 

The relative pressure at the seal decreases as the 

flow rate increases, which is expected since the pump 

head also decreases. Notably, the entire pressure 

generated by the pump does not appear at the seal. 

This drop in measured static pressure can be 

explained by the dynamic pressure component, 

which is influenced by the seal flushing. The 

dynamic pressure reduction occurs due to the 

flushing flow, which follows an inverse trend 

compared to the main pump flow. The flushing line 

functions as a bypass from the spiral casing to the 

seal, meaning that the higher the differential pressure 

generated by the pump, the higher the flushing flow 

rate. The temperature of the flushing flow remains 

constant at 20 °C, which is consistent with the 

suction-side temperature regulation of the pump.  

Figure 8. (top) Pump characteristic 2500 rpm, 

(bottom) corresponding measured variables 

Figure 8 presents the data from the measurement 

series at 2500 rpm. At this rotational speed, the pump 

achieves a maximum head of 56.6 m and a maximum 

flow rate of 109.7 m³/h. By applying the similarity 

laws according to EN ISO 9906:2012 [25] or IEC 

60193:2019 [26], similar operating points can be 

converted. In this context, the flow rate scales 

linearly to the speed ratio, the head scales to the 

square of the speed ratio, and the power scales to the 

cube of the speed ratio. Applying these laws to the 

measurement data reveals a good correlation 

between the first and second measurement series. 

The pump reaches a peak efficiency of 57.2 %, 

which is significantly higher than the efficiency 

measured in the first series. According to IEC 60193 

[26], the frictional losses in the flow of hydraulic 

machinery are primarily dependent on the Reynolds 

number (Re). Since the Reynolds number increases 

by approximately 1.7 times due to the higher 

rotational speed, an increase in efficiency is also 

expected. It should be noted: In the evaluation, the 

outlet diameter of the impeller was used as the 

characteristic length for calculating the Reynolds 

number displayed in Figure 7 to 10. 

 The unstable characteristic curve can be 

recognized even more clearly. The relative pressure 

at the seal follows a trend similar to that observed in 

the first measurement series, and the unstable nature 

of the pump characteristic curve is also evident in the 

pressure profile. The temperature of the flush 

remains at approximately 20 °C, with a slight 

increase observed at very low flow rates. This 

temperature rise occurs because, at this operating 

point, heat accumulates due to insufficient 

dissipation caused by the low flow rate. Examining 

the temporal progression in Figure 6 shows a 

continuous temperature increase once a flow rate of 

0 m³/h is reached. As previously discussed, the 

standardized startup process ensures that this 

temperature increase does not originate from prior 

process conditions. 

Figure 9. (top) Pump characteristic 3500 rpm, 

(bottom) corresponding measured variables 

The data from the latest measurement series at 

3500 rpm are shown in Figure 9. At this rotational 

speed, the pump achieves a maximum head of 

110.9 m, a maximum flow rate of 151.6 m³/h, and a 

peak efficiency of 58.7%. The correlation based on 

the similarity laws aligns very well with the other 

measurement series. The trend of the relative 

pressure at the seal and the flushing flow rate fits the 

overall pattern. The temperature profile of the 
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flushing flow shows a slight increase at very low 

flow rates, subsequently drops back to 20 °C, and 

then rises steadily. A possible explanation for this 

behaviour could be the power increase, which scales 

with the cube of the rotational speed ratio. This 

causes the pump housing and the cartridge to heat up 

over time until a thermal equilibrium is reached. 

To complement the presented measurement 

results, Table 3 provides quantified uncertainty 

values for the displayed parameters. The uncertainty 

analysis follows DIN EN ISO 99006 [25], using 

representative values near         ’  b     ff      y 

point. Measurement uncertainty may vary across the 

measurement range, particularly at its boundaries, 

where deviations tend to be more pronounced. The 

primary objective is to provide a quantitative 

estimate of the uncertainty associated with the 

reported values. 

The analysis accounts for the entire 

measurement chain, including the data acquisition 

system, galvanic isolation amplifiers, signal 

conditioners, and the respective sensors. The 

reported uncertainties represent expanded 

uncertainties with a confidence level of 95 %. The 

current setup meets the grade 1 acceptance criteria 

for pump measurements according to DIN EN ISO 

9906 [25]. 

Table 3. Measurement uncertainty 

Head 0.7118 % 

Flow rate 0.8684 % 

Efficiency 1.7335 % 

Power 1.3207 % 

Relative pressure at seal 0.7954 % 

Temperature flush 0.8211 % 

Flow rate flush 1.5793 % 

 

6. SUMMARY  

Monitoring the condition of mechanical seals is 

essential for detecting wear and failures, ensuring 

operational reliability, and enabling early 

intervention. To develop and validate existing 

condition monitoring approaches for mechanical 

seals, a dedicated test rig was designed and 

constructed. The test rig allows precise control over 

key operating parameters, including pump speed, 

flow rate, system pressure, and water temperature at 

the pump inlet. Additionally, its design enables 

controlled air injection on the suction side, the 

simulation of seal dry-running conditions, and the 

resulting thermal shocks upon automatic refilling of 

the circuit. These features allow the replication of 

entire industrial processes under controlled 

conditions. Initial measurements were recorded and 

analysed using the pump performance curve as a 

reference. 

The presented test rig provides a solid 

foundation for further investigations, particularly 

long-term tests. Moreover, it can be employed to 

diagnose application-specific issues by replicating 

real-world processes in a controlled laboratory 

environment and applying appropriate measurement 

techniques to identify the root cause. The setup also 

facilitates the validation of existing condition 

monitoring systems, making it a versatile tool for 

research and practical applications. Future work will 

focus on optimizing the measurement techniques and 

further expanding the range of monitored parameters 

to further enhance the reliability of mechanical seal 

condition monitoring. 
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ABSTRACT 
This study presents the numerical analysis of a 

Pelton turbine of low specific speed with the 
Lagrangian open-source code DualSPHysics [1]. 
The numerical results were compared with 
experimental data. The main objective was to 
determine if the applied numerical approach led to 
reproducible results and allowed insight into the 
momentum transfer and water movement in jet, 
runner, and casing. The influence of numerical 
parameters like particle size, kernel and smoothing 
length coefficient, and shifting value on the 
simulation results has been tested.  

As a result, an optimal particle size formulation 
is suggested. Furthermore, we established a 
connection for two numerical parameters of 
DualSPHysics, the “smoothing length coefficient” 
and the “shifting”, to improve the fluid flow 
behaviour and the resulting torque without 
modifying the physical parameters. In addition, we 
investigated the deviation from the optimal 
achievable torque and the improved fluid behaviour 
through these numerical parameters.  

We discussed the effect of the bucket 
disturbance in the jet from the particle simulation 
alongside the similarity law simulation and the actual 
prototype’s measurement outcomes. Identical 
simulations of the physical properties of the 
operation points were compared in momentum. 

Keywords: Pelton turbine, SPH, DualSPHysics, 
Particle simulation 

NOMENCLATURE 

 

A [m²] cross-section 
B [m] bucket width 
coefh [-] kernel smoothing coefficient 

D [m] runner jet diameter 
djet [m] diameter of the jet 
dp [m] particle size 
g [m2/s] gravitational constant 
H [m] head 
kc [-] nozzle losses 
kdp [-] jet diameter/particle coefficient 
kjv [-] kinetic energy coefficient 
kh [-] smoothing length 
n [1/s] rotational runner speed 
Q [m3/s] discharge 
T [Nm] torque 
t [s] time 
TFS [-] threshold to detect free surface 
v [m/s] velocity vector  
z [-] number of buckets 
φ [-] discharge coefficient 
ψ [-] pressure coefficient 
 
Subscripts and Superscripts 
 
jet fluid jet of a single nozzle 
M meridional speed 
x, y, s cartesian coordinate components 
I low specific speed prototype 
II, typical specific speed prototypes 
PS, SS pressure side, suction side 

1. INTRODUCTION 
Pelton turbines with a low specific speed 𝑛௤ 

operate with comparatively low flow rates and high 
heads. This type of Pelton turbine is often used in 
systems whose purpose is not primarily power 
generation, such as in water supply or process 
engineering systems. Therefore, such turbines’ 
design, analysis, and optimisation are often restricted 
by low budgets and require cost-effective methods. 
In general, but especially under these conditions, 
numerical flow simulations represent a powerful 
tool. In recent years, smoothed particle 
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hydrodynamics (SPH) has gained popularity due to 
the continuous improvement of computer hardware, 
especially regarding graphic processing units. In 
addition, only the CAD files are required, which is a 
significant advantage over Eulerian CFD codes 
where additional meshing is needed. However, the 
simulation of Pelton turbines with low specific speed 
presents additional difficulties owing to their distinct 
geometrical prerequisites and high velocity 
compared to the low discharge relation. The low flow 
rate at high jet velocities usually results in relatively 
small buckets compared to the size of the runner. 
This poses challenges not only for flow observation 
in experimental investigations but also for flow 
simulation. A minimal particle size would be 
required for the small bucket size and the thin jet 
diameter, both represented by particles. As the 
hardware on the GPU may overstep its capabilities, 
bigger particles must be used. However, tiny 
particles are needed to achieve both aims: a good 
representation of the runner surface and a sufficient 
resolution in the jet. 

Additionally, the high velocity of the particles 
and the low discharge, leading to a small diameter of 
the jet, result in a fragile jet. So, modelling the 
binding forces and surface interaction in the bucket 
is far more critical than larger jet diameters with 
lower velocity and must be done carefully. In the 
Lagrangian approach, the particle-particle 
interaction and the particle-surface interaction are 
partly formed by particle size 𝑑௣, smoothing kernel 
length, interaction factor and particle shifting. To 
better understand the effects of the model behind 
these parameters, an open-source code was used for 
the present study, which allowed insight and 
validation of the mathematical formulations of the 
code. 

This study uses the code DualSPHysics [1], an 
open-source software that utilises the smoothed 
particle hydrodynamics (SPH) method to enable the 
simulation of fluids and other continuous media 
within three-dimensional environments. With this 
code, a low specific speed Pelton turbine was 
analysed in detail based on the geometry of a one-
nozzle Pelton turbine (in the following referenced as 
Prototype I). Particles represent the fluid, rotating, 
and static bodies. To save computing time, only the 
surface made of particles (the envelope) is used for 
the rotating runner and the housing. Prototype I has 
an 𝑛௤ of 2.5 rpm and a head 𝐻 of 350 m with a 
horizontal axis. One additional Pelton turbine with a 
different specific speed was investigated to evaluate 
the simulation setup with different geometrical 
conditions. The six-nozzle Prototype II had an 𝑛௤ of 
15.5 rpm (𝑛௤,௡௢௭௭௟௘ = 6.3 rpm). 

Prototype I has been tested in real size, and 
Prototype II has been tested in model size (scale 
factor as of 1:4.2, by applying similarity laws) in the 
Institute of Hydraulic Fluid machinery laboratory, 

which facilitated the verification of the simulation 
results.  

2. PREPARATORY WORK 
The simulation of Pelton turbines using SPH is 

becoming increasingly popular. Also, the SPH 
simulation with DualSPHysics [1] was already 
applied for this kind of turbine. Dominguez et al.'s 
work contains the mathematical model and code [2, 
3]. Works by Furnes [4] conducted a comprehensive 
investigation into SPH on a Pelton turbine to 
determine if the approach of Pelton simulation with 
DualSPHysics is feasible for prediction and 
identified it as a promising tool. Ge et al. [5] compare 
mesh and particle-based approaches using the data 
from Vessaz; while he criticised the accuracy of the 
torque, he highlights the possibilities for preliminary 
screening. Further, he mentioned the benefits of 
droplet observation. Vessaz et al. [6, 7], who 
researched the finite volume particle method 
(FVPM) for Pelton turbines, described this method 
as satisfactory. Kumashiro et al. [8] used the particle-
based software project “SPHEROS” to identify 
differences in torque compared to the mesh-based 
solution with ANSYS CFX, where the particle-based 
solver agreed with the experiment's trends. 
Furthermore, Alimirzazadeh et al. [9] examined the 
jet interference of six-jet Pelton turbines, utilising, 
for instance, SPHEROS as a meshless finite volume 
particle method (FVPM) for simulating fluid flows 
compared against ANSYS CFX, where the FVPM 
method was in agreement with the experiment and 
the jet interference good observable in the 
simulation. 

Koukouvinis researched the flow in the injector 
of Pelton turbines [10] and improved conservation 
laws [11] for smoothed particle hydrodynamics. SPH 
development is still ongoing, as in the thesis of 
Garzon [12], who proposed a new ALE-WENO 
(Arbitrary Lagrangian Eulerian - Weighted 
Essentially Non-Oscillatory formulation) based on 
DualSPHysics for accurate free surface jets. 

Arch and Mayr [13] note that the critical Weber 
number for droplets (or particles) is approximately 
6.5. In this context, the particle Weber number under 
discussion is significantly higher; around ten times 
greater than this critical threshold. Additionally, the 
Weber number for the Pelton turbine aligns with this 
observation and is supported by the research 
conducted by Staubli and Hauser [14]. Their study of 
the Pelton turbine jet, with a similar Weber number, 
in Moccasin, California, revealed considerable 
droplet formation and mist, highlighting the 
instability of the jet's surface structure. “The higher 
the Weber number, the higher the degree of 
atomization.”, Grein et al. [15]. 

3. PARAMETERS 
In preparation for the simulation, a parameter 

study focused on particle size and the smoothing and 
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shifting parameters. The initial parameters were 
derived from the so-called “DamBreak” example 
included in the DualSPHysics code package [16]. 
Then, an initial optimisation was evaluated by an 
analytically calculated torque from an impinging jet, 
with reference to existing literature (e.g. [10, 17]). 
For the optimisation process, a Nelder-Mead 
optimiser [18] was utilised to address the non-linear 
relationship between parameter changes and the 
resulting torque development [19, 20, 21] during the 
solving process [22].  

After several iterations of jet impingement 
optimisation, the obtained parameters were applied 
to a single-bucket simulation. In this case, a full 
bucket was necessary, as using a half-model was not 
feasible due to the requirement to represent the edges 
as spheres (Asymmetry). Additionally, the shape of 
the jet was constrained by fundamental geometric 
forms, such as circles, making a half circle 
impossible within the current code. As a reference, 
the torque taken from the experiment was used as one 
benchmark for the simulation. 

No numerical target value for correct fluid 
behaviour was available in the optimisation. 
Therefore, the parameter ranges for the optimisation 
were constantly fine-tuned manually to optimise 
torque and fluid behaviour simultaneously. For 
reference purposes, the simulation was, e.g., 
compared with Ruden’s analytical analysis [23] 
concerning jet expansion. Experimental data from 
Schach [24] and other literature [25, 26, 27] were 
used to examine the jet’s impact on a flat surface. 
Moreover, surface formation and wetting 
considerations were deemed important as they 
significantly influence the energy transfer (e.g., [28, 
29]). Referencing from existing literature [30, 31, 32, 
33, 34] was also applied to the bucket’s fluid 
behaviour. 

Subsequently, the derived parameters were 
utilised in a comprehensive runner simulation and 
compared against the measurement results from 
Prototype I and the literature [35, 36, 37]. 
Consequently, the simulation was analysed, leading 
to a re-run of the optimisation process at the jet 
impingement stage, whereas the results have been 
considered. The parameters acquired from this 
optimisation, particularly those related to shifting 
and smoothing, were also successfully used in the 
simulations for Prototype II. 

3.1. PARTICLE SIZE 
The size of the particle defines the resolution of 

the solid boundaries and the fluid. Moreover, 
numeric accuracy and computational performance 
are directly related to particle size and the boundary 
interaction between the fluid and the surface [4, 16, 
2, 38]. Furthermore, DualSPHysics permits only 
identical particle sizes in a simulation.  

 

 

Figure 1. Different simulation results compared 
to literature values 

Research [5, 9, 39, 40] indicates an interest in 
optimised particle size for particle simulation of 
Pelton turbines. Figure 1 shows the extracted and 
normalised data from the referenced researchers. 

In addition, the separately simulated data is 
shown for comparison. On the one hand, the data 
generally indicates an improvement of the effective 
torque for higher jet diameter to particle size ratios 
(𝑘ௗ೛

). On the other hand, there is a decline in the 

achievable torque for different prototypes, similar to 
the findings of Ge et al. [5]. The assumption that the 
jet diameter to particle ratio, 𝑘ௗ೛

, has an optimum or 

saturates at high values seems plausible, considering 
the Lagrangian formalisation [41, 42, 43]. 

 

𝑘ௗ೛
=

ௗೕ೐೟

ௗ೛
  (1) 

 
Considering the proposed ratio 𝑘ௗ೛

, as expressed 

in Equation (1), a straightforward transition can be 
made with the jet velocity. As depicted in Equation 
(2), the jet diameter can be expressed in terms of 
discharge and head by reformulating the jet velocity 
and relating it to these variables, including the 
velocity coefficient 𝑘௖ (e.g. 𝐾஼೔

 in Raabe [44]), 
which is a loss coefficient. 

 

𝑣௝௘௧ = 𝑘௖ ⋅ ඥ2 ⋅ 𝑔 ⋅ 𝐻 =
ொೕ೐೟

஺ೕ೐೟
  (2) 

 
This leads to the formula shown in Equation (3). 

The ratio 𝑘ௗ೛
 was taken from the literature (e.g., [8, 

45]).  
 

𝑑௣ =
ௗೕ೐೟

௞೏೛

=
ଶ

௞೏೛⋅(గ⋅௞೎)
భ
మ

⋅
ொ

ೕ೐೟

భ
మ

(ଶ⋅௚⋅ு)
భ
ర

  (3) 

 
The impact of the head and nozzle losses is 

smaller than the influence of the discharge. We 
simplify this further by collecting the jet velocity-
related terms 𝑘௖ and 𝐻, including the other constants, 
to a jet-velocity parameter 𝑘௝௩, as seen in Equation 
(4).  
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𝑘௝௩ =
ௗ೛⋅௞೏೛

ொ
ೕ೐೟

భ
మ

=  
ଶ

(గ⋅௞೎)
భ
మ

⋅
ଵ

(ଶ⋅௚⋅ு)
భ
ర

   (4) 

 

 

Figure 2. Lines of calculated constant particle size 
in mm for kdp = 72, presented for discharge and 
head, g = 9.81 m/s² and kc = 0.98, (+) are selected 
prototype units 

This leads to the simplified form presented in 
Equation (5), where the terms are now divided into a 
kinetic energy factor (𝑘௝௩), discharge (𝑄), and 
numerical resolution (𝑘ௗ೛

). 

 

𝑑௣ =
ௗೕ೐೟

௞೏೛

=
௞ೕೡ

௞೏೛

⋅ 𝑄
௝௘௧

భ

మ   
 

(5) 

 
Figure 2 shows the simulated and other turbine 

data and the calculated lines for constant particle size 
with a 𝑘ௗ೛

 of 72, a gravitational acceleration g of 

9.81 and a velocity coefficient  𝑘ୡ of 0.98. The value 
for 𝑘ௗ೛

 is constrained by the hardware and the solver. 

Selecting a large 𝑘ௗ೛
 value may cause the solver to 

raise an error due to the numerous potential particles 
in the system. For example, in DualSPHysics, the 
solver restricts the particle size by calculating a 
particle estimation before the simulation. 
Accordingly, after determining the appropriate 
particle size, it is essential to note that in 
DualSPHysics, there is no significant difference 
between using one or six nozzles in this memory 
safety measure. However, if the chosen particle size 
is too close to the limit, it could lead to the GPU 
running out of memory during the simulation. 
Consequently, a 𝑘ௗ೛

 value of 72 was employed for 

bucket simulations, whereas full simulations, 
including housing, utilised a 𝑘ௗ೛

 of 50, due to the 

memory of the GPU. Considering the trend presented 
in the literature and executed simulations, as 
depicted in Figure 1, it is suggested that an even 
higher 𝑘ௗ೛

 value of 72 and above could enhance the 

results.  
Figure 3 depicts the particle size over the 

discharge per nozzle. In addition to the executed 
simulations, the calculated particle sizes, for 
example for Prototype I with 𝑘ௗ೛

= 100 and the 

hardware limit, are included. The calculated particle 

size for Prototype I, where reducing the particle size 
would lead to an improvement, shows that the 
needed size is outside of the hardware possibilities. 
Further, the calculation of the particle size for the 
literature Pelton turbines shows that most of them 
would run below the actual hardware limit of an 
NVIDIA A6000 GPU.  

 

 

Figure 3. Comparison of applied particle size for 
various simulated Pelton turbines, calculated 
particle size (+, kdp = 100) and the identified 
hardware limit for Prototype I (dashed line, 
𝒌𝒅𝒑

 = 72)  

When comparing the torque obtained from the 
simulation to the particle size used, a decline in 
torque corresponding to increasing particle sizes is 
observed. Figure 4 illustrates the deviation between 
simulated and experimental torque, correlating it 
with the relative increase in particle size compared to 
the calculation. For particles 5 to 9 times larger than 
the calculated size, the torque deviation is 
approximately 40% compared to the experiment. The 
smallest deviation corresponds to the calculated 
particle size with a 𝑘ௗ೛

 of 72. 

The resulting trend, indicated by the dashed line 
in Figure 4 for Prototype I, suggests a tendency to 
saturate at both larger and smaller particle sizes. The 
simulation of Prototype II revealed a 5% torque 
deviation for the calculated particle size. 
 

 

Figure 4. Torque deviation remains at 
approximately 40% even for particles 9 times 
larger than the calculated size, while the 
calculated particle size is the local minimum. 
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Further reducing the particle size should 
increase the possibilities of chaotic movement for the 
particles in the model, which leads to higher fluid-
fluid interaction, ultimately reducing the energy 
transfer through friction. It is reasonable to assert that 
smaller particles result in only a limited 
improvement in energy transfer and are still below 
the expectations (a negative torque deviation far 
below 0) compared to the measurement for 
Prototype I.  

4. SMOOTHING AND SHIFTING 
The equation of state governs energy transfer 

within the Lagrangian framework of DualSPHysics 
[2] and similar SPH models. Therefore, key focus 
areas include the physical properties, particularly 
pressure and density. Taking a Pelton turbine as a 
reference, actual data should accurately represent 
these physical properties, which helps to define 
specific boundaries for parameters such as density, 
viscosity, and speed of sound. Furthermore, 
additional factors like solid-fluid binding 
coefficients [46] must be carefully chosen to 
maintain their linear characteristics. Model 
parameters, including kernel smoothing length and 
shifting [1], can be adjusted to improve fluid 
dynamics while preserving the integrity of the 
physical properties. 

The kernel smoothing length is determined by 
the particle size and the smoothing coefficient 𝑐𝑜𝑒𝑓௛ 
[2, 3]. This smoothing length indicates the distance 
to the considered neighbour particles for calculating 
the next time step, defined as the compact support 
area illustrated in Figure 5. For more details, 
Dominguez et al. [16, 2, 3] established the concepts 
of kernel and compact support within DualSPHysics.  

 

 

Figure 5. The influence of the kernel function 
depends on the smoothing length kh and the 
definition of the compact support area [33]. The 
right side represents the 3D particle space, while 
the left shows a conceptual 2D influence section 
with the kernel (interaction) function as an 
additional dimension. 

An optimal solution would involve using an 
infinite smoothing length, effectively extending the 
compact support area to the entirety of the simulation 

domain, where every particle is considered for 
calculating a single particle for each time step. The 
constrained space and modelling predicated upon the 
ideal gas equation promote then the number of 
neighbouring elements. This leads to a transition 
toward regions of increased mass through the 
missing air particles and the damping of the kernel. 
With a small smoothing length, the compact support 
would approximate the particle size, allowing the 
particle to behave almost independently. Then, the 
interaction between two fluid particles or a fluid and 
boundary particle only occurs at a direct collision.  

The following parameters in this parameter 
study are the “threshold to detect free surface”, 
referred to as the shifting parameter TFS and the 
coefficient for shifting computation [2]. Shifting 
defines the possible movement for the next time step, 
restricting the particle’s freedom.  

Reduced freedom of the particles leads to rapid 
dispersion due to their high velocity. Therefore, a 
restriction should be imposed to ensure that the 
particles are forced to adhere to the initial flow. If the 
restriction is set too high, the particles face increased 
collisions due to the limited possibilities enforced by 
the flow and geometry. Thus, the shifting parameters 
should be chosen carefully to enable the particles to 
remain in the flow and follow the geometry without 
unnecessary collisions among the particles 
themselves. 

A suitably selected shifting parameters and 
smoothing coefficient result in improved flow 
behaviour, enhancing the energy transfer between 
fluid and solid. Low parameter values facilitate 
higher freedom of movement. In comparison, higher 
values restrict potential motion, causing the fluid to 
adhere to the initial direction of the flow, 
consequently being more forced onto the solid when 
it gets redirected by the geometry of the bucket. This 
results in an unrealistic and strong deflection of the 
fluid on the bucket surface, which, due to the still 
restricted movement and high interaction radius of 
the particles, leads to the forming of a water bulk 
instead of a steady flow inside the bucket. 

The coefficient for shifting computation was 
readily optimisable in jet impinging and remained 
unaffected by other parameters. The shifting 
coefficient TFS and the smoothing parameter 𝑐𝑜𝑒𝑓௛ 
showed an interesting connection. This relationship 
suggests that there may be a significant link between 
them, which deserves further investigation. A 
simulation examining bucket interactions across 
various values of TFS and smoothing coefficients 
revealed that optimal torque occurs at a TFS of 0.3 
and a smoothing coefficient of 0.8, as depicted in 
Figure 6. It is important to note that there is a marked 
decrease in torque at lower TFS values, while the 
smoothing coefficient exhibits a consistent decrease 
in both directions. Overall, the torque gradient for 
higher values of both parameters remains relatively 
flat. It is of high interest that the local optimum of the 
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torque is well-distinguished, which indicates a strong 
correlation for both parameters when applied to 
Pelton turbines. 

 

Figure 6. Torque variation in Nm over shifting 
parameters and smoothing coefficients of the 
bucket simulation for a fluid velocity of 82 m/s 
and a rotation speed of 1515 rpm 

Further, in the optimum region, the fluid shows 
a substantial difference in the behaviour. Figure 7 
illustrates the optimal torque on the left side, where 
the higher level of particle dispersion is evident. 
Moreover, the fluid behaviour is even worse for 
lower parameter values. By increasing the smoothing 
coefficient to one and adjusting the shifting 
parameter to 0.7, the fluid behaviour significantly 
improves, while the torque only decreases by around 
1.5% (Figure 7, right side).  

 

 

Figure 7. Single rotating bucket simulation with a 
fluid velocity of 82 m/s and rotation speed of 
1515 rpm after torque optimisation (left) and 
after further manual correction of the shifting 
and the smoothing coefficient (right) 

This divergence between the torque optimum 
and acceptable fluid movement indicates that energy 
transfer is better for more dispersive fluid behaviour. 
Nevertheless, fluid movement is essential for 
developing the Pelton turbine, particularly in the 
housing. Therefore, the optimisation must be 
revised, or an additional condition must be factored 
into the optimisation.  

Table 1. Used parameters for DualSPHysics 
simulations of Prototype I, with highlighted 
parameters (bold) from the study 

Parameter Used value 
Particle size 𝒅𝒑 [mm] 0.3 
Density 𝜌 [kg/m³] 998.207 
Dyn. Viscosity 𝜈 [Pa s] 8.93x10-7 
Speed of sound 𝑎 [m/s] 1463.62 
Boundary method mDBC 
Kernel Wendland 
Viscosity formulation Laminar+SPS 
Solid-fluid binding, 
ViscoBoundFactor 

0.75 

Smoothing coefficient 𝒄𝒐𝒆𝒇𝒉 1.102 
Shifting mode Full 
Threshold to detect free 0.75 
Coefficient for shifting 
computation, ShiftCoef 

-2.01 

Minimum density valid [kg/m³] 900 
Maximum density valid [kg/m³] 1100 

 
After automated and manually corrected 

optimising Prototype I, a smoothing coefficient of 
1.1 and a shifting parameter of 0.75 were identified. 
Further, the optimised 𝑐𝑜𝑒𝑓௛ and TFS values yielded 
promising results for the fluid behaviour and the 
torque. In addition, the parameters used were 
successfully usable without adaptation for other 
simulations, such as Prototypes II.  

Table 1 shows the set of used DualSPHysics 
parameters for the simulation of Prototype I. 

5. JET DISTURBANCE 
In the bucket work cycle, the bucket cuts through 

the jet before the filling begins. Observable in the 
experiment and CFD [47, 48], wetting occurs on the 
back side of the bucket, leading to a build-up of 
surface tension. The adhesive forces from the fluid-
solid interaction create a pressure gradient called the 
Coanda effect [26, 27, 49], which pulls parts of the 
fluid towards the bucket’s backside boundary layer.  

 

 

Figure 8. Initiation of jet disturbance (red) by 
entering the bucket at 7°, with highlighted 
cutting-edge section (CES) 

In contrast, the fluid begins to move towards the 
bucket-runner connection. When the cohesive and 
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surface-forming forces reach their limit, the 
remaining jet after the bucket dissolves the 
connection.  

 

 

Figure 9. Jet disturbance for various positions 
over time with reduced (green), accelerated (red) 
and initial (yellow) particle speed in front view 
(A), cutting-edge section CES (B) and back view 
of the bucket 

 
Compared with SPH, after the bucket enters the 

jet, a gap between the bucket’s backside and the jet 
appears [5]. The needed surface terms are only 
indirectly considered through the ideal gas equation 
and the execution of the model [2, 49].  

Furthermore, the volume’s incompressibility 
(where density changes in the SPH to compensate for 
the fluid’s incompressibility) leads to a push of the 
particles from the jet by the bucket, displacing the 
fluid inside the jet.  

As a result, the jet becomes disturbed, and part 
of the particles accelerate. Figure 8 shows the initial 
disturbance caused by the bucket, while Figure 9 
shows the development of the disturbance. The red 
marked area in Figure 8 is shown in Figure 9 for 7° 
in detail, including the highlighted cutting edge 
section (CES). When the bucket cuts into the jet, the 
particles of the jet are pushed by the rotating bucket. 
Hence, the particles change their trajectory, see 
Figure 10-B. 

The pushed particles accelerate and generate 
additional momentum, which is transported in the jet 
direction. Furthermore, the accelerated particles in 
the direction of the jet displace the upstream 
particles, deforming the jet (see Figure 10-A) and 
creating a momentum wave within the jet (see Figure 
9-C). 

Similar to the observation of Ge et al. [5] or Guo 
et al. [50], this behaviour in the SPH is contrary to 
the physical expectation, where the surface tension 
and adhesive forces should create a pull towards the 
bucket’s backside, along with a constriction of the 
jet.  

Figure 10-C shows the development of the 
particle positioning, average velocity, and number of 
particles before (left), while bucket entrance 
(middle) and after (right). 

 

 

Figure 10. The relative development of velocity 
through the entrance of the bucket (A), 
accelerated particles (B), average velocity 
development (C) for 6° (before impact), 8° 
(impact) and 10° (after impact), including the 
number of particles in the sections 

When the bucket cuts into the jet, some particles 
are removed through the bucket, some slow down by 
passing by the bucket, and others speed up (get 
pushed). The accelerated particles push against the 
particles in front of them. This interaction transfers 
some of their velocity to the front particles and 
increases the layer density. The first layers of 
particles that reach the bucket remain unchanged 
from the disturbance. Some accelerated particles in 
the following layers must move sideways past the 
main flow. 

The particles that move sideways also impact the 
inner part of the bucket, causing further disturbances 
in the flow and resulting in energy loss.  
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The resulting disturbance is displayed in Figure 
11, just before the impact and disturbance of the flow 
inside the bucket. 

Furthermore, the disturbance can also be 
observed in the torque of a single bucket. Figure 12 
illustrates the entrance of a single bucket into the jet 
for different particle sizes. For relatively large 
particles, specifically for Prototype I with 
𝑑௣ =  2 mm, the initial entrance is clearly visible at 
2.25 ms (feature I).  

 

 

Figure 11. Jet disturbance in the bucket section 

This negative torque nearly vanishes for reduced 
particle sizes. In addition, for a particle size of 2 mm, 
the initiated wave from the disturbance is distinctly 
distinguishable over the first milliseconds after 
bucket entrance (feature 1-4). Here, smaller particles 
exhibit no distinguishable wave but a weak promoted 
feature. Additionally, the difference between 0.5 mm 
and 0.7 mm particle sizes shows a shift of the 
characteristic peak from the wave impact around 
3.25 (feature III) to 3.14 ms (feature II).  

 

 

Figure 12: Change in torque through jet 
disturbance 

6. SIMILARITY LAW 
As dimensionless parameters for the similarity, 

𝜑 and 𝜓 are utilised. The discharge coefficient 𝜑 is 
defined with the bucket width B, discharge 𝑄 and 
runner speed 𝑛, shown in Equation (6) and 
normalised with the bucket number 𝑧 for better 
comparison to the simulation. Further, the pressure 
coefficient 𝜓 defined with head 𝐻,, runner diameter 
D and runner speed, depicted in Equation (7), is used. 

Figure 13 illustrates discharge variations for 
Prototype I across heads of 350, 275, 200, and 
100 m. 

 

𝜑 =
଼⋅ொ

஻య⋅గమ⋅௭⋅௡
  (6) 

𝜓 =
ଶ⋅௚⋅ு

஽మ⋅గమ⋅௡మ  (7) 

 
Additionally, a runner speed variation was 

conducted for constant discharge and head and a 
discharge variation for constant ψ. Similarly, several 
simulations were performed for each head at a 
constant discharge coefficient φ of 0.072.  

 

 

Figure 13 Relative torque of measurement 
compared to simulation 

Furthermore, a simulation of the observed 
runner speed and discharge variations was conducted 
using identical values from the experiment. 
Subsequently, the torque from the measured and 
simulated operation points is normalised with the 
torque of the nominal operation point at 
𝐻 =  350 m. 𝑛 =  1515 rpm at 𝜑 = 0.072.  

In comparison, the relative torque change 
between the similar operating points for lower heads 
is nearly identical in both simulation and experiment. 
The discharge variation in the simulation shows a 
linear offset for higher discharges compared to the 
experiment, with a torque deviation below 1%. The 
variation in runner speed demonstrates a good match 
in the relative change in torque, which is almost 
identical to the relative change observed in the 
experiment. 

CONCLUSION 
This research examined the parameters in the 

software package DualSPHysics for particle size, 
smoothing coefficient, and shifting parameters for 
Pelton turbines, including the jet disturbance and 
similarity laws. An automated optimisation, 
including manual corrections and individual 
investigations, was conducted for the parameters. 

As a result, the particle size was refined based on 
a simple correlation with discharge or jet diameter. 
The optimal particle size displayed a strong 
dependency on the jet diameter.  
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The shifting and smoothing parameters yielded 
a local optimum for torque, which does not align 
with acceptable fluid movement. A slight adaptation 
of the parameters allows a substantial improvement 
in fluid behaviour near the torque optimum.  

In SPH, the occurring jet disturbance 
demonstrates the impact of the absent surface tension 
formulation within the model. Furthermore, the jet 
disturbance affects the torque, particularly for 
slender jets or jets with large particle sizes.  

The investigation into the similarity law yielded 
favourable results when comparing operational 
points for identical geometries. However, an 
investigation between scaled geometries is still 
required.  

The approach to support investigations with 
DualSPHysics is advantageous for low specific 
speed Pelton turbine development due to its limited 
effort and easy adaptation. Furthermore, the 
conservation of the similarity law can facilitate 
straightforward comparisons of changes between 
geometries and operational points. 
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ABSTRACT 

Non-Newtonian liquids, such as 

magnetorheological and shear thickening fluids, are 

increasingly utilized in hydraulic dampers due to 

better controllability and energy absorption 

capabilities. Despite these advantages, the design of 

such dampers remains heavily reliant on empirical 

experiments, and accurately modelling their 

damping characteristics presents a persistent 

challenge. The most common method involves 

applying the Hagen-Poiseuille law to describe the 

flow inside the damping channel, and the damping 

force is calculated from the pressure drop. However, 

in several practical scenarios, this approach may lead 

to significant inaccuracies due to the simplifications. 

We aim to describe the application range, where the 

law can predict the damping characteristic with 

reasonable accuracy. We performed steady state 

CFD simulations with different dimensions and 

frequencies for Newtonian, and shear thickening 

fluids. The results were compared to the analytical 

values, and the relative error was plotted using the 

function of dimensionless length/diameter ratio. 

Based on the contour plots, the industry can identify 

the ranges where the approximations are applicable. 

Keywords: CFD, damper modelling, Hagen-

Poiseuille law, non-Newtonian fluid, shear 

thickening fluid 

NOMENCLATURE 

A [m2] piston surface 

d [m] piston diameter 

D [m] outer cylinder diameter 

f [-] function 

F [N] load 

L [m] channel length 

p [Pa] pressure  

Q [m3/s] volume flow rate 

R [m] radius 

t [s] time 

u [m/s] velocity component in x direction 

v [m/s] velocity component in y direction 

w [m/s] velocity component in z direction 

𝛾̇ [1/s] shear rate 

𝜂 [Pa⋅s] dynamic viscosity 

𝜏 [Pa] shear stress 

 

Subscripts and Superscripts 

c critical 

max maximum  

w wall 

 

Abbreviation 

STF shear thickening fluid 

CFD computational fluid dynamics 

PL power-law 

PEG polyethylene glycol 

1. INTRODUCTION 

Shear thickening fluids (STFs) are increasingly 

used in hydraulic dampers due to their self-adaptive 

characteristics and enhanced energy absorption 

capabilities. However, the accurate prediction of 

damping characteristics, F(v), remains a significant 

challenge. In engineering practice, the damping force 

is commonly estimated using analytical models 

based on the Hagen-Poiseuille law, which assumes 

laminar, Newtonian flow through the orifices. While 

this approach provides a convenient first 

approximation, its validity for STF-based dampers 

has not been systematically established, raising 

concerns about its accuracy in practical applications. 

Existing methods for determining damping 

characteristics rely heavily on experiments [1–6], but 

the measured data could be compared only to 

analytical solutions derived from Newtonian [2] or 

traditional non-Newtonian rheological models such 

as power law [7] or Herschel-Bulkley [8]. However, 

these models frequently fail to account for the 
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distinctive three region viscosity curve of STFs, 

leading to inaccuracies in predicted damping forces. 

Furthermore, numerical simulations such as 

computational fluid dynamics (CFD) provide precise 

solutions but are computationally expensive and 

constrained by predefined rheological models (e.g., 

Newtonian, Bingham, power-law, Herschel-Bulkley, 

Carreau-Yasuda models) [9]. 

To address these limitations, our previous study 

[10] introduced an analytical method for estimating 

damping characteristics without relying on 

rheological model fitting. Instead, we directly 

incorporated measured rheological data, enabling an 

inverse approach to identify appropriate fluid 

properties for a given damping requirement. The 

derivation based on the Hagen-Poiseuille law for 

pipe flow applying assumption that the entrance and 

exit losses are negligible compared to the viscous 

flow losses, so the pipes are sufficiently long to have 

a fully developed flow. The CFD results prove the 

accuracy of the novel analytical model when the 

assumptions are fulfilled.  

Our initial validation of these assumptions was 

performed for power-law (PL) and STF rheologies 

[10], where parameter sweeps were conducted for 

cylindrical orifice geometries. Although 3D 

simulations with multiple orifices provided accurate 

results [11], they were computationally demanding, 

leading us to adopt a 2D simplification for broader 

parameter exploration. 

Building on these prior investigations, the 

present study systematically assesses the validity of 

the Hagen-Poiseuille law in predicting STF damping 

characteristics by comparing the CFD and analytical 

results. The primary objective is to identify the 

applicability range of this law and quantify 

deviations beyond its valid range. To achieve this, 

we map the relative error as a function of the 

dimensionless length-to-diameter ratio and relative 

volume flow rate. While previous research has 

examined the effects of various rheological models, 

the specific transition boundaries where Hagen-

Poiseuille-based predictions break down remain 

poorly defined. By providing a detailed error 

analysis and visualization, this study establishes an 

industry-relevant framework for determining when 

these simplifications hold, thus guiding the design of 

STF-based dampers with greater accuracy. 

A critical aspect of ensuring the accuracy of 

these investigations is the reliability of the 

rheological data used as input for both analytical and 

numerical models. However, existing studies report 

significantly different rheological properties for 

STFs with identical compositions, suggesting 

inconsistencies in measurement techniques or 

variations in experimental conditions [12,13]. Under 

controlled conditions, we synthesized STF samples 

to ensure consistency in rheological measurements, 

providing reliable input data for both analytical and 

numerical models. Building on this foundation, this 

study systematically evaluates the applicability of 

the Hagen-Poiseuille law in predicting STF-based 

damper behaviour by comparing analytical 

predictions with CFD simulations. We examine a 

range of flow conditions and geometries to identify 

the accuracy limits of the analytical approach and 

quantify deviations beyond its valid range. By 

analysing the relationship between relative error, 

dimensionless parameters, and flow characteristics, 

we establish guidelines for when the Hagen-

Poiseuille approximation remains valid. The findings 

offer practical insights for damper design, 

highlighting the importance of precise rheological 

characterization and the conditions under which 

simplified models can be confidently applied. 

2. MATERIALS AND METHODS 

2.1. Materials and Experimental 
Procedures 

2.1.1. Materials 

The STF is composed of nanoscale silica 

particles suspended in a carrier liquid. The fumed 

silica (Aerosil® R816, provided by Evonik) has a 

primary particle size of 12 nm and a specific surface 

area of approximately 190 ± 20 m²/g [14]. The silica 

is post-treated with hexadecylsilane, consisting of 

slightly hydrophobic, spherical particles. Due to its 

large surface area and porous structure, R816 silica 

effectively adsorbs gases, liquids, and other 

substances. This type of silica is characterized by an 

extremely fine powder form. Its key advantages 

include excellent dispersibility, enabling 

homogeneous distribution in various media and 

enhancing product performance. Furthermore, it 

offers high thermal stability and chemical resistance, 

making it suitable for applications across a wide 

temperature range and in oxidative or corrosive 

environments. The carrier liquid used in the 

formulation was polyethylene glycol with a 

molecular weight of 200 g/mol (PEG 200, product 

code P0840, supplied by TCI Chemicals). It is a 

colourless, clear liquid but has lower viscosity and is 

miscible with water. Due to its low viscosity and 

miscibility, it is advantageous in applications where 

easy blending or compatibility with other substances 

is essential. 

2.1.2. Sample preparation 

During the preparation process, the liquid 

medium and silica were introduced in alternating 

increments, each constituting one-third of the total 

required volume. Following each addition, the sealed 

bottles were subjected to ultrasonication for 30 

minutes to promote dispersion. This process was 

repeated twice to ensure uniform distribution of the 

silica within the medium. Subsequently, the sealed 

bottles were placed in a water bath and gradually 

heated to 80 °C. Upon reaching the target 
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temperature, the bottle caps were removed, and the 

samples were subjected to continuous stirring for 2 

hours using an overhead stirrer to achieve thorough 

homogenization. As a result, a transparent and 

homogeneous fluid was obtained. For each STF, 

specific quantities of fumed silica were incorporated 

into the carrier fluid at a defined weight fraction (12 

and 15 wt.%). 

2.1.3. Rheological measurements 

An Anton Paar MCR 301 rotational rheometer 

equipped with a cone-plate measuring system was 

used to determine the rheological properties of the 

STF samples. The measuring system featured a cone 

with a diameter of 25 mm and a fixed gap of 0.054 

mm, ensuring precise control of the measurement 

parameters. Based on the defined gap distance, the 

applied force, and the rotational speed, the 

instrument recorded and plotted shear rate versus 

viscosity data. The suspensions were analysed within 

a shear rate range of 0.1 to 10,000 s⁻¹. All 

measurements were carried out at a constant 

temperature of 25°C to ensure accuracy and 

reproducibility. 

2.2. Analytical approach 

Rheological measurements provided shear rate 

and shear stress data, which can be used to estimate 

the expected velocity-pressure drop function for a 

given system. The analytical approach presented in 

this section is based on the methodology detailed in 

[10], where a comprehensive derivation and 

validation using CFD simulations can be found. By 

utilizing these relationships, a predictive framework 

is established for describing the flow behaviour of 

the dilatant fluid under given operating conditions.  

The hydraulic dampers usually characterised by 

the F(v) force(velocity) characteristic. When the 

piston with surface 𝐴𝑝𝑖𝑠𝑡𝑜𝑛 moves with a 

𝑣𝑝𝑖𝑠𝑡𝑜𝑛velocity, the liquid flows through the gap with 

the  
𝑄 = 𝑣𝑝𝑖𝑠𝑡𝑜𝑛  𝐴𝑝𝑖𝑠𝑡𝑜𝑛                                                     (1) 

volume flow rate. The ∆p pressure difference 

between the chambers drives the flow, which is 

proportional to the compressing force, since  
𝐹 = ∆𝑝 𝐴𝑝𝑖𝑠𝑡𝑜𝑛                                                            (2) 

As a result, we can see that the Q-∆p relationship is 

essential to predict the F(v) damping characteristic. 

To develop the analytical model, laminar flow 

was assumed as in the similar research studies such 

as [15,16]. The governing equations are the 

momentum and the continuity equation in a 

cylindrical coordinate system (𝑥, 𝑟, 𝜃) applying the 

assumptions:  

1. The fluid is incompressible. 

2. The solution corresponds to a steady-state 

condition with no time dependence. 

3. The flow is two-dimensional, meaning all 

quantities are constant in the θ direction. 

4. The axial velocity component 𝑢 depends 

only on the radial coordinate (𝑢 = 𝑢(𝑟)), 

while the other velocity components are 

zero (𝑣 = 𝑤 = 0). 

5. The pressure gradient is constant. 

With these assumptions, the continuity equation 

and the momentum equation in the θ tangential and 

in x longitudinal directions are automatically 

satisfied. The remaining simplified equation is the 

0 = −
𝑑𝑝

𝑑𝑥
+

1

𝑟

𝑑

𝑑𝑟
(𝑟𝜏)                                                (3) 

with the  

𝑢(𝑟 = 𝑅) = 0                                                              (4) 

boundary condition, where 𝜏(𝑟) represents the local 

shear stress in the function of the radial coordinate. 

This equation is valid for any shear rate–shear stress 

rheology 𝜏 = 𝑔(𝛾̇). After integrating with respect to 

r, the local shear stress is 

𝜏 =
𝑑𝑝

𝑑𝑥

𝑟

2
+ 𝜏0,                                                             (5) 

For arbitrary non-Newtonian rheology, where 𝜏0 is 

the local shear stress at the centreline of the pipe. 

Since the bore and, consequently, the flow is 

axisymmetric, it follows that 𝜏0 = 0. 

Based on these considerations, the volumetric 

flow rate can be determined using the following 

equation: 

𝑄 =
2𝜋𝑅3

𝜏𝑤
3

[
𝜏𝑤

2

2
𝐹(𝜏𝑤) − 𝑆(𝜏𝑤)],                            (6) 

where 𝑅 is the radius, 𝐿 is the channel length, 𝜏𝑤 =
𝑑𝑝

𝑑𝑥

𝑅

2
=

∆𝑝𝑅

2𝐿
 is the wall shear stress, and 

𝐹(𝜏) = ∫ 𝑓(𝜏̃)

𝜏

0

𝑑𝜏̃                                                        (7) 

𝑆(𝜏) = ∫ 𝜏̃𝐹(𝜏̃)

𝜏

0

𝑑𝜏̃                                                      (8) 

are integral functions where 𝑓(𝜏) = 𝑔−1(𝜏) 

represents the inverse function of the traditional 

shear stress-shear rate rheological curve.  

The authors would emphasize that this method 

does not require any model fittings, since the 

integrations in Eq. (7) and (8) can be performed 

numerically (e.g. with trapezoidal method) using the 

measurement data directly. Rearranging eq. (6) gives 

the  

𝑄̃ ≔
𝑄

2𝜋𝑅3
=

1

𝜏𝑤
3

[
𝜏𝑤

2

2
𝐹(𝜏𝑤) − 𝑆(𝜏𝑤)],              (9) 

relative flow rate, which depends only on the 𝜏𝑤 wall 

shear stress. It practically means that the 𝑄̃ - 𝜏𝑤 curve 

depends only on 𝑓(𝜏) inverse rheological curve. 

Since this curve does not depend on the geometric 

dimensions, we will define the volume flow rate to 

have uniformly distributed 𝑄̃ values in the range of 

10-10000 1/s. 

The Eq. (9) has a simpler form for Newtonian case,  

𝑄̃ ≔
𝜏𝑤

8𝜂
                                                                      (10) 
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when the inverse rheological and the integral 

functions are  

𝑓(𝜏) =
𝜏

𝜂
,            𝐹(𝜏) =

𝜏2

2𝜂
,            𝑆(𝜏) =

𝜏4

8𝜂
(11) 

and 𝜂 is the Newtonian dynamic viscosity.  

2.3. CFD setup 

To evaluate the accuracy of the Hagen-

Poiseuille law in predicting the damping 

characteristics of non-Newtonian fluids in hydraulic 

dampers, CFD simulations were performed using 

OpenFOAM (Version 2112, [17]). The study 

focused on a single damping channel geometry for 

various length and diameter configurations. 

Consistent material properties, boundary conditions, 

and numerical settings were applied across all cases. 

The objective was to determine the range of validity 

for the analytical approach by comparing the CFD 

results to theoretical predictions. 

2.3.1. Geometry and meshing 

Fig. 1 show the computational domain. To 

reduce computational cost while maintaining 

accuracy, a two-dimensional axisymmetric approach 

was employed, where only a 5° wedge of the circular 

domain was modelled. The mesh was generated 

using the built-in blockMesh utility, which 

decomposes the domain into structured hexahedral 

elements. Mesh parameters, including nodal 

coordinates, division counts, and expansion ratios, 

were computed using a custom MATLAB script to 

ensure a high-quality structured mesh with minimal 

distortion. The resulting mesh was composed 

entirely of hexahedral elements, exhibiting zero non-

orthogonality and a maximum skewness of 

0.320537.  

 

Figure 1. The mesh of the investigated 

damper and the corresponding pressure 

distribution 

To assess the influence of discretization errors, a 

mesh independence study was performed by 

evaluating four different mesh densities: 21.2k, 51.2, 

132.6k, and 341.4k elements. The study considered 

the effects of gap size variations and the shear-

thickening rheology by analysing two different 

diameters, 11 different lengths, 15 different 

velocities and three rheological models in all 

combinations. As a result, 2x11x15x3 = 1320 steady 

state simulations were performed. Mesh 

independence analysis was performed based on the 

maximum volume flow rate, and the relative 

difference in the computed force values was found to 

be less than 1% between the three finest meshes. 

Consequently, the mesh with 133.4k cells was 

selected for all subsequent simulations (see Fig. 1). 

2.3.2. Boundary conditions 

In the present study, the damper operation was 

modelled by prescribing a constant velocity at the 

moving boundary, representing the compression of 

the damper. The uniform inlet velocity value was 

defined to have uniform 𝑄̃ relative volume flow rate 

distribution. Since the working fluid was considered 

incompressible, the pressure drop remained 

independent of the absolute pressure level. 

Therefore, a relative pressure of 0 Pa was imposed at 

the outlet. No-slip boundary conditions were applied 

to all solid walls to accurately capture the shear 

effects within the damping channel. 

2.3.3. Numerical options, turbulence model 

Turbulence modelling for non-Newtonian fluids 

presents a significant challenge, as conventional 

models such as k-ϵ, k-ω, and SST are primarily 

developed for Newtonian flows. Proper parameter 

tuning or the development of tailored turbulence 

models for non-Newtonian behaviour remains an 

active area of research. However, considering that 

the analytical approach assumes laminar flow and 

turbulence is not expected within the studied channel 

configurations, no additional turbulence model 

development was employed. Previous studies [18–

20] have demonstrated that the SST k-ω model 

provides reasonable agreement with experimental 

data for pipe flows; therefore, this model was 

adopted with the recommended parameter settings. 

To accurately account for the non-Newtonian 

viscosity variations, the strainRateFunction 

transport model was employed in the CFD 

simulations. This approach allowed the viscosity to 

be directly interpolated from the experimental 

measurement data rather than relying on an 

analytical rheological model fit. It is important to 

emphasize that both the analytical and CFD models 

utilized raw, pointwise 𝜏(𝛾̇) data instead of assuming 

a predefined constitutive equation. Numerical 

discretization schemes were selected to ensure 

stability and accuracy: the gradient term was 
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approximated using a Gauss linear scheme, while 

limited bounded Gauss was used for divergence 

terms. The Laplacian term was discretized with a 

Gauss linear orthogonal scheme, and linear 

interpolation was applied throughout the 

computational domain. 

3. RESULTS 

3.1. Rheological results 

The rheological behaviour of the prepared STF 

samples was characterized using an Anton Paar 

MCR 301 rotational rheometer with a cone-plate 

measuring system. The viscosity as a function of 

shear rate was recorded in the range of 0.1 to 10,000 

s⁻¹ at a constant temperature of 25°C to ensure 

measurement accuracy and reproducibility. 

The results indicate that the STF samples exhibit 

shear thickening behaviour, see Fig. 2. The flow 

curve can be divided into three distinct regions: 

(Region 1) a shear thinning region at low shear rates, 

(Region 2) a shear thickening region, and (Region 3) 

a second shear thinning region at higher shear rates. 

The most relevant segment for this study is the shear 

thickening region, where two key rheological 

parameters were identified: the critical shear rate 

(𝛾̇𝑐), at which shear thickening begins, and the 

maximum viscosity (𝜂𝑚𝑎𝑥), marking the end of the 

thickening process. Additionally, the dilatant effect, 

defined as the ratio of maximum viscosity to the 

viscosity at the critical shear rate, was determined as 

a significant characteristic parameter [21]. 

These findings confirm the pronounced shear 

thickening behaviour of the STF samples and 

highlight the importance of critical shear rate and 

maximum viscosity in understanding their 

rheological response. To establish a reference, the 

dispersion medium without silica—exhibiting 

Newtonian behaviour—was also measured. As 

shown in Fig. 2, the viscosity curves of the STF 

samples (12% and 15% silica concentration) are 

compared to the Newtonian fluid, illustrating the 

progressive shear thickening effect with increasing 

silica content. The addition of silica led to an 

increase in maximum viscosity and a decrease in the 

critical shear rate, suggesting that higher silica 

content results in stronger particle interactions and 

earlier hydrocluster formation. This rheological 

response plays a critical role in determining the 

fluid’s performance in damping applications. 

Table 1. summarizes the key rheological 

parameters for each STF sample, including the 

critical shear rate, maximum viscosity, dilatant 

effect, and the slope of the viscosity curve in the 

shear thickening region. These findings emphasize 

the significant role of silica concentration in 

modulating the shear thickening behaviour and 

provide valuable data for further analysis and 

modelling of STF behaviour in damping systems. 

Figure 2. The rheological measurement data of 

the STF samples and the dispersion medium 

Table 1. Critical and maximum rheological values 

of STF samples and the dispersion medium 

 
𝛾̇𝑐 

[1/s] 

𝜂𝑐 

[Pa⋅s] 

𝛾̇𝑚𝑎𝑥 

[1/s] 

𝜂𝑚𝑎𝑥 

[Pa⋅s] 

dilatant 

effect 

PEG - 0.46 - 0.46 - 

STF12 251 0.35 3160 0.98 2.8 

STF15 159 0.55 1260 2.1 3.8 

3.2. CFD results 

To evaluate the accuracy of the Hagen-

Poiseuille equation in predicting the pressure drop 

across the pipe, CFD simulations were conducted for 

Newtonian and shear thickening fluids. The results 

were analysed for various pipe lengths and 

diameters, with a focus on the relative error  

𝑒 = |
∆𝑝𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 − ∆𝑝𝐶𝐹𝐷

∆𝑝𝐶𝐹𝐷

|                                     (12) 

between the analytical and numerical solutions. This 

relative error is plotted in the function of L/D relative 

length and 𝑄̃: =
𝑄

2𝜋𝑅3 relative volume flow rate. 

3.2.1. Newtonian Fluid Case 

Firstly, the flow of the pure PEG-200 liquid was 

investigated with the Newtonian viscosity of (𝜂 =
0.46 𝑃𝑎𝑠) In the first subplot of Fig. 3. we plotted 

the wall shear stress 𝜏𝑤 as a function of the relative 

flow rate Q̃. The analytical model gives a straight 

line according to the Eq. (10). The CFD results are 

marked with cross symbols, which exhibit the same 

linear relationship. For large L/D ratio the numerical 

values are aligning well with the analytical solution. 

However, the error increases as the L/D ratio 

decreases, indicating that shorter pipes introduce 

additional effects not accounted for by the Hagen-

Poiseuille equation. 

The second subplot in Fig. 3. shows the contour 

plot of the relative error e in the function of the 

relative volume flow rate and L/D ratio. The relative 

error primarily depends on the length-to-diameter 
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ratio (L/D) and the dependence on the volume flow 

rate is negligible.  

Therefore, we also plotted the error for all of the 

simulation points in the function of the L/D in the 

third subplot. The points present a second order 

polynomial behaviour in the function of the L/D with 

R2 = 0.95 determination coefficient.  

As shown in Fig. 3., the error decreases with 

increasing L/D, indicating improved agreement 

between the analytical and CFD results for longer 

pipes. For L/D > 25, the relative error remains below 

5%, suggesting that the Hagen-Poiseuille equation 

provides a reliable approximation in this range. 

However, for smaller L/D values, the influence of 

entrance and exit effects leads to higher 

discrepancies, emphasizing the need for alternative 

corrections in short pipe configurations. 

3.2.2. Shear Thickening Fluid Case 

For the shear thickening fluids with 12% (STF 

12%) and 15% (STF 15%) concentration, we applied 

the same evaluation method as in the Newtonian 

case. Firstly, the flow curves were plotted in the first 

and second subplot of Figure 4. It is observable that 

the numerical values marked with cross demonstrate 

similar behaviour to the analytical curve.  

However, the error of the analytical predictions 

shows a more complex behaviour due to the non-

Newtonian viscosity variations. As depicted in the 

3rd and 4th panels in Fig. 4, the relative error is 

strongly influenced by the relative flow rate 𝑄̃ in 

addition to the L/D ratio. Three distinct regions were 

observed: In Region 1 (low 𝑄̃ before the thickening 

range) the error follows a trend similar to the 

Newtonian case, where longer pipes exhibit better 

agreement with analytical predictions while the 

volume flow rate has less significant effect. In 

Region 2 (intermediate 𝑄̃, in the thickening region) a 

sharp reduction in error is observed, likely due to the 

stabilizing effect of the shear thickening mechanism, 

which compensates for deviations from the Hagen-

Poiseuille assumption. In Region 3 (high 𝑄̃): The 

error again follows the Newtonian trend, indicating 

that at sufficiently high flow rates, the deviations in 

viscosity do not significantly alter the pressure drop 

predictions. 

A contour plot (Fig. 4) was generated to 

visualize the relative error as a function of L/D for 

relative volume flow rates corresponding to different 

regions. The results indicate that for shear thickening 

fluids, the Hagen-Poiseuille equation derived for the 

shear thickening fluid can be applied with reasonable 

accuracy for L/D > 50, provided that the flow rate 

remains outside the critical thickening. 

 

Figure 3. Relative error of the analytical 

model comparing to CFD results for Newtonian 

fluid 

3.3. Application for Hydraulic Damper 
Design 

The findings from this study provide critical 

insights into the applicability of the Hagen-Poiseuille 

law for damper design. For Newtonian fluids, 

analytical predictions are accurate for L/D > 25, 

while shorter pipes require correction factors to 

account for entrance and exit effects. For shear 

thickening fluids, the validity of the Hagen-

Poiseuille equation depends not only on L/D but also 

on the flow regime. The equation holds for low and 

high flow rates but exhibits significant deviations in 

the thickening region. Industry designing hydraulic 

dampers with shear thickening fluids should ensure 

operation within the recommended L/D and relative 

volume flow rate ranges to maintain analytical 

accuracy. 
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Figure 4. Relative error of analytical and CFD model results for STF12% and STF15% 

 

4. CONCLUSIONS 

This study systematically assessed the accuracy 

of the Hagen-Poiseuille equation in predicting the 

pressure drop for Newtonian and shear thickening 

fluids in a pipe flow representative of hydraulic 

dampers. To achieve this, we prepared shear 

thickening fluids and measured their rheological 

properties. We then conducted a series of CFD 

simulations to calculate the pressure drop for 

different volume flow rates and various pipe lengths. 

The error of the analytical approach was evaluated to 

identify the regions where the assumptions of the 

analytical derivation remain valid. 

For Newtonian fluids, the accuracy of the 

Hagen-Poiseuille equation depends primarily on the 

length-to-diameter ratio, with L/D > 50 ensuring an 

error below 5%. For shear thickening fluids, the error 

is strongly dependent on the relative flow rate, with  

significant deviations occurring in the thickening 

region. The equation remains valid for L/D > 50 

when and the wall shear stress is outside of the shear 

thickening region. The contour plot of relative error 

provides a practical guideline for determining the 

applicability of the analytical approach in damper 

design.  
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ABSTRACT
Carotid artery disease is a narrowing in the ves-

sel that forms due to the accumulation of plaque ma-
terial on the wall of the vessel. These obstructions
present a risk of stroke and decrease blood flow into
the brain circulation. One of the usual treatments is
carotid endarterectomy when a vascular surgeon re-
moves the plaque during open wound surgery.

In this study, we are interested in the relationship
between plaque morphometry and hemodynamics in
the arterial section. For this purpose, we must de-
velop a capable evaluation technique encompassing
the hemodynamic and morphometric quantities in a
common reference frame along the arterial center-
line. Previously, we developed a solution to evaluate
hemodynamic quantities in the geometrical frame-
work of the centerline. Now, we extend this frame-
work to include the geometrical characterization of
the plaque morphometry.

Data on plaque morphometry were acquired with
VascuCap (now ElucidVivo), a commercial tool that
automatically detects plaque characteristics from CT
images of the carotid artery. The hemodynamics
is calculated with the finite-volume solver of Ansys
CFX. With this technique, we can connect the prop-
erties of the plaque material to the hemodynamic in-
dices and understand how the characteristics of the
plaque material are connected to the dynamic load of
the fluid.

Keywords: carotid artery, CFD, hemodynamics,
plaque morphometry

NOMENCLATURE
CEA [−] Carotid endarterectomy
divW [−] Wall Shear Stress divergence
LS A [−] Low time-averaged WSS area
OS I [−] Oscillatory Shear Index
τ [Pa] wall shear stress vector
e [−] wall cell unit vectors
FRt [−] Frenet tangent unit vector

WS S [Pa] Wall Shear Stress
C [m3/Pa] compliance
R1 [Pas/m3] Proximal resistance
R2 [Pas/m3] distal resistance

Subscripts and Superscripts
b, n, t normal, binormal, tangential

1. INTRODUCTION
Wall Shear Stress (WSS) characterisation of the

carotid artery bifurcation has been the centre of scru-
tiny for a number of years as it has been identified
to be linked with atherosclerosis [1, 2, 3] . Carotid
stenosis can present a severe risk for stroke since,
in the event of plaque rupture, the lipid-rich necrotic
core can enter the bloodstream, causing a blockage in
the distal vasculature. Treatment can be either vascu-
lar stenting or carotid endarterectomy (CEA). In the
case of CAE, the surgeon removes the plaque entirely
with an open wound surgery, reconstructing the bi-
furcation. In the literature, research has investigated
a number of WSS metrics to identify possible sus-
ceptibility factors for carotid stenosis or even the risk
of long-term restenosis. Low time-averaged WSS
area (LSA) and oscillatory WSS index (OSI) are sig-
nificant independent risk factors. Furthermore, re-
cently, the divergence of the time-averaged WSS vec-
tor field (divW ) gained significant interest as divW can
show the topological skeleton of the WSS field [4]
by identifying WSS fixed points and corresponding
stable/unstable manifolds around the contraction and
expansion regions.

The present study explores and expands these
WSS metrics by further analysing the WSS field ac-
cording to the vessel centerline direction to under-
stand the effect of WSS directionality. WSS direc-
tionality was previously proposed by [5], yet not in
the context of analysing the hemodynamics of the ca-
rotid artery stenosis. This pilot study ties together
several evaluation metrics to understand the hemo-
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dynamic behaviour affecting the vascular biology.
Additionally, plaque morphometry was calcu-

lated using VascuCap, the CT-based technology from
Elucid Bio. The aim is to connect the information
on plaque composition with hemodynamic model-
ing to understand the formation of atherosclerotic le-
sions. In this pilot study, the necessary workflow was
built to evaluate the plaque morphometry within the
same computational coordinate system of the hemo-
dynamic simulation. In the future, the objective is
to analyse a larger patient cohort with the developed
methods.

2. METHODS

2.1. Geometry & CFD

A patient who underwent CEA procedure at the
Heart and Vascular centre of Semmelweis University
were selected for this study. The hospital ethics com-
mittee approved the study, and patients provided in-
formed consent. CT-angiography was performed to
obtain the pre-CEA and post-CEA 3D geometry by
manual segmentation in Slicer (www.slicer.org), fol-
lowed by surface mesh post-processing in the Vascu-
lar Modeling Toolkit (VMTK, www.vmtk.org). The
pre-CEA images were used for the VascuCap ana-
lysis. The analysis only captured the ICA side of
the bifurcation in a range set by the operator, a vas-
cular surgeon. Multiple regions of vasculature and
plaque can be analysed with the technology, but for
this study, only the plaque composition was used.
Namely, the calcified (Ca*) and the lipid-rich nec-
rotic core (LRNC) regions. The pre-and post-CEA
geometries with the pre-CEA plaque composition
can seen in Figure 1.

Transient CFD simulations were carried out us-
ing the ANSYS CFX solver based on the finite
volume method. Numerical meshes were created in
ANSYS, containing approximately 5 million tetra-
hedral numerical cells with seven prismatic layers
next to the vessel wall. In the present study, mesh in-
dependence was not studies. According to the literat-
ure, a numerical mesh containing five million numer-
ical cells is well above the usual considerations[6].
Here, we adopted the larger mesh count to adeaquat-
ley calculate the divergence of the WSS. Blood was
modeled as a homogenous Newtonian fluid with a
density and viscosity of 1055 kg/m3 and 3.4 mPa s,
respectively. Since the Reynlods numbers are below
1500, it was assumed that the flow is laminar, hence
tubulence models were not considered for the sim-
ulations. The vessel wall as assumed to be rigid,
which is a usual assumption in the literature. Dop-
pler ultrasound velocimetry was used to extract ve-
locity waveforms at the CCA before CEA and used
as inlet boundary conditions for the transient simu-
lations. Three-element Windkessel outlet boundary
conditions [7] were set on the internal and external
carotid arteries (ICA, ECA) with the following para-
meters:

Figure 1. Patient-specific geometry before (a) and
after (b) the endarterectomy procedure. Besides
the lumen (fluid domain), the calcified (Ca*) re-
gion and the lipid-rich necrotic core (LRNC) are
visualized with opaque blue and yellow surfaces.

Table 1. Three-element Windkessel paramaters.
Proximal resistance R1, distal resistance R2 and
compliance C for the internal and external carotid
artery boundary.

R1 [Pas/m3] R2 [Pas/m3] C [m3/Pa]
ICA 108 109 10−10

ECA 109 1010 10−11

Second-order spatial and temporal discretisation
schemes were used, and 5000 time steps were simu-
lated [8]. Three cardiac cycles were computed, and
the last was used for further evaluation. The results
were exported in vtk format for post-processing with
our Python-based workflow.

2.2. WSS characterization
The PyVista Python package was used to de-

velop automated evaluations. Since the WSS field
will be evaluated, the surface elements were only ex-
tracted from the numerical domain. The unit vec-
tors normal to the wall en were calculated for each
numerical cell on the surface. Similarly, as in Ar-
zani and Shadden [5], to construct an intrinsic or-
thonormal coordinate frame (en, et, eb) to follow the
centerline direction that varies along the vessel sur-
face. The tangential unit vector et that mostly aligns
with the centerline tangent vector Frt can be calcu-
lated as follows:

et =
Frt − (Frt · en)en

||Frt − (Frt · en)en||
(1)
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where Frt is the tangent unit of the closest
centerline point transfered to the associated surface
cell. Corresponding centerline points and the asso-
ciated Frt unit vectors are calculated using the CK-
DTree algorithm and transferred as a vector field on
the surface to compute the above equation for each
cell. Consequantly, the eb the binormal unit vector
can be calculated as eb = et × en. Using these unit
vectors, the WSS vector can be decomposed into a
tangential and a binormal direction as:

τ = (τ · et)et + (τ · eb)eb = τt + τb (2)

Here, we want to remark that the decomposi-
tion is only valid for the CCA before the bifurcation
and on the ICA side since only the centerline going
from the CCA to the ICA was considered in this pilot
study. The integral average along the cardiac cycle
can compute the time-averaged quantities:

∥τt∥ =

∥∥∥∥∥ 1
T

∫ T

0
τtdt
∥∥∥∥∥ (3)

and for ∥τb∥:

∥τb∥ =

∥∥∥∥∥ 1
T

∫ T

0
τbdt
∥∥∥∥∥ (4)

Figure 2 demonstrates the the τt and τb vector
fields using the Post-CEA geometry as an example.

Figure 2. τt (a) and τb (b) vector fields on the lu-
minal surface of the post-CEA geometry.

Continuing with the definition of the usual WSS
parameters used in the literature: ∥τ∥ is the mag-
nitude of the cycle-averaged WSS vector:

∥τ∥ =

∥∥∥∥∥ 1
T

∫ T

0
τdt
∥∥∥∥∥ (5)

The time-averaged WSS magnitude is defined
as:

T AWS S =
1
T

∫ T

0
∥τ∥dt (6)

where T is the time of the cardiac cycle. The oscil-
latory shear index (OSI) is as follows:

OS I =
1
2

(
1 −

∥τ∥

T AWAS S

)
(7)

Finally, the divergence of the WSS vector can
be calculated to visualize the WSS contraction and
expansion regions:

divW = ∇ · τ̂ (8)

where τ̂ is the normalized instantaneous WSS
vector field on the luminal surface. In the follow-
ing, an example of the use of these metrics will be
demonstrated on the carotid geometry of the patient.
Pre-CEA and post-CEA visualizations are confined
to the domain close to the carotid bifurcation region.
Plaque composition will only be shown for the OSI
and divW metrics to showcase the connection with the
WSS vectorial behavior.

3. RESULTS & DISCUSSION
In Figure 3, a threshold area of the TAWSS field

can be seen as the Low Shear Area (LSA) corres-
ponding to regions where TAWSS is lower than 3 Pa.
There is a clear difference between the pre-CEA and
post-CEA LSA variation.

Figure 3. Low WSS area (LSA) with a threshold
set at 20th percentile of TaWSS of the accumu-
lated all values from all cases, before (a) and after
(b) the CEA procedure.

In the diseased state, multiple recirculation zones
are present due to the shape modification of severe
stenosis. Following the CEA procedure, these spots
of recirculation zones disappeared as the carotid bulb
was reconstructed, and only one large vortical region
was present in the bulb. A further change in LSA can
be attributed to the geometrical difference between
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the parent artery before and after the CEA procedure.
The shape of the ICA significantly changed after the
procedure as the artery became less tortuous, hence
the more uniform flow features and WSS field.

Figure 4. Time-averaged tangential WSS vector
field ∥τt∥, before (a) and after (b) the CEA pro-
cedure for case C1.

In Figure 4, 5 and 6, 7 the time-averaged de-
composition of the WSS field can be seen, the ∥τt∥

and ∥τb∥, respectively. In the stenosis region, both
the tangential and binormal components indicate a
strong swirling flow, possibly due to the complex
shape of the lumen in the atherosclerotic carotid bulb.
Disturbed flow features emerge due to the deformed
shape of the lumen at the carotid bulb. Therefore,
the magnitude of both the tangential and binormal
components of the WSS field is high in this region
since the inflow region is highly disturbed. It can
be seen that before the stenosis, the binormal com-
ponent dominates as small-scale counter-rotating re-
circulation zones precede in the different pockets, de-
picted by the lines of near-zero ∥τb∥ values where the
WSS vector component changes direction.

The binormal and tangential WSS on the lu-
minal surface also show that after the CEA proced-
ure, the tangential WSS component will dominate in
the slightly stenosed vessel segment. The binormal
∥τb∥ component decreased substantially in the sten-
osis as less disturbed flow enters the narrowing re-
gion. The reconstruction after the CEA procedure
of the carotid bulb fundamentally changed the flow
and WSS field. Due to the decreased velocity in the
segment, the tangential component becomes direc-
tionally stable without large zones of backflow. The
binormal component displays the expected features
of the secondary flow phenomenon as a consequence
of the bifurcation. The topology of the WSS vector

Figure 5. Time-averaged tangential WSS vector
field ∥τt∥, before (a) and after (b) the CEA pro-
cedure for case C2.

field after the CEA procedure resembles what would
be expected in a healthy state. However, further in-
vestigation is needed to understand long-term out-
comes in the presence of mild stenosis after the re-
construction.

Figure 6. Time-averaged tangential WSS vector
field ∥τb∥, before (a) and after (b) the CEA pro-
cedure for case C1.

4
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Figure 7. Time-averaged tangential WSS vector
field ∥τb∥, before (a) and after (b) the CEA pro-
cedure for case C2.

Figure 8. Oscillatory Shear Index (OSI) on the
luminal surface for case C1. The time-averaged
WSS field is visualized by normalized arrows
(black). Besides the lumen (fluid domain), the cal-
cified (Ca*) region and the lipid-rich necrotic core
(LRNC) are visualized with opaque blue and yel-
low surfaces.

Figure 9. Oscillatory Shear Index (OSI) on the
luminal surface for case C1. The time-averaged
WSS field is visualized by normalized arrows
(black). Vector visualization according to the pre-
vious image.

In Figure 8 and 9, the temporal behavior of the
WSS field is expressed with the oscillatory shear in-
dex. By definition, the index measures the temporal
variability of the pointwise directionality change of
the WSS vectors. Close to zero values correspond
to stable WSS vector directionality, while close to
0.5, the vector has no preferred directions throughout
the cardiac cycle. The largest difference comparing
the diseased and surgically reconstructed cases is the
apparent small values of OSI in the atherosclerotic
regions. Case 1: Large regions of oscillatory beha-
viour can be observed, known to be susceptible to
later restenosis formation [9]. Another observation
based on OSI maps is that the plaque material accu-
mulated mostly in regions of low OSI. However, a
cause-and-effect relationship cannot be drawn from
the observation, as the formation of atherosclerotic
plaques is not yet understood.

In Figure 10 and 11, the divergence of the
WSS vector field can be observed. The WSS
contraction/expansion regions are denoted with
colder/warmer colors. According to our observa-
tions, stronger contraction regions were identified in
the atherosclerotic region, both in the carotid bulb
and near the stenosis. The post-CEA cases display
a stronger expansion region at the apex of the bi-
furcation and only weaker contraction regions in the
carotid bulb. The effect of expansion/contraction on
vascular biology needs further quantitative analysis,
as according to the literature [4, 2], this WSS-related
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action can be connected to the formation of athero-
sclerosis.

Figure 10. Wall Shear Stress divergence (divW )
on the luminal surface for case C1. The time-
averaged WSS field is visualized by normalized
arrows (black). Besides the lumen (fluid domain),
the calcified (Ca*) region and the lipid-rich nec-
rotic core (LRNC) are visualized with opaque blue
and yellow surfaces.

Figure 11. Wall Shear Stress divergence (divW ) on
the luminal surface for case C2. Vector visualiza-
tion according to the previous image.

4. SUMMARY
This pilot study investigates the relationship

between plaque morphometry and hemodynamics
in the carotid artery, focusing on patients undergo-
ing carotid endarterectomy (CEA). An evaluation
method was developed to analyze the interaction
between plaque composition and blood flow dy-
namics, integrating morphometric data from Vas-
cuCap (now ElucidVivo) with hemodynamic simu-
lations. Wall shear stress (WSS) characterization
was achieved by decomposing the vector field along
the vessel centerline to understand the emergence
of globally interpreted standard hemodynamic para-
meters, including time-averaged WSS (TAWSS), os-
cillatory shear index (OSI), and WSS divergence
(divW ). This new insight can shed light on the in-
terplay between directional WSS metrics, oscillat-
ory behaviour [10], and vascular biology. The res-
ults demonstrated that CEA significantly alters the
WSS field, reducing the spurious appearance of low-
shear areas and stabilizing flow patterns. The recon-
structed artery exhibited a more uniform WSS distri-
bution, particularly in regions previously affected by
stenosis.

This pilot study established the methodology
for integrating morphometric and hemodynamic data
within a unified computational framework. Future
work will expand the analysis to a larger patient co-
hort to understand the cause-and-effect relationship
between hemodynamic metrics and plaque forma-
tion.
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ABSTRACT
It is well known that there is no significant ef-

fect on the wave power extraction from individual
devices beyond a certain spacing between the wave
energy converters (WEC) in an array, as destructive
interference is reduced. However, this arrangement
would require a huge amount of money, which would
have cost implications. Moreover, restrictions in the
available area might limit this arrangement. Hence,
exploring alternate wave spacing arrangements is re-
quired to optimize the layout. There is no effect
of wave directionality on the power obtained for a
single-point absorber wave energy device. However,
when considering a wave farm, the WEC layout will
be affected by the direction of incoming waves. Stud-
ies have shown that for the Indian coast, the max-
imum wave power is observed during the monsoon
period, from waves originating from wave direction
between 245 - 270 ◦, which are South westerlies.
Thus, it is imperative to consider the wave direction
as an important parameter. The paper aims to study
the effect of wave directionality, WEC spacing, and
layout on wave power. A two-body point absorber is
considered for the study.

Keywords: hydrodynamic analysis, point ab-
sorbers, time domain simulation, wave energy
converter farms, wave farm layout

NOMENCLATURE
Fe [N] excitation force
Fext [N] external force
Fhs [N] hydrostatic restoring force
Fr [N] radiation force
Fv [N] viscous drag force
g [m/s2] Earth’s acceleration
m [kg] mass matrix
ma [kg] added mass matrix
ω [rad/s] wave frequency
ϕ [m2/s] velocity potential function
ϕD [m2/s] diffraction wave potential

ϕI [m2/s] incident wave potential
ϕR [m2/s] radiation wave potential
τ [s] past time
ζ [m] motion amplitude
A∞ [kg] instantaneous added mass

effect
d [m] water depth
j [] degree of freedom
K(t − τ) [kg/s] Impulse response function
n [m2/s] unit normal vector of the body

surface pointing outwards
t [s] present time
x [m] position vector
Z [m] vertical coordinate of a wetted

surface

Abbreviations

BEM Boundary element method
BEMIO Boundary element method

Input/Output
IRF Impulse response function
JONSWAP Joint North Sea Wave Project
LA Line absorber
PA Point absorber
PTO Power take-off
WEC Wave energy converter

1. INTRODUCTION
Wave energy is a renewable energy source that is

available in abundance from the oceans. It has a very
high energy density; however, the waves are highly
dynamic in nature. For the coastal areas near the
equator, the waves have lower heights, resulting in
lower extractable power. India is such a place. How-
ever, it has a vast coastline, with many places hav-
ing higher wave activity. In addition, many coastal
areas lack adequate power and drinking water facil-
ities. Hence, the coastal areas can be supplied with
power by utilising a wave energy converter (WEC),
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which converts the motion of the waves into elec-
tricity in a sustainable way. An optimised array of
WEC can extract power from waves on a MW scale.
This power can then be used for many things, such
as generating potable water from the oceans. Several
studies have carried out life cycle analyses for con-
ventional fossil fuel electricity plants and a wave en-
ergy farm and reported a 20-40 times reduction in the
carbon footprint. To reach the stage of commercial-
ization, WECs need to be grouped in a particular ar-
rangement, considering the wave conditions, the hy-
drodynamic interactions of the devices, and the cost
of the technology. Using models and machine learn-
ing techniques, a single wave energy device has pre-
viously been optimized for its shape, control method,
and power take-off (PTO) system.

1.1. Literature review

Budal conducted the first study on wave arrays
[1]. He introduced the concept of point absorber the-
ory and coined the term interaction factor or q factor,
which is defined as the power produced by the ar-
ray to the sum of the power produced by the devices
when present individually. q>1 signifies constructive
interference, and q<1 represents destructive interfer-
ence. Thereafter, Falnes [2] and Evans [3] carried
out studies on point absorber (PA) arrays to obtain a
q factor of more than 1. McIver [4] in 1994 studied
the change of the q factor with changing wave direc-
tion. He also studied the effect of equal and unequal
spacing between WECs. Fitzgerald and Thomas [5],
in 2007, conducted a study on five WECs consider-
ing the effect of the geometry of the WEC and the
direction of the wave.

India has a wave energy potential of 40 GW
[6], with the southern tip having the highest poten-
tial. Researchers studied various WECs for vari-
ous locations along the Indian coast, for offshore
and nearshore conditions [7, 8], and observed that
multibody PA and line absorbers (LA) performed
better for nearshore and offshore locations, respect-
ively. However, in these studies, a single WEC was
considered, with no effect of the directional charac-
teristics or the hydrodynamic changes owing to other
devices in the array. In addition, the significant wave
height considered was less than 1.5 m, when the max-
imum significant wave height occurring in the Indian
coastal waters can go up to 3 m. Waves of maximum
height were also observed to come from 245 - 270 ◦

[9]. So, it is imperative to understand the effect on
power produced due to changing wave direction and
the presence of multiple WECs.
Cruz et al. [10] analysed a single-body PA farm
with 4 WECs arranged in a square layout for reg-
ular and irregular waves. Regular waves are sinus-
oidal waves with the same wave height and period.
Irregular waves can be defined as the superposition
of many regular waves of different wave heights and
periods. By changing the incident wave angle and
applying suboptimal control of the external damp-

ing coefficient, they observed a 4% increase in power
when the direction was changed from 90 to 45 ◦. De
Andres et al. [11] studied a farm layout of 2-body
WEC for optimizing the q factor by analysing wave
layout, spacing, the number of WECs, and wave dir-
ection. Increasing the number of WECs increased
the q factor. The highest q factor was obtained for
half of the wavelength of the incident wave; triangle
or rhombus layouts were good for multidirectional
waves, and square for unidirectional waves; q factor
results were similar for triangle and square layouts.
Ji et al. [12] studied a circular layout for a six two-
body PA array and concluded that as the radius of
the circle increased, power first increased, then de-
creased, and eventually stabilized. They also studied
the effect of change in wave direction on power and
found power to vary negligibly. However, for a farm
of 2 WECs, there was a change in power with chan-
ging wave directions. Murai et al. [13] studied ar-
ray arrangement, incident wave angle, optimal con-
trol parameters to maximize power generation, and
linear and triangular configurations and drew similar
conclusions for linear arrays as de Andres et al. [11].
They also observed that PTO damping had a larger
influence on power change than PTO stiffness; also,
poor arrangement can negate the effect of choosing
optimal control parameters.

This paper presents the study of WEC arrays to
understand the effect of wave direction on it. Here,
two layouts are studied—3 and 5 devices. Time
domain simulations are carried out to estimate the
power for both regular and irregular waves. The ef-
fect of device spacing is also investigated.

2. WEC MODEL
WEC performance evaluation is carried out in

two steps. First is frequency domain calculation,
where the problem is linearised, allowing for simpli-
fication using linear potential flow theory. The gov-
erning equations are transformed into the frequency
domain, leading to a set of algebraic equations. This
approach assumes harmonic excitation, making it
computationally efficient. The Boundary Element
Method (BEM) is the most commonly adopted nu-
merical technique for solving this problem. BEM
determines the excitation forces, radiation damping,
and added mass coefficients. The most popular soft-
ware for this purpose are ANSYS AQWA, WAMIT,
and NEMOH. Since the WEC considered here is a
point absorber, that is, the diameter of the device is
much smaller than the wavelength of the wave, and
the wave conditions are relatively mild, this problem
can be solved using potential flow theory. The hy-
drodynamic coefficients were determined in the lin-
ear potential flow BEM solver AQWA. In AQWA,
the panel method is used to compute the device’s hy-
drodynamic coefficients. The software considers the
following assumptions:

• Bodies have negligible forward speed
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• Fluid is inviscid and incompressible

• Flow is irrotational

• Incident wave amplitude are small compared to
the wavelength

Assuming a velocity potential function for the body
ϕ(x, t), the body should satisfy the Laplace equation
as follows

∇2ϕ = 0 (1)

The solution of the Laplace equation is based on the
boundary conditions considered and the decompos-
ition of the solution into diffraction and radiation
forces.
Boundary condition 1: Linear free surface equation

−ω2ϕ + g
∂ϕ

∂Z
= 0 on Z = 0 (2)

where ω is the wave frequency, g is the Earth’s accel-
eration, and Z is the vertical coordinate of the wetted
surface.
Boundary condition 2: Body surface conditions:

∂ϕ

∂n
=


iωn j f or radiation potential

−
∂ϕ
∂n f or di f f raction potential

(3)

on the mean wetted surface of the body.
where n is the unit normal vector of the WEC surface
pointing outwards.
Boundary condition 3: Seabed surface condition at
water depth d

∂ϕ

∂Z
= 0 on Z = −d (4)

A far field radiation boundary condition needs to be
considered for the wave to dissipate at a distance.√

(x2 + y2)→ ∞ (5)

ϕ can be decomposed into

ϕ = ϕI + ϕD + ϕR (6)

where ϕI is the incident wave potential, which is the
wave potential in the absence of the WEC, ϕD is the
diffracted wave potential, which is the wave poten-
tial due to interaction between the incident wave and
a motionless WEC, and ϕR is the radiated wave po-
tential, which is the wave field produced by the WEC
motion in the absence of any wave. The radiation po-
tential can be expressed as

ϕR = iω
6∑

j=1

ζ jϕ j (7)

where ζ j is the motion amplitude in the jth mode
and ϕ j is radiated potential from body motion in the
jth mode. From the radiation potential, added mass
and frequency damping are obtained by evaluating
the hydrodynamic forces induced by unit motions in
each degree of freedom. The excitation force in each

degree of freedom is computed from the incident and
diffracted wave potentials.
The output from the BEM software is fed into a
time domain-based solver. BEMIO (Boundary Ele-
ment Method Input/Output), an open-source Python
library used for hydrodynamic analysis of floating
bodies, interfaces with BEM solvers to extract and
process hydrodynamic coefficients. It converts hy-
drodynamic coefficients from the frequency domain
to the time domain by computing impulse response
functions (IRFs) using the Cummins equation frame-
work. It creates an .h5 file, which, along with the
Simulink model and WEC geometry, is given as an
input to WEC-Sim, an open-source tool developed in
MATLAB, to obtain the power output of the WECs,
which is the second step to evaluate the WEC per-
formance. WEC-Sim solves the Cummins equation.
The time domain equation of motion for the WEC,
with its origin at the centre of gravity, can be repres-
ented by Eq. 8 as

(m + ma)ẍ = −Fr + Fe − Fhs + Fv + Fext (8)

where, m = mass matrix, ma = added mass matrix at
infinite frequency, x = position vector, Fr= radiation
force, Fe= excitation force vector, Fhs = hydrostatic
restoring force vector, Fv = viscous drag force vec-
tor, and Fext= external force vector. In the present
study, only the heave motion is considered. There-
fore, all quantities reduce to scalars. The radiation
and excitation forces together constitute the hydro-
dynamic force. The hydrodynamic simulation mod-
els determine the dynamic response of a system or
group of devices based on the forces in the above
equation. The Cummins equation describes the mo-
tion of the WEC due to waves, taking into account
the interaction between fluid and structure. The radi-
ation force can be split into two parts: the instantan-
eous added mass effect, A∞ ẍ(t) and the convolution
integral,

∫ t
0 K(t − τ)ẋ(τ)dτ. Therefore, Fr can be rep-

resented as

Fr = A∞ ẍ(t) +
∫ t

0
K(t − τ)ẋ(τ)dτ (9)

where K(t − τ) is the IRF, which tells how the force
depends on the previous velocities of the WEC, at a
time lag (t−τ), t is the current time at which the forces
have to be evaluated, and τ is the past time, ranging
from the start of the simulation to the present time,
ẋ(τ) describes the past velocities at time τ. These
frequency-domain coefficients are converted into the
time domain by calculating the IRF. Thus, the Cum-
mins equation takes the following form:

(m + ma)ẍ + A∞ ẍ(t) +
∫ t

0
K(t − τ)ẋ(τ)dτ =

Fe − Fhs + Fv + Fext

(10)

The left-hand side of the equation includes iner-
tia, memory (via convolution), and restoring forces.
The right-hand side includes excitation force, viscous
damping, and external forces. WEC-Sim uses these
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IRFs to solve the Cummins equation and compute
motion and power. The system is represented us-
ing mathematical blocks in Simulink. The bodies are
defined as rigid bodies, which are connected to each
other using constraint blocks or a PTO block. A lin-
ear spring damper PTO was considered for the study.
Figure 1 shows a flowchart illustrating the sequence
of steps involved in calculating the power output of
the WEC. A study was undertaken to select the ap-
propriate WEC for the farm by considering a single
and a two-body WEC [14]. It was observed that the
two-body WEC produced 28% higher power than the
single-body WEC, thus being the device considered
for further studies. Fig. 2 shows the WEC con-
sidered for study, and Table 1 shows the dimensions
of the WEC. Two configurations of wave farms were
studied: a 3-device and a 5-device farm. Several re-
searchers observed that a triangular layout gave bet-
ter results compared to other layouts, such as linear
and square layouts [15, 11]. Hence, for the 3-device
and 5-device configurations, a triangular layout was
considered, as shown in Figures 3 and 4. A pentagon
layout was not considered for analysis previously.
Hence, a pentagon layout was considered for the 5-
device configuration, as shown in Fig. 5. A 2 m wave
height and 6 seconds period were considered.

Figure 1. Steps for Calculating WEC Power Out-
put

Table 1. Dimensions of the two-body WEC

Parameter Value
Diameter of buoy 3 m
Height of buoy 0.8 m
Draft 0.25 m
Diameter of sphere 3.9 m

Figure 2. Two-body PA [16]

Figure 3. 3-device configuration

3. NUMERICAL RESULTS
3.1. Effect of layout

First, the number of devices on the farm was
studied for regular and irregular waves. Irregular
waves can be described using many spectra. Here,
a Joint North Sea Wave Project or JONSWAP spec-
trum was used [17]. The inter-device spacing was
fixed at 20 m. Figures 6, 7, and 8 show the power
obtained for a 3-device and 5-device configuration
in regular wave conditions. Here, the 0◦ incident
wave direction was considered. Negative power val-
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Figure 4. 5-device configuration in triangular lay-
out

Figure 5. 5-device configuration in pentagon lay-
out

ues indicate energy absorption from waves, as per the
WEC-Sim sign convention. It was observed that the
power obtained for a 3-device configuration for an
individual device is more than the 5-device configur-
ation. Figures 9, 10, and 11 show the average power
obtained for a 3-device and 5-device configuration in
irregular wave conditions. Even for irregular waves,
the power obtained for individual devices in the trian-
gular configuration is more than that of the pentagon
configuration.

Figure 6. Power obtained for a three-device con-
figuration in regular waves

Figure 7. Power obtained for a five-device trian-
gular configuration in regular waves

Figure 8. Power obtained for a five-device
pentagon configuration in regular waves

Figure 9. Power obtained for a three-device con-
figuration in irregular waves

3.2. Effect of wave direction

To understand the effect of wave direction, the 5-
device triangular layout with 20 m spacing was stud-
ied. Fig. 12 shows the comparison of average power
for the triangular layout for 8 wave directions: 0, 30,

5
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Figure 10. Power obtained for a five-device trian-
gular configuration in irregular waves

Figure 11. Power obtained for a five-device
pentagon configuration in irregular waves

45, 60, 90, 135, 180, and 270 ◦. The maximum aver-
age power was obtained for an incident wave direc-
tion of 0 ◦, followed by 180 ◦, 30 ◦, then 45 ◦, 135 ◦,
60 ◦, 270 ◦ and lastly 90 ◦.

Figure 12. Power obtained for different wave dir-
ections for five-device triangular layout configur-
ation

3.3. Effect of device spacing
Three device spacings were studied for the tri-

angular configuration of 3 devices: 10 m, 20 m, and
30 m for regular wave conditions. From Figures 6,
13 and 14, it can be observed that the devices in
the farm with 10 and 20 m spacing have varying
power, with the device encountering the wave first
having maximum power and subsequent devices hav-
ing lesser power, whereas the farm with 30 m spacing
all have the same power. Babarit [18] observed that
for smaller arrays of smaller-diameter buoys, the sep-
arating distance should be 10 to 20 times the diameter
to avoid any interference between the motion of the

neighboring devices. If the spacing is less than this,
the power produced from these interacting devices
will be reduced.

Figure 13. Power obtained for the farm of 10 m
spacing for three-device triangular layout

Figure 14. Power obtained for the farm of 30 m
spacing for three-device triangular layout

4. CONCLUSION
The paper discusses the effect of layout, wave

direction, and spacing between devices on the power
produced by the wave farm. After obtaining the hy-
drodynamic coefficients in Ansys AQWA, the power
produced was calculated using the time-domain sim-
ulation tool WEC-Sim. Only the heave direction
was considered for power calculation. A 3- and 5-
device farm was studied for both regular and irregu-
lar waves, where it was found that for the triangular
layout, the power produced by the individual device
was almost twice that of the individual device of the
pentagon layout for both wave conditions. Also, for
the triangular layout, the power produced by the in-
dividual devices in the 5-device configuration was
more than the 3-device configuration. Consequently,
the effect of incident wave direction was studied, and
it was found that maximum power was obtained for
a wave at 0 ◦. Lastly, varying the spacing between
the devices, it was observed that a device spacing of
the order of 10 times the diameter eliminated any de-
structive interference, whereas, for lesser device spa-
cing of the order of 3 to 4 times the diameter of the
device, the movement of one device affected that of
the subsequent devices, reducing the power produced
by them.

6
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ABSTRACT  

The effect of nozzle spacing on the flow 

characteristics of triple rectangular free jets was 

studied experimentally and numerically. The nozzle 

spacing ratio S/de, where de is the equivalent 

diameter of a rectangular nozzle with an aspect ratio 

of 2, was varied from 2.06 to 4.13. The Reynolds 

number based on the nozzle exit velocity and the 

equivalent diameter was 1.5 × 104. The mean and 

fluctuating velocities were measured using a 

constant-temperature hot-wire anemometer with an 

X-type probe. Three-dimensional numerical 

simulations of triple rectangular free jets were also 

performed using Open FOAM 5.0, and the numerical 

results depicted the vortical structures in the jets. 

Triple rectangular free jets with a small nozzle 

spacing ratio, specifically S/de = 2.06, merge 

upstream. The mean velocity and the turbulent 

kinetic energy near the jet centerline become higher 

than those with a large nozzle spacing ratio. An axis-

switching phenomenon occurs after the jets merge, 

and the whole cross-sectional shape of the triple 

rectangular free jets changes to an elliptical jet with 

a major axis in the z-direction. Farther downstream, 

the elliptical jet becomes round.  

Keywords: flow measurement, hot-wire 

anemometry, nozzle spacing, OpenFOAM, 

rectangular jet, triple jets  

NOMENCLATURE 

 

B [m] width of rectangular nozzle 

C [m] height of rectangular nozzle 

Cs [-] Smagorinsky constant 

d [m] diameter of circular nozzle 

de [m] equivalent diameter of non-

circular nozzle  

k [m2/s2] turbulent kinetic energy 

Q [-] second invariant iso-surface of 

velocity gradient tensor 

Re [-] Reynolds number 

S [m] nozzle spacing between the center 

of nozzles 

u [m/s] x-axial velocity (streamwise 

velocity) 

͞u [m/s] mean x-axial velocity (streamwise 

mean velocity) 

u’rms [m/s] root-mean-square value of x-axial 

velocity fluctuation 

͞u0cl [m/s] nozzle exit mean x-axial velocity at 

the center of nozzle 

v [m/s] y-axial velocity 

w [m/s] z-axial velocity 

x [m] x-axial coordinate 

xc [m] potential core length 

y [m] y-axial coordinate 

z [m] z-axial coordinate 

ν [m2/s] kinematic viscosity 

 

Subscripts  

 

cl on the jet centerline 

cl,mid on the jet centerline of the middle jet 

cl,side on the jet centerline of the side jet 

sym on the jet symmetry-line 

1. INTRODUCTION  

Multiple jets issuing from two or more nozzles 

are used in various applications, such as aircraft 

combustors, air ventilation systems, and chip 

removal systems in machine tools. The flow 

structures of twin jets, which issue from two nozzles 

arranged in parallel, have been reported by several 

researchers [1-3]. For example, the effects of nozzle 

spacing on the flow characteristics of twin circular 

jets were investigated by Okamoto et al. [1] and 

Laban et al. [2]. They reported that, for a small 

spacing ratio S/d, the twin circular jets merged at the 
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upstream side, and the streamwise mean velocity on 

the jet centerline increased due to the suppression of 

the entrainment with ambient flow in the inner shear 

layer. 

A single non-circular jet provides higher mixing 

capabilities with the ambient fluid than those of a 

single circular jet due to the three-dimensional 

deformation of the vortex rings in the free shear layer. 

Therefore, the flow structure of multiple non-circular 

jets is expected to be more complex than that of 

multiple circular jets. Hayashida and Kiwata [4] 

experimentally studied the effects of the nozzle 

orientation and nozzle spacing on the flow 

characteristics of twin rectangular free jets with a 

nozzle aspect ratio of 2. They showed that, for a 

small nozzle spacing, the mean and fluctuating 

velocities of twin rectangular free jets become larger, 

after the combined point (CP) on the jet symmetry 

line, than those of a single circular jet. However, the 

nozzle orientation has little effect on the mean and 

fluctuating velocities. 

Figure 1 shows a schematic diagram of the x-y 

cross-section of the flow field of the triple 

rectangular free jets described in the present paper. 

The flow field of the triple jets, which are lined up in 

a row, is divided into the converging, the merging, 

and the combined regions. The converging region 

ends at the plane corresponding to the merging point 

(MP), that is, u̅sym ≈ 0.015u̅0cl. The combined region 

is formed downstream of the CP, where u̅cl,side ≈ u̅sym. 

The region between these two regions is referred to 

as the merging region. The region between the 

middle jet and the side jets is defined as the inner 

mixing region, and the region between the side jets 

and the ambient fluid is defined as the outer mixing 

region. Thus, the shear layers in the outer mixing 

regions are defined as the outer shear layers. The 

shear layers in the inner mixing region are defined as 

the outside and inside inner shear layers, respectively. 

As shown in Fig. 1, the flow field of the triple jets is 

more complicated than that of the twin jets, because 

the middle jet is influenced by the adjacent jets. 

Morris et al. [5] investigated the effect of nozzle 

orientation on the flow characteristics of multiple 

non-circular jets with triple elliptic nozzles with an 

aspect ratio of 2, and a nozzle spacing of 4.1de. They 

found that the triple elliptic jets with each nozzle 

oriented along the minor plane had a shorter potential 

core length and a closer MP location where the inner 

mixing region of the adjacent jets merge than the 

other orientations. However, they did not investigate 

the effect of nozzle spacing ratio. 

The objective of the present research was to 

investigate the effect of nozzle spacing on the flow 

characteristics of triple rectangular free jets with 

each nozzle oriented along the major plane and 

having an aspect ratio of 2. This paper describes the 

distributions of velocity and turbulence intensity 

obtained experimentally using an X-type hot-wire 

probe, and large eddy simulation (LES) results 

obtained using the computational fluid dynamics 

(CFD) software OpenFOAM 5.0. 

Figure 1. Schematic diagram of the flow field of triple rectangular free jets.
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2. EXPERIMENTAL PROCEDURE AND 

NUMERICAL SETUP 

2.1. Experimental apparatus and 
method 

Figure 2 shows a schematic diagram of the 

experimental system [6]. Figure 3 shows a schematic 

diagram of an orifice plate with triple rectangular 

nozzles. The orifice plate was installed at the wind 

tunnel outlet to generate the rectangular free jets. The 

orifice plate was made of an acrylic resin 10 mm 

thick. Each rectangular nozzle had a height of C = 10 

mm, a width of B = 20 mm, and a constriction formed 

by a circular shoulder with a radius R = 4 mm at the 

upstream edge of the orifice to prevent flow 

separation. The aspect ratio of the rectangular nozzle 

was B/C = 2, and the equivalent diameter of each 

nozzle was de [= (4BC/π)1/2] ≈ 15.96 mm. The nozzle 

spacing between the centers of the triple rectangular 

free jets was varied as S = 33 mm to 66 mm, 

specifically the four spacing ratios of S/de = 2.06 to 

4.13. The nozzles were aligned with their major axes. 

The flow characteristics of a single rectangular free 

jet, a single circular free jet, and twin rectangular free 

jets were also investigated to compare with those of 

triple rectangular free jets. The results of the single 

rectangular free jet, twin rectangular free jet, and the 

single circular jet in the x-y cross-section on the 

major axis are referred to as “SingleMajor,” 

“TwinMajor,” and “SingleRound” configurations, 

respectively. The definition of the x, y, and z axes is 

shown in Figs. 1 and 2. The coordinate origin in the 

flow field of triple rectangular free jets was set to the 

center of the middle nozzle outlet. The flow direction 

was defined as x; the horizontal direction as y; the 

vertical direction as z; and velocity in each direction 

as u, v, and w, respectively. 

 The flow velocities were measured by an X-type 

hot-wire probe and constant-temperature hot-wire 

anemometers (CTA) with linearized output. The hot-

wire probe could be moved three-dimensionally by a 

traverse unit. The output signals from the CTA were 

converted by a 16-bit analog/digital (A/D) converter 

at a sampling frequency of 6 kHz and 1.2 × 105 data 

points were recorded. The resulting digital signals 

were used to calculate the mean and the fluctuating 

velocities. Aleyasin and Tachie [3] found that, for 

Reynolds number Re > 1.0 × 104, the velocity decay 

and the jet spread of twin circular jets are 

independent of the Reynolds number. Therefore, the 

Reynolds number was set to Re = u̅0cl de/ν = 1.5 × 104, 

where ν is the kinematic viscosity of air. The mean 

velocity at the center of the nozzle exit, that is, x/de = 

0.1875, y/de = 0, and z/de = 0, was set to u̅0cl ≈ 14.2 

m/s. Further, the uncertainties of the mean velocity 

and the fluctuating velocity components measured 

using an X-type hot-wire probe were calculated, with 

reference to Nagano and Tagawa [7], to be less than 

1.8% and 2.3%, respectively. 

2.2. Numerical method 

The three-dimensional numerical simulations of 

the triple rectangular free jets for a small nozzle 

spacing of S/de = 2.06 (S = 33 mm) and a large nozzle 

spacing of S/de = 4.13 (S = 66 mm) were performed 

by OpenFOAM 5.0 using a finite volume method. 

The flow field was assumed to be unsteady, viscous, 

incompressible, isothermal, and fully turbulent. The 

unsteady flow simulation used the Implicit-LES 

turbulence model, where the Smagorinsky constant 

of the Smagorinsky-subgrid-scale (SGS) model was 

set to Cs = 0 [8]. The convection terms of the 

governing equations were discretized using the 

second-order unbounded central differencing 

scheme. The second-order central differencing 

scheme was used for the diffusion terms, while the 

second-order implicit scheme was used for the time 

marching. The pressure-implicit with splitting of 

operators (PISO) method was used as the calculation 

algorithm for the pressure-velocity coupling. 

Figure 4 shows the computational domain, the 

mesh, and the boundary conditions for S/de = 2.06 

and 4.13. Nonuniform spacing and structured meshes 

were used in the computational domain. The 

streamwise, vertical, and spanwise lengths of the 

computational domain are 640 mm (= 40de), 320 mm 

(= 20de), and 320 mm (= 20de), respectively. The 

width and the height of each nozzle are C = 20 mm 

Figure 2. Schematic diagram of the 

experimental system. 

Figure 3. Schematic diagram of the orifice 

plate with triple rectangular nozzles. 
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and B = 10 mm, respectively. The effect of the 

number of grid points on the mean velocity profile 

was investigated for the triple rectangular jets with 

S/de =2.06. The numerical simulation was conducted 

with two numbers of grid points of approximately 1.3 

× 107 and 6.5 × 106. The result for half the number of 

grid points deviated significantly from the 

experimental result. Therefore, the fine mesh was 

adopted for the numerical simulation, namely, the 

number of grid points was approximately 1.3 × 107 

for S/de =2.06, and 1.8 × 107 for S/de = 4.13. The inlet 

boundary of the triple rectangular nozzles was set at 

a mean x-axial velocity of u͞ = 14.2 m/s with x-

direction velocity fluctuation of u’rms/ ͞u = 0.02, the 

same as the experimental condition, and the gradient 

of zero was set for the pressure condition. The 

boundary condition of pressureInletOutletVelocity 

[9] was used at the top, bottom, outlet, and inlet 

surfaces of the computational domain. This 

boundary condition corresponds to a zero-gradient 

velocity everywhere on the boundary, except the 

inflow. When inflow occurred, a fixedvalue 

condition was applied to the tangential component. 

Furthermore, the pressure condition with the total 

pressure of 0 was set on each boundary of the 

computational domain. A time step size of 8×10-6 

was used for the present simulation to satisfy the 

condition courant number CFL < 0.5. 

3. RESILTS AND DISCUSSION 

3.1. Comparison of experimental and 
numerical results 

 

Figure 5 shows the profiles of the mean 

velocity u͞/͞u0cl along the x-axis in the x-y cross-

section for nozzle spacing ratios of S/de = 2.06 and 

4.13. The experimental profiles are in qualitative 

agreement with the simulation in both cases until the 

merging region. In particular, the agreement between 

the numerical simulations and the experimental 

results for S/de = 2.06 is good in the combined region 

of x/de ≥ 30, and the agreement between the 

numerical simulations and the experimental results 

for S/de = 4.13 is also good at x/de ≥ 10. In the 

following sections, the experimental results are 

discussed using the numarical simulation if 

necessary. 

3.2. Mean velocity, and turbulent kinetic 
energy in the x-y cross section 

Figure 6 shows contour plots of the mean x-axial 

velocity in the x-y cross-section, u͞/͞u0cl, for triple 

rectangular free jets with S/de = 2.06, 4.13, and a 

single rectangular free jet of the SingleMajor case. 

The potential core region assumes a wedge shape due 

to the formation of the shear layer by mixing with the 

ambient fluid. The length of the potential core xc is 

defined as the distance between the nozzle exit and 

the point at which u̅cl/u̅0cl = 0.98 [2]. The length of 

the potential core of the rectangular jets is xc ≈ 3de in 

all spacing ratios of triple rectangular jets and the 

SingleMajor case. The nozzle spacing has little effect 

on the length of the potential core. However, only for 

S/de = 2.06, it seems that the length of the wedge-

shaped region of the middle jet becomes larger than 

that of the side jets. The middle jet does not cause the 

axis-switching phenomenon (discussed in Sec. 3.4). 

For a small spacing ratio S/de, the positions of the MP 
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(a)  S/de = 2.06 
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Figure 4. Computational domain, mesh and 

boundary conditions. 

Figure 5. Profiles of mean velocity u͞/͞u0cl along 

x-axis in x-y cross section for (a) S/de = 2.06, 

and (b) S/de = 4.13 case. 
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and CP move upstream as compared with that for a 

large spacing ratio. In addition, the jet spread 

decreases in the downstream of CP due to the axis-

switching phenomenon (discussed in Sec. 3.4).  

These results are consistent with those of Laban et al. 

[2], and Hayashida and Kiwata [4], who investigated 

the effect of nozzle spacing of twin round jets and 

twin rectangular free jets, respectively. 

     Figure 7 shows contour plots of the dimensionless 

turbulent kinetic energy in the x-y cross-section, 

k/͞u0cl
2 for triple rectangular free jets with S/de = 2.06, 

4.13 and a single rectangular free jet of the 

SingleMajor case. At 0.5 ≤ x/de ≤ 5, the turbulent 

kinetic energy increases in the inner and outer shear 

layers due to the Kelvin–Helmholtz instability. The 

y-direction position of the peak value of the turbulent 

kinetic energy of the side jets moves toward the 

middle jet. For S/de = 2.06, the turbulent kinetic 

energy (k/͞u0cl
2 ≥ 0.02) in the outer shear layer of the 

side jets becomes larger than that in the outside inner 

shear layer of the side jets. At 5 ≤ x/de ≤ 10, for a 

small spacing ratio of S/de = 2.06, the turbulent 

kinetic energy increases on the jet symmetry line 

because the larger mixing area in the middle jet does 

not expand in the x-direction. In the downstream 

region, the turbulent kinetic energy decreases 

gradually with the merging of the triple rectangular 

free jets. At x/de ≥ 20, for S/de = 2.06, the turbulent 

kinetic energy increases more than that for the other 

spacing ratios due to the continuance of high velocity 

along the jet centerline as shown in Fig. 6. In contrast, 

the distribution of the turbulent kinetic energy of the 

triple rectangular free jets for S/de = 4.13 is not 

significantly different from that of the SingleMajor 

case. Thus, when the spacing ratio S/de is large, the 

flow characteristics of each jet in triple rectangular 

jets are similar to those of a single rectangular free 

jet. 

3.3. Mean velocity and turbulent kinetic 
energy in the jet centerline and the jet 
symmetry line 

Figure 8 shows the distributions of mean x-axial 

velocity on the middle jet centerline u̅cl,mid/u̅0cl, the 

side jets centerline u̅cl,side/u̅0cl, and the jet symmetry 

line u̅sym/u̅0cl. The results for twin rectangular jets 

with a spacing ratio of S/de = 2.75 [4], and the 

SingleMajor and the SingleRound cases are also 

shown in Fig. 8. the length of the potential cores, for 

the triple rectangular jets as described Sec. 3.2, and 

the TwinMajor and the SingleMajor jets are about xc 

≈ 3de, respectively. This length of the potential core 

is smaller than that for the SingleRound case, that is, 

xc ≈ 4de. Commonly, the potential core length for a 

rectangular jet is shorter than that for a circular jet 

due to the three-dimensional deformation of the 

vortex rings in a non-circular jet [4]. From the end of 

the potential core region, the velocity on the jet 

centerline begins to decrease. The velocity on the jet 

centerline of a developed single circular jet and 

Figure 6. Contour plots of mean x-axial velocity 

in the x-y cross section for (a) S/de = 2.06, (b) 

S/de = 4.13 and (c) SingleMajor case. 

Figure 7. Contour plots of the turbulent kinetic 

energy in the x-y cross-section for (a) S/de = 

2.06, (b) S/de = 4.13 and (c) SingleMajor case. 

(a)  S/de = 2.06 

 

(c)  SingleMajor 

  

(b)  S/de = 4.13 

(a)  S/d  = 2.06 

(a)  S/de = 2.06 

(c)  SingleMajor 

  

(b)  S/de = 4.13 
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single rectangular jet, that is, SingleRound and 

SingleMajor, decays in proportion to x−1. For S/de = 

2.06, the velocity on the side jet centerline is lower 

than that on the middle jet centerline. However, for 

S/de = 4.13, the velocity on the side jet centerline is 

approximately the same as that on the middle jet 

centerline. 

Figure 9 shows the second invariant iso-surfaces 

of the velocity gradient tensor Q from the numerical 

results for S/de = 2.06 and S/de = 4.13. For a small 

spacing ratio of S/de = 2.06, vortex rings at the nozzle 

exit are generated, and the middle and the side jets 

interfere between the outside and inside inner shear 

layers. From x/de ≈ 3, longitudinal vortices are 

generated in the shear layer, and the vortices form a 

three-dimensional structure. As a result, the triple 

rectangular jets mix with the surrounding fluid, and 

a flow field develops. In contrast, for a large spacing 

ratio of S/de = 4.13, vortex rings at the nozzle exit are 

also generated. It seems that the interference between 

the outside and inside inner shear layers is weaker 

than that for a small spacing ratio of S/de = 2.06. The 

longitudinal vortex in the inner mixing region grows 

from about x/de = 5.  

The distributions of the mean x-axial velocity, 

u̅sym/u̅0cl, on the jet symmetry line is also shown in 

Fig. 8. The MP, which is a point of the velocity 

deficit between the jets, is defined as the location 

where u̅sym ≈ 0.015 u̅0cl. The location of the MP is 

equal to x/de ≈ 1.1, 2.8, 4.5, and 6.3 for S/de = 2.06, 

2.75, 3.44, and 4.13, respectively. The location of the 

MP is close to the nozzle exit as the nozzle spacing 

ratio S/de decreases, similar to the case of the twin 

circular and twin rectangular jets [2, 4]. Downstream 

of the MP, the velocity of u̅sym/u̅0cl on the jet 

symmetry line increases and has a peak value of 0.48, 

0.3, 0.25, and 0.22 at x/de ≈ 9, 11, 15, and 17, 

respectively. Especially, for S/de = 2.06, the velocity 

u̅sym/u̅0cl exhibits a high rate of increase because of 

the mixing between the middle and the side jets with 

the axis-switching phenomenon similar to that of the 

twin rectangular free jets [4]. 

The CP is defined as the location where u̅cl ≈ u̅sym. 

The CP moves upstream with the decreasing nozzle 

spacing ratios, that is, x/de ≈ 14, 19, 24, and 29 for 

S/de = 2.06, 2.75, 3.44, and 4.13, respectively. The 

location of the CP is approximately proportional to 

the nozzle spacing ratio S/de, similar to the case of 

twin circular jets and twin rectangular jets [2, 4]. 

Downstream of the CP, the velocity u̅cl,mid/u̅0cl on the 

jet centerline for a small spacing ratio of S/de = 2.06 

is larger than that for a large spacing ratio S/de = 4.13. 

At x/de = 40, the velocity u̅cl,mid/u̅0cl on the jet 

centerline for triple rectangular free jets of S/de = 

(a)  S/de = 2.06 (b)  S/de = 4.13 

Figure 9. Second invariant iso-surfaces of the velocity gradient tensor Q for (a) S/de = 2.06 and (b) 

S/de = 4.13 

Figure 8. Distributions of the mean x-axial 

velocity on the jet centerline and the jet 

symmetry line along the x-axis. 
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2.75 is larger than that for twin rectangular free jets 

with the same spacing ratio. However, because the 

values are nearly identical at x/de ≤ 30, the decrease 

in velocity of the twin rectangular jets at x/de = 40 is 

considered to be due to a difference in the flow rate 

of the jets. 

  

3.4. Mean velocity in the y-z cross-
section 

Figure 10 shows contour plots of the mean x-

axial velocity, u̅/͞u0cl, in the y-z cross-section at x/de = 

1, 5, 10, 20, 30, and 40 for triple rectangular free jets 

with S/de = 2.06, 2.75, and 4.13.  

For S/de = 2.06, the cross-sectional shape of the 

side jets at x/de = 1 changes only at the corners on the 

side of the outer mixing region. Namely, these 

shapes change from rectangular to trapezoidal. From 

x/de = 5, the jets begin to merge. At x/de = 10, the 

triple rectangular free jets merge and form a 

horizontally long elliptic cross-sectional shape. At 

x/de = 20, the cross-section of merged triple 

rectangular free jets becomes round. At x/de = 40, this 

cross-section in the downstream region has a 

vertically long elliptic cross-sectional shape and 

retains a large area of mean velocity of u̅/͞u0cl = 0.18. 

Thus, the triple rectangular free jets for a small 

nozzle spacing ratio in the downstream exhibit an 

axis-switching phenomenon after jet merger. 

Specifically, at x/de < 5 for S/de = 2.06, the cross-

sectional shape of the middle jet has a small 

elongation in the z-direction compared to the side jets, 

and the major axis of the cross-sectional shape is 

oriented in the y-direction. Thus, triple rectangular 

jets with a small nozzle spacing ratio may suppress 

the axis-switching phenomenon of the middle jet due 

to interference with the side jets.  

For S/de = 2.75, the mixing development process 

for triple rectangular free jets shows a middle process 

between S/de = 2.06 and 4.13. 

 For S/de = 4.13 at x/de = 1, the cross-section of 

jets begins to deform, and the four corners of each 

rectangular jet each become round, that is, the axis-

switching phenomenon starts. From x/de = 10, the 

merging of the whole jets begins. At x/de = 30, the 

merged jets have a horizontally long elliptic cross-

sectional shape.   

Downstream at x/de = 30 for S/de = 2.06 and 4.13, 

the contour plots of the velocity of the secondary 

flow and the velocity vector maps obtained from the 

numerical simulations are shown in Fig. 11. For S/de 

= 2.06, the vortices were generated on the four sides 

of the combined jet as they rolled up along the z-

direction, suggesting that the axis-switching 

phenomenon occurred from x/de = 20 to 40 as shown 

in Fig. 10(a). In contrast, for S/de = 4.13, there was 

no roll-up to the z-direction, and the combined jet 

uniformly spread in the y- and z-directions. 

5. CONCLUSIONS  

The influence of nozzle spacing on the flow 

characteristics of triple rectangular jets with an 

aspect ratio of 2 was experimentally and numerically 

investigated at a Reynolds number of Re = 15,000. 

The results are summarized as follows: 

Figure 10. Contour plots of streamwise mean velocity in the y-z cross section for (a) S/de = 2.06, (b) S/de 

= 2.75, and (c) S/de = 4.13 case. 

(a) S/de = 2.06 

(b) S/de = 2.75 

(c) S/de = 4.13 
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(1) For a small nozzle spacing ratio S/de = 2.06, the 

MP and CP move upstream, the mean velocity 

and turbulent kinetic energy increase on the jet 

symmetry line, and these increase on the jet 

centerline after the CP. Therefore, the triple 

rectangular jets with a small spacing ratio have a 

large mixing between the middle and side jets 

from upstream. 

(2) For large nozzle spacing ratio, that is, S/de = 4.13, 

before the jets merge, the flow characteristics of 

the triple rectangular free jets were similar to that 

of the single rectangular free jet. 
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ABSTRACT
Accurate and efficient evaluation of chemical

source terms is essential for high-fidelity simulations
of reactive flows, particularly in large eddy simula-
tion (LES) and direct numerical simulation (DNS).
However, the stiffness and high dimensionality of
detailed chemical kinetics render direct integration
computationally expensive. To address this chal-
lenge, we propose a Mixture of Experts (MoE) neural
network architecture that adaptively partitions the
thermochemical space and models source terms us-
ing specialized subnetworks. These expert subnet-
works are coordinated by a gating network that as-
signs input-dependent weights, allowing the model to
capture complex, nonlinear reaction behavior across
a wide range of conditions without manual zone
definitions.

The MoE model is trained on data generated
by detailed kinetic solvers and optimized using a
mean squared error loss function. Once trained,
it is integrated into our in house open source soft-
ware OpenPhase Acadmic (www.openphase.rub.
de), allowing for fully self-contained combustion
simulations without the need for external libraries
such as CANTERA. Comparative simulations show
that the MoE model reproduces reaction rates and
thermochemical trends with high accuracy, closely
matching the CANTERA reference results. Bey-
ond accuracy, the MoE approach is more conveni-
ent comparing to other recommended methods for
the implementation and is inherently compatible with
GPU-based inference. This enables fast, on-the-
fly thermochemistry evaluation, making the method
highly suitable for large-scale reactive flow simula-
tions.

Keywords: Thermochemistry, Neural Network,
Mixture of Experts, Reactive Flows

NOMENCLATURE
N [−] number of species
n [−] number of expert networks in

the MoE model

Mk [−] any property of species k
ν′ [−] molar stoichiometric coeffi-

cient of reactants
ν′′ [−] molar stoichiometric coeffi-

cient of products
W̄ [kg/mol] mean molecular weight of the

mixture
β j [−] exponential temperature expo-

nent for reaction j
ω̇ [W/m3] heat release rate
ω̇k [mol/m3 · s]net production rate of species

k
X [−] input vector to the neural net-

work
Y [−] predicted output vector from

neural network
ρ [kg/m3] density
σ [−] standard deviation of predic-

tion error
θg [−] trainable parameters of the

gating network
θi [−] trainable parameters of the

i-th expert network
A j [1/s] pre-exponential factor for

reaction j
Ei(X; θi) [−] output of the i-th expert net-

work
E j [J/mol] activation energy for reaction

j
gi(X) [−] pre-activation output of gating

network
Gi(X; θg) [−] gating coefficient for i-th ex-

pert
K f j [1/s] rate constant of the forward

reaction j
Kr j [1/s] rate constant of the reverse

reaction j
p [Pa] thermodynamic pressure
R [J/mol · K] universal gas constant
T [K] temperature
Tw [K] wall temperature
Tinlet [K] inlet temperature
Wk [kg/mol] molecular weight of species k
Yk [−] mass fraction of species k

1
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L [−] total loss function of the MoE
model

Subscripts and Superscripts
f forward reaction
inlet inlet boundary
j index of reaction
k index of species
r reverse reaction
w wall

1. INTRODUCTION
Accurate and efficient modeling of chemical kin-

etics is essential for high-fidelity simulations of re-
active flows, particularly in large eddy simulation
(LES) and direct numerical simulation (DNS). These
simulations depend on detailed chemical mechan-
isms to resolve flame structures and predict spe-
cies evolution and heat release rates. However, the
strong nonlinearity, stiffness, and high dimensional-
ity of these mechanisms make direct integration of
kinetic source terms prohibitively expensive in com-
plex turbulent configurations. To reduce this cost,
various surrogate modeling strategies have been ex-
plored, including mechanism reduction, manifold-
based tabulation, and pre-trained neural networks [1,
2, 3, 4]. Among these, machine learning–based
methods—particularly deep neural networks—have
gained attention for their ability to approximate com-
plex kinetics while significantly lowering computa-
tional expense.

One of the earliest applications of machine learn-
ing in combustion modeling employed dense feed-
forward neural networks to emulate detailed chem-
ical kinetics. These models are trained on high-
fidelity datasets—typically generated from laminar
flame simulations or precomputed manifolds—to
learn mappings from input features such as species
mass fractions and temperature to outputs like reac-
tion rates or thermochemical source terms. Zhang
et al. [5] demonstrated that deep neural networks
can approximate complex reaction kinetics with high
accuracy when trained on structured datasets and
equipped with robust sampling strategies. Cheng et
al. [4] further showed that such surrogates can be de-
ployed in DNS to accelerate on-the-fly evaluation of
chemical source terms, reducing overall simulation
cost while preserving key flame characteristics. Des-
pite their interpolation capabilities, these black-box
models often lack physical consistency and may lose
accuracy when extrapolating to regions of thermo-
chemical space that are underrepresented in the train-
ing data [2].

To overcome the limitations of purely data-
driven models, recent research has explored embed-
ding physical laws into the training process through
physics-informed neural networks (PINNs). Rather
than relying solely on labeled data, PINNs incor-
porate domain knowledge—such as conservation of
mass, element balance, and Arrhenius kinetics—into

the loss function, enabling the network to satisfy
governing equations during optimization. Zhang
et al. [6] introduced a constrained reaction-kinetics
PINN (CRK-PINN), which embeds both element
conservation and kinetic rate expressions to improve
prediction accuracy in laminar flames. Wu et al. [7]
extended this approach with FlamePINN-1D, which
enables both forward and inverse solutions of 1D re-
acting flow problems while maintaining thermody-
namic consistency and reducing data requirements.
By embedding physical structure into the training
process, PINNs offer improved extrapolation per-
formance and generalizability, particularly in low-
data or multiscale environments.

Moving beyond loss-function constraints, Ji and
Deng [8] introduced the Chemical Reaction Neural
Network (CRNN), a neural architecture explicitly
designed to reflect the structure of chemical kinet-
ics. Rather than imposing physical laws through
the loss function, the CRNN encodes them directly
into the network architecture. Each layer and con-
nection corresponds to a chemical species or reac-
tion pathway, allowing the model to learn both reac-
tion mechanisms and kinetic parameters from time-
series data of species concentrations. This physics-
structured design enforces thermodynamic consist-
ency and mass-action kinetics by construction, while
also enhancing interpretability. However, the fixed
structure of CRNNs may limit their flexibility when
adapting to mechanisms with different topologies or
under varying flow conditions.

While structured and physics-informed networks
have improved the fidelity of combustion surrog-
ates, another effective strategy involves decompos-
ing the domain—spatially or in thermochemical
space—into distinct regimes, each modeled by a
separate neural network. Cheng et al. [4] imple-
mented this by dividing the flame domain into four
zones—burned gas, reaction zone, preheated zone,
and unburned gas—based on local thermochemical
structure. A separate neural network was trained for
each zone, allowing specialization in the dynamics
and scales relevant to each region. This clustering-
based method reduced local approximation error and
improved robustness in DNS. However, its reliance
on manually defined thresholds tied to specific fuels
and flame conditions limits generalization. Cheng et
al. acknowledged this drawback and suggested that
future work could benefit from automated or unsu-
pervised clustering strategies adaptable to different
reaction mechanisms or combustion regimes.

A natural progression of the zone-based cluster-
ing idea is the Mixture of Experts (MoE) framework,
where both the partitioning of thermochemical space
and the specialization of subnetworks are learned
automatically during training. Owoyele et al. [9] ap-
plied this concept to surrogate modeling of combus-
tion manifolds by training multiple expert networks
and a gating function to emulate species mass frac-
tions from precomputed flamelet data. Their method

2
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eliminated the need for a priori clustering while pre-
serving interpretability through data-driven special-
ization.

Building on this principle, the present work em-
ploys a MoE architecture to directly learn chem-
ical source terms—specifically, reaction rate outputs
from detailed kinetics—based on local thermochem-
ical states. The proposed surrogate is designed for
on-the-fly evaluation within reactive flow solvers,
enabling accurate and efficient replacement of stiff
chemical source term calculations without relying on
predefined zonal boundaries. The primary motiva-
tion for employing a neural network model is to en-
hance the flexibility and portability of the simula-
tion framework. Unlike traditional libraries such as
Cantera, which are not compatible with GPU-based
computation using CUDA, a neural network can be
deployed entirely on the GPU. This eliminates the
need for external software to evaluate thermochem-
ical properties and enables high-performance simu-
lations on GPU-accelerated platforms.

2. MATHEMATICAL MODEL
For a mixture containing N chemical species, the

reactions occur according to [10]:
N∑

k=1

ν′k jMk ⇌
N∑

k=1

ν′′k jMk, (1)

whereMk represents a property of species k involved
in reaction j, and ν′k j and ν′′k j are the molar stoi-
chiometric coefficients of species k on the reactant
and product sides, respectively.

Let Yk, ρ, and ω̇k represent the mass fraction of
species k, the mixture density, and the net production
(or destruction) rate of species k due to chemical re-
actions. The governing equations are given by [10]:

∂Yk

∂t
=
ω̇k

ρ
, (2)

ω̇k = Wk

Nr∑
j=1

νk j

K f j

N∏
k=1

[Xk]ν
′
k j − Kr j

N∏
k=1

[Xk]ν
′′
k j

 ,
(3)

νk j = ν
′′
k j − ν

′
k j, (4)

[Xk] =
ρYk

Wk
, (5)

ρ =
pW̄
RT
, (6)

1
W̄
=

N∑
k=1

Yk

Wk
, (7)

where Wk is the molecular weight of species k, and
[Xk] is its molar concentration. The terms W̄, p, and
T refer to the mean molecular weight, pressure, and
temperature of the gas mixture, respectively. The
universal gas constant is R = 8.314 J/(mol · K).

The reaction rate constants K f j and Kr j for the
forward and reverse directions of reaction j are typ-
ically modeled using the Arrhenius expression [10]:

K j = A jT β j exp
(
−

E j

RT

)
, (8)

where A j, β j, and E j are empirical parameters de-
termined from experimental measurements. All
these constants are evaluated separately for forward
and reverse reaction.

3. DATA GENERATION
In this study, data required for training the

machine learning models were generated through
detailed numerical simulations of premixed meth-
ane/air combustion, using the BFER [11] chemical
kinetics mechanism. This mechanism involves six
species: O2,CH4,H2O,CO,CO2,N2, participating
in two global reaction steps,

CH4 + 1.5 O2 → CO + 2 H2O
CO + 0.5 O2 ↔ CO2

For simplicity, the effect of pressure is neglected and
fixed at 1 atm throughout all simulations.

To ensure comprehensive coverage of the ther-
mochemical composition space encountered during
practical simulations, a wall-flame interaction con-
figuration was chosen as the test case. This config-
uration captures a wide range of flame behaviors and
mixture conditions. The computational domain and
boundary setup are shown in Figure 1. The key con-
trol parameters were the inlet temperature Tinlet, var-
ied between 300 K and 800 K. The upper and the
lower wall are kept at the same temperature, Tw. To
cover a wide temperature range, Tw is varied from
300 K to 1200 K. These boundary conditions pro-
duce a wide variety of reactive flow states. To per-
form these simulations, OpenPhase Academic (www.
openphase.rub.de) was used, which was coupled
with CANTERA to model the thermodynamic prop-
erties and kinetic information. The simulations were
conducted using a hybrid numerical solver that com-
bines the Lattice Boltzmann Method (LBM) with the
Finite Difference Method (FDM). In this approach,
the flow field is resolved using a thermal compress-
ible Lattice Boltzmann model, while the temperat-
ure and species transport equations are solved using
finite difference techniques. The underlying math-
ematical model describes a mixture comprising N
species under low Mach number conditions, as de-
tailed in [12]. From these simulations, the local flow
field—specifically, species mass fractions and tem-
perature—was sampled and recorded as input fea-
tures. As the next step in generating the dataset, for
the sake of higher accuracy, the corresponding output
quantities, namely the net production rates of chem-
ical species, were calculated via CANTERA. These
quantities exhibit complex, nonlinear, and stiff be-
havior, primarily due to their strong temperature de-
pendence following the Arrhenius law. The net pro-
duction rates span several orders of magnitude, re-
flecting the multi-scale nature of chemical kinetics
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and presenting a significant challenge for data-driven
modeling.

Figure 1. Schematic view of the simulation do-
main used to generate training data. The setup
features a premixed methane/air flow interact-
ing with two planar parallel walls at constant
and equal temperature. By varying the inlet
temperature (Tinlet) and wall temperature (Tw), a
wide range of thermochemical states are obtained
within the gas phase, which are used to train the
neural network models. We use the symmetry of
the problem with respect to the middle plane and
show only half of the domain for the fields of tem-
perature (upper half) and the rate of heat release
(lower half).

4. NEURAL NETWORK ARCHITEC-
TURE

Inspired by the approach of Chi et al. [13], who
manually partitioned the reactive flow domain into
sub-regions, we employ a neural network architec-
ture that learns such partitions automatically from
data. Manual domain decomposition often relies
on problem-specific heuristics that may not gener-
alize across different chemical mechanisms. To ad-
dress this, we adopt a Mixture of Experts (MoE)
framework, which enables the network to learn dis-
tinct functional regimes in a data-driven and adaptive
manner.

The MoE model consists of multiple specialized
subnetworks, known as experts, and a separate gat-
ing network that dynamically assigns soft weights to
each expert based on the input. This design enhances
the model’s capacity to represent the complex, non-
linear behavior characteristic of detailed chemical
kinetics.

4.1. Problem Formulation

Let the input vector X ∈ Rd represent the local
thermochemical state, consisting of the mass frac-
tions of N chemical species and the temperature T :

X = [Y1,Y2, . . . ,YN ,T, 1/T ]⊤ . (9)

To better capture Arrhenius-type behavior, the recip-
rocal of temperature (1/T ) is included as an addi-
tional input. The output vector Y ∈ RN contains the
net production rates of the species, as computed by a
detailed chemical kinetics solver.

In the Mixture of Experts framework, the target
function is approximated using K expert networks.
The final output is computed as a weighted sum of
the expert predictions:

Y =
K∑

i=1

Gi(X; θg) · Ei(X; θi), (10)

where Ei(X; θi) is the output of the i-th expert, and
Gi(X; θg) is the corresponding gating weight com-
puted by the gating network. These weights are nor-
malized using a softmax function:

Gi(X) =
exp(gi(X))∑K

j=1 exp(g j(X))
, i = 1, . . . ,K. (11)

Each expert is encouraged to specialize in a particular
thermochemical subdomain (e.g., high vs. low tem-
perature, or fuel-lean vs. fuel-rich regions), while the
gating network learns to interpolate between them
smoothly.

4.2. Loss Function and Training Strategy
The model is trained end-to-end using super-

vised learning. The loss function is defined as the
mean squared error (MSE) between the predicted and
reference production rates:

L(θg, θ1, . . . , θK) =

∥∥∥∥∥∥∥Ytrue −

K∑
i=1

Gi(X)Ei(X)

∥∥∥∥∥∥∥
2

,

(12)

where Ytrue denotes the reference production rates
from detailed kinetics. The model is optimized using
the Adam optimizer. The dataset is split into training,
validation, and test subsets.

4.3. Architectural Illustration
Figure 2 illustrates the overall architecture. The

input vector is fed into both the gating and expert
networks. The gating network computes soft weights
for each expert, and the final output is the weighted
sum of the expert outputs.

4.4. Advantages for Reactive Flow Model-
ing

The MoE framework offers several advantages
for modeling reactive flows. First, it is dynamic-
ally adaptive and can respond to varying chemical
regimes. Second, it promotes functional specializ-
ation: Each expert learns to make accurate predic-
tions within a specific subdomain. This does not
lead to a division of the physical space among the
experts. Rather, each expert becomes a good pre-
dictor for a part of the thermochemical data space
spanned by the two sets of the input and output vari-
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Figure 2. Schematic of the Mixture of Experts
(MoE) model (adapted from [14]). The input vec-
tor X is processed by a gating network that pro-
duces a soft distribution over n experts. Each ex-
pert yields an independent output vector, and the
final output Y is computed as their weighted sum.

ables—specifically the distribution of net production
rates as a function of species concentrations and tem-
perature. Third, the use of softmax-based weighting
ensures a smooth transition between expert outputs,
preserving numerical stability. Finally, the modu-
lar architecture is scalable and can accommodate ad-
ditional species or features with minimal structural
modifications.

4.5. Network Implementation Details
In our implementation, the input vector includes

the mass fractions of five chemical species (exclud-
ing N2), the temperature T , and its reciprocal 1/T ,
for a total of seven input features. The output vec-
tor contains the net production rates of the same five
species.

Prior to training, both input and output values
are normalized using Min-Max scaling. The MoE
model includes five expert networks and a single gat-
ing network. Each expert comprises three hidden
layers with 16 ReLU units per layer, followed by
a linear output layer with five neurons. The gating
network consists of one hidden layer with 32 ReLU
units, followed by a softmax-activated output layer
with five neurons to produce the expert weights.The
entire dataset is divided into three parts. First, 20% of
the data is set aside and not used until the final testing
phase. The remaining 80% is then further split: 80%
of it is used for training the model, and the remaining
20% is used for cross-validation.

The model is trained using the Adam optimizer
and a mean squared error loss. Figure 3 compares the
outputs of the trained model against reference values
computed using CANTERA. As shown, the model
accurately predicts source terms for unseen test data.

5. RESULTS AND DISCUSSION
In this section, we present the results of numer-

ical simulations performed with the neural network-
based thermochemistry model integrated into the
OpenPhase solver. All simulations are carried out
using OpenPhase, with the thermochemical source
terms computed either from the trained neural net-
work (NN) or using detailed chemistry from Cantera

Figure 3. Comparison of net production
rates of species obtained from model prediction
versus reference source terms computed with
CANTERA for the test set.

for comparison. In all test cases, the combustion of
a premixed methane/air mixture is simulated under
stoichiometric conditions. The chemical kinetics are
modeled using the reduced BFER mechanism, which
offers a simplified yet sufficiently accurate depiction
of essential combustion phenomena. Although the
BFER mechanism is relatively compact, the advant-
ages of employing a neural network (NN) framework
become even more pronounced when applied to more
complex kinetic mechanisms, where the computa-
tional overhead of traditional solvers such as Cantera
increases significantly, while a trained NN can eval-
uate source terms with greater computational effi-
ciency.

To evaluate the performance of the NN-based
model, we consider two test cases: (i) a one-
dimensional freely propagating flame, and (ii) a
flame propagating through a packed bed of solid cyl-
inders.

5.1. One-Dimensional Flame Propagation

This test case simulates a freely propagating pre-
mixed flame in a one-dimensional domain. The ini-
tial setup consists of two regions: the left half con-
tains a stoichiometric methane-air mixture, while the
right half is filled with burnt combustion products.

5
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An initial temperature perturbation is applied at the
center to initiate ignition. The flame then propagates
until a steady-state profile is achieved. The simula-
tion parameters are summarized in Table 1.

Table 1. Simulation parameters for the one-
dimensional freely propagating flame case

Parameter Value
Inlet temperature 300 K
Pressure 1 atm
Equivalence ratio 1.0
Spatial resolution 1 × 10−5m
Time step 2 × 10−8 s
Convective scheme van Leer
Diffusion scheme Central differencing
Fuel mixture Methane/air
Chemical mechanism BFER

Figure 4 shows the steady-state profiles of major
species mass fractions obtained using the NN model
and the detailed Cantera-based chemistry. Five key
species are considered: CH4, O2, CO2, H2O, and CO.
The results from both models are in close agreement,
indicating accurate prediction of species consump-
tion and product formation.

Figure 4. Comparison of species mass fraction
profiles for the one-dimensional flame. Results
from the NN model and Cantera are shown for
CH4, O2, CO2, H2O, and CO.

In Figure 5, we compare the temperature pro-
files and heat release rate (HRR) for both models.
The HRR peak location corresponds to the flame
front and shows excellent agreement between the two
approaches. The flame thickness and temperature
rise are nearly identical, further confirming the NN

model’s accuracy in predicting the flame structure.

Figure 5. Comparison of temperature and
heat release rate profiles for the one-dimensional
flame. The peak of the HRR curve represents the
flame front location.

5.2. Flame Propagation in a Packed Bed
The second test case models the propagation of

a premixed flame through a two-dimensional domain
filled with solid cylinders, representing a packed bed.
The computational domain is initially divided into
two parts: the lower region contains a stoichiometric
methane-air mixture, while the upper region contains
combustion products. A small velocity is imposed at
the inlet to allow the flame to propagate upstream to-
ward the boundary. The simulation setup is summar-
ized in Table 2.

Table 2. Simulation parameters for the flame
propagation in a packed bed

Parameter Value
Inlet temperature 300 K
Equivalence ratio 1.0
Inlet boundary Fixed velocity
Outlet boundary pressure outlet
Solid wall condition No-slip, adiabatic
Spatial resolution 2.5 × 10−5 m
Time step 2 × 10−7 s
Convective scheme van Leer
Diffusion scheme Central differencing
Fuel mixture Methane/air
Chemical mechanism BFER

Figure 6 presents a sequence of snapshots show-
ing the temporal evolution of the flame as it propag-
ates through the packed bed. The flame front in-
teracts with the solid structures, leading to local
curvature changes that affect propagation dynamics.
The NN-based and Cantera-based results are com-
pared side-by-side to highlight differences in flame
behavior and methane consumption.

Overall, both test cases demonstrate that the
neural network model captures key features of com-
bustion dynamics with good fidelity compared to de-
tailed chemistry. Although the BFER mechanism is
relatively simple, the NN-based approach offers sig-
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Figure 6. Temporal progression of the flame front
and methane mass fraction within the packed bed
domain. The simulation employs a low inlet velo-
city at the lower boundary, with a pressure outlet
condition specified at the upper boundary. Peri-
odic boundary conditions are enforced along the
lateral boundaries. Results are presented for the
Cantera-based model (top row) and the neural
network (NN) model (bottom row).

nificant potential for scaling to larger mechanisms
and for deployment on GPU architectures — a dir-
ection we plan to explore in future work.

6. CONCLUSION
This work introduces a Mixture of Experts

(MoE) neural network framework for efficient and
accurate prediction of chemical source terms in react-
ive flow simulations. By leveraging multiple special-
ized expert networks and a gating network that adapt-
ively partitions the thermochemical space, the pro-
posed model captures the complex, nonlinear beha-
vior of chemical kinetics across a wide range of com-
bustion regimes. This data-driven approach elimin-
ates the need for rigid zone definitions and improves
flexibility compared to traditional surrogate models.

Trained on high-fidelity data from detailed
chemical solvers such as Cantera, the MoE model
demonstrates strong agreement with reference res-
ults. In addition to maintaining high accuracy, the
architecture can significantly reduce computational
overhead for large and stiff reaction mechanisms.
Unlike traditional libraries, which are not GPU-
compatible, the neural network-based implementa-
tion enables efficient inference on CUDA-capable
hardware. This makes the method well-suited for
large-scale, high-fidelity simulations, such as those
encountered in DNS and LES of turbulent combus-
tion.

Future work will focus on extending this ap-
proach to more complex mechanisms, incorporating
advanced clustering strategies for expert assignment,
and applying the framework to multi-dimensional
flow configurations. Overall, the MoE architecture
represents a promising step toward scalable, GPU-
accelerated reactive flow modeling that preserves the
fidelity of detailed chemistry while enabling real-
time performance.
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ABSTRACT
In DEM-CFD descriptions of granular assem-

blies, the thermochemical state of the interstitial
gas is commonly assumed to vary on length scales
that are comparable to the supplied spatial resolu-
tion. Since chemical reactions, gas-particle mass and
heat exchanges and mixing limitations may, however,
cause the gas composition to vary on much smal-
ler scales, we present an amendment of the DEM-
CFD formulation that is, conceptually, based on the
likelihood for a particular gas composition to occur
inside a CFD cell. Focussing on a single variable-
size control volume at constant pressure, this prob-
abilistic formulation leads to the notion of a partially
stirred reactor (PaSR) that interacts with an assembly
of DEM particles. The biomass particles we con-
sider here feature a spherical porous structure and
are enclosed by passive boundary layers that control
the transfer of mass and heat towards the surround-
ing PaSR-atmosphere. For a fixed particle size, the
species mass and gas-solid enthalpy balances repres-
enting intra-particle conversion and transport are dis-
cretised along the radial coordinate with a standard
finite volume approach. The combined DEM-PaSR
model can be solved using a statistical approach and,
upon incorporation of solid and gas phase reaction
mechanisms, provides a test bed for gauging the in-
fluence of small-scale thermochemical heterogeneity
on the efficacy of the pyrolysis process.

Keywords: Biomass pyrolysis, Discrete element
method, Partially stirred reactor, PDF method

ABBREVIATIONS
CFD Computational fluid dynamics
DEM Discrete element method
PaSR Partially stirred reactor
PDF Probability density function
SDE Stochastic differential equation

1. INTRODUCTION

In the unresolved DEM-CFD approach for mod-
elling of reactive granular assemblies, the flow field
and the composition of the interstitial gas are de-
scribed on length scales that exceed the particles’
sizes. This is achieved with the aid of a spatial
filtering operation that eliminates small-scale struc-
tures from the flow and composition fields, while
referring the presence of particles and gas-particle
boundaries to a void fraction and a surface density,
respectively. Here, every spatial location is associ-
ated with a mean flow and a mean composition that
are defined as weighted averages of the interstitial
fields over the filter volume centred at the location.
In the present article, our objective is to amend the
unresolved DEM-CFD formulation by a description
of small-scale variability in the gas phase compos-
ition as caused by intricate flow structures, thin re-
action fronts, particle heating or mass transfer. The
incorporation of small-scale compositional hetero-
geneity not only permits a closed-form treatment of
gas phase chemical reactions, but also provides a
pathway for including gas-particle mass and heat ex-
changes with a closure assumption that is less strin-
gent than present hypotheses.

The gas phase composition is commonly ex-
pressed in terms of reactive scalars that uniquely
define the gas’ thermochemical state at low Mach
numbers. Drawing on probabilistic methods that ori-
ginated in the field of turbulent reacting flows [1,
2, 3], the values of the reactive scalars at any loc-
ation inside the filter volume are conceived of as
random variables and associated with a PDF [4].
Starting from the scalars’ balance laws on the inter-
particle void space and incorporating gas-particle
mass and heat exchanges, we obtain an evolution
equation for the one-point, one-time joint scalar PDF
in which the effects of gas phase chemistry are nat-
urally closed. Since spatial transport involves both
two-point statistics and scalar-velocity correlations
which cannot be evaluated based on the joint scalar
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PDF, the transport terms in the PDF equation require
phenomenological closure. For example, species dif-
fusion and heat conduction promote a homogenisa-
tion on the smallest scales that is covered by a micro-
mixing model. Additionally, small-scale advection
causes reorganisations of the scalars’ spatial distri-
butions and is, in the presence of turbulence, often
likened to large-scale diffusion. Finally, the incor-
poration of particles is rendered difficult by the pres-
ence of scalar-geometry correlations as well as the
distinction between the scalars’ distributions along
the particle surfaces and their volume distribution.
However, if the fluid elements are, at least concep-
tually, separated from the particle surface by a res-
istive boundary layer that controls the gas-particle
mass and heat transfer, then it may be admissible to
approximate the surface distributions in terms of the
volume-related joint scalar PDF, a simplification we
adopt here.

In the case of large-scale homogeneity, the PDF
formulation reduces to the law of a PaSR [5]. This is
a model flow system that may be viewed as a con-
stant pressure, variable-volume vessel whose con-
tained fluid elements differ in terms of their ther-
mochemical composition. Physically, the compos-
itional heterogeneity is driven by gas phase chem-
istry, inflow and outflow, while diffusion-induced mi-
cromixing acts in a converse way. In our case, the
gas inside the PaSR additionally interacts with an as-
sembly of spherical porous biomass particles through
mass and heat transfer rates that are obtained from a
passive boundary layer model. The chemical decom-
position of the particles’ solid skeleton is thermally
activated and entails mass effluxes that yield pyro-
lysis gas and condensed phase oil as main products.
The intra-particle transport and conversion are gov-
erned by balance laws for the species masses and the
combined gas-solid enthalpy. The latter is evaluated
based on the assumption that there is no temperature
slip between the solid matrix and the intra-particle
gas at any radial position. Upon spatial discretisa-
tion, the intra-particle balance laws turn into DEM
equations that can be integrated in time alongside the
PaSR equation.

Albeit idealised, the combined DEM-PaSR
formulation we present constitutes a powerful
computer-based tool for analysing the influence that
the commonly disregarded small-scale variability of
the gas composition has on the pyrolysis process.
This, in turn, is a first step towards enriching the
unresolved DEM-CFD approach by a description of
small-scale variability and accommodating gas phase
chemistry without intervening assumptions. As ref-
erence, Table 1 lists the modelling assumptions and
simplifications we introduce in the following on part
of the gas phase, the compositional heterogeneity and
a single biomass particle.

The present article is organised as follows: After
recalling the notion of a spatial filter, the clos-
ure challenges associated with small-scale intersti-

tial transport, chemical reactions and gas-particle in-
teractions are indicated and a transport equation for
the joint scalar PDF is formulated (Section 2). This
equation is coupled to the governing DEM equations
through joint scalar statistics that represent the di-
versity of far-field compositions experienced by the
DEM particles. Following a reduction to the PaSR
(Section 3), we present a single particle model for
biomass alongside the rates at which mass and en-
thalpy are emitted through a passive boundary layer
(Section 4). The relevant numerical solution methods
are briefly outlined (Section 5), before we conclude
with a summary and an outlook (Section 6).

2. MODELLING FRAMEWORK
A granular assembly is a packed or slowly mov-

ing bed of centimetre-sized particles (Figure 1). In
pyrolysis reactors, the bed is subjected to a high-
temperature treatment by directing a hot inert gas
through the bed’s void space Ωg(t). The interstitial
gas behaves as a multicomponent ideal gas and is
described in terms of the velocity ug(x, t), the pres-
sure pg(x, t) and the reactive scalars Φ = (Yg, hg)
that encompass the species mass fractions Yg(x, t) =
(Yg,k(x, t))k∈G and the gas enthalpy hg(x, t). The la-
bel set G that appears here contains the molecu-
lar formulas of all gas phase species. If the Mach
number is small, then the thermodynamic pressure
P is distinct from the mechanical pressure pg(x, t)
and remains uniform across the flow domain. Con-
sequently, the reactive scalars uniquely define the
thermal state of the gas and both the gas temperature
T and the gas density ρg may be computed in terms
of Φ at (x, t) [6],

hg =
∑
k∈G

Yg,khk(T ), (1)

ρg =
PWg

RT
. (2)

Here, hk denotes the specific enthalpy of species k ∈
G and R represents the universal gas constant. The
gas’ mean molecular weight Wg, moreover, is related
to the species’ molecular weights Wk according to
Wg = 1/

∑
k∈G(Yk/Wk).

On the void space Ωg(t), the flow field (ug, pg)
is governed by the variable-density Navier-Stokes
equations [7, Chapter 1]. In the case of equal diffus-
ivities D(Φ) and a Lewis number of unity (Le = 1),
the reactive scalars Φk, moreover, obey the transport
equations [7, Chapter 1]

∂ρgΦk

∂t
+∇x ·

(
ρgugΦk

)
= ∇x ·

(
ρgD∇xΦk

)
+ρgω̇k (3)

with k ∈ G′ = G ∪ {hg}. For k ∈ G, ω̇k(Φ) repres-
ents the rate (in [kgk/(kg(g) s)]) at which gas phase
chemical reactions cause a species to form or van-
ish. The gas enthalpy, by contrast, is a conserved
scalar and its associated source term ω̇hg vanishes.
Based on a Schmidt number Sc of 0.7, the com-
mon diffusivity D(Φ) in Eq. (3) is evaluated in terms
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Table 1. Summary of the modelling assumptions we introduce in Sections 2 to 4. The properties of the gas
phase listed in the first column also apply to the gas in the pore space and the boundary layer of a particle.

Gas phase PDF formulation Particle model

• Ideal gas law (Eq. (2)) • IEM model • Spherical symmetry
• Equal diffusivities • f ρp = f ρ • Constant particle volume

(Sc = 0.7) • Large-scale homogeneity • No internal gas-solid temperature slip
• Le = 1 (PaSR) • Isolated and quasi-steady boundary layers with
• Low Mach number conductivities based on surface/far-field scalars

• No gas phase chemistry

Ωp(t)

Ωg(t)

(ug, pg,Φ)(x, t)Xp(t)

Figure 1. Illustration of a two-dimensional cut
through a packed bed of spherical particles.

of the viscosity µg(Φ) [8, Chapter 2] according to
D(Φ) = µg(Φ)/(ρg(Φ)Sc) [9].

In order to reduce the spatial resolution require-
ments on the interstitial fields, Anderson and Jackson
[10] introduced a spatial filtering operation based on
a non-negative kernel g(r) with r ≥ 0. In particular,
the spatially filtered counterpart ⟨Q(ug,Φ)⟩(x, t) of
an observable Q(ug(x, t),Φ(x, t)) on Ωg(t) is defined
as
εg(x, t)⟨Q(ug,Φ)⟩(x, t)
=

∫
Ωg(t)

g(∥x − y∥)Q(ug(y, t),Φ(y, t)) dy,
(4)

where εg(x, t) denotes the void fraction. Within the
scope of the unresolved DEM-CFD approach, the
characteristic length scale associated with the filter
kernel g is chosen much larger than the particles’
sizes. Since the advective terms in the filtered con-
tinuity equation are naturally closed if the filtered ve-
locity is amended by density-weighting, we further
define the density-weighted average

⟨Q(ug,Φ)⟩ρ =
⟨ρg(Φ)Q(ug,Φ)⟩
⟨ρg(Φ)⟩ . (5)

In a similar way as in Eqs. (4) and (5), the spatial av-
erage {·}p along the surface ∂Ωp(t) of particle p [11,
Chapter 8] and its density-weighted counterpart {·}ρp
are introduced. Here, the role of εg is taken on by the
particle surface density ξp = {1}p. In the following,

we additionally employ the variable Xp(t) to indicate
the degrees of freedom that define the current state of
particle p.

By applying the filtering operation ⟨·⟩ to Eq. (3),
substituting the definitions of the density-weighted
volume and surface averages and incorporating the
mass and enthalpy fluxes ρg(Φ)ṡk(Φ,Xp) across the
particle boundaries, we obtain [3, 12]

∂εg⟨ρg⟩⟨Φk⟩ρ
∂t

+ ∇x ·
(
εg⟨ρg⟩⟨ugΦk⟩ρ

)
= ∇x ·

(
εg⟨ρg⟩⟨D∇xΦk⟩ρ

)
+ εg⟨ρg⟩⟨ω̇k⟩ρ

+
∑

p

ξp{ρg}p {ṡk}ρp .
(6)

Apart from the accumulation term on the left hand
side of Eq. (6), all transport, reaction and gas-particle
transfer processes remain unclosed in terms of ⟨ug⟩ρ
and ⟨Φ⟩ρ. In particular, the spatial advection and
diffusion terms involve ug-Φ-correlations and spa-
tial gradients, respectively, whereas the rates ω̇ and
ṡ(·,Xp) are, generally, nonlinear in Φ and the gas-
particle fluxes involve surface instead of volume av-
erages. Indeed, the filtered fields ⟨ug⟩ρ and ⟨Φ⟩ρ do
not include any information on the small-scale inter-
dependency of ug and Φ or on their spatial distribu-
tions inside the filter’s support. For the gas phase
chemistry, a common closure hypothesis is the as-
sumption of small-scale homogeneity that permits an
evaluation of the filtered reaction rates in terms of the
filtered composition, ⟨ω̇(Φ)⟩ρ = ω̇(⟨Φ⟩ρ) [13]. In the
context of unresolved DEM-CFD formulations for
reactive granular assemblies, however, this assump-
tion is not met if interstitial reaction fronts develop,
mixing limitations persist or heterogeneities in the
particles’ mass or heat releases occur.

In order to augment the physical description of
the interstitial gas by information on the values that
the reactive scalars attain throughout the volume of
a filter centred at x, we adopt a technique that has
originally been developed in the context of turbu-
lent reacting flows [3, 4]. Here, the density-weighted
PDF f ρ(ϕ, x, t) = ⟨δ(ϕ −Φ)⟩ρ(x, t) is considered as a
large-scale descriptor of the gas phase composition
in place of the filtered scalars ⟨Φ⟩ρ(x, t). The ar-
gument ϕ of f ρ(ϕ, x, t) is referred to as the sample
space variable and ranges over all possible composi-
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tion vectors. In the absence of density-weighting, the
probability f (ϕ, x, t) dϕ with

f (ϕ, x, t) =
⟨ρg(Φ)⟩(x, t) f ρ(ϕ, x, t)

ρg(ϕ)
(7)

may be interpreted as the fraction of fluid elements
near x that possess a composition Φ in [ϕ,ϕ + dϕ).
By taking the time derivative of εg⟨ρg⟩⟨δ(ϕ−Φ)⟩ρ and
substituting Eq. (3) alongside the mass balance equa-
tion and the flux boundary conditions at the particle
surfaces, the following evolution equation for f ρ is
obtained,

∂εg⟨ρg⟩ f ρ
∂t

+ ∇x ·
(
εg⟨ρg⟩ f ρ

〈
ug +

∇x(ρgD)
ρg

∣∣∣∣∣∣ϕ
〉

+
∑

p

ξp{ρg}p f ρp D(ϕ) {n|ϕ}p
)

= ∇x ·
[
D(ϕ)∇x

(
εg⟨ρg⟩ f ρ

)]
− ∇ϕ ·

(
εg⟨ρg⟩ f ρω̇(ϕ)

)
+M f ρ +

∑
p

Sp f ρp ,

(8)

where n(x, t) denotes the unit normal vector on the
surface of a particle and the particle-specific operator
Sp is given by

Sp f ρp = ξp{ρg}p f ρp
∑
k∈G

ṡk(ϕ,Xp)

− ∇ϕ ·
ξp{ρg}p f ρp

ṡ(ϕ,Xp) − ϕ
∑
k∈G

ṡk(ϕ,Xp)


 .

(9)

In Eq. (8), the influence of gas phase chemistry on the
temporal evolution of f ρ is naturally closed, while
the contributions by the particles involve the un-
known density-weighted surface PDFs f ρp (ϕ, x, t) =
{δ(ϕ − Φ)}ρp(x, t). Because the gas is separated from
the particle surface by a boundary layer (Section 4)
and since insights into the relation of f ρp and f ρ

are yet absent, we adopt the simplifying closure hy-
pothesis that the PDF f ρ associated with the filter
volume about x is representative also of the scal-
ars’ distribution f ρp along the surface of particle p,
f ρp = f ρ. The operator M in Eq. (8) represents mi-
cromixing and reads

M f ρ = −εg⟨ρg⟩
∑

k,l∈G′

∂2

∂ϕl∂ϕk

(
D(ϕ)

× f ρ ⟨∇xΦl · ∇xΦk |ϕ⟩
)
.

(10)

Like the large-scale advection term on the left hand
side of Eq. (8), this term involves conditional expect-
ations and, hence, remains unclosed in terms of f ρ.
Since f ρ does not include any information on the spa-
tial arrangement of the fluid elements throughout the
filter volume or on their velocities, neither filtered
gradients nor n-Φ- or ug-Φ-correlations can be eval-
uated based on f ρ. On the positive side, f ρ permits
the direct evaluation of filtered Φ-dependent func-

tions. For example, the filtered reaction rates are ob-
tained as

⟨ω̇⟩ = ⟨ρg⟩
∫
ω̇

ρg
f ρ dϕ. (11)

In order to close the micromixing contributionM f ρ

in terms of f ρ, we employ the IEM (Interaction by
Exchange with the Mean) model [5, 9]. This model
is based on the idea that f ρ relaxes towards the per-
fectly mixed state δ(ϕ − ⟨Φ⟩ρ) over the time scale
τmix,

M f ρ =
εg⟨ρg⟩
τmix

∇ϕ ·
[(
ϕ − ⟨Φ⟩ρ

)
f ρ

]
. (12)

Despite its shortcomings, the IEM model has the
merit of conceptual and formal simplicity; it may be
admissible if our objective is to assess in a qualit-
ative, indicative way how small-scale heterogeneity
affects process-level predictables.

Within the scope of DEM models of granular as-
semblies, temporal changes in the degrees of free-
dom Xp(t) of particle p are brought about by intra-
particle conversion as well as momentum, heat and
mass exchanges between the particle, the interstitial
gas and the neighbouring particles. Excluding dir-
ect particle-particle interactions, the evolution laws
of the DEM degrees of freedom can often be cast into
a system of differential algebraic equations,

M(Xp(t))
dXp(t)

dt
=

〈
ḣ(⟨ug⟩|p,Φ(t),Xp(t))

〉
(13)

for p = 1, 2, . . . . Here, M(Xp(t)) is a mass
matrix that may be singular, ⟨ug⟩|p represents the
filtered gas velocity experienced by particle p and
ḣ(⟨ug⟩|p,Φ(t),Xp(t)) encompasses the rates associ-
ated with intra-particle processes and gas-particle in-
teractions.

In summary, the combined DEM-PDF frame-
work is based on Eq. (13) as well as modelled forms
of Eq. (8) and the filtered gas phase momentum equa-
tion. Note that the filtered continuity equation fol-
lows as a consequence of Eq. (8) and that the filtered
gas density ⟨ρg⟩ may be obtained from f ρ by substi-
tuting unity for ω̇ in Eq. (11) [3],

⟨ρg⟩ =
〈

1
ρg

〉−1

ρ

=

(∫
f ρ

ρg
dϕ

)−1

. (14)

In order to circumvent the closure challenge asso-
ciated with large-scale advection while maintaining
a detailed description of small-scale compositional
heterogeneity, the DEM-PDF approach is simplified
to the case of large-scale homogeneity. This reduc-
tion gives rise to the concept of a PaSR that ex-
changes mass and heat with a granular assembly.

3. REDUCTION TO THE PARTIALLY
STIRRED REACTOR

The PaSR is a simplified flow model in which
the physical descriptors of the reactive gas are as-
sumed to be uniform across the reactor domain (Fig-
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Figure 2. Schematic illustration of a constant pressure PaSR containing an assembly of spherical biomass
particles (white disks) with modelled boundary layers (dashed circles). The grey patches indicate individual
fluid elements whose thermochemical statesΦ(t) are distributed according to f (·, t) = ⟨ρg(Φ)⟩(t) f ρ(·, t)/ρg(·).
Note that, in slight departure from the graphical depiction, the fluid elements’ individual extents are van-
ishingly small and that every fluid element inside the PaSR yields a far-field composition Φ(t) = (Y∞g , h∞g )
with which a DEM particle interacts.

ure 2). If the thermodynamic pressure P remains
constant, then the volume of the reactor changes
commensurate with the temporal changes in the
mean gas density ⟨ρg⟩. The distinguishing feature
of the PaSR is that the thermochemical composi-
tion Φ(t) of the gas inside the reactor is a vector-
valued random variable with associated PDF f (·, t) =
⟨ρg(Φ)⟩(t) f ρ(·, t)/ρg(·). If we interpret Φ(t) as the
composition of a single fluid element chosen uni-
formly randomly from within the reactor, then the
PDF f (·, t) quantifies the compositional variability
among the fluid elements. In Figure 2, the fluid ele-
ments are depicted as white-bordered squares and the
shadings reflect the compositions they carry. While
fluid elements are infinitely small, the finite extent
of the squares is merely an aid to the graphical il-
lustration. In particular, we emphasise that the white
border lines do not correspond to a grid.

From Eqs. (8) and (12), the evolution law gov-
erning f ρ is obtained by integrating over the reactor
domain Ω(t) and substituting the filtered mass bal-
ance [5],

∂ f ρ

∂t
+

f ρ − f ρin
τres

= f ρ
∑

p

ξp

εg

∑
k∈G

(
ṡk(ϕ,Xp) − ⟨ṡk(Φ,Xp)⟩ρ

)
− ∇ϕ ·

{
f ρ

[
ω̇(ϕ) − 1

τmix

(
ϕ − ⟨Φ⟩ρ

)
+

∑
p

ξp

εg

(
ṡ(ϕ,Xp) − ϕ

∑
l∈G

ṡl(ϕ,Xp)
)]}

.

(15)

Here, τres represents the mean residence time of the
fluid elements inside the reactor and f ρin is the joint
scalar PDF associated with the gas flowing into the
PaSR. In view of our closure assumption f ρp = f ρ, the
density-weighted surface mean {ṡk(Φ,Xp)}ρp associ-
ated with particle p has been approximated in terms
of ⟨ṡk(Φ,Xp)⟩ρ in Eq. (15).

Although we turn to a specific particle model in
the following, the DEM-PaSR formulation is not re-
stricted to this model (or, indeed, the process of bio-
mass pyrolysis). Formally, the main conditions on
the single particle model and the enveloping bound-
ary layer are that the particle’s degrees of freedom Xp
obey Eq. (13) and that rate expressions for the mass
and enthalpy fluxes ρg(Φ)ṡk(Φ,Xp), k ∈ G′, crossing
into the bulk gas are available.

4. MODEL FOR THE CONVERSION OF
A BIOMASS PARTICLE

Considering a spherically symmetrical particle,
we present a spatially one-dimensional model for the
decomposition of biomass that captures both internal
heat and mass transfer limitations and the transfer
resistance imparted by the boundary layer surround-
ing the particle. While temperature inhomogeneities
in thermally thick biomass particles have been ac-
counted for in past DEM formulations [14, 15, 16],
mass transport limitations associated with the gas
flow through the particle’s pore space or the gas-
particle boundary layer have not yet been included
to our awareness [17].

Since biomass particles naturally exhibit a com-
plicated porous structure [18], we consider a single
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particle with radius R as the union of a solid mat-
rix with porosity ψ(r, t), r ∈ [0,R], and a pore
space gas. As the particle’s pyrolysis commences,
the intra-particle solid matrix decomposes into solid
and gaseous products [19]. The solid products are
thought to remain attached to the matrix, while the
gas products are released to the immediate pore space
and migrate through the pore structure towards the
ambient gas. Because of the short intra-particle gas
retention times [20], gas phase chemical reactions in-
side the pore space are omitted. The chemical com-
position of the solid phase is described in terms of
the mass fractions Ys(r, t) = (Ys,i(r, t))i∈S of the solid
species whose labels i are aggregated into the set S.
Owing to pyrolysis reactions, the mass density of the
solid species i ∈ S changes in time according to

∂ρsYs,i

∂t
= Ṙi, (16)

where ρs is the constant mass density of the solid
matrix and Ṙi(Ys,T ) (in [kgi/(s m3(s))]) is the net
mass production rate of solid species i due to pyro-
lysis. Since we assume the combined gas-solid
volume of the particle to remain unchanged during
its conversion, the porosity ψ changes only as a con-
sequence of the production or consumption of the
solid species’ masses,

∂ψ

∂t
= − (1 − ψ)

ρs

∑
i∈S

Ṙi. (17)

Similar to the gas in the inter-particle void space
of a particle assembly, the chemical make-up of the
gas inside the particle’s pore space is determined
by the species mass fractions Yg(r, t). Denoting by
Ṡ k(Ys,T ) (in [kgk/(s m3(s))]) the rate at which spe-
cies k ∈ G is released during the solid matrix’s de-
composition, the species-specific mass balance reads
in spherical coordinates

∂ρgψYg,k

∂t
+

1
r2

∂

∂r

(
r2ρgψugYg,k

)
=

1
r2

∂

∂r

(
r2ρgψD

∂Yg,k

∂r

)
+ (1 − ψ)Ṡ k,

(18)

where ug(r, t) represents the radial gas velocity. Upon
summation over all species k ∈ G, Eq. (18) yields the
local mass balance
∂ρgψ

∂t
+

1
r2

∂

∂r

(
r2ρgψug

)
= (1 − ψ)

∑
k∈G

Ṡ k. (19)

At every radial location, the solid matrix and the
gas inside the particle’s pore space are assumed to be
thermally equilibrated. Consequently, the joint gas-
solid enthalpy balance is given by [21]

∂ρh
∂t
+

1
r2

∂

∂r

r2ρgψug

∑
k∈G

Yg,khk


=

1
r2

∂

∂r

r2ρgψD
∑
k∈G

∂Yg,k

∂r
hk + r2λ

∂T
∂r

 .
(20)

This balance law is formulated in terms of the total
specific enthalpy h(r, t) (in [J/kg]) associated with
both phases. With reference to the local volume-
averaged particle density ρ = ρgψ + ρs(1 − ψ), h is
defined according to

ρh = ρgψ
∑
k∈G

Yg,khk(T )

+ ρs(1 − ψ)
∑
i∈S

Ys,ihi(T ).
(21)

If the intra-particle gas and solid phases conduct heat
radially in a parallel fashion, then the thermal con-
ductivity λ in Eq. (20) coincides with the volume
average of the conductivities λg and λs of the two
phases,

λ = ψλg + (1 − ψ)λs. (22)

In view of the ideal behaviour of the pyrolysis gas
and the low Mach number of the intra-particle flow,
the gas density ρg is linked to the species mass frac-
tions Yg and the temperature T by Eq. (2).

Since the flow around the biomass particle is not
spatially resolved, we employ a boundary layer treat-
ment to evaluate the rates at which mass and enthalpy
are emitted from the particle surface towards the far-
field gas. As in the particle’s interior, gas phase
chemical reactions are neglected. Following the for-
mulation of Spalding [22], the mass and thermal
boundary layers coincide (Le = 1) and behave in
a quasi-steady way [23, Chapters 3 and 10]. For a
given boundary layer conductivity ρgD = µg/Sc, the
conservation laws for the species masses (k ∈ G)
and the gas enthalpy may be integrated analytically
across the boundary layer [24, p. 56] to yield the flow
rates

ṁg,k = 2πRρgDSh
(
Y0

g,k − Y∞g,k
)
, (23)

ḣg = 2πRρgDNu
(
h0

g − h∞g
)

(24)

in the case ṁg = 0 and

ṁg,k = ṁg

Y0
g,k − Y∞g,k exp

(
− ṁg

2πRρgDSh

)
1 − exp

(
− ṁg

2πRρgDSh

) , (25)

ḣg = ṁg

h0
g − h∞g exp

(
− ṁg

2πRρgDNu

)
1 − exp

(
− ṁg

2πRρgDNu

) (26)

otherwise. The flow rate ṁg of the gas emanating
from the biomass particle, moreover, is computed
from

ṁg = 4πR2
(
ρgψug

)∣∣∣∣
r=R

. (27)

The surface velocity ug(R, t) that appears here is, in
turn, obtained from Eq. (19) and the boundary condi-
tion ug(0, t) = 0. In Eqs. (23) to (26), the superscripts
0 and∞ indicate values at the particle surface and in
the far-field, respectively. Note that, for a particle
contained in a PaSR with volume V(t) = volΩ(t),
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the far-field scalars (Y∞g , h∞g ) = Φ(t) are random
variables that are distributed according to the PDF
f (·, t) (Section 3), while ṁg,k/V(t) and ḣg/V(t) yield
the sources ξp(t)ρg(Φ(t))ṡk(Φ(t),Xp(t)) in Eq. (15).
Since the Lewis number is unity, the Nußelt and
Sherwood numbers Nu and Sh in Eqs. (23) to (26)
are equal; they may be evaluated using the Ranz-
Marshall correlation [25] which has been calibrated
for a particle Reynolds number Rep in the range
0 ≤ Rep ≤ 200. Following Abramzon and Sirig-
nano [26], the viscosity µg across the boundary layer
is computed from the surface mass fractions and tem-
perature as well as their far-field counterparts using
the 1/3-rule. Because there is no efflux of solid phase
enthalpy from the particle, Eqs. (23) through (27)
jointly provide the boundary conditions at r = R of
Eqs. (18) and (20). At the particle centre, by contrast,
symmetry boundary conditions apply.

In order to convert the balance laws in Eqs. (16)
to (20) into the form of Eq. (13), we apply a ra-
dial finite volume discretisation with staggered vari-
able arrangement. In particular, the degrees of free-
dom associated with the distributed solid masses
ρsYs,i(1 − ψ)4πr2, i ∈ S, the gas’ mass fractions
Yg,k, k ∈ G, and the temperature T are stored at the
cell centres, while the degrees of freedom paramet-
erising the radial intra-particle gas velocity ug live at
the cell faces. Since the radial profile of ug responds
on an instantaneous basis to gas release and tem-
poral changes in the gas density and particle porosity,
the semi-discrete counterpart of the mass balance in
Eq. (19) yields an algebraic relation that renders the
mass matrix M in Eq. (13) singular.

5. NUMERICAL SOLUTION METHODS
The evolution equation governing f ρ(ϕ, t)

(Eq. (15)) corresponds to a differential Chapman-
Kolmogorov equation with vanishing diffusion
matrix and may, therefore, be associated with a
stochastic jump-drift process [27, Chapter 3]. Within
the scope of a Monte Carlo solver, different realisa-
tions of this process are computed by solving the
corresponding SDE for independent random drivers.
Since the SDE is kinetically linked to the particles’
degrees of freedom Xp(t) with p = 1, 2, . . . , the de-
terministic DEM equations (Eq. (13)) are integrated
concurrently. Over the course of a time step, the
SDE is decomposed into fractional steps using a first
order scheme [2, Section 6]. Consequently, physical
and chemical effects that occur simultaneously can
be treated in a sequential way, thus permitting the
application of a dedicated time integration scheme
in each fractional step.

6. CONCLUSIONS
In this contribution, we summarised the formal

basis of a combined DEM-PaSR model for the pyro-
lysis of an assembly of spherical biomass particles.
Here, the reactive scalars parameterising the gas’
thermochemical state are conceived of as random

variables whose associated PDF changes in time ow-
ing to mass and heat exchanges with the biomass
particles, gas phase chemical reactions, micromixing
and flow-through. By construction, this statistical de-
scription covers small-scale heterogeneity of the gas
composition and allows for a closed-form treatment
of gas phase chemical reactions. In order to accom-
modate gas-particle mass and heat exchanges, we ar-
gued that the separation of the DEM particles from
the bulk gas by a resistive boundary layer permits the
approximation of the particle surface-specific joint
scalar PDFs in terms of the volume-based PDF that
defines the state of the PaSR. Small-scale diffusion
and heat conduction, moreover, are accounted for
by a micromixing model. The DEM description of
a biomass particle is based on a finite volume dis-
cretisation of the intra-particle balance laws for the
solid species’ masses, the masses of the gaseous spe-
cies, the total gas mass and the combined gas-solid
enthalpy. Additionally, the biomass particle is sur-
rounded by a passive boundary layer that restricts the
transfer of mass and heat towards the composition-
ally heterogeneous gas in the far-field.

By design, the PaSR permits a systematic ana-
lysis of how large-scale predictables, for example,
the pyrolysis duration, the amount of energy con-
sumed and the composition of the pyrolysis gas, are
influenced by small-scale heterogeneity in the gas
composition. In the near future, we plan to apply the
DEM-PaSR model to the pyrolysis of cellulose, the
main constituent of woody biomass, and quantify the
impact of micromixing limitations.
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ABSTRACT 

The advancement in computer development in 

recent years saw introduction of powerful graphics 

processing units (GPUs) intended as general-purpose 

computation units, beside their core purpose. To 

better accommodate the existing computational fluid 

dynamics (CFD) code with a k-ε turbulence model to 

be able to run on an upcoming generation of GPUs, 

the existing computer codes must undergo 

modifications due to very different nature of GPU 

architecture, compared to that of a central processing 

unit (CPU). Due to this, a Jacobi method is used 

instead of Gauss-Seidel based solvers. Application 

of Jacobi on a CPU predictably leads to a slower 

execution of code, due to its slower convergence 

rate. However, its highly parallel nature makes it 

very suitable for execution on modern GPU. The 

subroutines both for kinetic energy and its 

dissipation rate originally use Gauss-seidel based 

tridiagonal matrix algorithm (TDMA) solver, highly 

optimized to run on a single computational thread. 

While it can be modified to run on multiple 

computational threads, it scales poorly with their 

number increase. On the other hand, Jacobi offers 

full parallelism, and simple code implementation, 

regardless of the problem scale, avoiding conflicting 

memory operations at the same time, but at the cost 

of double memory consumption. The code itself is 

ported to GPU using OpenACC directives in 

compute unified device architecture (CUDA) 

FORTRAN. The 2D monophase turbulence flow 

test-case is solved on an orthogonal structured grid, 

and the parallel nature of Jacobi gives us the ability 

to solve equations in each control volume 

individually between the iteration steps, without 

dependencies on neighbouring cells, leading to a 

significant number of operations that can be executed 

in parallel. Due to initial memory operations 

overhead cost in time, the model must solve 

sufficiently large problem to be able to outperform 

fast CPU. 

Keywords: CFD, GPU, Jacobi method, 

OpenACC, parallelization, turbulence 

NOMENCLATURE 

CLK [Hz] single processing unit clock speed 

E [-] per core efficiency 

n [-] input size of problem 

p [-] number of processing units 

S [-] speedup of the parallel algorithm 

T(n) [-] total operations count 

t [s] execution time 

 

Subscripts and Superscripts 

b, base   base (reference) case/value 

overhead overhead time or operations 

parallel   executed in parallel 

rw  real-world conditions 

serial  executed in serial 

1. INTRODUCTION 

Application of turbulence models in CFD 

research demands a significant amount of high-

performance computational resources. Past century 

brought us vast number of models specifically 

created and well optimized to run on single core 

processing units. Together with those codes less 

frequently were developed models intended to run on 

proprietary super computers, often closed to public. 

Development of computer graphics lead to creation 

of powerful GPU devices that could readily perform 
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operations beyond their intended purpose, and found 

their place in scientific computing. Understanding 

the potential of GPUs as very new and promising 

accelerators that can be used in computational 

research is essential, as they are being developed at 

high pace, and thus it is of great importance to create 

highly efficient computer codes that would follow. 

The historical development of CFD codes and 

more importantly, the equation solvers in them 

followed the development of both personal and HPC 

computers, starting with the single core codes 

implementing the tridiagonal matrix algorithm 

(TDMA) e.g. [1] and Stone’s SIP algorithm [2], as 

well as the parallel implementations of those on 

multicore CPUs: [3, 4]. Other solvers that include 

domain decompositions [5, 6], Cyclic Reduction 

(CR) and Parallel Cyclic Reduction (PCR) [7], 

Multi-Grid (MG), Colour Checkerboarding (CC) [8], 

Alternating-Direction Implicit (ADI) [9], and others 

followed the increase in core count on personal 

computers, and the early versions of GPUs as well, 

providing mixed results and success, but often fast 

solvers that have their own limitations. 

The languages initially developed for GPUs, 

such as OpenCL and CUDA C, provided users with 

access to their capabilities, but at a cost of a very long 

learning curve in order to provide good working and 

well optimized codes. An easier tool that would 

move burden of sometimes difficult code writing and 

memory management from the user to the machine 

was needed, and it came in the form of OpenACC, 

providing wider audience with access to GPU device 

performance, while maintaining simplicity in code 

writing. A good example of difficulties that had to be 

overcome when writing codes from scratch can be 

found in work of Cohen and Molemaker [10] who 

created a massively parallel GPU implementation of 

fast CFD code for simulation of Rayleigh-Bérnard 

convection. Creation of such a code in native GPU 

language, such as CUDA C, is labour intensive task. 

On the other hand, OpenACC implementations of 

code nowadays can provide similar performance 

gains without requiring the user to tackle difficult 

tasks, including the load distribution and memory 

management. One of such implementations is by Xia 

et al. [11] who discussed the conversion of legacy 

CFD solvers to new hardware, and also presented a 

model of compressible CFD code implemented on 

unstructured grid using OpenACC. 

Our own implementation is based off TEACH-T 

CFD code [12], converting and modifying it to allow 

massive parallelisation of all parts of the code. The 

turbulence in code is modelled using a well-known 

k-ε two equation model, and the implementation is 

done so that the turbulent kinetic energy equation is 

solved first, due to internal dependencies in the 

model itself. The entire CFD solver is ported to the 

GPU to avoid massive overhead times caused by data 

movements through the PCI-E lanes. 

Amongst other changes to the code structure, 

one of the most important changes in this code is the 

inclusion of Jacobi based solver for equations, 

allowing future massive parallelization of code as the 

GPU computational cores number grows, and at the 

same time providing noticeable gains at current 

architecture. While the Jacobi implementation does 

have its own disadvantages on real-world parallel 

machines, most important the double memory 

consumption, and potentially slower convergence on 

machines with finite number of cores, it can still be 

the best choice for the newer machines that often 

have core count proportional to the size of problem 

solved, as these machines are moving closer to ideal 

parallel machines. This is also supported by findings 

of Tsitsiklis [13] who proves that parallel Jacobi 

iterations are no slower than any parallel Gauss-

Seidel variant of that iteration, confirming the almost 

certain superiority of Jacobi algorithm over Gauss-

Seidel [14]. On GPUs with lower computational core 

counts and low amount of available memory a good 

compromise could be the use of Red-Black 

checkerboarding in one or more directions, which is 

a version of Colour Checkerboarding algorithm, but 

is not considered as part of this work. 

In this work we put our focus on determining the 

number of computational operations in subroutine 

for turbulent kinetic energy, setting aside other 

subroutines, and we use this information to 

determine potential for speedup of parallel code 

based on theoretical background set by Amdahl [15] 

and Gustafson [16]. Tasks in this work are separated 

to determination of total number of operations in 

serial code, grouping them in sections that can be 

parallelized, determining potential sections of code 

that can be asynchronously executed, upon which we 

can determine total number of steps on ideal parallel 

machine. Once these tasks are complete, we turn 

towards determination of the computational core 

number-based operation count, which is informative, 

but insufficient to provide real-world performance 

benchmarks. To gain insights into the code 

behaviour on real hardware, we set a base case that 

should be used as a ground-line benchmark for 

performance estimation over several grid sizes. We 

use running time as a reference and convert the 

operation count criteria into a running time criteria to 

provide a fair comparison between different 

platforms. This approach takes into account real-

world overhead times, which, as shown, are 

significant for GPU-based CFD simulation 

platforms. 

2. CODE IMPLEMENTATION 

In order to accommodate CFD code with a k-ε 

turbulence model to run on GPU, an existing code is 

modified due to different nature of GPU architecture 

compared to CPU. A 2D monophase turbulence flow 

test case is solved on an orthogonal structured grid. 

Instead of Gauss-Seidel the Jacobi method is used, 
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enabling solving the equations in each control 

volume with no influence of neighbouring cells, thus 

offers parallelization potential. The code is ported to 

GPU by OpenACC directives in CUDA FORTRAN. 

Parallelisation of this 2D code opens direct 

pathway towards creation of parallel 3D codes. 

Major change to a code would be an introduction of 

subroutine that would solve the third component of 

the velocity. Also, given that there are three 

dimensions it would lead to addition of k loop in 

most cases, and increased number of operations 

where new terms and variables are introduced in 

equations. 

A code structure extracted from subroutine used 

for calculation of turbulent kinetic energy is given in 

Table 1, accompanied by the number of 

computational and memory access operations at 

every group of lines. The number of operations here 

is determined based on total arithmetic operations at 

the line/segment of code, as well as the memory read 

and write operations that took place. It can be noticed 

that many operations are enclosed in loops, thus 

increasing the number of operations depending on 

the loop size. The total number of operations, as can 

be noticed, depends on the problem size, but it can 

be estimated roughly for known size of 

computational domain. For example, the first loop 

over interior grid has in single pass total of 113 

computational operations, that needed 109 memory 

reads, and wrote to the memory total of 29 times, but 

this is repeated (nj-2)(ni-2) times in total. Sample 

number of operations for different grid sizes is given 

in Table 2. In all cases number of swipes (nswp), 

which tells us how many times Jacobi solver loop is 

repeated in each iteration step, is assumed 30. 

 

Table 1. Number of computational and memory 

operations in subroutine for turbulent energy  

Pseudo code calculation memory 

  read write 

loop over interior grid    

for j = 2 to nj – 1    

  for i = 2 to ni – 1    

    calculate areas 3 6 3 

    calculate volume 2 3 1 

    calculate conv. coef. 16 16 4 

    calculate diff. coef. 20 20 4 

    calculate source terms 61 59 11 

    update source terms 11 15 6 

  end    

end    

in total: (nj – 2)(ni – 2) 113 109 29 

    

wall conditions: top wall    

initial ops 1 3 2 

for i = 2 to ni – 1    

  calculate y+ 7 9 3 

  update source terms 31 34 3 

end    

in total: (ni – 2) 38 43 6 

: side wall    

for j = jstp to nj – 1    

  calculate y+ 7 9 3 

  update source terms 31 34 3 

end    

in total: (nj – jstp) 38 43 6 

: symmetry axis    

for i = 2 to ni – 1    

  calculate source terms 15 22 9 

  update source terms 2 3 2 

end    

in total: (ni – 2) 17 25 11 

    

res. and under-relaxation    

for j = 2 to nj – 1    

  for i = 2 to ni – 1    

    calculate ap,te 4 5 1 

    calculate residual 10 11 1 

    calculate under-relax. 4 6 1 

  end    

end    

in total: (nj – 2)(ni – 2) 18 22 3 

iterative solver loop    

for swipe = 1 to nswp    

  for j = 2 to nj – 1    

    for i = 2 to ni – 1    

      calculate tenew 13 13 1 

      update residual 3 4 2 

    end    

  end    

  for j = 2 to nj – 1    

    for i = 2 to ni – 1    

      calculate tenew 0 1 1 

    end    

  end    

in total: 

n (nj – 2)(ni – 2) 

16 18 4 

 

Table 2. Estimated number of serial operations 

Tserial(n) for different grid sizes 

Grid calculation Memory access 

  read write 

32×16 2.6105 2.8105 6.4105 

64×32 1.1106 1.3106 2.8105 

128×64 4.8106 5.3106 1.2106 

256×128 2.0107 2.1107 4.9106 

512×256 7.9107 8.7107 2.0107 

1024×512 3.2108 3.5108 7.9107 

2048×1024 1.3109 1.4109 3.2108 

4096×2048 5.1109 5.6109 1.3109 

 

From this table we can see that the number of 

calculation operations grows from 2.6105 all the way 

to 5.1109 as the grid size grows from 32×16=512 

elements to 4096×2048=8.4106 elements. Most of 

these operations are contained in loops that can be 

readily parallelised, and as such contribute to 

significant reduction in number of operations when 

the parallelisation is introduced. The rough 

estimation of number of parallel operations on an 

ideal parallel machine is Tparallel(n) = 106 (due to 
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some parts of loops, or entire loops being able to 

execute asynchronously (i.e. parallel one to another), 

taking into account 16 successive parallel operations 

that include massive arrays inside the loops that can 

be executed in parallel, 3 operations on arrays that 

execute in series, 30 times each, as well as internal 

dependencies that enforce us to wait for computation 

of some variables before we are able to compute 

others. 

3. CODE SPEEDUP AND EFFICIENCY 

In theory, a proper way to estimate algorithm 

speedup and efficiency is to define the number of 

operations T(n) executed to solve the problem of 

given size n. From here we can estimate the number 

of parallel operations necessary to reach the same 

solution under ideal conditions, with finite number 

of computational units, based on considerations 

brought by Amdahl [15]: 

𝑇𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙(𝑛) =
𝑇𝑠𝑒𝑟𝑖𝑎𝑙(𝑛)

𝑝
 (1) 

This is true for each and every loop found in the 

problem we solve if it is readily parallelizable, and if 

we consider execution on an ideal parallel machine. 

As an example, we will apply Eq. (1) to the 

calculation operations from Table 2, and compare 

data between the parallel CPU (Intel Xeon E5-1620 

v3) with 8 threads against the GPU (NVIDIA Quadro 

RTX 4000) with 2304 cores.  The Tparallel(n) for both 

is given in Table 3, but it must be noted that this 

value reflects purely theoretical performance and it 

ignores overhead times necessary for load 

distribution, memory transfer times when 

simulations are done on GPU, other operational 

overheads, as well as the individual core 

performance (core speed, amount of available cache, 

bandwidth, etc.). 

Table 3. Estimated number of computational 

operations Tparallel(n) for different accelerators 

Grid size p = 8 (CPU) p = 2304 (GPU) 

32×16 3.2104 1.1102 

64×32 1.4105 5.0102 

128×64 6.0105 2.1103 

256×128 2.4106 8.5103 

512×256 9.9106 3.4104 

1024×512 4.0107 1.4105 

2048×1024 1.6108 5.5105 

4096×2048 6.4108 2.2106 

 

Given that both parallel CPUs and GPUs are not 

the ideal machines, they need additional resources to 

communicate, distribute and balance the load over 

their respective computational cores. This leads to 

the introduction of additional overhead operations, 

caused by additional communication and memory 

management, especially if we take into account 

memory transfers that are unavoidable in CPU-GPU 

communication in real-world runs, as an expansion 

of Amdahl’s law by Gustafson [16], Eq. (2): 

𝑇𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙,𝑟𝑤(𝑛) =
𝑇𝑠𝑒𝑟𝑖𝑎𝑙(𝑛)

𝑝
+ 𝑇𝑜𝑣𝑒𝑟ℎ𝑒𝑎𝑑  (2) 

As the complexity of code structure increases it 

becomes more difficult to accurately estimate the 

number of operations. Also, in Eqs. (1) and (2) it is 

noticeable that if the T(n) is less or equal to the 

number of processing units we can get the number of 

parallel operations smaller than 1, which is 

impossible, and such cases rather tend to have 

smallest, but finite number of operations that should 

be determined by estimating the number of parallel 

computation steps. While the total number of 

operations remain the same between serial and 

parallel codes, the number of execution steps is 

usually reduced as the parallelism is introduced, 

virtually converting a large number of steps found in 

parts of serial code to a single step on massively 

parallel machine. However, we still have to follow 

some execution thread, given that prior to executing 

some operations others must complete, creating a 

new kind of overhead that adds to previous, and a 

new issue in operation counting to overcome these 

issues, it would be easier to measure execution time, 

instead of operation counts in real life codes. 

Furthermore, the physical differences in 

performance of different accelerators include 

additional challenges when estimating the 

performance originating from individual processing 

unit and memory speed. Those could be partially 

addressed by expressing the Tparallel,rw(n) as a 

function of those variables, by expressing 

performance per normalised processing unit speed: 

𝑇𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙,𝑟𝑤(𝑛) =
𝑇𝑠𝑒𝑟𝑖𝑎𝑙(𝑛)

𝑝
∙
𝐶𝐿𝐾𝑏𝑎𝑠𝑒
𝐶𝐿𝐾

+ 𝑇𝑜𝑣𝑒𝑟ℎ𝑒𝑎𝑑  

(3) 

On the other hand, the execution time as a 

measurable output, takes into account all overheads, 

without focusing on them individually, as well as the 

hardware constraints that include clock and memory 

speeds, limitations in bandwidth, and all other 

influences that occur, thus making it an indicator that 

is easier to measure. We can in a similar manner 

estimate the execution time that should be expected 

from an ideal parallel machine, based on its number 

of processors: 

𝑡𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙(𝑛) =
𝑡𝑠𝑒𝑟𝑖𝑎𝑙(𝑛)

𝑝
 (4) 

Also, in the similar manner we can include 

overhead time to this equation: 

𝑡𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙,𝑟𝑤(𝑛) =
𝑡𝑠𝑒𝑟𝑖𝑎𝑙(𝑛)

𝑝
+ 𝑡𝑜𝑣𝑒𝑟ℎ𝑒𝑎𝑑 (5) 

It is important to note that, the parallel execution 

time expressed in this manner is the time per 

processing unit found in accelerator (parallel CPU or 

GPU), and as such has similar limitations as the 

number of operations from Eq. (3). 

The overhead time, as a difference between real-

world and ideal runs, can be determined by 
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comparing the actual measured execution time in real 

world runs to that obtained from Eq. (4), giving us 

the following: 

𝑡𝑜𝑣𝑒𝑟ℎ𝑒𝑎𝑑 = 𝑡𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙,𝑟𝑤(𝑛)

− 𝑡𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙(𝑛) 
(6) 

To effectively estimate both the speedup and 

efficiency of parallel execution on parallel CPU and 

GPU we need a solid baseline case that will serve as 

a reference. To this end we will utilize a code 

compiled for a single threaded run with same Jacobi 

algorithm, with all compiler optimizations applied. 

This will give us an insight into an actual execution 

time which we will denote as tserial,CPU(n) in analysis. 

From this t(n) we will determine tparallel,CPU(n) and 

tparallel,GPU(n) using the Eq. (4). The number of 

processing units/threads p for CPU and GPU used in 

simulations is 8 and 2304, respectively. 

The speedup of the parallel algorithm, both 

theoretical and real-world, can be determined by 

comparing it to its serial counterpart, per Eqs. (7) and 

(8): 

𝑆(𝑝) =
𝑡𝑠𝑒𝑟𝑖𝑎𝑙,𝑏(𝑛)

𝑡𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙(𝑛)
 (7) 

𝑆𝑟𝑤(𝑝) =
𝑡𝑠𝑒𝑟𝑖𝑎𝑙,𝑏(𝑛)

𝑡𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙,𝑟𝑤(𝑛)
 (8) 

Expressing the speedup over the available 

number of processing units provides us with an 

insight into the efficiency of parallelization, Eqs. (9) 

and (10), where values E ≈ 1 indicate highly efficient 

parallelization, while the values of E ≪ 1 indicate 

significant slowdowns due to overhead or 

insufficient utilization of individual processing units, 

this is in relation to the findings of Hill and Marty 

[17] who shown that locally inefficient core design 

can be globally efficient at large scale. 

𝐸(𝑝) =
𝑆(𝑝)

𝑝
 (9) 

𝐸𝑟𝑤(𝑝) =
𝑆𝑟𝑤(𝑝)

𝑝
 (10) 

Results for simulations of turbulent flow model 

in 2D channel on parallel CPU and GPU, using 

Jacobi model to solve equations are given in Tables 

(4) and (5). Test cases are named after the accelerator 

used and number of cells in simulation grid for that 

case. All test case times are given for 20 000 

iterations with double precision floating point 

numbers on numerical grids consisting of 8192 (8k), 

23768 (32k), 131072 (131k), 524288 (524k), 

2097152 (2M), and 8388608 (8M) elements. From 

the Table 4 it is noticeable that there is significant 

growth in overhead execution time for the parallel 

CPU execution. The growth in the overhead time 

with the grid size for the GPU is significantly lower, 

but it makes nearly entire difference between real-

world and ideal parallel execution. 

From these results, we notice that expected 

parallel execution times, using above Eqs. are 

significantly lower than the real-world performance. 

This is something that can’t be avoided, but can be 

reduced by proper hardware selection and different 

solver choices depending on the scale of the problem. 

Table 4. Simulation times and overhead times 

CASE tserial,b tparallel tparallel,rw toverhead 

Eq.  (4)  (6) 

CPU8k 25.8 3.22 11.41 8.19 

CPU32k 152.4 19.05 57.37 38.32 

CPU131k 722.5 90.32 301.45 211.13 

CPU524k 5860.5 732.56 4197.20 3464.63 

CPU2M 25327.4 3165.93 23675.66 20509.73 

CPU8M 120473.7 15059.21 82879.52 67820.31 

GPU8k 25.8 0.011 92.50 92.49 

GPU32k 152.4 0.066 125.73 125.66 

GPU131k 722.5 0.313 158.14 157.82 

GPU524k 5860.5 2.544 413.59 411.05 

GPU2M 25327.4 10.993 1410.14 1399.15 

GPU8M 120473.7 52.289 5366.13 5313.84 

 
Following the results from the Table 4 speedup 

and computational efficiency of each test case is 

calculated. Results provided in Table 5 indicate that 

at larger grid sizes GPU can provide significant 

speedup in real-world conditions, providing real 

world benefits to the user. However, efficiency of the 

parallelisation from the same table indicates a very 

high overhead on GPU. 

Table 5. Speedup and per core efficiency 

CASE S(p) Srw(p) E(p) Erw(p) 

Eq. (7) (8) (9) (10) 

CPU8k 8 2.26 1 0.28 

CPU32k “ 2.66 “ 0.33 

CPU131k “ 2.40 “ 0.30 

CPU524k “ 1.40 “ 0.17 

CPU2M “ 1.07 “ 0.13 

CPU8M “ 1.45 “ 0.18 

GPU8k 2304 0.28 “ 0.000121 

GPU32k “ 1.21 “ 0.000526 

GPU131k “ 4.57 “ 0.001983 

GPU524k “ 14.17 “ 0.006150 

GPU2M “ 17.96 “ 0.007796 

GPU8M “ 22.45 “ 0,009744 

 

It can be seen that the increase of grid size 

significantly reduces computational capabilities of 

parallel CPU, leading to a lower speedup 

performance over the base case after certain grid 

size, as well as to a drop in per core efficiency at the 

same time. However, on the GPU, the speedup is 

generally increasing with the grid size, and it should 

follow that trend until the physical limitations of the 

hardware are met. At the same time, we can notice 

significant rise in per core efficiency, even though its 

value remains very low, indicating the 

underutilization of computational resources and the 

existence of a significant overhead. 
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4. SUMMARY 

A CFD code with a two-equation turbulence 

model was modified to run on GPU architecture. 

Monophase 2D turbulence flow test case was solved 

on an orthogonal structured grid, while the Jacobi 

solver is used for efficient parallelization. The code 

speedup and computational efficiency were analysed 

over the grid size and compared between parallel and 

serial execution of the code, both on CPU and GPU. 

A significant disparity between results that can 

be expected in theory, and the ones obtained by 

solving the real-world problems that include 

turbulence modelling on parallel machines was 

observable. While the majority of the work executed 

can be readily parallelized, and the number of 

operations can in theory drop to a value close to 106 

(for ideal parallel machine), in reality different kinds 

of overhead become an issue for performance, and as 

such significantly overload accelerators leading to 

slower than expected execution of programs. 

Even though the existing accelerators do suffer 

from issues caused by different overheads, real-

world performance improvements are noticeable, 

and they outperform each other at different problem 

sizes. 

The use of Jacobi solver has potential on both 

current and upcoming GPU and similarly structured 

accelerators/platforms, due to its low number of 

operations, even though it is the slowest to converge 

to a solution, and takes double memory space. An 

alternative to it would be the implementation of red-

black Gauss-Seidel algorithm, using less space, but 

operating only on one half of the problem per 

dimension of array, to avoid recursive dependencies 

that would prevent the parallelization. 

Considering the implementation from the aspect 

of speedup and per core computational efficiency, it 

is noticeable that both parallel CPU and GPU 

outperform single core CPU by a significant amount. 

However, the speedup factor for parallel CPU slowly 

drops as the problem size increases. On the other 

hand, the speedup factor of GPU grows with the 

problem size at larger scales, and should keep 

growing until it meets hardware limitations. 

Efficiency-wise this parallel CPU shown highest 

value in cases CPU32k and CPU131k with a value 

over 0.30. Above those cases efficiency slowly 

drops. On the other hand, GPU efficiency per core is 

very low, in range of 10-3, but it constantly grows, 

and we must keep in mind that these computational 

nodes (CPU and GPU cores) use significantly 

different amounts of power. 

An average CPU core consumption is around 5-

15W, or even high as 20-30W per core depending on 

its purpose and generation, while the GPU cores stay 

around 10-30mW power per core, leading to values 

for our devices that would fit range of 80-120W for 

CPU (total power 140W) and 45-70W for GPU for 

all CUDA cores (total power 160W). From this a 

power consumption per run in case CPU524k would 

be around 0.163 kWh, and similar case GPU524k 

will be in the range of 0.018 kWh on a GPU based 

accelerator. 

The real-world performance of GPU depends on 

its characteristics. While the available number of 

computational cores is significant factor, major 

problems and performance losses come from the 

architecture of Streaming Multiprocessors and 

different Compute Capability versions, with 

significant differences in ability to manage memory, 

schedule tasks, locally store data, or utilize some 

other special functions. Even though improper 

coding for targeted family of GPUs leads to 

performance penalties, noticeable issues come from 

the outside parameters – PCIe lane size, causing the 

very slow data movements between CPU and GPU. 

As said, current CPU-GPU architecture is very 

limited considering the data movements between 

CPU and GPU, creating inevitable overhead delays. 

These problems should be overcome as the new 

architectures and improvements to the existing ones 

are introduced, as well as their availability and 

affordability grows on the market. Some of 

promising current/future platforms/architectures for 

development of highly parallel CFD applications 

such as NVIDIA’s Grace Hopper and Grace 

Blackwell, or the recently announced AMD CPUs 

with NPU Ryzen AI Max+ 395 should reach wider 

market in the following years. OpenACC expansion 

to those accelerators should follow, providing 

smooth and practical transition of existing codes to 

these new platforms with higher memory bandwidth, 

capacity and raw computational power. 
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ABSTRACT (STYLE: ABSTRACT TITLE) 

Experimental and numerical research of the 

turbulent swirling flow in pipe behind the axial fan 

impeller, which generates solid body profile of the 

circumferential velocity, is presented in this paper. 

This is a phenomenon relevant to numerous 

industrial applications, where axial fans are still 

inbuilt without the guide vanes. The experimental 

investigation was carried out using stereo PIV, LDA, 

and original classical probes. However, in this 

research are discussed three velocity components 

measured subsequently by use of the one-component 

LDA system. 

The applied numerical approach involved 

solving the Navier-Stokes equations under 

appropriate turbulence modeling conditions, 

ensuring a high level of accuracy in predicting the 

swirl intensity and velocity distribution in the pipe. 

The combination of the unstructured mesh in the 

inlet and the runner section and structured mesh in 

the outlet section with the application of the SST and 

k-ε turbulence models led to the final results. 

Average velocity profiles, determined in this 

numerical simulation, are compared with the 

experimentally obtained data and differences are 

quantified. These experimentally validated 

numerical results enable good physical interpretation 

of the development of the average velocity profiles 

of the generated turbulent swirling flow in the entire 

domain. 

Keywords: axial fans, CFD, swirling flow, 

turbulence 

Nomenclature  

D [mm]  inner diameter of the pipe 

R [mm] radial coordinate in the polar      

cylindrical coordinate system 

w [m/s] circumferential component of 

velocity 

u [m/s] axial component of velocity 

z [mm] axial coordinate in the polar    

cylindrical coordinate system 

ε [%] relative difference between 

experimental and simulated results 

 

Subscripts and Superscripts 

 

1 section 1 plane  

2 section 2 plane 

1. INTRODUCTION  

This paper presents a computational fluid 

dynamics (CFD) analysis of turbulent swirl flow 

generated behind the impeller of an axial fan 

operating without guide vanes at the outlet. The 

presence of swirl flow in industrial ventilation and 

fluid transport systems can significantly impact the 

overall performance of the system by increasing 

pressure losses within the pipeline. This, in turn, 

leads to higher energy consumption and a reduction 

in system efficiency. Due to these challenges, special 

attention must be given to the design of axial fan 

blades when the fan operates without outlet guide 

vanes, with the goal of minimizing vortex formation 

and turbulence in the downstream sections. An 

optimized blade design can help suppress unwanted 

swirl effects, improving the stability and efficiency 

of the fluid flow. [1-4] 

Previous experimental studies have confirmed 

the development of swirl flow in the pipelines at the 

fan outlet. The persistence of this swirl can 

negatively affect downstream components, leading 

to vibrations, noise, and potential mechanical fatigue 

in the ducting system. Understanding the behavior of 

such flows is essential for optimizing fan 

performance in various industrial applications, 

including HVAC systems, cooling systems, and 
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aeration processes. The numerical investigation 

presented in this paper aims to complement 

experimental findings by providing detailed insight 

into the velocity field, pressure distribution, and 

turbulence characteristics of the swirling flow. 

The investigated axial fan was tested according 

to the standard ISO 5801, case B, which features a 

free inlet and a ducted outlet configuration. The fan 

in question is the W30 model, which corresponds to 

the industrial fan model AP 400, manufactured by 

Minel, Serbia. It consists of seven blades with an 

outer diameter of 0.397 m. One of the notable 

features of this fan is its ability to adjust the blade 

angle, allowing for variations in flow characteristics 

based on operational requirements. In this study, the 

blade angle is set to 30° at the outer diameter to 

simulate a typical industrial setup. The outlet duct 

consists of a straight pipe with a length of 27.74∙D, 

where the duct diameter D is rounded to 400 mm. 

This setup ensures that the development of the 

swirling flow can be accurately captured in both the 

experimental and numerical analyses. 

The experimental investigation was conducted at 

the Laboratory for Hydraulic Machinery and Energy 

Systems at the University of Belgrade – Faculty of 

Mechanical Engineering. A dedicated test rig was 

constructed to measure flow characteristics using a 

one-component laser Doppler anemometry (LDA) 

system. This advanced optical measurement 

technique provides high-resolution velocity data, 

which is critical for validating CFD simulations. The 

experimental setup included two measurement 

sections placed at z/D = 3.35 and z/D = 26.31 

downstream of the fan outlet, ensuring a 

comprehensive assessment of flow evolution over a 

significant length of the duct. [1-3] 

The fan was tested across a range of rotational 

speeds, allowing for an evaluation of its performance 

under different operating conditions. However, in 

this study, numerical and experimental results are 

compared specifically for a rotational speed of 2500 

rpm, which corresponds to a Reynolds number of Re 

= 423,350. This flow regime falls within the range of 

highly turbulent conditions, making it an excellent 

test case for assessing turbulence models and swirl 

flow behavior in CFD simulations. [1] 

The numerical simulation in this work aims to 

replicate the experimental conditions and provide a 

detailed analysis of the flow field, including velocity 

profiles, pressure variations, and turbulence 

intensity. The results obtained through CFD are 

compared with experimental measurements to 

evaluate the accuracy of the computational approach 

and its potential application in optimizing axial fan 

designs for industrial use. 

2. EXPERIMENTAL RESEARCH AND 

FAN IMPELLER CAD PREPARATIONS 

The test rig is presented in Figure 1, and is 

explained in detail in [1]. Measurements were 

conducted using LDA 1 component system Flow 

Explorer Mini LDA from Dantec, with smoke fluid 

EFOG, Density Fluid, Invision, which was freely 

sucked in the installation. Velocity components were 

measured subsequently.  

A necessary step in the analysis was the 3D 

scanning of the impeller, allowing for an accurate 

digital representation to be transferred into CAD 

software for further modifications and simulations. 

This process ensured that the geometry of the 

impeller was precisely captured, enabling a more 

realistic computational study. 

During the CAD modeling phase, certain non-

essential components were intentionally excluded to 

simplify the model without compromising the 

accuracy of the results. Elements such as the shaft 

and electromotor were omitted, as their inclusion 

would have increased the complexity of the 

numerical analysis while providing little to no 

improvement in the precision of the simulation. By 

focusing solely on the impeller and the main flow 

path, the computational model remained efficient 

and manageable while still capturing the key 

aerodynamic characteristics of the fan. 

Additionally, the exact geometry of the outlet 

duct was not fully replicated in the CAD model. 

Instead, it was assumed that the duct was a perfect 

cylindrical tube with a diameter of 400 mm. 

However, in reality, the physical duct contained 

surface imperfections, creases, and minor 

irregularities that could influence the flow 

characteristics. These discrepancies between the 

idealized model and the actual experimental setup 

may contribute to differences between the numerical 

and measured results. Such deviations are common 

in CFD studies and must be considered when 

analyzing the accuracy of the computational 

predictions. 

By leveraging 3D scanning technology and 

CAD modeling, the study aimed to create a well-

optimized numerical model that balances accuracy 

and computational efficiency. The assumptions 

made in the modeling process are carefully evaluated 

when comparing the simulation results with 

experimental data, ensuring a thorough 

understanding of the potential sources of error. 

 

Figure 1 Experimental test rig: 1 - DC motor 

with electrical power 5 kW, 2 – profiled free bell-

mouth inlet, 3- axial fan (swirl generator), 4 – 

measuring section 1, 5 – measuring section 3. [1] 
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Figure 2 Axial fan (W30), outside of its test rig 

[1] 

 

Figure 3 3D scan of the fan 

The 3D-scanned impeller was not ideal for direct 

mesh generation, as it contained a large number of 

surfaces, which negatively affected the quality of the 

computational grid. The excessive surface detail 

resulted in a highly complex and irregular mesh, 

potentially leading to numerical instabilities and 

increased computational costs. To address this issue, 

the model was refined using cutting planes, 

simplifying its geometry while preserving the critical 

aerodynamic features of the impeller. This 

modification improved the mesh quality and ensured 

better computational performance without 

compromising the accuracy of the simulation. 

3. CFD CALCULATIONS 

In the computational domain, the entire air 

volume surrounding the fan was included to capture 

the full aerodynamic behavior. The mesh was 

generated using ANSYS Mesh, resulting in an 

unstructured numerical grid. While unstructured 

meshes offer flexibility in handling complex 

geometries, they are generally of lower quality 

compared to structured grids. To improve accuracy, 

the Contact Match method was applied, ensuring 

perfect alignment of the mesh nodes in the regions 

upstream and downstream of the fan. This technique 

significantly enhanced numerical stability by 

preventing interpolation errors at the interfaces 

between different flow regions. The final geometry 

is illustrated in Figure 3. 

The outlet domain was carefully structured to 

facilitate the node-matching operation while 

simultaneously ensuring high mesh quality in the 

downstream region. This was particularly important 

because the research focused on two key 

measurement planes within the outlet domain. 

However, the Contact Match function does not 

support different mesh types or inflation layers 

within certain sectors. As a result, achieving a high-

quality grid in the outlet region required careful 

adjustments to the meshing strategy. 

One notable limitation arising from this 

approach was the absence of an inflation layer 

around the fan blades. Inflation layers are typically 

used to accurately resolve boundary layer effects, 

especially in turbulent flows. To compensate for this, 

the cell size in the blade region was reduced, 

allowing for a finer resolution of near-wall flow 

structures. The total computational grid consisted of 

9.984 million cells, with 4.109 million cells 

dedicated to the structured outlet domain.  

To overcome the problems of boundary 

conditions at the inlet of the fan, a large dome is 

created that incorporates the profiled free bell-mouth 

inlet. The outer perimeter of the dome represents the 

area where the total pressure is equal to the 

atmospheric pressure and where the velocity is equal 

to zero. The boundary conditions used are presented 

in Table 1. 

 

Figure 4 CAD model used for the simulation. 

1 - inlet section, 2 - runner, 3 - non-structure mesh 

section outlet duct, 4 - structured mesh section 

outlet duct 

Table 1. Boundary conditions 

Surface Boundary 

conditions 

Input 

Inlets  Total relative 

pressure 

0 [Pa] 

Outlets  Static relative 

pressure 

0 [Pa] 

 

For the simulation, the Shear Stress Transport 

(SST) turbulence model was chosen due to its 

favorable balance between computational cost and 

accuracy. The SST model effectively combines the 

k-ω model for near-wall regions and the k-ε model 

for free-stream turbulence, making it well-suited for 

complex aerodynamic flows such as those 

encountered in axial fan applications. While Large 

Eddy Simulation (LES) could potentially yield even 

more accurate results by resolving finer turbulence 
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structures, its significantly higher computational cost 

makes it impractical for the current study. However, 

LES is being considered for future research to further 

improve the accuracy of the numerical predictions. 

 

Figure 5 Mesh of the outlet pipe 

 

Figure 6  Mesh of the blade section 

4. RESULTS AND DISCUSSION 

The results obtained from the CFD simulation 

are compared with the experimental data acquired 

using a single-component Laser Doppler 

Anemometry (LDA) system which are obtained from 

Čantrak (2012)[1]. One of the primary advantages of 

CFD is its ability to provide detailed flow field 

analysis at any location within the simulation 

domain. However, for the sake of consistency and 

validation, the focus is placed on the same 

measurement planes that were analyzed during the 

experiments. These planes are located at z/D = 3.35 

(referred to as Section 1) and z/D = 26.31 (referred 

to as Section 2) downstream of the fan outlet. These 

sections were chosen to capture both the near-field 

and far-field development of the swirling flow. [2] 

 

Figure 7 Representation of the streamlines 

starting from the outlet plane of the runner 

section until the end of the outlet 

During the experimental measurements, all three 

velocity components were recorded in a polar-

cylindrical coordinate system—the axial, radial, and 

circumferential velocity components. However, for 

this study, only the axial and circumferential velocity 

components are considered for comparison, as they 

are the most relevant in assessing the development of 

swirl flow and its impact on overall system 

performance. The circumferential velocity 

component plays a crucial role in influencing the 

axial velocity profile, as the presence of strong 

vortex structures alters the uniformity and 

distribution of axial flow. These vortex structures are 

clearly observed in the velocity contours obtained 

from the CFD simulation. 

While the simulation successfully captures the 

general trend of the flow phenomena, discrepancies 

are observed in the magnitude of the velocity values 

when compared to experimental results. These 

differences can be attributed to multiple factors, 

including assumptions made in the numerical model, 

the idealized representation of the outlet duct, and the 

absence of certain geometric irregularities present in 

the experimental setup. Additionally, turbulence 

modeling limitations, such as the use of the SST 

model instead of LES, could contribute to minor 

deviations in predicted velocity distributions. 
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Figure 8 Axial velocity component in the 

section 1 plane [1] 

 

Figure 9 Axial velocity component in the 

section 2 plane [1] 

 

Figure 10 Circumferential velocity 

component in section 1 plane [1] 

 

Figure 11 Circumferential velocity 

component in section 2 plane [1] 

The simulation results indicate that the 

calculated velocity fields closely follow the trends 

observed in the experimental flow fields at both 

measurement sections. However, the agreement is 

more pronounced in Section 2 than in Section 1, 

suggesting that the numerical model better captures 

the flow characteristics further downstream. 

One key observation is that the simulation treats 

the flow as nearly axisymmetric, whereas the 

experimental measurements reveal the opposite. In 

reality, the vortex core exhibited continuous shifts in 

position, indicating a more irregular, asymmetric 

behavior. This effect can be attributed to the presence 

of a significant radial velocity component, which the 

simulation does not fully capture. The shifting vortex 

core suggests the existence of complex secondary 
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flow structures that are difficult to resolve using 

RANS-based turbulence models and may require 

more advanced modeling techniques, such as Large 

Eddy Simulation (LES) or Detached Eddy 

Simulation (DES), for a more accurate 

representation. 

Apart from the symmetry discrepancy, 

differences in velocity magnitudes are also evident. 

The circumferential velocity component in Section 1 

shows the highest deviations between the simulation 

and the measurements. This suggests that the near-

field region of the swirling flow is not fully resolved 

in the numerical model, possibly due to mesh 

limitations or turbulence model assumptions. On the 

other hand, the smallest discrepancies in velocity 

magnitude are also observed in the circumferential 

component, but in Section 2, where only a slight 

radial shift is noted. This indicates that the swirl 

intensity diminishes further downstream, a trend that 

was also confirmed through experimental 

measurements. 

Another notable difference between the 

simulation and the experimental results is the 

volumetric flow rate. The CFD simulation predicts a 

10% higher flow rate compared to the measurements. 

This discrepancy leads to a general increase in axial 

velocity across all analyzed sections, as well as 

throughout the entire computational domain. The 

most likely cause of this overestimation is the 

assumption that the outlet duct is a perfect cylinder. 

In reality, the experimental test rig was constructed 

using commercially available components, which 

inherently contain manufacturing imperfections, 

creases, and slight misalignments. These 

irregularities introduce additional pressure losses 

and flow disturbances, ultimately reducing the 

measured flow rate in comparison to the idealized 

numerical model.  

Figure 12 does not optimally illustrate the 

relationship between the experimentally measured 

velocity profiles and the simulated results. The most 

significant discrepancies between the two are 

observed near the vortex core, particularly in the 

circumferential velocity component. In this region, 

the simulation and experimental results diverge the 

most, indicating that the numerical model does not 

fully capture the local flow dynamics at the core of 

the swirling motion. 

A consistent difference is also present in the 

axial velocity component, which suggests a 

discrepancy in the overall flow rate between the 

simulation and the experiment. As previously 

discussed, the CFD model predicts a higher 

volumetric flow rate, which directly influences the 

axial velocity distribution throughout the domain. 

This overestimation in axial velocity affects the 

overall agreement between the computational and 

experimental results. 

 

 

Figure 12 Relative difference between the 

simulated values and the experimental. Where u 

stands for axial, w for circumferential component 

of velocity, and 1 and 2 indicate the sections [1] 

The relative difference in the circumferential 

velocity component near the vortex center can 

largely be attributed to the radial displacement of the 

vortex core. In the simulation, the vortex is treated as 

more stable and axisymmetric, while in the 

experiment, the vortex core exhibits continuous 

movement and shifting due to additional flow 

instabilities and secondary flow effects. If a 

correction method were applied to account for this 

radial displacement—such as realigning the vortex 

core locations between the simulation and the 

experiment—the resulting profiles would likely 

show better agreement. 

5. SUMMARY  

This paper presents a numerical comparison 

with a previously conducted experimental 

investigation on the flow characteristics in the ducted 

outlet of an axial fan without guide vanes. The study 

aims to evaluate the accuracy of computational fluid 

dynamics (CFD) simulations in replicating the 

complex flow structures observed in the experiment. 

The results indicate a strong correlation in the 

general flow phenomena between the measured and 

simulated data, particularly in the solid-body 

circumferential velocity profiles. However, 

discrepancies in velocity magnitudes are evident, 

especially in the flow rate predictions. These 
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differences are primarily attributed to the idealized 

representation of the flow field in the numerical 

model, which eliminates geometrical imperfections 

and surface irregularities present in the real 

experimental setup. The test rig components, 

including the duct and fan housing, contain minor 

manufacturing defects, creases, and misalignments, 

which introduce additional losses and distortions in 

the measured flow field—elements that are 

inherently absent in the simulation. 

Given the complexity of both the flow dynamics 

and the geometric configuration, this study serves as 

an initial step toward a more comprehensive 

understanding of the intricate flow behavior 

downstream of the fan. Future research efforts could 

focus on expanding the computational domain, 

incorporating a more detailed representation of the 

fan, duct, and outlet section to better capture real-

world effects. 

Furthermore, enhancements in numerical 

modeling could lead to improved accuracy. Refining 

the computational mesh, particularly in regions of 

high velocity gradients, would help resolve finer 

flow structures. Additionally, exploring alternative 

turbulence models—such as Detached Eddy 

Simulation (DES) or Large Eddy Simulation 

(LES)—or modifying the existing turbulence 

approach could provide a more precise depiction of 

the unsteady vortex structures and turbulence 

intensities present in the flow. 

By implementing these improvements, future 

studies can achieve higher accuracy and reliability in 

CFD predictions, ultimately contributing to a more 

detailed and practical understanding of swirl flow in 

axial fan systems. 
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ABSTRACT
The Kolmogorov flow, a shear flow driven by a con-
stant inhomogeneous body force in a periodic do-
main, has not been widely used for turbulence mod-
eling despite its potential benefits. Commonly used
Reynolds-averaged turbulence models (e.g., standard
k − ε, RNG k − ε, standard k − ω, k − ω SST, GEKO)
give incorrect results for this flow. Similar issues
arise in applications with sustained turbulence in a
closed container, like pump shut-off head modeling.
In the current paper a novel eddy viscosity model, the
geometry-informed (GI) model, is proposed, which
constrains the turbulent length scale by accounting
for wall distance, even in dissipative flow regimes.
The GI model is implemented in Ansys Fluent as a
user-defined formula for the standard k−εmodel, and
it is validated against Direct Numerical Simulation
(DNS) and experimental data. In addition, the results
are compared with the k − ω SST model. The test
cases encompass channel flow, flow over a backward-
facing step (BFS), and Kolmogorov flow. Results
show that the GI model better predicts the near-wall
peak of turbulent kinetic energy compared to k − ω
SST in channel flow, and offers improved reattach-
ment length predictions for high Reynolds number
flow over a BFS. In Kolmogorov flow, the GI model
produces qualitatively correct results, but with lower
velocity amplitudes than DNS due to the shortcomings
of the ε transport equation. Further improvements to
the turbulent kinetic energy dissipation equation are
planned.

Keywords: CFD, DNS, Kolmogorov flow, RANS,
turbulence modeling, turbulent viscosity

NOMENCLATURE
Re [-] Reynolds number
Re∆ [-] filter size-based Reynolds

number
H [m] step size
P [m2 · s−3] turbulent production

S [s−1] shear modulus
U [m · s−1] x-wise velocity
Uτ [m · s−1] friction velocity
f̂ [m · s−2] force amplitude
f [m · s−2] driving force
k [m2 · s−2] turbulent kinetic energy
t [s] time
y+ [-] dimensionless wall distance
yw [m] distance from the wall
∆ [m] filter size
κ1 [m−1] fundamental wave number
ν [m2 · s−1] kinematic viscosity
νt [m2 · s−1] turbulent viscosity
ω [s−1] eddy frequency
ε [m2 · s−3] turbulent dissipation

1. INTRODUCTION
The main aim of the current study is to develop

better models near production-dissipation equilibrium
using results from DNS models of Kolmogorov flow
and channel flow. The most widely used eddy viscos-
ity formula – Stress and Production (SP) model – was
introduced by Jones and Launder [1] as an element
of the model, currently known as the standard k − ε
turbulence model:

νt,ε = Cµ
k2

ε
, (1)

where k is the turbulent kinetic energy, ε is the turbu-
lent dissipation, and Cµ = 0.09 is an empiric constant.

Eq. (1) assumes a time step proportional to the
k/ε ratio at all points in the flow field. However, it
can be suspected that at locations where turbulent
production exceeds dissipation (i.e., k increases along
the trajectory of the fluid particle), the turbulent time
scale relevant to eddy viscosity is determined by the
large scales associated with production rather than the
small scales associated with dissipation, and therefore
Eq. (2) may be a reasonable alternative to Eq. (1):

νt = Cµ
k2

P
, (2)
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where P is the turbulent production. The turbulent
production can be determined with the following equa-
tion:

P = νtS 2, (3)

where S is the shear modulus of the bulk flow. Based
on these equations a production-based eddy viscosity
formula can be constructed as follows:

νt,P =
√

Cµ
k
S
. (4)

Eq. (4) – first proposed by Chou [2] – seems to
be consistent with Bradshaw’s observation that the
primary turbulent stress is proportional to the turbu-
lent kinetic energy at the outer boundary layer. The
obvious drawback of Eq. (4) is that it results in a
turbulent viscosity approaching infinity, where S ap-
proaches zero. The need to combine the turbulent
viscosity formulae – Eqs. (1) and (4) – was recog-
nized by Menter [3]. In his k − ω SST model the
following eddy viscosity formula was proposed:

νt,SST =
a1k

max
(
a1ω, S F2

) , (5)

where a1 = 0.31 is a constant, ω is the eddy frequency,
and F2 is given by (F2 is a function that is one for
boundary layer flows and zero for free shear layers):

F2 = tanh
(
Φ2

2
)
, (6)

where:

Φ2 = max
(
2

√
k

0.09ωyw
,

500ν
y2

wω

)
, (7)

where yw is the distance from the wall.
The eddy frequency can be expressed as:

ω =
ε

Cµk
. (8)

By substituting Eq. (8) into Eq. (5), and utilizing
that a1 �

√
Cµ one can obtain the following formula:

νt,SST = min
(

k2Cµ
ε
,

√
Cµk

S F2

)
. (9)

Based on Eq. (9) it can be seen that the k−ω SST
model basically chooses the smaller value from Eqs.
(1) and (4). A possible physical explanation is that
the eddy viscosity can be considered as proportional
to the turbulent kinetic energy multiplied by a time
scale (k/ε or

√
Cµ/S ), and that the smaller time scale,

which is characteristic of the faster process, dominates
among the possible time scales. The model described
by Eqs. (5)-(7) thus distinguishes two main regimes,
production and dissipation regimes, based on time
scales.

The k − ω SST model also constrains the dis-
sipation-based formula for low (essentially less than
100) turbulent viscosity ratios using the viscosity ra-
tio, and the production-based formula near the wall
using the wall distance. The model does not use the
wall distance to constrain the turbulent length scale in

the dissipation regime. The k − ω SST model there-
fore describes the eddy viscosity as a five-variable
function: νt,SST(S , k, ω, ν, yw).

Out of the widely used eddy viscosity models,
the realizable k − ε model of Shih et al. [4] assumes
a Cµ value dependent on the ratio of the time scales
of turbulence and the main flow, which leads to more
accurate results for free jets and boundary layer sep-
aration. However, this model is not compatible with
models involving rotating coordinate systems or ro-
tating numerical grids [5]. Overall, the development
of turbulent viscosity formulae has received relatively
little attention in the last three decades.

2. INVESTIGATIONAL METHOD
2.1. Kolmogorov flow

The Kolmogorov flow is a flow induced by a
sinusoidally varying force field in space in a periodic
flow domain. The driving force can be written in the
following way:

f = − f̂ cos(κ1y), (10)

where f̂ is the force amplitude, and κ1 is the wave
number.

The driving force can be seen in Figure 1, where
2∆ is the side length of the cube corresponding to the
simulation domain:

Figure 1. Spatial distribution of the driving force.

The x-wise velocity averaged in the x − z planes
varies with t and y as shown in Figure 2.

The ∆ half side length (filter size) of the domain
determines the wavenumber of the fundamental mode
of the velocity field in turbulent flows, for instance,
flow excited in the first mode: κ1 = π/∆.

The reference velocity can be defined as the max-
imum value of the friction velocity:

Uτ =

√
f̂
κ1
, (11)

and the Reynolds number being characteristic of the
flow is defined in terms of the filter size:

Re∆ =
Uτ∆
ν
. (12)

2
Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



Figure 2. Dimensionless x-wise velocity profiles
of the time-varying main flow. The different lines
correspond to the different time steps.

Based on these equations the reference length
and time are ∆ and ∆/Uτ. We observed that for the
quasi-stationary Kolmogorov flow, the various extens-
ively applied Reynolds-averaged turbulence models
(standard k − ε, RNG k − ε, standard k − ω, k − ω
SST, GEKO) lead to qualitatively incorrect results:
the flow velocity amplitude decreases in time, result-
ing in a decrease in the spatial averages of hydraulic
power, production and dissipation. On the other hand,
the average value of the turbulent kinetic energy is
close to the DNS results. A decreasing ε at a nearly
constant k leads to an increasing turbulent viscosity,
which supports the decrease in velocity amplitude at
constant driving force. During this process, the turbu-
lent length scale increases indefinitely, and this will
be called herein as turbulent inflation.

2.2. DNS database

For the development of the eddy viscosity model,
DNS model results for channel flow and Kolmogorov
flow are used, which are the authors’ own results in
the latter case, and published data from the Johns
Hopkins Turbulent Database (JHTDB) in the case of
channel flow [6].

The spatially averaged characteristics of the
Kolmogorov flow are strongly time-varying: Coef-
ficient of Variation (COV) values of around 15% for
S and around 20% for k are observed over the range
of Reynolds numbers considered, which allows the
authors to obtain data on the time variation of turbu-
lence.

Both flow types have a layered symmetry, and
therefore turbulent characteristics are derived from
layer averages. The periodic lengths of the layers are
2∆×2∆ for Kolmogorov flow, and 8π∆max×3π∆max for
channel flow, where ∆max is the distance of the chan-
nel midplane from the solid wall (y-wise distance).
The Reynolds averages of the physical characteristics
are approximated by the two-step averaging procedure

detailed below.
The value of the characteristics averaged over

the x and z coordinates varies as a function of the y
coordinate and time t. In the case of Kolmogorov
flow, the time variation of the layer-averaged velo-
city results in a significant variance, which, according
to the authors’ interpretation, is not part of turbu-
lence. The transient main flow forms an energy stor-
age between the hydraulic power and the turbulent
production, so there is no need for an instantaneous
equilibrium between them. Although layer averaging
in a periodic domain occurs in planes of infinite size,
the limited period length of the domain means that
the instantaneous energy spectrum of the layer aver-
ages can differ significantly from the time-averaged
turbulent spectrum. Therefore, the results of mod-
els based on simplified descriptions of the turbulence
state (e.g., parameters k and ε only) are subject to
significant noise. The noise in the turbulent char-
acteristics and eddy viscosity model results can be
reduced by a secondary averaging. Secondary aver-
aging can be performed t-wise or y-wise, resulting
in y-direction profiles or time series. The accuracy
of the different eddy viscosity models can thus be
tested in either spatial or temporal projection, which
is an advantage for model fitting compared to clas-
sical time-averaged methods. In the case of channel
flow, only time-averaged y-dependent characteristics
were determined because the large size of the model
domain meant that the layer averages did not show
significant temporal variation.

2.3. The method of model fitting

In the case of isotropic turbulence, the maximum
wavelength of turbulent structures corresponds to
the height of the model domain, which is 2∆ for
Kolmogorov flow, and 2∆max for channel flow. For
Kolmogorov flow, the filter size ∆ is independent
of the y coordinate. For channel flow, the turbulent
length scale is proportional to the wall distance yw,
which is ∆max in the median plane of the channel, so
the filter size ∆ for channel flow is taken to be equal
to the wall distance, i.e., yw = ∆. By generalizing the
notion of filter size, the optimal eddy viscosity model
can be searched for in a wall bounded domain, and in
a periodic domain open in the y direction as a function
of the same physical parameters. Thus, a common
platform can be used to fit the model parameters, and
a common optimum can be found for both wall bound-
ary layer and free shear flow. From this it follows that
the filter size can be determined in the case of more
complex geometries as well.

3. DISCUSSION OF THE RESULTS

3.1. Geometry-informed (GI) model

In order to control the turbulent inflation in
Kolmogorov flow, it is useful to consider the geomet-
ric constraints in the dissipation regime, and therefore
the optimal eddy viscosity model is sought in the
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Figure 3. Comparison of dimensionless eddy viscosity (left) and turbulent shear stress (right) obtained from
the proposed GI model with the DNS reference data for channel flow. The GI model uses the minimum of
formulae νt,P′ (green), and νt,∆ (orange) indicated by the circular symbols.

Figure 4. Streamwise velocity component (left), turbulent kinetic energy (middle), and turbulent kinetic
energy dissipation (right) profiles in steady-state channel flow.

following form:

νt,GI = min(νt,P′ , νt,∆), (13)

where:

νt,P′ = C1
k
S

1

1 + e

(
−C3

√
k∆
ν

) , (14)

and:

νt,∆ = C2
k5/4
√
∆

√
ε
. (15)

The model constants were optimized based on
channel flow, and quasi-stationary and decaying
Kolmogorov flows. The minimum fitting error was
observed for parameters C1 = 0.2535, C2 = 0.1118,
and C3 = 0.0147.

Figure 3 shows the GI model in equilibrium chan-
nel flow as a function of the y+ dimensionless wall
distance. It can be seen that only the production-

based formula gives realistic results in the near-wall
buffer layer and only the filter-based formula gives
realistic results in the centerline of the channel (near
y+ = 1000). In the large part of the wall boundary
layer the two formulae give nearly identical results.
The GI model, which selects the smaller value out of
the two alternative formulae, shows good agreement
with the DNS reference data over the entire profile.

3.2. Implementation of the GI model

The in-situ testing of the GI model was performed
in the ANSYS Fluent 2023 R1 software, using the
standard k − ε model. The model was implemented
as a user-defined function (UDF). The eddy viscosity
formula of the standard k − ε turbulence model was
replaced by the GI model, and the model constant
value of C1ε was changed from the standard 1.44 to
1.55 to better fit the boundary layer flow. In other
aspects, the standard model parameters were used,
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Figure 5. Streamwise velocity component (left), turbulent kinetic energy (middle), and turbulent kinetic
energy dissipation (right) profiles in Kolmogorov flow.

Figure 6. The value of the νt,P′/νt,∆ ratio calculated with the GI k − ε model in the flow above a BFS. Dashed
line: position of the tested profiles, and H denotes the step size.

i.e., C2ε = 1.92, and the turbulent Prandtl coefficients
of σk = 1, and σε = 1.3 were utilized. Therefore, the
constructed model is referred to as the GI k − ε model
herein.

3.3. Validation of the GI k − ε model
Thanks to the good fit of the GI k − ε eddy vis-

cosity formula, the new turbulence model can be in-
tegrated in the turbulent boundary layer without the
use of a wall function, and in addition, it can be used
with a wall function if the y+ value necessitates it.

In the case of channel flow, the mesh consisted
of 1040 quadrilateral elements, with refined mesh
near the wall, and a wall resolution of y+ = 4.3.
Periodic boundary conditions were set for the in-
let, and the outlet boundaries, and the boundaries
in the y-direction were specified as stationary walls.
Coupled pressure-velocity coupling was used, and the
following spatial discretization schemes were applied:
second order for pressure, second order upwind for
momentum, first order upwind for turbulent kinetic
energy, and first order upwind for turbulent dissipa-
tion rate. Figure 4 shows the simulation results for the
channel flow corresponding to the JHTDB test case
(Re = 40 000,Re∆ = 1000). It can be seen that for
steady-state channel flow, the GI k−εmodel provides
more accurate results for the near-wall peak value of
the turbulent kinetic energy than the k−ω SST model.

In the case of Kolmogorov flow, the mesh con-

sisted of 512 hexahedral elements, and periodic
boundary conditions were applied. The body force
was applied as an x momentum source term. The ap-
plied numerical schemes were the same as in the case
of the channel flow. Figure 5 shows the simulation
results of the Re∆ = 997 quasi-stationary Kolmogorov
flow which was excited in the first mode. The turbu-
lent inflation observed for the known Reynolds aver-
aged models (these could not even be fitted into Fig.
5) did not occur for the GI k − ε model, so the model
leads to a qualitatively different result: a convergent
solution satisfying the turbulent energy balance and
the discrete base equations is obtained. The model
results show a high sensitivity to the value of the para-
meter C1ε. With an optimal C1ε = 1.55 setting for the
channel flow, the Kolmogorov flow yields a velocity
amplitude one order of magnitude lower than the DNS
reference data. Based on the analysis of the DNS data,
it was observed that the transport equation for dissip-
ation only correctly describes the Kolmogorov flow
around C1ε = C2ε. For the choice of C1ε with the
same value as C2ε, the results of the GI k − ε model
are remarkably closer to the DNS reference data than
with the parametrization optimized for channel flow.
The adaptation of the transport equation for dissipa-
tion requires further investigation.

The results of the GI k − ε model (C1ε = 1.55,
C2ε = 1.92) were tested against measurement data
[7] and against the widely used k − ω SST model
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Figure 7. Normalized velocity profiles calculated from the GI k− εmodel (blue) compared to k−ω SST model
results (orange) and measurement data (black) in flow over a BFS along different x/H profiles.

for a backward-facing step (BFS) flow. In the model
domain shown in Figure 6, the fluid flows from left
to right. At the edge of the step, the boundary layer
separates and then reattaches to the bottom surface of
the channel. The simulations were performed using a
non-equidistant structured mesh with 76 180 hexahed-
ral cells, and the grid had a y+ = 3 wall resolution. For
the inlet and the outlet, a velocity inlet (based on [7])
and a pressure outlet boundary condition were pre-
scribed, respectively. For the lower and upper bound-
aries, wall boundary conditions were prescribed, and
for the other boundaries a symmetry boundary con-
dition was set. Coupled pressure-velocity coupling
was used, and second order numerical schemes were
utilized.

In Figure 6 the coloring shows the value of the
νt,P′/νt,∆ ratio. For values less than 1 the GI k − ε
model applies the production-based formula (νt,P′)
and for values greater than 1 the filter-based formula
(νt,∆). In the intermediate (green) regions, local pro-
duction and dissipation are approximately in equilib-
rium, therefore the two formulae give similar results.
Figures 7 and 8 (Re = 36 000) show that the velocity
and turbulent stress profiles calculated with the GI
k − ε model show a good overall agreement with the
measurement data, similar to the k − ω SST model.
In the boundary layer before the step (x/H = −4), the
results of the k − ω SST model are in perfect agree-
ment with the measurement results, while the GI k− ε
model produces a slightly thicker boundary layer with
stronger turbulence. The GI k − ε model, however,

more accurately produces velocity profiles near the
wall in the x/H = 6 and x/H = 10 sections – which
defines the boundary layer reattachment length – as
well as peak turbulent stresses in the first two sections
after the step.

4. CONCLUSION
Although the Kolmogorov flow has been known

for more than 70 years and has beneficial proper-
ties for the development of turbulence models, it has
not been widely used in such areas. Several known
Reynolds-averaged turbulence models (e.g., standard
k − ε, RNG k − ε, standard k − ω, k − ω SST, GEKO)
lead to qualitatively incorrect results for Kolmogorov
flow. The numerical solution leads to increasing tur-
bulent length scale and decreasing flow velocity at
nearly constant Reynolds stress. In the current study,
it was proposed to eliminate this anomaly by modify-
ing the eddy viscosity formula used in the turbulence
model.

The maximum wavelength of the turbulent struc-
tures, that can be interpreted in a given model domain,
is limited by the size of the domain and the distance
from walls. These are taken into account in the mod-
els under study by a generalized ∆ geometric filter
size. The proposed GI eddy viscosity model approx-
imates the eddy viscosity in the dissipation domain
by a power function proportional to the square root
of the filter size. The dependence of the model on
the filter size makes it suitable for avoiding turbulent
inflation in Kolmogorov flow.
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Figure 8. Principal Reynolds stresses calculated from the GI k − εmodel (blue) compared to k −ω SST model
results (orange) and measurement data (black) in flow over a BFS along different x/H profiles.

The GI eddy viscosity model was tested in-situ
coupled to the standard k − ε transport equation in
three different flows. In the transport equation of
ε, C1ε was modified from the standard 1.44 to 1.55,
to better fit the steady-state channel flow. All other
model constants were chosen based on the stand-
ard k − ε model. The resulting GI k − ε model at
Re∆ = 1000 channel flow showed excellent agree-
ment with the DNS data and reproduced the peak
turbulent kinetic energy near the wall more accurately
than the k − ω SST model.

In Kolmogorov flow, the GI k − ε model did not
exhibit the turbulent inflation typical of known RANS
models, but the model produced velocity amplitudes
significantly lower than the DNS results. From the
DNS analysis of the Kolmogorov flow it was found
that the transport equation of ε is consistent with the
DNS data when the parameter C1ε is close to the
parameter C2ε. With C1ε = C2ε the GI k − ε model
produced results close to the DNS results.

In the high Reynolds number (Re = 36 000) flow
above the BFS, the GI k − ε model showed similar
agreement with the k−ω SST model. A more accurate
agreement with the measurement data was observed
for the length of the separation bubble.

The further validation of the GI k − ε model,
the addition of Kolmogorov flows excited by time-
varying driving force to the DNS database, and the
search for models to describe equilibrium shear flow
are the planned future directions of the current re-
search.
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ABSTRACT  

This study presents an extensive computational 

fluid dynamics (CFD) investigation of the airflow 

behavior within Gyroid Triply Periodic Minimal 

Surface (TPMS) structures, focusing on both laminar 

steady and unsteady flow conditions. Using 

representative elementary volume (REV)-scale 

simulations, the pressure drop characteristics across 

these porous structures are examined. Three porosity 

levels of 50%, 60%, and 70% are analyzed to 

understand the effect of porosity on flow behavior 

and pressure drop. The results demonstrate that 

increased porosity significantly influences the 

hydraulic Reynolds number. For the 50% porosity 

structure, steady laminar flow is maintained at 

hydraulic Reynolds numbers up to 70, while the 70% 

porosity structure allows steady laminar flow at 

Reynolds numbers as high as 210. Additionally, flow 

fluctuation intensity within the Gyroid structure is 

quantified by measuring velocity fluctuations in the 

flow direction. These findings offer critical insights 

into the design and optimization of Gyroid TPMS 

structures for engineering applications. 

Keywords: Gyroid, REV scale, Pressure drop, 

Laminar flows  

NOMENCLATURE  

ΔP [Pa] pressure drop 

Dh [m] hydraulic diameter 

ϕ [-] porosity 

V [m3] total volume 

A [m2] wetted surface area 

𝜌 [kg/m3] fluid density 

𝑢𝑠 [m/s] superficial velocity 

𝜇 [Pa • s] dynamic viscosity 

Reh [-] hydraulic Reynolds number 

𝐼 [-] flow fluctuation intensity 

𝑢𝑟𝑚𝑠
′  [m/s] root-mean-square of fluctuations 

𝑢̅ [m/s] mean velocity 

1. INTRODUCTION 

Triply Periodic Minimal Surface (TPMS) 

structures, particularly the gyroid structure, are 

mathematically-defined surfaces that exhibit three-

dimensional periodicity while maintaining zero 

mean curvature. Triple periodicity in a gyroid TPMS 

structure refers to its repeating pattern in three 

independent spatial directions, meaning it extends 

infinitely and uniformly along the x, y, and z axes. 

This creates a continuous, interconnected, and 

periodic minimal surface without boundaries or 

edges. A key advantage of gyroid structures is their 

high surface-area-to-volume ratio, making them 

highly suitable for applications such as heat 

exchangers [1], catalysis [2], and membrane reactors 

[3], where efficient mass and heat transfer are 

essential. Understanding the flow characteristics 

within gyroid structures is crucial for optimizing 

their performance in various engineering 

applications, as flow characteristics directly 

influence pressure drop, transport phenomena, and 

overall system efficiency. In applications such as 

fluid mixing, filtration, and energy conversion, 

precise knowledge of the flow dynamics enables 

better design and operational control, ensuring 

enhanced performance and durability. For instance, 

in energy conversion systems, gyroid structures are 

increasingly explored for their role in fuel cells and 

batteries [4] where their topology enhances reactant 

distribution, improves electrochemical performance, 

and facilitates effective heat dissipation. This study 

presents an investigation of laminar airflow behavior 

within a gyroid structure, providing insights into its 

hydrodynamic characteristics and potential 

engineering applications. 

 

In our prior research, we conducted a 

computational fluid dynamics (CFD) study to 
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examine the air flow dynamics within Schwarz-D 

triply periodic minimal surface (TPMS) structures. 

The investigation primarily focused on evaluating 

pressure drop characteristics at both the full-scale 

and representative elementary volume (REV) scale. 

The findings revealed a good correlation between the 

simulated pressure drops and experimental 

measurements. Furthermore, the REV-scale 

simulations exhibited close agreement with both 

experimental data from the literature and full-scale 

CFD predictions, demonstrating their reliability in 

capturing fluid dynamic behavior within TPMS 

structures [5], [6]. 

 

Building on these findings, the present study 

extends the investigation of airflow within a Gyroid 

TPMS structure, utilizing only REV scale 

simulations. Through single-phase CFD simulations 

under both laminar steady and unsteady flow 

conditions, this work aims to predict pressure drop 

and analyze the influence of porosity on fluid flow 

characteristics. Unlike prior study, for laminar 

unsteady simulations, flow fluctuation intensity is 

calculated within the Gyroid structure’s flow domain 

by measuring air velocity fluctuations in main flow 

direction at ten probes placed at different locations in 

the domain. These analyses provide a deeper 

understanding of airflow behavior in Gyroid TPMS 

structures, offering valuable insights into their fluid 

dynamic performance under varying flow 

conditions. This paper aims to explore the 

significance of gyroid structures and their potential 

in optimizing performance in the field of chemical 

engineering. 

2. METHODOLOGY 

The flow characteristics within Gyroid TPMS 

structures were analyzed using CFD simulations. 

The Gyroid TPMS structures were generated in 

Autodesk Fusion 360 and exported as STL files, 

which were then imported into STAR-CCM+ for 

CFD analysis. Three distinct Gyroid TPMS 

structures with porosities of 50%, 60%, and 70% 

were selected for investigation, allowing for a 

systematic study of how increasing porosity affects 

the flow characteristics such as pressure drop, 

velocity distribution, and flow fluctuations. To 

ensure geometric consistency and isolate the effect 

of porosity, the unit cell size (UCZ) was kept at a 

constant value of 3 mm across all cases.  

 

The CFD simulations were conducted using air 

as the working fluid under both steady and unsteady 

laminar flow conditions to capture air flow behavior 

relevant to low-Reynolds number regimes. The 

simulations were performed at the REV scale, 

utilizing a computational domain composed of two 

repeating unit cells. Periodic boundary conditions 

were applied on the 4 sides to emulate an infinitely 

repeating Gyroid structure. This CFD simulation 

approach significantly reduces computational cost 

and resource requirements compared to full-scale 

CFD simulations, while still capturing the essential 

transport phenomena within the porous structure. By 

focusing on the REV scale, the analysis remains 

physically representative and computationally 

efficient, making it particularly suitable for 

parametric studies of flow behavior in complex 

geometries such as Gyroid TPMS structures. 

 

First, the Reynolds number threshold beyond 

which a steady laminar flow model is no longer 

applicable was identified. Then, laminar unsteady 

CFD simulations were conducted to evaluate the 

unsteady flow within the flow domain. To confirm 

the onset of transition, flow fluctuation intensity was 

computed based on velocity fluctuations along the 

flow direction. This analysis was carried out using 10 

probes placed at different locations within the flow 

domain to capture localized variations and assess 

early-stage flow fluctuation intensity. 

2.1. CFD Simulation Setup 

The REV-scale simulation setup for single-

phase flow through the Gyroid TPMS structure with 

50% porosity and a UCZ of 3 mm is depicted in 

Figure 1. The computational domain was created as 

a rectangular box, with a length six times the UCZ 

and a width equal to the UCZ, as shown in Figure 1. 

To define the flow region for the CFD simulation, the 

Gyroid structure was subtracted from the rectangular 

domain. 

 

As illustrated in Figure 1, periodic boundary 

conditions were applied on all four lateral walls in 

the REV setup, while velocity inlet and pressure 

outlet boundary conditions were assigned at the inlet 

and outlet, respectively. The simulations were 

conducted using air with a constant density, flowing 

through the Gyroid TPMS structure under both 

steady and unsteady laminar conditions. A laminar, 

segregated flow model was employed for all CFD 

simulations. 

 

To assess the pressure drop after the CFD 

simulation, two plane surfaces, P1 and P2, were 

positioned 3 mm apart, as shown in Figure 1. For 

steady laminar flow, the pressure drop (ΔP = P1 - P2) 

was obtained by computing surface-averaged 

pressure reports at these planes during post-

processing. For unsteady laminar flow, the pressure 

drop was measured as the temporal evolution of the 

space- and time-averaged pressure drop at the same 

plane surfaces, P1 and P2. This simulation 

framework was implemented for all cases with 50%, 

60%, and 70% porosity. 

 

 

 



3 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

 

Figure 1. CFD setup for Representative 

Elementary Volume (REV) scale simulation. 

2.2. Meshing 

As depicted in Figure 2, the polyhedral mesh 

was generated using the automated meshing tool of 

STAR-CCM+ after defining the flow domain. A 

global base mesh size of 0.36 mm was chosen to 

ensure adequate resolution for capturing essential 

flow characteristics. To accurately model boundary 

layer effects and resolve near-wall regions, nine 

prism layers were incorporated, with a total thickness 

equivalent to 20% of the base size. A volume growth 

rate of 1.2 was applied to maintain a smooth cell size 

transition and ensure high mesh quality across the 

flow domain. Furthermore, a volumetric control 

mesh was introduced around the Gyroid Structure, 

with a base size set to 10% of the global mesh size, 

improving the mesh resolution to accurately  capture 

the air flow within the structure. The final mesh 

contained approximately 2.5 million polyhedral cells 

for the simulation case with 50% porosity. 

 

Figure 2. REV-scale polyhedral mesh with prism 

layers and designated probe locations for flow 

fluctuation intensity measurement. 

As shown in Figure 2, ten probe locations were 

placed within the computational domain to measure 

velocity over time during the laminar unsteady 

simulations. At each probe location, the velocity 

component in the main flow direction (z-direction) 

was recorded at each time step. The velocity values 

at each probe location were then averaged over the 

simulation time to obtain a representative mean 

velocity for each specific location. This averaged 

velocity data was subsequently used to calculate the 

flow fluctuation intensity, which serves as a key 

indicator for assessing the presence of flow 

fluctuations within the domain. By analyzing the 

flow fluctuation intensity, this study was able to 

confirm whether the flow remained steady or 

exhibited unsteady behavior across the Gyroid 

TPMS structures.  

 

Pre-processing, simulation, and post-processing 

were performed with Simcenter STAR-CCM+ 

(version 2302, Siemens Product Lifecycle 

Management Software Inc., Plano, TX, USA). The 

numerical simulations were run on a parallel 

computing system at the Max Planck Research 

Institute in Magdeburg, which featured 11th Gen. 

Intel Core i7-11700 processors operating at 2.50 

GHz, each equipped with 64 GB of RAM. 

2.3. Flow Properties 

The hydraulic diameter is a generalized measure 
of length scale, independent of specific geometric 
details. It is calculated from the total surface area and 
the porosity of the structure. 

 

𝐷ℎ =
4𝜙𝑉

𝐴
  

 
where 𝐷ℎ is the hydraulic diameter, 𝜙 is the porosity, 
𝑉 is the total volume and 𝐴 is the wetted surface area. 
The Reynolds number (Reh) is defined using the 
hydraulic diameter 𝐷ℎ as: 

 

Reh =
𝜌𝑢𝑠𝐷ℎ

𝜇𝜙
 , 

 
where Reh is the Reynolds number based on 
hydraulic diameter, 𝜌 is the fluid density, 𝑢𝑠 is the 
superficial velocity and 𝜇 is the dynamic viscosity. 

 

Flow fluctuation intensity is one of the most 

straightforward and widely used methods for 

quantifying the magnitude of temporal velocity 

variations relative to the mean flow velocity in fluid 

dynamics. It serves as a non-dimensional indicator 

that reflects the degree of unsteadiness or turbulence 

in the flow field. In the context of laminar unsteady 

simulations, where the flow may exhibit periodic or 

aperiodic fluctuations even in the absence of 

turbulence, flow fluctuation intensity provides a 

clear and quantifiable measure of how much the 

instantaneous velocity deviates from its time-

averaged value. This metric is particularly useful in 
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characterizing transitional or turbulent behaviors that 

are not captured by steady-state simulations. 

 

Mathematically, the flow fluctuation intensity is 

computed by taking the root mean square of the 

fluctuating component of the velocity defined as the 

difference between the instantaneous velocity and 

the mean velocity and dividing it by the mean 

velocity itself, typically expressed as: 

 

 

𝐼 =
𝑢𝑟𝑚𝑠

′

𝑢̅
, 𝑢𝑟𝑚𝑠

′ =   √
1

𝑁
∑(𝑢𝑖

′)2

𝑁

𝑖=1

  

 

where 𝑢𝑟𝑚𝑠
′  is the root-mean-square of the 

fluctuations and 𝑢̅  is the mean velocity. 

3. RESULT AND DISCUSSION 

In the CFD simulation of airflow through Gyroid 

TPMS structures, the behavior of the flow was 

initially evaluated using a laminar steady-state 

model. For the structure with 50% porosity, the 

simulations demonstrated good convergence 

characteristics, with continuity residuals falling 

below the threshold of 10⁻⁶ for hydraulic Reynolds 

numbers up to 70. However, when the hydraulic 

Reynolds number exceeded this limit, the steady-

state model failed to converge, and oscillatory 

residual patterns began to emerge, indicating the 

breakdown of the steady flow assumption and the 

onset of unsteady flow behavior. This transition 

suggests that beyond the hydraulic Reynolds number 

of 70, the flow becomes time-dependent, 

necessitating the use of a laminar unsteady model to 

accurately resolve the evolving flow field. 

 

Similarly, for the Gyroid structure with 60% 

porosity, the laminar steady model remained 

effective and well-converged, maintaining residuals 

below 10⁻⁶ up to a hydraulic Reynolds number of 

approximately 120. A comparable trend was 

observed for the 70% porosity Gyroid structure, 

where steady-state simulations remained stable and 

continuity residual converged below 10⁻⁶ up to the 

hydraulic Reynolds number of 210. Beyond these 

limits, oscillatory residuals emerge, signifying the 

transition to unsteady flow. 

 

To appropriately capture the unsteady 

characteristics of the flow in these regimes, laminar 

unsteady simulations were carried out. Specifically, 

for the 50% porosity structure, unsteady simulations 

were performed for hydraulic Reynolds numbers 

ranging from 80 to 100. For the 60% and 70% 

porosity structures, the unsteady simulations covered 

hydraulic Reynolds number ranges of 130 to 150 and 

220 to 240, respectively. These simulations enabled 

the resolution of transient flow phenomena that could 

not be captured under steady assumptions. 

Furthermore, the presence of unsteady airflow was 

validated through the quantification of flow 

fluctuation intensity, confirming the necessity of 

time-dependent model to accurately characterize the 

fluid dynamics within the TPMS structures at 

relatively high hydraulic Reynolds numbers. 

Figure 3(a). Velocity profile for steady laminar 

CFD simulations at Reh =100. 

Figure 3(b). Velocity profile for unsteady 

laminar CFD simulations at Reh = 290. 

Figure 3 presents a comparative analysis of the 

velocity magnitude within a gyroid triply periodic 

minimal surface structure at different hydraulic 

Reynolds numbers: 100 (steady flow) and 290 

(unsteady flow). At the lower hydraulic Reynolds 

number (top) the flow exhibits a quite uniform 

velocity profile throughout the structure, with 

relatively low maximum velocities. In contrast, at the 

higher hydraulic Reynolds number (bottom), the 

flow becomes fluctuating. Notably, within the black 

circled region, representing a specific section of the 

gyroid unit cell, the velocity magnitude increases 

substantially under unsteady flow conditions. This 

suggests the onset of inertial effects and potentially 
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localized flow acceleration within the Gyroid 

geometry as the Reynolds number rises, leading to a 

more dynamic airflow behavior compared to the 

lower Reynolds number. 

 
Figure 4 shows the variation in pressure drop as 

a function of the hydraulic Reynolds number (Reh) 
for a gyroid structure at different porosities (ϕ), 
considering either steady or unsteady laminar flow 
conditions. The results indicate a clear dependence 
of pressure drop on both porosity and hydraulic 
Reynolds number. At a given Reh, a decrease in 
porosity leads to a significant increase in pressure 
drop due to the reduced flow passage and enhanced 
flow resistance. As a consequence, the structure with 
ϕ=50% exhibits the highest pressure drop, followed 
by ϕ=60% and ϕ=70%, in both steady and unsteady 
flow cases. Moreover, as Reh increases, the pressure 
drop rises non-linearly due to the increasing inertial 
effects, which intensify the flow resistance through 
the porous Gyroid structure.  

 

 

Figure 4. Pressure drop comparisons in gyroid 

structures (50–70% porosity) for steady or 

unsteady laminar CFD simulations. 

The onset of unsteadiness occurs at progressively 
lower Reh as porosity decreases, indicating a stronger 
influence of structural confinement on flow stability. 
These findings emphasize the critical role of porosity 
in controlling pressure drop characteristics and the 
transition between steady and unsteady laminar 
airflows in porous Gyroid structures.  

Figure 5 presents the variation in flow fluctuation 
intensity (%) with the hydraulic Reynolds number 
for structures with different porosities (50%, 60%, 
and 70%). The results indicate that flow fluctuation 
intensity generally increases with increasing 
Reynolds number, marking the transition from 
laminar steady flow to unsteady flow. At lower Reh, 
the intensity remains minimal, suggesting a stable 
laminar flow. However, as Reh increases, a 
significant rise in flow fluctuation intensity is 
observed, indicating the onset of transitional flow. 

Figure 5. Flow fluctuation intensity vs. hydraulic 

Reynolds number for various structural 

porosities, with a rectangular dotted line 

indicating nearly identical values across different 

Reynolds numbers. 

For instance, in the 50% porosity case, the flow 
fluctuation intensity is 0.5% at a hydraulic Reynolds 
number of 80, whereas at 100, it increases sharply to 
2.5%. This steep rise in flow fluctuation intensity 
within the Reh range of 80–100 clearly signifies the 
transition from a steady to an unsteady airflow state. 
Additionally, porosity plays a crucial role in shaping 
flow fluctuation characteristics. A higher porosity 
(70%) leads to a greater increase in flow fluctuation 
intensity within a hydraulic Reynolds number 
increment of just 20, compared to lower porosities 
(50% and 60%). This is because a more open 
structure enhances flow interactions and promotes 
flow instability. 

The dotted-line rectangular box in the figure 
highlights an interesting phenomenon where 
different Reynolds numbers exhibit nearly identical 
flow fluctuation intensity values. This suggests that 
variations in porosity can shift the transition points 
between laminar and unsteady flow. Such findings 
imply that porosity modifications can be strategically 
employed to control the flow regime based on 
different engineering application requirements. 
Thus, by optimizing porosity and unit cell size, this 
structure could be specifically tailored for target 
applications, such as filtration, heat exchangers, and 
chemical reactors, where a precise control over the 
flow regime is essential. 

4. CONCLUSIONS 

This study conducted a comprehensive CFD 

analysis of fluid flow through Gyroid TPMS 

structures under laminar steady and unsteady flow 

conditions, focusing on pressure drop and flow 

fluctuation intensity in REV scale configurations. 

The results demonstrate that while the laminar steady 

model provides accurate predictions of pressure drop 

for Reynolds numbers up to approximately 70 in the 

50% porosity case, this threshold extends to 210 for 
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the 70% porosity case, highlighting the influence of 

structural porosity on flow resistance. 

 

The evaluation of flow fluctuation intensity 

under laminar unsteady conditions reveals a similar 

increase with hydraulic Reynolds number, indicating 

the transition from laminar steady to unsteady flow. 

For the 50% porosity case, a sharp rise in flow 

fluctuation intensity within the range of Reh=80–100 

marks the onset of flow instability. These findings 

provide valuable insights for the design and 

optimization of TPMS-based porous structures in 

engineering applications where pressure drop, 

permeability, and flow stability must be carefully 

balanced. The study underscores the importance of 

porosity selection in tailoring flow characteristics, 

contributing to improved performance and efficiency 

in industrial and scientific applications involving 

porous media. 
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ABSTRACT 

This study presents an advanced investigation into 

the dynamic evolution of pore structures in woody 

biomass during pyrolysis, focusing on the critical 

roles of structural heterogeneity and anisotropy. 

Building on earlier work that used X-ray micro-

computed tomography (µ-CT) to analyse beech 

wood particles pyrolysed at various temperatures, we 

extended the analysis to track how structure and 

transport properties evolve throughout the pyrolysis 
process. Using the µ-CT images, we developed an 

equivalent pore network model (PNM) to simulate 

changes in permeability and gas flow behaviour over 

time. By segmenting the biomass into representative 

elementary volumes (REVs), the model accurately 

captured localised variations in porosity and 

permeability across the entire particle. Simulation 

results show that as the pyrolysis temperature 

increases, the anisotropic transport properties first 

decrease and then rise sharply, primarily due to 

directional pore expansion and the evolution of 

connectivity patterns. This integrated modelling 
framework offers deeper insights into structure-

property relationships during biomass pyrolysis and 

supports the design and optimisation of gas transport 

processes in thermochemically evolving, thermally-

thick porous particles.  

Keywords: Anisotropic pores, biomass, 

heterogeneous pore structure, pyrolysis, pore 

morphology evolution, pore network modelling 

NOMENCLATURE  

φ [°] azimuth angle 

θ [°] elevation angle 

K [m2] local permeability 

ɛ [-] local porosity 

r [m] radial distance 

Lr [-] radial layer 
 

Abbreviations 

 

PNM pore network model 

OED Omnidirectional Euclidean Distance  

REV representative elementary volume 

µ-CT     X-ray micro-computed tomography 

1. INTRODUCTION 

Biomass pyrolysis, a promising thermochemical 

conversion process, has gained considerable 

attention for its potential to produce renewable fuels, 

valuable chemicals, and biochar [1]. Among the 

various biomass resources, woody biomass is 

particularly favoured due to its abundant availability, 

carbon-neutral profile, and relatively high energy 
density [2]. However, predicting pyrolysis behaviour 

remains challenging due to structural heterogeneity 

and anisotropy inherent in woody biomass. These 

complexities are further compounded in thermally-

thick particles, where internal temperature and 

transport gradients significantly influence 

conversion pathways.  

During pyrolysis, complex physicochemical 

transformations drive the decomposition of biomass 

components and the concurrent evolution of a porous 

structure within the particle. These transformations 
critically affect heat and mass transfer processes. 

Conventional models often oversimplify biomass as 

a homogeneous porous medium, neglecting the 

anisotropic nature of wood and the dynamic 

evolution of its pore network [3]. Consequently, 

there is a growing demand for advanced modelling 

frameworks that can capture the large-scale, 

heterogeneous, and dynamic characteristics of 

biomass pyrolysis. 

Pore network modelling (PNM) has emerged as 

an effective tool to simulate transport phenomena in 
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complex pore structures [4,5]. In PNM, the biomass 

structure is abstracted into a discrete network of 

pores (nodes) and throats (bonds), where large voids 

are considered pore bodies, and the narrow 

connections between them are throats. Accurate 

construction of such networks requires high-fidelity 

imaging data. Advances in X-ray micro-computed 

tomography (µ-CT) have enabled the acquisition of 
high-resolution 3D images of biomass at various 

stages of pyrolysis, providing the structural basis for 

extracting realistic pore networks [6,7]. These 

images allow detailed characterisation of pore 

morphology, connectivity, and their evolution under 

thermal stresses. 

In pyrolysing woody biomass, structural 

anisotropy significantly influences transport 

properties. However, extracting anisotropic pore 

structures with high fidelity remains a key challenge.  

To address this, we previously developed the 
Omnidirectional Euclidean Distance-based (OED-

based) method, a pore-network extraction algorithm 

developed to accurately capture elongated and 

directionally aligned pores [8,9]. Incorporating such 

anisotropy into PNMs significantly improves the 

predictive capability of the model, especially when 

validated against experimental µ-CT data.  

A critical aspect of pyrolysis is the dynamic 

evolution of pore connectivity, which governs intra-

particle gas flow and the release of volatile 

compounds. As temperature increases, pores expand, 
elongate, or collapse, leading to significant changes 

in local permeability. These morphological changes 

often occur preferentially along specific directions, 

giving rise to anisotropic transport behaviour. This 

directional permeability is especially relevant in 

thermally-thick particles, where heterogenous 

temperature profiles and reaction rates drive 

localised structural changes.  However, accurately 

modelling these effects is challenging due to the 

interplay between pore network dynamics and 

reactive gas flow. One major challenge in modelling 

biomass pyrolysis is accounting for the anisotropic 
transport properties resulting from the irregular and 

evolving pore network. Anisotropy in biomass is 

inherently linked to its hierarchical structure, where 

different wood components (e.g., vessels, fibres, and 

rays) contribute differently to permeability and 

thermal conductivity [10]. During pyrolysis, the 

decomposition of these components further modifies 

the pore network, leading to dynamic changes in 

anisotropic behaviour. 

In addition to anisotropy, biomass heterogeneity 

further complicates pyrolysis modelling. Variability 
in pore size, orientation, and connectivity introduces 

localised differences in gas permeability and thermal 

diffusivity [11]. This is particularly evident in the 

outer layers of particles, which experience more 

rapid thermal and structural evolution. The resulting 

pressure gradients and flow pathways can 

significantly affect char yield and volatile escape.  

Despite recent advances in PNM-based 

modelling, limitations remain in capturing the full 

temporal evolution of pore networks during 

pyrolysis. Since the decomposition of biomass 

components occurs at varying rates and 

temperatures, it is essential to update of the pore 

network dynamically to reflect ongoing structural 

changes. Additionally, accurately modelling the 
feedback between evolving structure and transport 

properties, particularly pressure-driven gas flow, 

requires a meticulous integration of experimental 

data with simulation frameworks. 

This study aims to bridge the gap between pore-

scale dynamics and macro-scale pyrolysis modelling 

by constructing deformable pore network models 

based on high-resolution µ-CT images of woody 

biomass. Focusing on thermally-thick particles, the 

model incorporates both anisotropic and 

heterogeneous features to capture the evolution of 
transport-relevant properties during pyrolysis. By 

segmenting particles into representative elementary 

volumes (REVs), we quantify local variations in 

porosity and permeability and explore how structural 

evolution governs gas transport characteristics. 

Ultimately, this work provides a comprehensive 

framework for understanding the structure-property-

performance relationships in biomass pyrolysis and 

contributes to optimisation of thermal conversion 

technologies. 

2. METHODS 

2.1. Experiments and Characterisation 

Beech wood spheres (10 mm diameter) were 

pyrolysed in a tubular reactor under a nitrogen (N₂) 

atmosphere (Fig. 1a). Preheated N₂ passed through 

an inert porous bed before contacting the particles. 

The heating rate was 10 °C/min, with final 

temperatures between 100 °C and 500 °C, held for 

about 30 minutes. Three spheres were pyrolysed 

simultaneously in a small basket hung from a scale 

for mass monitoring. Due to the small size of the 

particles relative to the reactor, heating conditions 

were considered uniform. One particle was drilled 

for internal temperature measurement, a second was 
used for µ-CT imaging, and the third for physic-

chemical analysis. µ-CT imaging was performed on 

the same particle at different pyrolysis stages. After 

each treatment, the particle was cooled, analysed and 

reheated to the next temperature. Figure 1b presents 

photographs of wood particles at different pyrolysis 

stages. We selected four representative stages, 

corresponding to samples treated at 100°C, 300°C, 

400°C, and 500°C, which are denoted as WP100, 

WP300, WP400, and WP500, respectively. Note that 

the sample treated at 200°C was excluded from this 
analysis, as its characteristics were observed to be 

largely similar to those of the 100°C sample. 

The structural characterisation of wood and char 

samples treated at different temperatures was 
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performed using X-ray microcomputed tomography 

(µ-CT) with a Proton CT alpha system (Proton X-ray 

GmbH, Germany). The scans were conducted at 100 

kV, 30 mA, and 2000 ms exposure time, with 1200 

projections (3 radiographs per projection) and a 

voxel size of 5.9 µm. The sample-to-detector 

distance was 630 mm, allowing for a resolution 

sufficient to detect pores larger than 15 µm, thereby 
capturing only macropores. Similar resolution limits 

for µ-CT have been reported in the literature [12]. 

 

 
Fig. 1 Experimental setup: Tubular reactor used for 

pyrolysis of beech wood spheres at varying 

temperatures.  

2.2. Pore Network Extraction 

To accurately model the pore structure of beech 

wood particles, a PNM was constructed based on the 

extracted real pore geometry, capturing both the 

geometric and topological characteristics of the 

porous medium. This model not only preserves the 

anisotropic features of the pore structure but also 

accounts for the heterogeneous distribution of 

structural parameters and transport properties across 

the entire particle. 

The pore network extraction was performed 
using the OED-based method, as described in our 

previous study [8,9]. The process involves 

identifying anchored void voxels on the boundary 

surfaces and calculating the OED for each void voxel 

to establish a hierarchical arrangement. Using the 

omnidirectional distance order homotopic thinning 

(ODOHT) algorithm, the medial axes (MAs) are 

extracted, and pore and throat positions are 

identified. The resulting pore network is represented 

as a graph where nodes correspond to pore and throat 

centres, and bonds capture the connectivity of the 

porous structure. To efficiently handle large-scale 
CT images (1936×1936×1383 voxels, see the left 

side of Fig. 2a), the domain was decomposed into 

subdomains, enabling parallel processing for 

network extraction. The partial MAs from each 

subdomain were then merged to reconstruct the 

complete pore network, maintaining both 

computational efficiency and accuracy. The 

extraction results of the entire wood particle are 

shown on the right side of Fig. 2a. 

To characterise the anisotropy of the pore 

structure, ellipsoids were fitted to individual pores, 

with each pore’s orientation defined by the semi-
principal axes of the fitted ellipsoid. To visualise the 

directional distribution, the semi-major axis 

orientation was converted into elevation, θp, and 

azimuth, φp, angles (Fig. 2b). By calculating the 

angle between the semi-major axis and a reference 

direction, the frequency of orientation vectors within 

a 10° range was determined. This approach captures 

the inherent anisotropy of the wood pore structure 

effectively. 

To evaluate heterogeneity, the entire particle 

was divided into multiple representative elementary 
volumes (REVs) based on a polar coordinate grid 

(Fig. 2c). For each REV, the sub pore networks were 

obtained and single-phase pressure field simulations 

were performed to calculate intrinsic permeability. 

The radial distribution of pressure was then 

calculated (Fig. 2c). This multi-scale approach 

ensures a comprehensive representation of both 

anisotropy and heterogeneity within the pore 

network model, facilitating the analysis of flow 

transport processes in porous wood structures. 

 

 
Fig. 2 (a) Large-scale pore network extraction from 

μ-CT images of beech wood particle. (b) 

Discretisation of pore bodies using point cloud data 

with ellipsoids fitted to represent the pore geometry. 

(c) The segmentation of wood particles into multiple 

REVs using a polar coordinate grid and the radial 

pressure distribution of the REV. 

2.3. Pore Network Simulations 

During pyrolysis, the evolution of the solid 

phase can be effectively represented using a 
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deformable pore network model. This model 

integrates the structural changes in the pore network 

as the wood particles undergo thermal 

decomposition. Specifically, pore bodies and throats 

are linked with adjacent solid elements, which 

gradually diminish as pyrolysis progresses, as shown 

in Fig. 3. As the solid elements on the pore surfaces 

reduce, the pore size increases until the solid 
elements at the surface completely vanish. At this 

stage, external pores and throats are removed, and 

new boundary pore-throat connections are identified, 

as illustrated in Fig. 3a. Figure 3b depicts the overall 

process by which the deformable pore network 

model captures the evolution of the solid phase. 

To simulate the pyrolysis flow process, we 

construct deformable pore networks based on images 

obtained from wood particles at different 

temperatures during pyrolysis. It should be noted that 

the current deformable PNM does not incorporate the 
reaction kinetics of wood pyrolysis, which will be 

addressed in future work. In this study, the primary 

focus is on the structural evolution of biomass pore 

networks during pyrolysis, and all structural changes 

are derived directly from experimental CT image 

data. By quantifying the loss of solid mass, we 

calculate the gas flow rate generated during 

pyrolysis. This calculated flow rate is then 

incorporated into the deformable pore network 

model to simulate gas transport through the evolving 

porous structure. This approach enables an accurate 
representation of the dynamic changes occurring 

within the wood particle during pyrolysis, thereby 

enhancing the predictive accuracy of multiphase 

flow behaviour in the context of thermal 

decomposition. 

 

 
Fig. 3 Representation of the evolution of the solid 

phase during pyrolysis process within the framework 

of pore network modelling. (a) The reduction and 

disappearance of solid elements result in the 

expansion and eventual removal of neighbour pores 

and throats, (b) a deformable pore network captures 
the evolution of the pore structure throughout the 

pyrolysis process. 

 

3. EVALUATION AND ANALYSIS 

3.1. Structure Analysis and Anisotropy 

The extraction algorithm described in Sec. 2.2 

was applied to the original μ-CT images of wood 

particles obtained at different pyrolysis 

temperatures. This approach enabled the 

reconstruction of pore network models 

corresponding to each pyrolysis condition. The key 

structural parameters extracted from these PNMs are 
summarised in Table 1. 

Table 1. Structural parameters of extracted PNMs of 

wood particles at different temperatures. 

Sample Domain (voxels ×  

voxels × voxels) 

Pore 

number 

Throat 

number 

porosity 

WP100 (1384×1384×1384) 41803 227339 0.473 

WP300 (1264×1000×1320) 30599 181296 0.456 

WP400 (1040×960×1280) 21458 125892 0.545 

WP500 (920×744×1080) 10362 63386 0.578 

 

Figure 4 illustrates the evolution of wood pore 

structures at different pyrolysis temperatures: (a) 

100°C, (b) 300°C, (c) 400°C and (d) 500°C. Each 
row in the figure has three parts. The first shows the 

OED maps of reconstructed wood structure based on 

image data and matches the actual structures shown 

in Fig. 1b. The second and third parts show the 

azimuth and elevation angles of the pores, based on 

fitted ellipsoids, as descripted in Fig. 2b. 

From the first column, one can see that as the 

temperature rises, the amount of solid wood 

decreases (see also Fig. 1b). This is expected, as 

more material breaks down and volatile gases are 

released during pyrolysis. Even as the structure 

changes, the pores remain strongly oriented in one 
main direction – a clear sign of anisotropy. This 

effect is evident at all temperatures, especially at 

500°C. 

To quantitative analysis this pore structure 

anisotropy, we fitted ellipsoids to the pore bodies (as 

shown earlier in Fig. 2b). Each ellipsoid’s major axis 

points in the direction of the largest pore dimension, 

helping us to define the main pore orientation. The 

azimuth and elevation angle distributions in the 

second and third columns show that pore orientations 

are strongly clustered rather than uniformly 
distributed. The clustering in the azimuthal 

distribution initially decreases with increasing 

pyrolysis temperature but then increases 

significantly, becoming particularly pronounced at 

500°C. The elevation angle distribution also exhibits 

a concentrated pattern, further marking the 

anisotropic character of the pore network. 

The alignment between the OED map and the 

orientation angle distributions demonstrates that the 

proposed ellipsoid fitting method accurately captures 

the anisotropic characteristics of the pore structure. 

This ability to quantitatively describe anisotropy 
isessential for understanding the relationship 
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between structural evolution and transport properties 

of the wood during pyrolysis. Since material 

transport properties are inherently influenced by 

structural orientation, the identified anisotropy 

directly affects gas flow and diffusion, which will be 

further analysed in subsequent sections. 

 

 
Fig. 4 Pore orientation analysis of wood particles at 

different temperatures: (a) 100℃, (b) 300℃, (c) 

400℃, and (d) 500℃. The first column shows the 

sectional OED map; the second and third columns 

display the azimuth and elevation angle distributions 

of the fitted ellipsoids representing pore bodies, 
respectively. 

3.2. Spatial Heterogeneity of Porosity 
and Permeability 

To fully understand the structure of wood 

particles, two key aspects must be considered: 

anisotropy and heterogeneity. The previous section 

addressed anisotropy, highlighting the directional 

dependence of wood properties. In this section, the 

focus shifts to heterogeneity, which refers to spatial 

variations in material properties. 

Wood is not a uniform substance. It consists of 

distinct components such as fibres and vessels that 

are unevenly distributed throughout the material. 
These structural differences cause complex 

variations at the microscopic level. Therefore, a 

comprehensive analysis must account for both the 

directional and spatial variability of wood. This 

section investigates how structural and transport 

properties vary across different regions of the 

particle. 

To quantify heterogeneity, each wood particle is 

divided into representative elementary volumes 

(REVs) using a polar coordinate system (φREV, θREV, 

rREV), as shown in Fig. 2c. Since the original wood 

particles are approximately spherical, the domain for 

heterogeneity analysis at all temperatures is based on 

the initial spherical particle region. The segmentation 

consists of 36 divisions in the azimuthal angle, φREV, 

18 in the elevation angle, θREV, and 5 layers in radial 

distance, rREV. As pyrolysis progresses, REVs where 

the solid phase disappears correspondingly increase 

porosity. If the remaining solid fraction in an REV 
becomes too low, its permeability will not be 

calculated. These details will be discussed further in 

the following sections. This framework allows for a 

detailed spatial analysis of heterogeneity across the 

entire particle. 

From each REV, a sub-PNM is generated, and key 

local properties – such as porosity (εREV) and 

normalized permeability (ΚREV) – are calculated. 

These are presented in Fig. 5 (εREV) and Fig. 6 (ΚREV), 

which show the spatial distribution of these 

parameters within individual REVs in three-
dimensional coordinates. The left columns of both 

figures show the full REV-level distributions, where 

part of the volume has been virtually removed to 

expose the internal radial layers. The right columns 

focus on radial layers 2 to 5, omitting layer 1 due to 

its irregular and non-representative patterns. 

The porosity distributions under different thermal 

conditions reveal key insights. At 100℃, porosity 

remains relatively uniform throughout most of the 

particle, except in regions aligned with wood grain 

structures – dense, annular features show distinctly 
lower porosity values. At 300℃, highly porous 

zones with porosity values close to 1 begin to appear 

in the outermost radial layers (layers 4 and 5). These 

zones indicate complete pyrolysis within affected 

REVs, where solid matter has fully decomposed. In 

contrast, inner layers at this temperature retain 

porosity patterns similar to those observed at 100℃, 

though with a slight increase in average porosity. 

By 400℃, the volume and continuity of fully 

pyrolysed regions grow substantially, forming larger 

and more connected high-porosity zones. At 500℃, 

the outer two radial layers become entirely 
pyrolysed, forming continuous, highly porous 

regions. This transformation marks a significant 

structural collapse, with a notable reduction in the 

overall particle volume due to extensive thermal 

degradation. 

 Permeability distributions were also analysed and 

are presented in Figs. 7 and 8. The values shown 

represent normalised permeability, defined as the 

single-phase intrinsic permeability of each REV 

normalised by the maximum permeability among all 

REVs. To ensure consistency and meaningful 
interpretation, REVs with porosity greater than 0.9 

were excluded from the analysis, as these REVs are 

considered fully pyrolysed and no longer possess a 

well-defined porous structure that contributes to flow 

resistance. 

Overall, regions with higher porosity tend to 

exhibit higher normalized permeability. 
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Additionally, permeability values are notably higher 

near both ends of the z-axis. This observation 

indicates that permeability is influenced not only by 

porosity but also by the directional organisation of 

the pore structure. The spatial distribution reflects 

the combined effects of porosity and anisotropy on 

fluid transport within the material. 

These findings suggest that transport properties in 
pyrolysed wood particles are controlled by both the 

extent of thermal decomposition and the orientation 

of the internal pore structure. Quantitative retails of 

porosity and permeability distributions are provided 

in Fig. 7 and 8 for reference. 

 

 
Fig. 5 Porosity distribution of wood particles at 

different temperatures: (a) 100℃, (b) 300℃, (c) 

400℃ and (d) 500℃.  

 

 
Fig. 6 Normalised permeability distribution of wood 

particles at different temperatures: (a) 100℃, (b) 

300℃, (c) 400℃ and (d) 500℃.  

 

Figures 7 and 8 expand on this by showing the 

angular distributions of porosity and normalised 
permeability as a function of azimuth and elevation 

angles. Each curve represents the average value 

across all REVs within each angular segment, 

offering a directional perspective on the data. The 

porosity distribution shows lower values along the 

wood grain and near-complete voids in fully 

pyrolysed regions, consistent with earlier spatial 

observations. In contrast, the normalised 

permeability distribution exhibits a more complex, 

multimodal pattern, shaped by both porosity and the 

anisotropic organisation of the pore network.  
These angular trends further underscore the strong 

directional dependence of transport behaviour in 

thermally decomposed wood. 
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Fig. 7 Porosity distribution in φREV and θREV 
directions of wood particles at different 

temperatures: (a) 100℃, (b) 300℃, (c) 400℃ and 

(d) 500℃.  

 

 
Fig. 8 Permeability distribution in φREV and θREV 

directions of wood particles at different 

temperatures: (a) 100℃, (b) 300℃, (c) 400℃ and 

(d) 500℃.  

3.3. Spatially Resolved Pressure Fields 
and Transport Behaviour during 
Pyrolysis 

As pyrolysis progresses, the solid phase within the 
wood particles decomposes, resulting in gradual pore 

expansion. In the outermost regions, pores grow until 

they disappear and are replaced by newly formed 

pores further inward (Fig. 3a). This dynamic is 

modelled by converting solid mass loss into gas 

generation, followed by transport simulation 

throughout the pyrolysis process. 

Figure 9 presents the simulated pressure fields at 

100 °C, 300 °C, 400 °C, and 500 °C. Pressure 

propagates more efficiently along the x-direction 

than the y-direction, indicating strong anisotropy. 

This directional behaviour corresponds to the pore 

orientation (Fig. 4) and permeability distributions 
(Fig. 6). Areas with larger, better-aligned pores 

exhibit lower flow resistance and faster pressure 

transmission. 

These findings are consistent with earlier studies 

on anisotropic porous media undergoing thermal 

decomposition, where directional pore growth and 

preferential gas flow were also observed. Our results 

further emphasize the need to accurately capture 

evolving pore structure in order to model transport 

processes in reactive porous materials. 

In future work, we will compare REV-based 
simulation results with those obtained from 

homogenized models and full-scale pore network 

modelling. This comparison will include not only 

pressure distribution but also other key transport 

metrics, providing a more comprehensive evaluation 

of model performance and predictive capability.

 
Fig. 9 Simulated pressure fields in the PNM model 

of wood particles at different pyrolysis temperatures: 

(a) 100℃, (b) 300℃, (c) 400℃, and (d) 500℃. The 

pressure distribution demonstrates increasing 

anisotropy with temperature, consistent with the 

evolving pore structure and permeability. 

4. SUMMARY 

Biomass pyrolysis is a critical thermochemical 

process for converting renewable feedstocks into 
fuels, chemicals, and biochar. Among biomass 

resources, woody biomass offers significant 

advantages due to its availability and carbon-neutral 

profile. However, accurately predicting pyrolysis 

behaviour remains challenging because of the 
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complex, evolving pore structures within the 

biomass during thermal decomposition. 

This study investigates the structural and 

transport property evolution in beech wood particles 

under pyrolysis using PNM derived from high-

resolution μ-CT images. The extracted networks at 

different temperatures capture key features such as 

pore growth, anisotropic expansion, and regional 

variation in porosity and permeability. Quantitative 
structural analysis based on fitted ellipsoids reveals 

that the pore orientation becomes increasingly 

anisotropic as temperature rises, especially at 500℃. 

The azimuthal and elevation angle distributions 

confirm strong directional clustering, indicating a 

consistent alignment of pores along preferred axes. 

To assess spatial heterogeneity, each wood 

particle was segmented into representative 

elementary volumes (REVs) in a polar coordinate 

system. This allows for local evaluation of porosity 

and permeability. The results demonstrate clear 
radial and angular heterogeneity. Outer layers 

undergo full pyrolysis at higher temperatures, 

resulting in porosity values close to 1 and structural 

collapse. In contrast, inner layers retain partial solid 

structure. Permeability distributions are more 

complex, influenced by both porosity and pore 

orientation. Higher permeability is observed not only 

in high-porosity zones but also in directions aligned 

with major pore axes. Simulated pressure fields at 

multiple pyrolysis stages show increasing anisotropy 

in fluid transport. Pressure propagates more 

efficiently along the primary pore alignment, 
confirming the influence of both structural 

orientation and decomposition extent. These trends 

are consistent with earlier findings in thermally 

decomposing porous media. 

Overall, this study provides a detailed spatially 

resolved analysis of pore structure and transport 

property evolution during wood pyrolysis. By 

combining local REV-based characterization with 

PNM simulation, we bridge the gap between 

microstructural changes and macroscopic transport 

behaviour. Future work will compare REV-based 
simulation outcomes with homogenized models and 

full-network computations. The evaluation will go 

beyond pressure fields to include comprehensive 

transport metrics, improving the accuracy and 

reliability of pyrolysis modelling frameworks for 

biomass conversion applications. 
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ABSTRACT 

Understanding how particle shape and packing 

arrangement affect heat transfer and flow dynamics 

is essential for accurately modeling pyrolysis in fixed 

particle beds. This study investigates the influence of 

particle geometry and bed structure on pyrolysis 

behavior, focusing on spherical, cylindrical, and 

cubical particles. As numerical tool, the coupling of 

Computational Fluid Dynamics (CFD) with the 

Discrete Element Method (DEM) is used 

incorporating a radiation model based on the 

Discrete Ordinates Method (DOM).  

The results reveal that particle shape and spatial 

particle arrangement significantly influence local 

flow patterns, temperature gradients, and pyrolysis 

progression. While packings of spherical particles 

exhibit more uniform heating, beds of cylindrical and 

cubical particles demonstrate complex interactions 

between radiation and convection due to geometric 

shadowing of radiation and directional flow 

channels. In total, the pyrolysis progess of the bed is 

fastest for spheres, followed by cylinders and cubes.  

Keywords: Blocked-Off, DEM/CFD, Particle 

shape, Pyrolysis 

NOMENCLATURE 

𝐴 [m2]  surface area 

𝐷i [m2 s-1]  diffusion coefficient 

𝐸 [W m³ sr-1] emission 

𝐹𝑖 [N]  force 

𝐼 [W m³ sr-1] radiative intensity 

𝐽 [kg m2]  inertia of the body 

𝐿 [kg m2 s-1] angular momentum 

𝑀𝑖 [Nm]  torque 

𝑁i [-]  number of i 

𝑃 [kg m s-1] translational momentum 

𝑠 [-]  radiation direction vector 

𝑆𝐸 [J m-3 s-1] enthalpy source term 

𝑆𝑔𝑎𝑠 [kg m-3 s-1] mass source 

𝑆i [kg m-3s-1] mass source of species i 

𝑆𝑀 [kg m-2 s-2] momentum source 

𝑇 [K]  temperature 

𝑌i [-]  mass fraction 

𝑔 [m s-2]  gravitational acceleration 

ℎ𝑓 [J kg-1]  specific enthalpy 

𝑘𝑓 [Wm-1 K-1] thermal conductivity 

𝑝𝑟𝑔ℎ [N m-2]  gauge pressure  

𝑟𝑖 [m]  position vector 

t [s]  time 

𝑢𝑓 [m s-1]  velocity 

𝑥  [m]  particle / cell position 

𝜀 [-]  bed porosity 

𝜌𝑓 [kg m-3]  density 

𝜏𝑓 [Pa]  stress tensor 

𝜑 [-]  surface area ratio 

𝜔 [rad s-1]  angular velocity 

 

Subscripts and Superscripts 

𝐶𝑉   control volume 

𝑓   fluid 

𝑝   particle 

pf   particle face 

𝑠𝑢𝑟𝑓   surface 

1. INTRODUCTION 

Pyrolysis is a thermochemical decomposition 

process in which organic materials are heated in the 

absence of oxygen, typically within a temperature 

range of 300 °C to 900 °C. This process is widely 

used in bioenergy applications, where it is a 

precursor step to combustion or where it enables the 

conversion of solid biomass into valuable fuels. 

Although pyrolysis is a well-established process, 

achieving optimal efficiency and uniformity in fixed-

bed pyrolysis reactors remains a significant 

challenge. The local arrangement of particles within 

the bed and their shape strongly influences flow 

fields, heat transfer, and ultimately, the rate and 

uniformity of thermal conversion. This paper aims to 

provide insight into this complex problem. 

mailto:jaeger@leat.rub.de


2 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

Pyrolysis of fixed beds of solid particles in 

DEM/CFD was already in the focus of previous 

studies. For example, Mahmoudi et al. simulated the 

pyrolysis of spherical particles in a small-scale 

packed bed [1]. The same reactor was also modeled 

by Gao et al. but with cubical particles instead of 

spheres [2]. Other authors combined the pyrolysis 

with a subsequent combustion process. Wiese et al. 

used DEM/CFD to model the pyrolysis (and 

combustion) of cylindrical particles [3] in a domestic 

pellet stove. Buss et al. [4] investigated the thermal 

conversion of (agitated) beds of straw pellet, 

representing the particles as sphero-cylinder.  

However, these studies were restricted to only a 

single particle shape. Hence, the influence of particle 

shape and the corresponding bed morphology on the 

pyrolysis process could not be investigated.  

To study the influence of particle shape in 

pyrolysis a numerical method is required that 

captures the details of the flow field in the void 

spaces among particles. In DEM/CFD this is 

typically realized by Immersed Boundary Methods 

(IBM) [5]. Boundaries of solid objects (walls, 

particles) are numerically embedded into the CFD 

domain and the underlying system of fluid 

conservation equations and their presence in the fluid 

flow is accounted for without meshing the actual 

shape. IBMs were used by several groups to model 

the fluid flow through packings with [6,7] and 

without [8, 9] heat transfer. 

A simple version of an IBM, the so called 

Blocked-Off approach (BO) [10, 11], is used in this 

work. All simulations shown are based on an inhouse 

DEM code coupled with the FireFOAM solver of 

OpenFOAM [12].  

Special emphasis is placed on analysing three 

distinct particle geometries—spheres, cylinders, and 

cubes—to systematically investigate their influence 

on thermal gradients, inter-particle heat transfer, and 

local flow phenomena within the bed. Particular 

attention is paid to the spatially heterogeneous 

heating behaviour observed in packings of non-

spherical particles, where complex radiation 

shadowing effects and orientation-dependent 

exposure to radiation and flow lead to significant 

variation in particle temperature and pyrolysis rate—

even among neighbouring particles.  

The structure of the article is organized as 

follows: Section 2 outlines the mathematical 

framework and the governing equations. Section 3 

introduces and details the test scenarios, which 

include a pyrolysis reactor filled either with cubes, 

spheres, or cylinders. In Section 4, the results are 

analyzed and discussed in depth, while Section 5 

provides a summary of the key findings. 

2. NUMERICAL MODELS 

The numerical model used in this study 

combines the DEM/CFD method with the "Blocked-

Off" (BO) approach, a simplified form of the 

Immersed Boundary Method (IBM) 

While we describe the BO in short in chapter 

2.2.1–2.2.3, we refer to [8, 11, 13] for more details 

about the method used.  

2.1 Particle mechanics (DEM) 

The Discrete Element Method (DEM) was 

employed to generate the initial packed bed 

configuration. The dynamics of the particles are 

governed by the momentum equation for translation 

(𝑃) and rotation (𝐿). The translational acceleration of 

a particle center of gravity is calculated based on the 

total contact forces 𝐹𝑖 and gravitational force 𝑚𝑔. 

(Eq. 1). The angular acceleration (Eq. 2) is obtained 

from the torque due to contact forces 𝐹𝑖 (both normal 

and tangential): 

 

𝑑𝑃

𝑑𝑡
= 𝑚 ∙

𝑑2𝑥

𝑑𝑡2
= ∑ 𝐹𝑖

𝑛

𝑖=1

+ 𝑚𝑔 (1) 

𝑑𝐿

𝑑𝑡
= 𝜔 × 𝐽 ∙ 𝜔 + 𝐽 ∙ 𝜔̇ = ∑ 𝑀𝑖

𝑛

𝑖=1

= ∑ 𝑟𝑖 × 𝐹𝑖

𝑛

𝑖=1

 

(2) 

 

where 𝑥 is the particle position, m is the mass, t 

represents time, 𝜔 the angular velocity and 𝐽  is the 

inertia of the body. Contact forces were calculated 

with a linear spring-dashpot model and particles 

were modelles as polyhedrons.  

2.2 Computational Fluid Dynamics 
(CFD) 

The CFD solver ensures conservation of mass 

(Eq. 3), momentum (Eq. 4), and energy (Eq. 5) 

within the fluid phase by solving the corresponding 

transport equations. 

 
𝜕𝜌𝑓

𝜕𝑡
+ ∇ ⋅ (𝜌𝑓𝑢𝑓) = 𝑆𝑔𝑎𝑠 (3) 

𝜕(𝜌𝑓𝑢𝑓)

𝜕𝑡
+ ∇ ∙ (𝜌𝑓𝑢𝑓𝑢𝑓)

= −∇𝑝𝑟𝑔ℎ + ∇ ∙ 𝜏𝑓

+ 𝑔𝑥 ∙ ∇𝜌 + 𝑆𝑀 

(4) 

𝜕(𝜌𝑓ℎ𝑓)

𝜕𝑡
+ ∇ ∙ (𝜌𝑓𝑢𝑓ℎ𝑓)

= ∇ ∙ (𝑘𝑓 ∇𝑇) + 𝑆𝐸  

(5) 

 

The behavior of the fluid phase is defined 

through parameters such as specific enthalpy (ℎ𝑓), 

velocity (𝑢𝑓), and density (𝜌𝑓). The term 𝑆𝑔𝑎𝑠 

represents the mass transfer between the fluid and 

solid phases. Sources contributing to momentum 

include the gauge pressure gradient (∇𝑝𝑟𝑔ℎ), stress 
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tensor (𝜏𝑓) under the assumption of laminar flow, 

gravitational acceleration vector (𝑔) and momentum 

exchanged with the particles (𝑆𝑀). The vector field 

(𝑥) contains the cell centres.  

In the context of energy transport, the fluid’s 

ability to conduct heat is described by its thermal 

conductivity (𝑘𝑓), and the enthalpy exchanged with 

the solid is expressed as 𝑆𝐸. 

The transport equation for a chemical species i is 

expressed as: 

 
𝜕(𝜌𝑓𝑌i)

𝜕𝑡
+ ∇ ∙ (𝜌𝑓𝑢𝑓𝑌i)

= ∇ ∙ (𝜌𝑓𝐷i ∇𝑌𝑖) + 𝑆i 

(6) 

 

Where the source term 𝑆i, and the term including 

the diffusion coefficient 𝐷i, model the release and 

transport of 𝑖 from the particles during the reaction, 

respectively. 

2.2.1. Blocked-Off approach 

The embedding of the particle surface within the 

CFD-domain is achieved by two means and is 

explained with Figure 1.: First, the CFD cells (CV) 

lying within the particle (core CV) and the cells 

containing the particle surface (surface CV) are 

determined. Cell faces belonging to both cell types 

are labeled as solid-fluid-interface. Scalar transport 

across these faces is turned off / blocked so that no 

fluid properties can penetrate the cell region 

occupied by a particle. Second, source terms S are 

calculated in the surface CVs and added to the fluid 

equations (Eqs. 3–5). The values of S depend on the 

local flow conditions and the properties of the 

discrete particle surface. 

 

Figure 1. Schematic depiction of the BO-

approach 

By doing so, the fluid flow effectively evolves 

around the particle. The total domain was meshed 

with 4.6 ∙ 106 fluid cells. The particle-to-cell size 

was 𝑑𝑝 ∆𝑥𝐵𝑂⁄ = 4.8 − 24 (for cylinders) and 

𝑑𝑝 ∆𝑥𝐵𝑂⁄ = 12 (for spheres/cubes) CVs, which 

allows for an adequate representation of the particle 

shape. 

2.2.2 Convective heat transfer fluid – 
particle 

The rate of convective heat transfer, denoted as 

𝑆𝐸,𝐶𝑉 [W], is expressed by the equation: 

 

𝑆𝐸,𝐶𝑉 =
1

𝜑

𝑘𝑓,𝐶𝑉

𝐿𝐶𝑉

(𝑇𝑓,𝐶𝑉 − 𝑇̅𝑝𝑓)𝐴𝐶𝑉 (7) 

 

𝜑 is the ratio (𝐴𝑃 𝐴𝐶𝐹𝐷⁄ ), where 𝐴𝑃 is the actual 

particle surface area and 𝐴𝐶𝐹𝐷 the enlarged particle 

area in CFD. 𝐿𝐶𝑉 is a charctersitic cell size, 𝑇𝑓,𝐶𝑉 is 

the fluid temperature in the cell, and 𝑇̅𝑝𝑓 represents 

the mean particle surface temperature associated 

with the cell. 𝐴𝐶𝑉 is the interfacial area in the cell. 

This source term 𝑆 is also applied to the particle mesh 

as a boundary condition.  

 

𝑆𝑝𝑓 = ∑
𝑆𝐸,𝐶𝑉

𝑁𝑝𝑓,𝐶𝑉

𝐶𝑉𝑠∈𝑝𝑓

𝐶𝑉

 (8) 

 

Whereby 𝑁𝑝𝑓,𝐶𝑉 is the number of particle surfaces 

contained in the CV. 

Please note that heat transfer through direct 

particle contact has been neglected, as convection, 

when present, dominates over contact heat transfer. 

2.2.3 Radiative heat transfer 

Radiative heat transfer between particle-particle 

and particle-wall is calculated with a Blocked-Off / 

Discrete-Ordinates-Model (BO/DO), described in 

more detail in [15]. This approach calculates the 

radiative transfer equations (RTE) on a cartesian 

grid, embedding the particle boundaries in the same 

manner as before. In its simplest form (no gas 

absorption), the RTEs are defined as: 

 

∇ ∙ (𝐼(𝑠, 𝑟)𝑠) =
𝐸

4𝜋
 (9) 

 

𝐼(𝑠, 𝑟) is the radiative intensity at position 𝑟 and 

for direction 𝑠 and 𝐸 is the emission due to the 

particle boundary. Particle surfaces are assumed to 

be gray and diffusive. 

2.2.4 Pyrolysis Model 

In this work, pyrolysis occurs in thermally thick 

particles, which means that particle internal transport 

must be resolved on a particle internal 3D mesh. The 

model used here is described in [11]. The model 

considers three components, which are reacting solid 

biomass (~80% of mass), solid char (~20% of mass) 

and gaseous volatiles (converted from biomass). 

Kinetic parameters (𝑘, 𝐸𝐴) for conversion of 
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biomass→volatiles are 168.4 s-1 / 51,965 J (mol K)-1 

and 13.2 s-1 / 45,960 J (mol K)-1 for biomass→char. 

Gaseous volatiles have a fixed mass composition of 

4.46/0.82/11.1/83.62% (CH4/CO/H2/CO2). Solid 

conductivity and heat capacity of biomass and char 

were modelled with temperature dependent. Solid 

and gaseous components are in thermal equilibrium. 

Anisotropy is considered and (temperature 

dependent) thermal conductivity along the fibre 

direction was twice as high as across the fibre for all 

particles. Enthalpy of pyrolysis was not considered 

here, as it is neglectable small compared to the 

external heat added to the particle. The diffusion 

coefficient was assumed to be isotropic 

(3∙10-3 m²s-1). All particles contained no water, so a 

drying phase prior to pyrolysis did not occur.  

3. DEM/CFD SIMULATION SETUP 

3.1 Individual Particles, Simulation 
Domain, and Boundary Conditions 

Three different model bodies are investigated in 

the numerical simulations: spheres, cubes, and 

cylinders (Figure 2). The dimensions of the model 

bodies were chosen such that all bodies have the 

same surface-to-volume ratio of 0.6 mm⁻¹. This 

corresponds to a radius of 5 mm for a sphere, an edge 

length of 10 mm for a cube, and a length and radius 

of 20 mm and 4 mm, respectively, for a cylinder (see 

Table 1). The particles are made of beechwood, for 

which an average (atro) density of 700 kg/m³ was 

specified. Their initial temperature is 298 K.  

The thermochemical conversion of the particles 

takes place in a cylindrical reactor flushed by hot 

nitrogen at 𝑇 = 973 K and 𝑢𝑓 = 0.14 m/s 

(𝑚̇=1.16 g/s). The walls of the reactor were at 973 K 

as well; thus, the bed is heated additionally by 

radiation. A slightly larger cylindrical tube (not 

depicted) is placed above the reactor into which the 

released volatiles enter and may combust (not 

investigated here). The packed beds were generated 

by allowing for particles to fall from above into the 

reactor until a bed height of 50 mm was reached. 

 

Figure 2. Pyrolysis reactor with movable base 

elements, stacked cylinders, cubes, spheres. 

The bed was then mixed using movable floor 

elements, and more particles were added to restore 

the bed height to 50 mm. Due to the different 

volumes of the model bodies, this corresponds to 

different final number of particles and different bed 

porosities in the respective bed (left column). In the 

following, we refer the three packings simple as 

sphere, cube and cylinder bed, respectively. 

4. RESULTS 

4.1 Pyrolysis of single particles 

Figure 3 shows the time evolution of the core 

temperature and the (dimensionless) particle mass 

for three (individual) particles of the respective 

shapes. Particles were placed into uniform radiation 

fields whose radiative intensities correspond to 

temperatures of 𝑇𝑟𝑎𝑑  = 700 C°, 800 C° and 900 °C. 

Convective heat transfer was not considered in these 

cases.  

Table 1. Geometric properties of the three 

different particle shapes 

Shape 

(𝑵𝑷 , 

𝜺𝒃𝒆𝒅) 

Var. 

[mm] 

A 

[10-4 

m²] 

V 

[10-6 m³] 

m 

[10-4 kg] 

Sphere 

(1278, 

44%) 

𝑟 = 5 3.14 0.52 3.2 

Cylinder 

(636, 

46%) 

𝑟 = 4 
ℎ = 20 

6.03 1.01 6.2 

Cube 

(731, 

39%) 

𝑎, 𝑏, 𝑐
= 10 

6.0 1.0 6.2 

 

The core temperature rises faster with increasing 

𝑇𝑟𝑎𝑑  and the thermochemical mass conversion 

(solid→gas) is completed earlier. It is noticeable that 

the core temperatures of the spheres and cylinders 

are very similar and increase faster than those of the 

cubes. For the cylinders, the distance between the 

shell surface and the core is the smallest (4 mm), 

which is why heat from the surface reaches the core 

faster than for the other two bodies. For spheres and 

cubes, the distance is 5 mm, whereby the distance 

from the surface to the core remains constant for the 

sphere but increases towards the corners for the cube. 

The heat flow in the cube is not exclusively in the 

direction of the core. Heat is also conducted in the 

direction of the corners/edges and is distributed there 

in the additional volume. Compared to the sphere, 

both the cylinder and the cube have about twice the 

surface area and about twice the volume and mass. 

More heat can therefore be exchanged over the 

surface of these two shapes, but more heat is required 

to heat the particles at the same time. After ~40 s, the 
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heating rate of the particles at 900 °C slightly 

decreases. This is because heat conductivity 

increases with temperature and more heat is required 

to further increase particle temperature. For 500°C 

and 700°C, although heat conductivity also 

increases, it is not enough to be reflected in the mean 

temperature curve. 

 

Figure 3. Core temperature and mass over time 

for the three particle shapes at 500 °C, 700 °C 

and 900 °C radiation temperature. 

The mass conversion of solid biomass mainly 

depends on the temperature evolution within the 

particle and therefore, the mass evolution 

corresponds well to the core temperature evolution: 

Spheres and cylinders have almost identical mass 

evolution over time, whereas the mass of the cube 

decreases more slowly at the respective 𝑇𝑟𝑎𝑑 . 

4.2 Total mass evolution within the bed 

The temporal evolution of the (dimensionless) 

mass of the entire bed is presented in Figure 4. The 

sphere bed is converted the fastest, followed by the 

cylinder bed. The fixed cube bed is converted the 

slowest. This basically follows the trend that has 

already been observed for the individual particles, 

although the differences between the 

thermochemical conversion of the sphere and 

cylinder bed can be seen more clearly in the fixed 

bed.  

 

Figure 4. Dimensionless fixed bed mass of the 

sphere, cube and cylinder bed over time. 

The complete conversion of biomass to char 

(approx. 20% by mass) takes place in around 180–

250 seconds for spheres and cylinders, while for the 

cubes, pyrolysis is still not finally completed. 

4.3 Flow field and convective heating 
within the packed bed 

Snapshots of the fluid temperature field in the 

three packings as well as local velocity vectors are 

depicted slopes in Figure 5 in a cross-sectional view 

(𝑡 = 50 s). Based on the similar distribution and 

magnitude of the velocity vectors, it can be 

concluded that the flow within the sphere bed (top) 

is homogeneous, which can be attributed to its 

regular bulk morphology, i.e. homogeneously 

distributed void spaces / porosity. 

The cube (middle) and cylinder (bottom) beds 

exhibit more complex flow conditions and larger 

local deviations. This is because the particles in the 

bed form more complex channel structures with 

larger statistical variation (heterogeneous porosity 

distribution).  

 

 

 

 

Figure 5. Cross-sectional snapshot of fluid 

temperature field in the three packings at 𝒕 = 

50 s. The arrows indicate magnitude and 

direction of the local fluid velocity. 

This leads to locally constricted flow channels, 

which result in higher flow velocities (seen in the 
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larger arrows), e.g. in the case of cylinders near the 

walls where the local porosity approaches very small 

values. However, there are also differences between 

the cube and cylinder bed. In the case of cubes, the 

flow is predominantly axial with cross flows being 

suppressed, particularly near the walls, as there the 

cubes tend to stack directly on top of one another. In 

the case of the cylinder bed, the velocity vectors 

within the bulk have a larger horizontal component, 

indicating enhanced cross-mixing. 

The immediate effect of these flow conditions on 

the temperature profile is also observable in Fig. 5. 

The temperature front (red color) penetrates the 

sphere bed homogeneously in axial direction. 

However, for the cube and cylinder bed, the 

penetration is more strand-like, which is for example 

seen around the lowest particle layers. The narrow 

channels, constructed by the particles, allow for an 

effective but straightened penetration of hot nitrogen 

into the bed. 

In the cylinder bed particles, radial penetration 

near the wall is more pronounced due to the 

aforementioned cross flow conditions. The sphere 

bed exhibits a slightly weaker penetration near the 

wall, as approximately only one particle layer is 

enveloped by the hot fluid at this point in time. 

Radial penetration in the cube bed is negligible, as 

the flow is predominanteley axial and radial 

components are effectively blocked by the stacked 

cube arrangement.  

In summary, the sphere bed particles exhibits 

homogeneous heating, whereas the beds of cylinders 

and cubes experience more heterogeneous heating 

due to differences in convective heat transfer 

4.4 Radiative heating 

Initially, only the particles in the outermost bed 

layers, which are visible to the hot walls, are heated 

by radiation. However, as soon as the particles are 

hot enough, they also emit radiative heat and heat up 

other visible particles. The effect of radiation in the 

beds is described with Figure 6, depicting the particle 

surface temperatures. The cross section was cut in 

half, with the middle axis indicated by a dashed line 

on the left and the wall shown on the right.  

Penetration of radiation into the bed differs for 

the three beds. In the sphere bed (left), radiation 

reaches only a short distance due to the tight packing 

of the spheres (𝜀 = 44%), which effectively blocks 

radiation from penetrating deeper layers. The thight 

packing, in combination with the homogeneous 

packing structure, prevents what we call partial 

shadowing. Partial shadowing occurs when one 

particle is partially visually obstructed by its 

immediate neighbours so that only fractions of far 

range radiation reach the particles surface. This leads 

to non-uniform particle heating with locally larger 

temperatures at the particles „visible” surface and 

colder surface areas at the visually blocked surfaces. 

As partial shadowing does not occur for the sphere 

bed, the surface temperatures depict only minimal 

temeprature gradients.  

In the cube bed (middle), the stacked cubes 

adjacent to the wall initially block most of the wall-

emitted radiation, preventing significant penetration 

into the bulk material. This face-to-face stacking 

near the wall results in locally low porosity. 

Although the packing becomes looser deeper in the 

bed, the overall porosity remains low at 39%. As the 

wall-adjacent particles heat up and particle-to-

particle radiative transfer becomes more significant, 

radiation begins to penetrate further into the bed. 

Despite the more heterogeneous structure compared 

to the sphere bed, partial shadowing effects remain 

limited due to the dense stacking of the cubes. 

The cylinder bed (right) exhibits the largest 

porosity (46%). While it is only slightly larger than 

for the sphere bed, the cylinder form larger void 

spaces between them due to their high aspect ratio 

(ℎ/𝑟 = 5), leading to the highest particle-particle 

visibility. Wall radiation can penetrate further inside 

the bulk right from the beginning. Furthermore, a 

competing behaviour between convection and 

radiation exists: Particles are already heated from a 

distance by radiation and then receive less thermal 

energy from the fluid flow, once its temperature front 

reaches the particles. In addition, partial shadowing 

plays a major role due to the large aspect ratio of the 

cylinders. Both effects contribute to temperature 

gradients across the cylinder surfaces, visible in the 

right side of Fig. 6 

 

Figure 6. Comparison of particle surface 

temperatures.  

4.5 Pyrolysis progress in the particle 
beds 

Evolution of particle mass distribution is 

explained in conjunction with the concentration of 

CO2 (as representative species for volatiles released) 

above the particle bed. Snapshots of the particle mass 

distribution at four different times (top to bottom) are 

shown in Figure 7 and CO2 concentrations in the gas 

above the bed in Figure 8. After 50 s, particles in the 

outer layers of the beds have lost mass due to 

thermochemical conversion, induced by a) 

convective heat and b) radiative heat, both affecting 

the outer bed layers first. While differences in the 

mass distribution are not very distinct for the three 
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beds at this specific time, the CO2 concentrations 

above the beds clearly show that particles pyrolyze 

differently, depending on their shape and the local 

packing. The CO2 concentrations are the highest near 

the wall in all cases, as particles there pyrolyze first. 

For the cylinder bed, some eddies are visible in the 

flow field above the bed while the flow through the 

sphere / cube bed is straightened and therefore, no 

eddies are present above the bed. 

After 100 s, one can distinguish two zones in the 

sphere bed (Fig. 7, left). A core zone, with mostly 

un-pyrolyzed particles and layers of pyrolyzed 

particles around this zone. The boundary between 

these two zones is clearly identifiable. However, for 

the cylinder bed, (Fig. 7, middle), such a distinct 

boundary is barely visible, and for the cube bed, no 

distinct boundary is visible, indicating a more 

heterogeneous progression of pyrolysis. While the 

conversion progress for cylinders in the outer layers 

is relatively uniform (𝑚/𝑚₀ = 0.2–0.3), those 

located in the core exhibit significantly greater 

variability in their conversion rates. Cubes in the 

inner and outer layers show a quite heterogeneous 

conversion progress, ranging from 0.3 to 1.  

From Fig. 8 at 100 s, one can deduce that 

pyrolysis is now occurring in the whole particle bed 

and not just near the wall, as CO2 covers the whole 

volume above the beds. CO2 is distributed quite 

evenly above the sphere bed and the profile appears 

symmetric around the middle axis, indicating that 

thermal conversion of the solid material and 

subsequent release of gaseous volatiles occurs in a 

spatial homogeneous manner. Cubes near the wall 

still pyrolyze and, therefore, higher CO2 

concentrations are visible. Furthermore, elevated 

CO₂ concentrations are observed below the bed. This 

is attributed to the cubes obstructing the flow paths, 

causing minor backflow that also carries CO₂ in the 

reverse direction. CO2 concentrations above and 

inside the cylinder bed appear most heterogeneous. 

This is due to: (a) the uneven progression of 

pyrolysis among the particles (see Fig. 7), and (b) the 

complex flow conditions within the cylinder bed 

resulting from irregular flow pathing. 

At 150 seconds (Fig. 7), the appearance of the 

pyrolysis zones remain largely consistent with those 

observed at 100 seconds, i.e., symmetrical in the 

sphere bed, indicating homogeneous conversion, and 

asymmetrical in the beds of cubes and cylinders, 

reflecting heterogeneous conversion. The CO2 

concentrations at 150 s are quite different (Fig. 8) for 

the three beds. The sphere bed exhibits a candle 

flame-shaped distribution of CO2. Particles in the 

outer layers are completely pyrolyzed and already 

released all volatiles. Pyrolysis in the cube bed is still 

ongoing in the whole bed and, therefore, the whole 

volume above the bed contains CO2. Like the 

spheres, cylinders in the outer bed layers are already 

completely pyrolyzed and only the cylinder in the 

core region release volatiles. Again, due to the 

heterogeneous conversion and the flow pathing, the 

CO2 distribution is spatially very heterogeneous.  

 

Figure 7. Cross-section of the three particle 

packings and colored representation of the 

dimensionless particle mass (𝒕 = 50 s, 100 s, 150 s 

and 200 s, from top to bottom). 

 

Figure 8. CO2 mass fraction (cell values) in the 

gas phase in and above the bed (𝒕 = 50 s, 100 s, 

150 s and 200 s, top to bottom) for spheres, cubes 

and cylinders, respectively (from left to right). 

After 200 s, thermal conversion is largely 

completed. The sphere bed is nearly completely 

pyrolyzed and only little CO2 remains in the gas 

phase. In contrast, the cube bed exhibits the slowest 



8 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

conversion, with some particles in the core region 

still undergoing pyrolysis. The cylinder bed is also 

mostly converted, and similar to the sphere bed, only 

low concentrations of CO₂ remain. 

5. SUMMARY 

In this work, DEM/CFD simulations of the 

pyrolysis of particle beds containing thermally thick 

beechwood particles of three different shapes were 

conducted. Spheres, cubes and cylinders constituted 

the beds. The differences in the pyrolysis behaviour 

of the solid particles and in volatile gas 

concentrations were investigated. 

The total conversion of the bed is fastest for the 

spheres, followed by the cylinders and then the 

cubes. Total bed conversion over time for spheres 

and cylinders is similar.  

For the investigated shapes, local conversion of 

solid particles is spatially very different, as are the 

flow conditions in and above the beds. 

Generally, the pyrolysis zone, where particles 

mainly undergo conversion, is spatially very 

homogeneous for the sphere bed but heterogeneous 

for the other two beds. This is attributed to the flow 

field and the radiative conditions within the bed, 

which depend on the packing structure. All beds 

pyrolyze from their outer layers towards their core. 

However, the pyrolysis front traveling into the bed is 

symmetric for the sphere bed with a distinct 

pyrolysis reaction front detectable. This is not the 

case for the beds of the other two bodies. 

Accordingly, volatiles in the sphere bed are 

distributed evenly in the gas phase, in and above the 

bed over the whole process duration. The beds of 

cubical and cylindrical particles exhibit locally larger 

volatile concentrations, depending on the local 

conversion progress and the flow conditions.  

This paper demonstrates that DEM/CFD 

simulations representing particles as spheres—a 

common simplification used to reduce 

computational cost—may be highly misleading 

when the actual particles are non-spherical.  

ACKNOWLEDGEMENTS 

This work has been funded by the Deutsche 

Forschungsgemeinschaft (DFG, German Research 

Foundation) – Project-ID 422037413 – TRR 287.  

REFERENCES 

[1] A. H. Mahmoudi, F. Hoffmann, and B. Peters, 

“Detailed numerical modeling of pyrolysis in a 

heterogeneous packed bed using XDEM,” 

Journal of Analytical and Applied Pyrolysis, 

vol. 106, pp. 9–20, 2014. 

[2] X. Gao, J. Yu, L. Lu, and W. A. Rogers, 

“Coupling particle scale model and 

SuperDEM‐CFD for multiscale simulation of 

biomass pyrolysis in a packed bed pyrolyzer,” 

AIChE Journal, vol. 67, no. 4, p. 127654, 2021. 

[3] J. Wiese, F. Wissing, D. Höhner, S. Wirtz, V. 

Scherer, U. Ley, and H. M. Behr, “DEM/CFD 

modeling of the fuel conversion in a pellet 

stove,” Fuel Processing Technology, vol. 152, 

no. 2, pp. 223–239, 2016. 

[4] F. Buss, S. Wirtz, and V. Scherer, “Simulation 

of a reacting agitated bed of straw pellets by a 

resolved coupled DEM/CFD method using a 

blocked-off approach,” International Journal 

of Thermal Sciences, vol. 152, p. 106332, 2020. 

[5] R. Mittal and G. Iaccarino, “Immersed 

Boundary Methods,” Annu. Rev. Fluid Mech., 

vol. 37, no. 1, pp. 239–261, 2005. 

[6] S. Das, N. G. Deen, and J. Kuipers, “Direct 

numerical simulation for flow and heat transfer 

through random open-cell solid foams: 

Development of an IBM based CFD model,” 

Catalysis Today, vol. 273, no. 1, pp. 140–150, 

2016. 

[7] S. Das, N. G. Deen, and J. Kuipers, “A DNS 

study of flow and heat transfer through slender 

fixed-bed reactors randomly packed with 

spherical particles,” Chemical Engineering 

Science, vol. 160, no. 15, pp. 1–19, 2017. 

[8] C. Gorges, M. Brömmer, C. Velten, S. Wirtz, 

E. I. Mahiques, V. Scherer, K. Zähringer, and 

B. van Wachem, “Comparing two IBM 

implementations for the simulation of uniform 

packed beds,” Particuology, vol. 86, pp. 1–12, 

2024. 

[9] V. Chéron, F. Evrard, and B. van Wachem, “A 

hybrid immersed boundary method for dense 

particle-laden flows,” Computers & Fluids, 

vol. 259, p. 105892, 2023. 

[10] E. Illana Mahiques, M. Brömmer, S. Wirtz, and 

V. Scherer, “Locally Resolved Simulation of 

Gas Mixing and Combustion Inside Static and 

Moving Particle Assemblies,” Chem Eng & 

Technol, vol. 46, no. 7, pp. 1362–1372, 2023. 

[11] B. Jaeger, E. Illana Mahiques, S. Wirtz, and V. 

Scherer, “Pyrolysis of Spherical Wood 

Particles in a Packed Bed – Comparison 

between Resolved and Unresolved Discrete 

Element Method/Computational Fluid 

Dynamics,” Chem Eng & Technol, vol. 46, no. 

10, pp. 2120–2132, 2023. 

[12] OpenFOAM wiki, FireFoam. [Online]. 

Available: https://openfoamwiki.net/

index.php/FireFoam (accessed: Aug. 22 2023). 

[13] M. Brömmer, M. Scharnowski, E. Illana 

Mahiques, S. Wirtz, and V. Scherer, 

“Investigating the inflow into a granular bed 

using a locally resolved method,” 

Particuology, vol. 85, no. 1, pp. 89–101, 2024. 

[14] B. Jaeger, M. Tyslik, S. Wirtz, and M. 

Schiemann, “Investigation of the radiative 

heating of cubic particles with DEM/CFD and 

the BO/DO approach,” Powder Technology, 

vol. 403, no. 6, p. 117424, 2022. 



Conference on Modelling Fluid Flow (CMFF’25)
The 19th International Conference on Fluid Flow Technologies

Budapest, Hungary, August 26-August 29, 2025

Numerical and experimental investigation of low Reynolds
number flow in a packed bed of rotated bars

Wojciech SADOWSKI1,2, Christin VELTEN3, Maximilian BRÖMMER4, Hakan DEMIR2,
Francesca DI MARE2, Katharina ZÄHRINGER3, Viktor SCHERER4

1 Corresponding Author, Email: wojciech.sadowski@rub.de
2 Chair of Thermal Turbomachinery and Aero Engines, Ruhr University Bochum, UniversitätsstraSSe 150 D-44801 Bochum,
3 The Laboratory of Fluid Dynamics and Technical Flows, Otto-von-Guericke-Universität Magdeburg.
4 Institute of Energy Plant Technology, Ruhr University Bochum.

ABSTRACT
The present study focuses on the gas flow

through an experiment-scale modular packed bed re-
actor consisting of square bars, arranged in layers.
Each layer is rotated by 30o resulting in a com-
plex shape of the void spaces between the bars.
Measurement results of the studied system are pre-
sented for particle-based Reynolds numbers Rep of
100 and 200, and used as validation data for particle-
resolved numerical simulations. The computations
are performed for both Rep using two different solid
wall treatments: boundary conforming meshing and
the blocked-off method. The flow inside the bed
is largely independent of the Reynolds number and
seems to be determined by the geometry of the void
spaces. The flow in the freeboard is characterized by
the presence of slowly dissipating jets downstream
of the bed, which are characterized by unsteady os-
cillations for higher Reynolds number. The numer-
ical results obtained with both boundary treatment
approaches are in excellent agreement with the mea-
surements inside the bed. In the freeboard, as a re-
sult of numerical properties of the current simulation
approaches, some deviations between the simulation
and measurements can be observed.

Keywords: packed bed, polyhedral particles,
DNS, PIV, blocked-off method

NOMENCLATURE
Rep [−] particle Reynolds number
A [m2] bed cross-section area
B [mm] bar size
Q [m3/s] volumetric flow rate
T [s] time
〈w〉 [m/s] bulk velocity
uξ, w [m/s] velocity components
α [−] rotation angle
φ [−] porosity

ξ, z [m] coordinates

Subscripts and Superscripts
avg averaging
i initialization

1. INTRODUCTION
In packed-bed reactors, frequently used in chem-

ical and process engineering, an assembly of parti-
cles is passed by a gas introducing reactants or fa-
cilitating processes, e.g., drying or coating. Hence,
the flow characteristics (for example, dispersion
of species, turbulence) influence the operation of
packed-bed reactors to a large extent. At the same
time, estimating these properties a priori is difficult,
complicating design and leading to large error mar-
gins. A typical simplification in both analytical and
numerical models is the assumption of spherical par-
ticles, which is often not appropriate when consider-
ing the randomly shaped polyhedra, or other industri-
ally applied complex particle shapes [1]. At the same
time, non-spherical geometry is known to influence
the flow field to a large extent [2].

The use of Computational Fluid Dynamics
(CFD) simulations, particularly the most accurate
particle-resolved approach [3], can lead to valuable
insight regarding the flow conditions, both in the
packed beds and in the freeboard. The main draw-
back of the approach is its computational cost, re-
sulting from the need to resolve the surface of each
particle. Moreover, when a boundary conforming Fi-
nite Volume Method (FVM) is used, often a need
to locally modify the geometry arises, to treat the
regions of poor numerical stability near the contact
points (surfaces) between individual particles [3].

Immersed boundary methods (IBM) are a com-
mon strategy to alleviate these issues, omitting the ef-
fort of boundary conforming mesh generation, treat-
ing contact points implicitly and avoiding expensive

1
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Figure 1. Schematic of the assembly process of a polyhedral packed bed assuming 30ř rotation between
modules (upper line). The red and blue line mark the two measurement positions (P1 and P3) in different
layers. The cut-out shows a complex structure of void spaces between the bars (lower left). To generate
optical access an opaque standard module is replaced by a partially transparent optical module (lower
centre). The PIV setup including the packed bed and measuring equipment is visible in the lower right part
of the figure.

re-meshing in the case of moving objects. Numerous
IBM approaches are available, among which the so-
called blocked-off method introduced by Patankar [4]
represents a simple variant of the method that does
not involve complex interpolation schemes or surface
reconstruction. It was recently validated against ex-
perimental measurements and smooth IBM for the
simulations of packed beds [5]. Additionally, it was
adopted to study the pressure drop over the bed of
spherical particles [6] and used to construct a lo-
cally resolved flow model near the fuel lances of a
reactor shaft [7]. A direct application of wall func-
tions in case of higher Reynolds numbers and an easy
integration into flow solvers are advantages of the
present approach.

It is important to note that CFD-based predic-
tions are of limited use without a proper validation
using measurements of the flow properties, which
are, however, rather scarce in packed bed reactors.
Intrusive techniques Non-intrusive methods, which
do not require optical access are typically limited to
liquids [8] and their resolution is low compared to
optical methods. For the latter, e.g., planar Parti-
cle Image Velocimetry (PIV) [9], the main difficulty
lies in gaining an optical access to the interior of the
packing. This is typically achieved via transparent
packing material, which might require further post-
processing.

Recently, Velten and Zähringer [10] used Par-
ticle Image Velocimetry (PIV) to measure both the
flow in the interstices of a model packed bed with
a BCC packing of spheres and the conditions above
the bed. Although, the interstitial data was gathered
only in a set of small, optically accessible regions,
it enabled a detailed analysis of the flow field and
validation of several methods and numerical codes
[5, 11]. These applications highlight the synergies of
combining experimental and numerical analyses for
the study of flow conditions in packed beds.

Moving away from the typically assumed spher-
ical particle geometry, in the present work, we in-
vestigate the flow in a packed bed, formed from the
assembly of square bars. The configuration results
in interstices with complex geometries with multi-
ple inlets and outlets. The flow field is investigated
experimentally, by the means of PIV, and numeri-
cally, by two different particle-resolved FVM-based
simulation methods: the boundary-conforming, in-
compressible solver available in the OpenFOAM
package and on the other side the blocked-off ap-
proach within the DEM/CFD framework of the Bulk-
Reaction project also coupled with OpenFOAM. Two
different Reynolds numbers are studied, and for each
case, results are compared both within the bed and in
the freeboard region.

2. PACKED BED GEOMETRY
The packed bed geometry is based on a modular

design, in which each module consists of five paral-
lel bars (square cross-section with size B = 10 mm)
spaced with a distance of 5 mm inside dodecagon-
shaped side walls. Additionally, the outer walls of
the modules are circular (see fig. 1), allowing for
each module to be rotated freely. This enables the
study of various geometrical configurations at a con-
stant porosity of φ = 0.332, defined as a fraction of
the void space volume to the volume of the module
(30 cm3). In the current geometry, a total of 18 mod-
ules are combined, with the rotation angle of 30ř.
This results in a bed height of 18B, before the fluid
enters into a rectangular outlet zone, where measure-
ments are carried out above the bed. The flow is
characterised by a particle Reynolds number based
on bulk velocity 〈w〉 and the bar size Rep = ρ〈w〉B/µ.
The velocity 〈w〉 is defined using the module cross-
section area A = 3000 mm2 and the volumetric flow
rate of the device Q = Aφ〈w〉.
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Table 1. Times used for collecting data in the ex-
periments and each simulation: Ti start-up time,
Tavg averaging time. The reference time scale is
the flow through one module TB = B/〈w〉.

exp. b.-conf. blocked-off

Rep Tavg/TB Ti/TB Tavg/TB Ti/TB Tavg/TB

100 755 12 88 75.5 226.5
200 1515 42 158 151.5 454.5

2.1. Experimental setup
To allow optical access inside the packed bed, a

standard module is replaced by an optical one, where
opaque bars are exchanged by transparent fused sil-
ica rods (fig. 1 lower center). The data has been
gathered separately for the layers 15th to 17th and
the freeboard region. For each module and the free-
board the data is gathered in two measurement planes
(position 1 and 3, annotated with red and blue lines
in fig. 1 and named P1 and P3 in the text), at the
midspan of each void space between the bars. Flow
data was averaged over 500 images, recorded with
10 Hz (50 s). In the current manuscript only the data
from the 17th layer and the freeboard are discussed.

The full assembly of the packed-bed reactor (R)
is presented in fig. 1 (lower right). Airflow is con-
trolled by a Bronkhorst mass flow controller and
seeded by Di-Ethyl-Hexyl-Sebacat (DEHS) tracer
nebulized by a liquid nebulizer Type AGF 10.0 from
Palas GmbH resulting in particle sizes below 10 µm.
It enters into the packing through a diffuser filled
with glass beads to homogenize the flow. The mea-
surement region is illuminated by a double pulsed
Quantel Q-smart Twins 850 Nd:YAG PIV-laser (L)
and an Imager CX 12MP Camera (C) from LaVision
GmbH records the PIV signal.

3. NUMERICAL MODEL
3.1. Simulations on the boundary-

conforming mesh
The computations have been performed using

OpenFOAM-12, using an unsteady solver, imple-
menting the incompressible form of Navier–Stokes
equations. The computational geometry is depicted
in fig. 2. Based on the indications from our previous
work, the flow conditions in the bed are influenced
by the freeboard only in the topmost layers and are
repeatable between layers [11]. Hence, to limit com-
putational effort, only six top layers were realized
in the simulation. The volume of fluid in the mod-
ules has been meshed with a boundary conforming
hexahedral-dominant structured mesh (fig. 2). The
initial mesh for the freeboard region has been gener-
ated in the same way, after which it was locally re-
fined to allow for smooth transition in mesh resolu-
tion in both regions. The whole mesh, used for each
simulation, consists of around 8.5M cells. The mod-

Figure 2. Domain used for the simulation with
boundary-conforming mesh. Framed boxes illus-
trate the mesh used in the packed bed and the
freeboard.

ules and the freeboard have been coupled using the
Non-Conformal Coupling (NCC) interface. The uni-
form velocity profile with value 〈w〉 is prescribed at
the inlet and the reference pressure value at the out-
let. The rest of the boundaries are treated as no-slip
walls.

The time step of the simulation is adjusted to
keep the Courant number under 0.6. Both spatial and
temporal derivatives are computed using 2nd order
schemes. PISO (Pressure-Implicit with Splitting of
Operator) algorithm in the consistent variant is used
to couple velocity and pressure, with 5 pressure cor-
rector steps and 1 non-orthogonality correction step.
To ensure that the flow is not influenced by initial
conditions, sampling starts after an initial start-up
time Ti which is presented along the sampling du-
ration Tavg for all cases in table 1.

3.2. Simulations using the blocked-off
method

The blocked-off method is based on creating
an artificial boundary inside the computational grid.
The current implementation is valid for particles of
any shape and is described and validated in [5]. Flow
variables in the cells obstructed by solid elements are
set to the desired value which introduces a no-slip
boundary condition at the solid-fluid interface. The
original version by Patankar [4] involves the use of
source terms. Here, we directly manipulate the coef-
ficients in the system matrix to prevent complications
in the calculation of residuals when solving the linear
equation system. A general transport equation for a
variable Φ, can be represented in algebraic form in
any cell as acΦC +

∑
Nc

anbΦnb = sΦ, with ac, anb
and sΦ denoting diagonal, non-diagonal matrix coef-
ficients and source terms, respectively. Control vol-
umes which are found to be in contact with a particle
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Figure 3. Particles and slice of mesh used in the
blocked-off simulations. The right figure shows
the mesh in the freeboard region with blocked
fluid cells in blue.

are decoupled from the solution process by setting
their non-diagonal contribution anb to zero and the
diagonal coefficient ac to one. Hence, inserting the
desired value to the right-hand side results in speci-
fying the cell value.

For the cells adjacent to these blocked volumes,
the wall shear stresses are corrected to account for the
case when particle faces are not aligned with the con-
trol volume faces. The stresses are estimated using
tangential velocity and local distance from the parti-
cle surface, and used in a source term that replaces
the viscous contribution at the solid-fluid interface in
the momentum equation. Additionally, the Neumann
boundary condition in the pressure equation at the
solid-fluid interface is enforced by setting the matrix
coefficient anb to a very low value.

The simulations using the blocked-off method
are realized with the Bulk-Reaction DEM/CFD
framework where a finite volume fluid solver based
on fireFoam (OpenFOAM v2012) is utilized. The
bars in the test rig are represented by cuboid parti-
cles which influence the fluid flow via the blocked-off
methodology. Total of 90 cuboid particles are gen-
erated according to the bar dimensions and placed
in the domain as in fig. 3. For the fluid flow com-
putation, a cartesian grid fitted to the experimental
rig is created. The dodecagon shape of the walls
at the particle bed section is extended for the in-
let. Mesh refinement is applied in the void spaces
as well as up- and downstream of the particle region.
In relation to the particle width, particles are discre-
tised by B/∆x = 20 leading to a total number of
5.1M cells. The same mesh is used for all Reynolds
numbers. The Courant number is kept between val-
ues of 0.1-0.3. The PISO algorithm is utilized to
solve the evolution of the flow field with one non-
orthogonal corrector step to account for the polyhe-

dral cells at the walls of the test rig. In general, 2nd
order schemes are applied in the discretisation of the
transport equations, while for convection a 2nd order
upwind scheme is employed to prevent pressure os-
cillations. Sampling times for averaging are reported
in table 1.

4. RESULTS
4.1. Flow inside the bed

The flow inside the packed bed is visualised in
detail in the figs. 4 and 5. In each of the figures, a
coordinate system defined on the measurement plane
is used, with ξ denoting the horizontal coordinate.
Moreover, only the velocity components tangent to
the measurement plane are plotted: w is the vertical
velocity and uξ is the horizontal velocity along the
measurement plane.

The velocity field is mainly determined by the
adopted geometry and the connectivity between the
void spaces in the layers. The P1 (position 1, see
fig. 1) interstices have two inlets and two outlets, in
a staggered arrangement due to the rotation of the
module. The P3 interstice (position 3, see fig. 1) on
the other hand have three inlets/outlets. In both P1
and P3 slits, the fluid is accelerated in the inlet and
its further behaviour is determined by the positions
of the outlets. In case of P1, the flow impinges on
the top wall of the module and is forced to split into
two outlets. This results in most of the flow converg-
ing from both inlets into the right outlet, while the
rest is redirected into the left outlet, which has also a
much smaller cross-section area. Inside P3, the out-
lets are much more closely aligned with the inlets,
hence, a strong upwards flow can be observed. The
regions positioned between the inlet/outlet pairs are
characterised by a lateral flow, presumably driven by
the pressure difference between these areas. This be-
haviour leads to the presence of recirculation regions,
attached to the left side of the in-flowing streams.

Overall, the simulation results agree very well
with the PIV measurements. The main differences
can be observed in the far left and right areas of the
measured regions. For example, for both Re, based
on streamline visualisation, the PIV data indicates
fluid crossing the boundary of the measured region
on the left side of P1 and P3. This effect is observed
due to the necessary modification of the geometry to
enable the optical access to the interstices, which cre-
ates additional space on the left and right side (a stan-
dard module has a solid wall at these positions). In-
terestingly, this “outflow” is much stronger in P1 than
P3, where the flow is directed more upwards near the
left and right boundaries of the measurement region.
It is probable that the impact of the modification of
the geometry on the measured results is stronger in
slits with stronger lateral flow.

On the other hand, simulation data suggests that
the presence of the wall results in recirculation re-
gions attached to the bottom left and top right cor-
ners of P1 region. The differences in the flow field
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near the side walls, can be observed in figs. 6 and 7.
Both simulation approaches predict a different shape
of boundary layer jets (P1 for large ξ and P3 for
both sides of measurement region), with the sim-
ulations consistently overpredicting the maximum
streamwise velocity in these regions. At the larger
Reynolds number the differences between the mea-
sured and simulated flow fields grow larger. The dif-
ferences between the numerical representations and
real experimental setup have strong influence on the
resulting flow field.

Although, the flow fields are largely similar
across the two Reynolds numbers, the increase in
the fluid’s inertia influences the shapes and sizes of
the separated flow regions. At P1, the increase of
Reynolds number leads to a much more complex
flow field between the two inlets, with recirculating
flow appearing in the middle of the measurement sec-
tion. At the other position, larger Rep leads to in-
creased separation on the right side of the measured
region. On the left side, however, it seems that a
faster reattachment can be observed. PIV data also
indicates that the non-uniformity of the flow field is
much stronger at larger Rep, although this effect is
not fully represented in the simulation data.

Though the boundary-conforming and blocked-
off approach yield different mesh refinements close
to walls/particles (typical near-wall boundary layer
refinement vs. equally spaced mesh), the line plots in
figs. 6 and 7 show almost no difference in the predic-
tion of the wall jets for Rep = 100 and slight differ-
ences for larger Rep. Especially in comparison to the
deviation between simulations and experiment, these
are negligible. Based on these results, the handling of
the wall flow with the blocked-off approach seems to
be appropriate for these Reynolds numbers. In gen-
eral, the numerical methods align very well in the
void space with only minor differences in height and
shape of the jets. The strongest difference between
the two simulation approaches are found for hori-
zontal component uξ with Rep = 200 at P1 where a
more pronounced horizontal motion in the recircula-
tion region is predicted by the boundary-conforming
method in contrast to the blocked-off approach and
the experiment.

4.2. Freeboard
The flow field in the freeboard is visualised in

fig. 8. It is dominated by jets issuing directly from
the outlets of the last module. Hence, there are two
and three jets present on planes P1 and P3, respec-
tively. The resulting velocity field is quite complex
with several recirculation regions present in between
the jets and the walls of the model packed bed.

At lower Rep, in the P1 plane, the jets combine
relatively quickly above the bed surface. At the sides
of the measured region, the air is sucked into the free-
board from the outlet with relatively slow velocity,
forming two large recirculation regions near the walls
of the channel. As the Reynolds number increases,

the momentum of the jets is redistributed laterally
quicker by low-velocity vortical motions, resulting
in a more uniform velocity in the middle of the out-
let region. The interaction between both streams also
results in a swirling flow between them, and smaller
recirculation regions above the bed surface.

In the P3 plane, the effect of backflow into the
freeboard from the outlet is much weaker, even at
the lower Reynolds number. The leftmost jet im-
pinges onto the downward moving air and is redi-
rected, first, towards the bed surface, and into the
middle jet. This phenomenon impacts the momen-
tum distribution above the bed, and it could influence
the scalar mixing in such systems as it reintroduces
the gas which already left the reactor back into the
bed. The increase of the inertial effects leads to more
pronounced jets and, although, the left jet dissipates
quicker then the other ones, much less of the ejected
fluid is redirected into the middle one. Additionally,
the unsteadiness at larger Rep results in more diffu-
sive behaviour of the jet downstream.

In general, a good agreement could be reached
by the three methods especially for the low Rep case.
Figure 9 shows that the agreement is best in close
distance to the bed surface. While excellent agree-
ment of the boundary-conforming method is reached
at z/B = 19, the blocked-off method predicts a too
narrow jet on the left in P1 and a slight overshoot of
the centre jet in P3 for the vertical velocity w, which
also leads to a bigger discrepancy in the horizontal
velocity component uξ.

As the distance from the bed surface increases,
differences between simulations and the experiment
get more pronounced. Here, the 3D interaction of the
jets comes into play, causing small discrepancies in
the jets to accumulate to larger deviations from ex-
perimental data. The errors in momentum prediction
are probably caused by a limited resolution down-
stream of the bed surface diffusing and dampening
the breakdown of the jets into smaller vortical struc-
tures. Alternatively, different conditions at the do-
main outlet (fixed pressure condition for simulations
vs. small environmental interference in the experi-
ment) may also contribute to different velocity fields
above the bed.

Following the line plots of the higher Reynolds
number in fig. 10, the agreement of the numerical
data with the PIV data is again best close to the bed
surface for P1. In the experiment and the blocked-
off simulation the mean jets dissipate faster than in
the body-conforming case. For P3, the outer jets are
reproduced well but the centre jet shows a different
flow structure with two velocity peaks in the numer-
ical data for z/B = 19 and 21. Importantly, the ac-
curacy of the simulation data might be limited by a
relatively short averaging time (especially in case of
the boundary-conforming method). Previous work
[11] indicated that in such systems, exceedingly long
averaging times are required to fully capture the dy-
namics of the freeboard. Although, the convergence
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of statistics has to be further assessed the overall na-
ture of the flow field is reproduced correctly by both
simulation approaches.

5. CONCLUSIONS & OUTLOOK
In this contribution, the flow through a modular

packed bed of bar-like particles and in the freeboard
is examined by PIV measurements, and by conduct-
ing simulations with a boundary-conforming and a
blocked-off approach. Two different Reynolds num-
bers are considered, Rep = 100 and 200.

The flow inside the packed bed reveals good
agreement between the experiment and simulations.
Differences are majorly found due to geometry ad-
justments needed to measure the flow field between
the particles. The increase of Reynolds number only
slightly affects the flow features in the void spaces,
which are determined to a large extent from the ge-
ometry and alignment of inlets/outlets in each inter-
stice. While the simulation approaches do not show
significant differences inside the bed, stronger devi-
ations are found in the flow at the freeboard. The
boundary-conforming simulations agree very well
with experiments right at the bed surface while dif-
ferent rate of the dissipation of the jets issued into the
freebord can be observed. Better agreement is found
in the blocked-off cases but mismatches between the
emerging jets are still visible, potentially due to an
insufficient mesh refinement in the freeboard.

The blocked-off method has been found to cap-
ture adequately all flow features inside the bed, while
allowing for minimisation of required mesh size and
computational effort. The Non-Conformal Coupling
interfaces coupling the modules in boundary con-
forming mesh, have resulted in stable and accurate
solution, enabling the future studies of non-static
packed beds with rotating modules. Further investi-
gations of the current case are needed to fully assess
the accuracy of the simulation approaches, concen-
trating on the fluctuations in the freeboard, the corre-
sponding turbulent kinetic energy, and the influence
of the averaging time on the results. Furthermore,
higher Reynolds number cases would be of interest
to get more knowledge about industrial packed beds’
conditions.
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ABSTRACT
Accurate prediction of heat transfer between

solid particles and the surrounding gas is essential
in discrete element method - computational fluid dy-
namics (DEM-CFD) simulations. Typically, these
methods rely on empirical correlations of the Nusselt
number (Nu) that provide only an averaged estim-
ation of the heat transfer between the particles and
the fluid. In light of this, we present in this paper
a data-driven surrogate model that captures the local
heat transfer on the particle surface and integrates it
into the DEM-CFD simulation framework. The de-
veloped model is a Gaussian process (Nu-GP) that is
trained using a database of 16 2D direct numerical
simulations (DNS) of convective heat-transfer in air
flow around an isolated circular particle with Reyn-
olds numbers in the range 100 ≤ Re ≤ 400. The
model uses the inlet Reynolds number and the local
radial angle θ on the surface of the particle as in-
puts to predict the local Nusselt number. Comparis-
ons to the DNS results demonstrate the ability of the
Nu-GP to accurately predict the local Nusselt within
the trained range. Furthermore, we show the Nu-GP
model can be integrated into DEM-CFD and resolves
the heat transfer on the particle surface with DNS ac-
curacy with a negligible increase of computational
cost compared to mean Nusselt correlations.

Keywords: DEM-CFD, Gaussian processes, lat-
tice Boltzmann, Nusselt number

NOMENCLATURE
A [m2] area
D [m] particle diameter
F [N] force
Mw [kg/mol] molecular weight
Ny,Nz [−] number of grid points

R [J/kg · mol]universal gas constant
T [K] temperature
Nu [−] Nusselt number
Pr [−] Prandtl number
Re [−] Reynolds number
D [−] training dataset
K [−] GP covariance
N [−] Gaussian distribution
cp [J/kg · K] specific heat capacity
l [m] length
p [−] probability
ph [Pa] hydrodynamic pressure
pt [Pa] thermodynamic pressure
I [−] identity matrix
X [−] training input matrix
u [m/s] velocity
x [−] training input vector
y [−] training output vector
ϵ [−] noise
λ [W/m · K] thermal conductivity
µ [Pa · s] dynamic viscosity
ρ [kg/m3] density
σ2 [−] variance
θ [◦] radial angle
ϕ [−] GP hyperparameters vector
τ [Pa] viscous stress tensor
ε [−] porosity
ξ [−] GP mean

Subscripts and Superscripts
ref, surf reference, surface
opt optimal solution
b body
t time
¯(·) spatial mean
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1. INTRODUCTION
Particle-resolved direct numerical simulations

(DNS) enable accurate predictions of heat transfer
between solid particles and surrounding gas. These
simulations require a finely resolved computational
grid, at least an order of magnitude smaller than the
(average) diameter of the particles. However, the
substantial computational cost of DNS renders its
application to flow fields in packed-bed configura-
tions infeasible for many real-world scenarios. In-
stead, such systems are typically simulated using
non-particle-resolved approaches, such as the dis-
crete element method coupled with computational
fluid dynamics (DEM-CFD) [1].

The computational cells in DEM-CFD are typ-
ically larger than the individual particles. Therefore,
the heat transfer within the cell is approximated using
spatially averaged values. To account for thermal ef-
fects, empirical correlations of the Nusselt (Nu) num-
ber are employed [2, 3]. While this approach enables
faster simulations, it comes at the cost of reduced
accuracy compared to DNS. To bridge this gap, the
use of locally resolved Nusselt correlations in DEM-
CFD has been proposed that provide more detailed
thermal information within the computational cell
[4]. Although many studies have investigated the
local heat transfer at the particle surface [5, 6], relat-
ively few have derived local models or correlations.

Notably, Haeri and Shrimpton [7] derived a cor-
relation for the calculation of the local Nusselt num-
ber around a circular cylinder using trigonometric
series with 13 coefficients. Each series is mod-
elled as a 5th order polynomial in Reynolds (Re)
and Prandtl (Pr) numbers within the ranges 10 ≤
Re ≤ 250 and 0.1 ≤ Pr ≤ 40. Similarly, Kravets
and Kruggel-Emden [8] investigated local heat trans-
fer and provided Nusselt correlations corresponding
to Pr = 1 for forced convection around an isolated
sphere and random particle packings. Their correla-
tions are applicable from low to moderate Reynolds
numbers, i.e., 20 ≤ Re ≤ 240 for the single particle
case, and 20 ≤ Re ≤ 100 for the packed-bed cor-
responding to porosity ε ranging from 0.6 and 1.0.
To the best of our knowledge, no further local Nus-
selt number models or correlations for flow fields
around solid bodies have been reported in the liter-
ature. Yet, we note that the local correlations have
been developed in related applications, such as the
local Nusselt correlations for circular impinging jet
over a plate [9], and for nanofluids in circular hori-
zontal tubes [10].

While the majority of heat transfer studies have
relied on nonlinear regression to fit power-law Nus-
selt correlations, other machine learning methods
have been also explored. For example, Urbina et
al. [10] employed genetic programming to discover
non-trivial local Nusselt correlations for nanofluids.
Kahani et al. [11] used artifical neural networks and
support vector machines to predict the average Nus-
selt number for TiO2/water nanofluid flows. Simil-

arly, Panda et al. [12] applied polynomial regression,
random forest, and artifical neural networks to model
average Nusselt values in heat exchanger with twis-
ted tape inserts. More recently, Sanhueza et al. [13]
utilized convolutional neural network to create de-
tailed 2D maps of the local Nusselt number in tur-
bulent flows over rough surfaces.

Despite recent advances, there remains a clear
shortage in the literature regarding local Nusselt
number correlations, especially for fluid flow around
solid bodies. Accordingly, we aim in this work to de-
velop a local Nusselt correlation using Gaussian pro-
cesses (GP), which is, to the best of our knowledge,
the first application of this machine learning method
in this context. Specifically, we extend the Reynolds
number range of the local correlations proposed by
Haeri and Shrimpton [7] up to Re = 400 with a fixed
Pr = 0.7. We aim to include our trained and valid-
ated GP within the DEM-CFD framework to obtain a
locally resolved heat transfer on the particle surface
in a non-particle-resolved framework.

The paper is organized as follows. Section 2
presents the DNS model. In Sec. 3, we derive the
local and average Nusselt number correlations. Sec-
tion 4 presents the DEM-CFD model with simulation
results based on the derived local correlations. Con-
clusions and an outlook are stated in Sec. 5.

2. DNS SIMULATION SETUP AND DATA
GENERATION

This section outlines the mathematical frame-
work and numerical approach employed in the DNS,
which are used to generate the database of the sur-
rogate model. The simulations investigate convect-
ive heat transfer around a stationary circular particle,
with air as the working fluid, over a range of Reyn-
olds numbers.

2.1. Governing Equations
The flow and heat transfer are modeled using

a thermal, compressible formulation under the low
Mach number approximation. This allows for dens-
ity variations driven by temperature changes, beyond
the Boussinesq approximation. The governing equa-
tions include conservation of mass, momentum, and
energy, and are given by

∂tρ + ∇ · (ρu) = 0, (1)
∂t(ρu) + ∇ · (ρu ⊗ u) = −∇ph + ∇ · τ + Fb, (2)

ρcp(∂tT + ∇ · uT ) = −∇ · (λ∇T ) + ∂t pt, (3)

ρ =
pt Mw

RT
, (4)

where, ρ, u, ph, τ, and Fb represent the gas density,
velocity field, hydrodynamic pressure, viscous stress
tensor, and body force per unit volume, respectively.
T , cp, λ, pt, Mw, and R denote the temperature, spe-
cific heat at constant pressure, thermal conductivity,
thermodynamic pressure, molecular weight, and the
universal gas constant, respectively.
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To capture the thermal expansion effects, the ve-
locity divergence is computed from a combination of
the continuity equation and the ideal gas law. As-
suming a constant pressure, this yields

∇ · u = −
1
ρ

Dρ
Dt
=

1
T

DT
Dt
. (5)

The dynamic viscosity is temperature-dependent and
modeled using Sutherland’s law

µ(T ) = µref

(
T

Tref

)3/2 Tref + S
T + S

, (6)

where µref = 1.68 × 10−5Pa · s , Tref = 273K, and
S = 110.5K are reference values specific to air. With
a fixed Prandtl number (Pr = 0.7), the thermal con-
ductivity is computed as λ = µcp/Pr. Local and av-
erage Nusselt numbers are defined as

Nui =
D λ ∂Ti

∂n

∣∣∣
surf

λ0(Tsurf − Tinlet)
, (7)

Nu =
1
A

∫
A

Nu dA, (8)

where λ and λ0 are the gas thermal conductivities, re-
spectively, calculated at surface temperature of cyl-
inder and mean temperature T0 = (Tsurf + Tinlet)/2.
The symbol A represents the lateral surface area of
the particle. In a discrete treatment, (8) can be ap-
proximated as Nu =

∑
Nui/nnodes, where nnodes de-

notes the total number of surface nodes and Nui the
local Nusselt number. The temperature gradients (7)
are approximated using a first-order-accurate finite-
difference (FD) scheme, tuned to ensure that the total
heat transfer matches the one computed between the
inlet and outlet boundaries.

The above equations are solved using a hy-
brid numerical approach. Specifically, the lattice
Boltzmann method (LBM) [14] is employed for solv-
ing the flow field, while the temperature field is
evolved using a FD scheme. The reader is referred
to Hosseini et al. [15] for more details related to the
hybrid LBM-FD formulation.

2.2. Simulation setup

The simulations are conducted in a two-
dimensional domain representing the flow of air
around a stationary circular cylinder. The inlet
boundary is subjected to a uniform velocity and tem-
perature of 300K, while the cylinder surface is held at
a constant temperature of 301K. Although the model
is capable of accounting for thermal expansion ef-
fects, the temperature difference is deliberately kept
small to suppress such influences and facilitate direct
comparison with prior studies in the literature. No-
slip boundary conditions are applied on the particle,
with periodic boundaries along the lateral edges and
a convective outflow condition at the outlet.

We consider Reynolds numbers in the range
Re ∈ [100, 400], defined based on the particle dia-
meter D, inlet velocity, and inlet kinematic viscos-

in
le

t

Periodic BC

Periodic BC

ou
tle

t3.6D 5D

12.5D

2.5D

Figure 1. Schematic view of simulation setup. The
red dashed lines denote the domain discretization
used for the DEM-CFD simulation. D denotes the
particle diameter.

ity. Grid independence and time-step sensitivity ana-
lyses are performed to ensure accuracy. The convect-
ive and diffusive terms in the finite-difference method
are discretized using a second-order central scheme,
while the time integration employs a first-order ex-
plicit Euler scheme.

After an initial transient period, the flow evolves
into a repetitive pattern characterised by vortex shed-
ding – commonly referred to as a Kármán vortex
street. To avoid a bias from transient dynamics,
the computation of the local Nusselt number is per-
formed after the initial transient stage. These res-
ults on the local Nusselt number serve as the primary
quantities of interest for thermal analysis and sub-
sequent machine learning applications.

A sketch of the computational domain, includ-
ing boundary conditions and geometric proportions,
is shown in Figure 1. Additional details regarding the
simulation parameters and flow properties are listed
in Table 1, where Ny and Nz denote the total number
of grid points along the lateral, y, and flow, z, direc-
tions, respectively (see Fig. 5 for the corresponding
directions).

Table 1. Simulation parameters used in the study

Parameters Values
Grid Size [mm2] 0.0625

Mw [kg/mol] 0.02896
Nz, Ny 500, 200

cp [J/kg · K] 1005
Time Step [s] 4.0 × 10−4

2.3. Model validation
In Fig. 2, we compare the local distribution of

the Nusselt number with numerical benchmark res-
ults. Specifically, we compare our results to Kim
& Choi [16] for Re = 120 and to Momose &
Kimoto [17] and Zhang et al. [18] for Re = 218.
The results show generally good agreement, with the
LB-FD solver capturing the overall trend of the local
Nusselt number distribution. However, minor dis-
crepancies are observed, which can be attributed to
the numerical model used. Specifically, LBM can-
not achieve an orthogonal grid resolution with re-
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Figure 2. Validation of the model. The results
are compared with Kim& Choi [16] for Re = 120
and Momose& Kimoto [17] and Zhang et al. [18]
for Re = 218. The angle θ = 0◦ corresponds to the
stagnation point of the flow.

spect to solid surfaces, requiring specialized treat-
ments for curvature. In this study, a linear second-
order bounce-back scheme is applied to approximate
the exact position of the solid surface. While this ap-
proach yields reasonable results, some discrepancies
may still arise due to the approximations in the rep-
resentation of the boundary.

2.4. Average correlation

We fit an average steady-state Nusselt correla-
tion using the available DNS database, in order to
benchmark our results against established correla-
tions from the literature. The resulting equation is
given by

Nu = 0.88Re0.4. (9)

Note that (9) does not depend on Pr number, as the
training data are obtained from simulations with con-
stant Pr = 0.7. We compare our results to Churchill
& Bernstein’s correlation for forced convection from
gases and liquids to a circular cylinder in crossflow
[19], which reads

Nu = 0.3 +
0.62 Re1/2

D Pr1/3[
1 + (0.4/Pr)2/3]1/4

×

1 + (
ReD

282 000

)5/84/5

. (10)

The results are plotted in Fig. 3 for the range Re =
[20, 400]. The two correlations show very good
agreement, even in the range Re = [20, 100[ that was
not included during training. Overall, the maximum
deviation is ∆Nu ≈ 0.48 and occurs at Re = 40. This
corresponds to a relative error of ≈ 14%.
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2
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N
u[
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Churchill & Bernstein (1977) 
Nu=0.88Re0.4

Figure 3. Comparison of steady-state average
Nusselt values as function of the Reynolds num-
ber, based on (9) and Churchill& Bernstein’s cor-
relation (10).

3. LOCAL AND AVERAGE NUSSELT
CORRELATIONS

3.1. Gaussian process regression
We consider a set of N training data points D =

{xi,Nui}
N
i=1, where each x = [Re, θ]T ∈ X ⊂ R2 de-

notes the input feature vector composed of the in-
let Reynolds number and the local radial angle at
the particle surface. The corresponding output Nui
is obtained with (7). We note that the local Nusselt
number values from each simulation are calculated
by averaging the local values over all time steps after
the transient phase. The start of this post-transient
regime is identified by the appearance of the von
Kármán vortex street in the wake of the cylinder.

We train a regression model f : X → R that
maps the input feature vector x to the local Nusselt
number on the particle surface for the configuration
presented in Sec. 2. Since multiple regression func-
tions may fit the data equally well, we adopt a Gaus-
sian process (GP) prior over f , which provides distri-
bution over functions and enables uncertainty quan-
tification in the predictions. By definition, a GP is
a collection of random variables, any finite number
of which have a joint Gaussian distribution [20]. We
assume that the prior of f is a GP and

f (x) ∼ GP(ξ(x),K(x, x′)), (11)

where ξ(x) is the mean function and K(x, x′) is the
covariance (or kernel) function describing the correl-
ation between any pair of inputs x and x′. The mean
function ξ(x) is chosen to be constant and equal to
the mean of the training set. For the covariance func-
tion, we adopt a radial basis function (RBF) kernel,
which is defined as

K(x, x′)) = σ2
cexp

− (Re − Re′)2

2l2Re

−
(θ − θ′)2

2l2θ

 ,
(12)
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where σ2
c is the signal variance and l(·) is the length

scale of the corresponding input. These variables are
treated as hyperparameters of the model.

Although our training data is generated from
DNS, it is common in GPs to take measurement er-
rors into consideration. Accordingly, we assume that
the training outputs are corrupted by additive Gaus-
sian noise ϵ ∼ N(0, σ2

n), i.e.,

Nui = f (xi) + ϵ, i = 1, · · · ,N, (13)

where σ2
n is the noise variance and is considered as

an additional hyperparameter.
Let T = {x∗m}

M
m=1 be a collection of M test

points, with each x∗m = [Re∗, θ∗m]T comprising a
new Reynolds number value, i.e., not used in the
training dataset D, and a local test angle θ∗m on the
particle surface. The goal is to predict the corres-
ponding local Nusselt number at these test points. In
GP regression, the joint distribution of the training
outputs y = [Nu1, · · · ,NuN]T and the test outputs
y∗ = [Nu∗1, · · · ,Nu∗M]T is a multivariate Gaussian.
According to the conditional Gaussian theorem [21],
the predictive distribution for y∗, conditioned on the
training data (X, y) and test inputs X∗ is given by

p(y∗|X, y, X∗) = N(ξ̃, K̃), (14)

where X, X∗ are the matrices of training and testing

input features, respectively. Here, ξ̃ and K̃ denote
the mean and covariance of the posterior predictive
distribution, and they are obtained using

ξ̃ = ξ(X∗) +

K(X∗, X)
(
K(X, X) + σ2

nI
)−1

(y − ξ(X)), (15)

K̃ = K(X∗, X∗) −

K(X∗, X)
(
K(X, X) + σ2

nI
)−1
K(X, X∗). (16)

The hyperparameters of the GP, i.e., ϕ =

[σ2
c , σ

2
n, lRe, lθ]T , have a strong influence on the pre-

diction accuracy; therefore, they must be optim-
ized. This is accomplished by maximizing the log-
likelihood of training outputs y given the inputs X
and hyperparameters ϕ, i.e.,

ϕ
opt
= argmax

ϕ
log(p(y|X, ϕ)), (17)

where

log(p(y|X, ϕ)) =

−
1
2

(
y − ξ(X)

)T (
K(X, X) + σ2

nI
)−1(

y − ξ(X)
)

−
1
2

log
∣∣∣∣∣K(X, X) + σ2

nI
∣∣∣∣∣ − N

2
log(2π). (18)

The gradients of the log-likelihood with respect to
every hyperparameter can be computed analytically.
Therefore, the optimization problem shown in (17)
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Figure 4. Top: GP evaluation for two test cases
with Re = 210 and 310 with 95% confidence inter-
vals. Bottom: Corresponding absolute prediction
error. The angle θ = 0◦ corresponds to the stagna-
tion point of the flow.

can be efficiently solved using gradient-based op-
timization methods, e.g., L-BFGS [22] or conjugate
gradient methods.

Once the hyperparameters have been optimized
using D, the GP model can be used for inference on
an unseen test inputs by evaluating the posterior dis-
tribution according to Eqs. (14) to (16).

3.2. Training setup
Our training dataset D consists of 5760 train-

ing samples obtained by computing the local Nusselt
number at every 1◦ increment along the particle sur-
face, with 0◦ corresponding to the stagnation point.
These values are extracted from 16 DNS simulations,
each parameterized by a distinct inlet Reynolds num-
ber uniformly distributed in the range [100, 400]. In
addition, we scale the input features of D between 0
and 1 to improve the numerical conditioning of the
kernel matrix.

The hyperparameters ϕ are optimized using the
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L-BFGS algorithm provided by Scikit-learn [23]. We
restart the optimization using 10 different initializ-
ations in the hyperparameter space to avoid poor
local minima. The resulting optimal hyperparameter
vector, identified using the scaled inputs, is ϕ =
[32.376, 1.71 × 10−4, 0.542, 0.01]T .

3.3. Gaussian Process model evaluation
We evaluate the accuracy of the model by com-

paring the local Nusselt values, predicted by the GP,
to the ground truth values obtained from the DNS
simulations for the test cases with Re = 210, 310.
The corresponding root mean square errors (RMSE)
are 0.14 and 0.09, respectively. Figure 4 shows
the angular distribution of Nusselt number along the
particle surface for the two considered test cases,
along with the corresponding absolute prediction er-
ror. The results show that the GP is capable of accur-
ately predicting the local Nusselt number values over
the entire angular range, with near-perfect agreement
except in the wake region behind the cylinder, where
it slightly underestimates the Nusselt values. The
reason for this discrepancy lies in the complex flow
behavior in the wake region, where flow separation
effects dominate. Specifically, the GP predicts tem-
porally averaged local Nusselt values learned from
the training data, which may not fully capture the in-
fluence of Reynolds number on the target values in
this region. Moreover, the shaded gray region, which
represents the 95% confidence interval, is extremely
narrow, indicating high certainty in the predictions.

4. LOCALLY RESOLVED DEM-CFD SIM-
ULATIONS

4.1. GP implementation in DEM-CFD
framework

Gaussian Process DEM-CFD simulations for the
setup described in Sec. 2.2 were carried out using the
in-house DEM-CFD-code. We refer to [24, 25] for
more details on the code. Here we focus on the in-
tegration of the GP into the DEM-CFD framework
and highlight the benefits of using local Nusselt num-
ber model. First, to mimic the numerical conditions
of unresolved 3D-DEM-CFD simulations, the fluid
domain was deliberately meshed with a coarse grid
consisting of (1x2x4) cells. This configuration en-
sures that the particle size remains much smaller than
the CFD size LCFD, cell, i.e., LCFD, cell ≫ D. Further-
more, only one cell constitutes the domain depth (x-
direction) to enforce a quasi-2D flow configuration,
which is comparable to the DNS setup. The grid of
the fluid domain used is depicted in Fig. 1 with red
dashed lines.

In the DEM approach, the particles are represen-
ted as polyhedra [26] with a discretized (triangulated)
surface. This polyhedron representation has two ad-
vantages: First, any particle shape can be included
and the local approach can later be easily translated
to other particle shapes. Second, boundary condi-

Figure 5. Radial discretization of the circular
particle.

tions from the triangulated surface mesh can easily
be translated to adjacent cells of an intra-particle tet-
rahedral mesh. The radial surface discretization of
the circular particle is depicted in Fig. 5. We note
that the particle depth is discretized using only one
cell, analogous to the fluid domain.

Our implementation of the GP within the DEM-
CFD framework provides the Nu number distribution
along the particle surface at every 1◦, based on the
inlet Reynolds number, which is readily available in
the simulation. However, to project this distribution
onto the particle faces in the DEM-CFD domain and
assign the local Nusselt number Nuθ, it is necessary
to first identify the stagnation point on the particle
surface (θ = 0◦). This is achieved by comparing the
orientation of each particle face to the flow vector u
obtained from the CFD solution. Once the stagnation
point is known, the remaining θi are calculated dur-
ing runtime from the face centroids ci and the corres-
ponding values of Nuθ are assigned on the respective
faces.

4.2. Results
The advantages of using the GP-Nu in DEM-

CFD are obvious: While the simulation is unresolved
(LCFD, cell ≫ D) and, therefore, local information
of the fluid-solid heat transfer is not available, the
GP provides Nuθ on the particle surface with a DNS
level of accuracy. This is particularly interesting if
the external heat transfer is coupled to a resolved in-
ternal heat transport. An example of this is depicted
in Fig. 6, which shows the temperature profiles of
the disc for the locally resolved and mean case. It
is evident from the temperature profiles that, due to
the spatial resolution of Nusselt on the surface, the
transient heat conduction inside the particle is more
realistic than for a mean Nusselt value. As the Nus-
selt number at the stagnation point is the largest and
drops to less than half its value on the back of the
disc (θ > 90◦), the thermal front moving towards the
disc core takes on a half-moon shape. Consequently,
heat transfer in the particle is not uniformly directed
towards the center of the particle as in the mean Nus-
selt case.

In Fig. 7, we compare the evolution of the mean
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Figure 6. Temperature profiles at t = 100s, Tin =

400K and Re = 100.
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Figure 7. Temperature evolution for locally re-
solved GP DEM-CFD simulations and reference
DEM-CFD for Re = 100, 200, 300.

particle temperature for the GP DEM-CFD model
and the model that employs a mean Nusselt num-
ber for three different Reynolds numbers (Re =
100, 200, 300). As expected, the heating time of the
particle is approximately the same for the two cases
and the three respective Reynolds numbers, since the
integral of Nuθ (i.e. heat flux) in the GP case equals
the mean Nusselt number value. Although mean tem-
peratures are quite similar, temperature is not distrib-
uted radially uniform in the GP case, as shown be-
fore, and local surface temperature differences may
lie in the range of 20 − 25K for the depicted cases.

Regarding the computational effort, the GP takes
marginally more time to calculate the local Nuθ,
compared to using mean Nusselt values. This over-
head is mainly attributed to computing a single
Cholesky decomposition used for the matrix inver-
sion given in Eqs. (15) and (16), which takes ≈ 3−4s
to compute.

5. CONCLUSION
In this work, a local Gaussian process model

for the Nusselt number (Nu-GP) has been presented.
The GP was trained using a DNS database performed
with the LBM to crossflow around an isolated circu-
lar cylinder, parameterized by Pr = 0.7 and 100 ≤
Re ≤ 400. We first validated an LBM model against
benchmark results from the literature, demonstrat-

ing good agreement with some deviations near the
stagnation point. Subsequently, we trained a Gaus-
sian Process to represent the LBM results at a low
computational cost. The Gaussian Process achieves
excellent accuracy on test cases when compared to
the original LBM data, with a maximum RMSE of
0.14. Finally, we demonstrated that our GP-Nu can
easily be integrated into a coupled DEM-CFD frame-
work. We illustrated this integration with first GP-Nu
DEM-CFD simulation results. Those show that GP-
Nu models indeed provide locally resolved Nusselt
numbers, while requiring only very little additional
computational effort compared to mean Nusselt cor-
relations.

The cylindrical particle case studied in this work
constitutes a readily verifiable and thus essential step
toward establishing a solid foundation for more com-
plex particle geometries. This simplified scenario en-
ables us to validate the approach before extending
it to irregular shapes, which will require incorporat-
ing additional descriptors into the Gaussian Process
model alongside Re and θ. In future work we aim
to develop robust correlations that capture a broader
spectrum of particle shapes and simulation setups, in-
cluding cases involving denser particle packings.
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ABSTRACT
We present a workflow for the unsupervised

clustering of fluid–particle flows into distinct com-
partments based on open-source tools. Our aim is
to enhance the understanding of complex multiphase
flow systems - prevalent in many chemical and bio-
chemical reactors - by using models consisting of
such compartments. The proposed methodology in-
tegrates computational fluid dynamics (CFD) simula-
tions with unsupervised machine learning (i.e., clus-
tering algorithms) to identify coherent flow regions
(i.e., compartments) without prior labelling. Our
workflow is fully automated and designed for repro-
ducibility, with a modular structure that allows for
an easy adaptation to various flow systems. The res-
ults demonstrate that our approach can successfully
capture essential flow features and partition the do-
main into meaningful compartments. This facilitates
direct use in compartment models, which reduces
computational costs in larger-scale simulations. Our
findings suggest that unsupervised machine learning
algorithms are mature enough to simplify complex
multiphase systems in a largely automated fashion,
making them a valuable tool for both academic re-
search and industrial applications.

Keywords: CFD, multiphase, compartment mod-
elling, bioreactor, clustering, unsupervised learn-
ing

NOMENCLATURE
C [−] cluster
Da [−] Damköhler number
H [m] channel height
JC [−] clustering objective for the

k-means algorithm

JV̇ [−] optimization objective flow
rate adaption

L [m] channel length
S [ kmol

m3 s ] additional sources or sinks
VR [m3] volume of compartment
c [kmol/m3] concentration of species
c∗ [−] dimensionless concentration

of species
k [s−1] reaction rate constant
kLa [s−1] volumetric mass transfer coef-

ficient
nc [−] number of compartments
nk [−] number of clusters
nx [−] number of datapoints
ncells,min [−] minimum number of CFD

cells required per cluster
r [ kmol

m3 s ] reaction rate
v1 [m/s] velocity of the moving top

wall
vmax [m/s] maximum velocity of the flow

profile
V̇ [m3/s] flow rate
V̇ [m3/s] flow rate matrix

V̇ ′ [m3/s] optimized flow rate matrix
v [m/s] velocity vector with the com-

ponents v1 and v2
x [−] feature vector from data mat-

rix
α [−] volume fraction
λ [−] regularization parameter
µ [−] cluster average
νthresh [−] threshold for reassignment

condition based on volume
τR [s] residence time
ξ∗

1
[−] dimensionless axial coordin-

ate
ξ∗

2
[−] dimensionless transverse co-

ordinate
1
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C [−] set of clusters
Ci [−] cluster subset of X
X [−] data set

Subscripts and Superscripts
in at the inlet
out at the outlet
φ for each phase

1. INTRODUCTION
Accurate prediction of large-scale multi-species

gas-liquid bioreactor performance is essential for
advancing biotechnological applications. For ex-
ample, Cupriavidus necator bacteria within mul-
tiphase bioreactors may produce valuable products
such as the polymer Polyhydroxybutyrate (PHB) [1],
or food proteins. These systems often involve two-
phase flows, in which the dissolution of key gases
like O2, CO2, and H2 significantly impacts reactor
performance. However, the complexity of these sys-
tems requires advanced modelling techniques to cap-
ture the interplay between flow dynamics and chem-
ical reactions.

Despite progress in computational fluid dynam-
ics (CFD) and compartment modelling, several gaps
in our scientific understanding of such reactors re-
main. Unsupervised machine learning algorithms
can assist in finding patterns in the large datasets gen-
erated by CFD simulations. For instance, Laborda
et al. [2] used unsupervised clustering on CFD and
experimental data to identify flow regimes in biore-
actors. While their custom k-means algorithm en-
sured spatial continuity and optimal compartment
count, the study focused solely on regime identific-
ation without integrating chemical reaction networks
(CRNs), or predicting reactor performance. Le Nep-
vou de Carfort et al. [3] proposed a fully automated
CFD-based method for generating 3D compartment
models using structured grids. Although their ap-
proach enabled real-time bioreactor simulations, it
was constrained to Cartesian grids and lacked val-
idation for non-ideal geometries. Savage et al. [4]
combined CFD, high-dimensional design spaces, and
Bayesian optimisation to improve reactor geometries
with respect to flow behaviour and mixing character-
istics. However, their work focused on the reactor
design and did not address (bio-)chemical reaction
kinetics, or propose a method to create to compart-
ment models. Savarese et al. [5] developed a CRN
generation method using unsupervised clustering and
graph algorithms for combustion in CFD simula-
tions. While effective for predicting NOx emissions,
their approach was limited to single-phase systems
and consequently an application to multiphase biore-
actors or biochemical reaction networks cannot be
realized. Other studies, such as Tajsoleiman et al. [6]
and Delafosse et al. [7], introduced automated CFD-
based zoning and compartment models for stirred
bioreactors. However, these methods were either
geometry-specific, lacked spatial continuity enforce-

ment, or did not integrate biochemical reactions or a
fully automated zoning algorithm.

1.1. Goals of our Contribution
Given the limitations of CFD simulations in

modelling detailed chemical reactions, our present
study aims to identify meaningful compartments,
and subsequently solve the equations that govern the
resulting compartment model (CM). By leveraging
analytical solutions, we validate the CM for flows
between two infinite plates, including single-phase
flow with reactions and two-phase flow with mass
transfer.

Therefore, we utilise the codebase from Sav-
arese et al. [5] and developing it further into
our own tool box called CLARA (CLustering Al-
goRithm Austria). To perform the clustering and
compartment generation, simulation data is needed.
We added two new simulation tool options from
which the data can be read by CLARA. These tools
are (i) OpenFOAM®, a classic open-source CFD
tool, and (ii) SimVantage®, a commercial bioreactor
CFD simulation tool developed by the SimVantage
GmbH. The SimVantage® software uses the Lattice
Boltzmann method (LBM) for simulating complex
flows, including multi-phase and multi-component
systems. With the integration of these tools, we have
two powerful options for simulating complex flows
in bioreactors, allowing us to accurately capture the
dynamics of gas-liquid interactions therein. Our
clustering and compartmentalization tool, CLARA,
will soon be available as an open-source tool.

Our long-term vision is to develop a fast and re-
liable tool for optimising bioreactor reactor design,
akin to the approach presented in [4], which showed
that it is crucial to scan the design space and find
the “best” geometrical design of a device. The tool
will be useful for the process optimization of the gas-
fermentation bioreactor as shown in [1]. Due to regu-
latory restrictions and safety issues, which arise due
to the highly explosive medium (hydrogen and oxi-
gen), it is vital to have an excellent understanding of
transport phenomena in bioreactors to avoid explos-
ive gas mixtures. A secondary vision is to develop
a physics-informed model capable to be used for the
design of model-based automatic control algorithms,
and which can be exploited to optimise reactor per-
formance during operation. This is particularly im-
portant for bioreactors, as they are complex systems
with many variables that need to be controlled.

2. METHODS
In this section, we describe the methods used

to achieve the goals outlined in the previous
chapter. We begin by discussing the integration of
OpenFOAM® and SimVantage®, followed by a de-
tailed explanation of the clustering process, includ-
ing feature selection and graph reassignment. We
then present the compartment model equations and
the optimisation process for inconsistent flow rates.
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Specifically, the overall clustering process involves
reading in field values, calculating volume flow rates
over faces, and selecting relevant features for the core
clustering step. Once the clustering is performed,
graph reassignment ensures spatial continuity of the
clusters. After the clustering is completed, we will
call these clusters compartments as each represents a
theoretical compartment in a reactor. The next step
is to calculate the compartment attributes such as
volume, flow rate matrix, temperature and, for mul-
tiphase systems, the volumetric mass transfer coef-
ficient (kLa). If mass balance inconsistencies are
detected, an optimisation step is applied to correct
them. Finally, boundary conditions for the compart-
ment model (CM) are selected, including flow rates
and concentrations, which are then passed to the CM
solver. In order to ensure the quality of the code, ana-
lytical solutions are used to verify the results. Spe-
cifically, we test the performance of the CM with
simple chemical reactions and mass transfer scen-
arios.

2.1. Integration of OpenFOAM® and
SimVantage®

The integration of OpenFOAM® and
SimVantage® with CLARA is achieved through a
custom Python interface. This interface allows for
seamless communication between the two software
packages (i.e., OpenFOAM® or SimVantage®

and CLARA), enabling the transfer of data and
results. For the LBM method (which is used in
SimVantage®), face fluxes must be calculated as a
post processing step to obtain the volumetric flow
rates as these are not used in a classical LBM-based
simulation. This is especially critical for moving
boundaries, such as the stirrer, where some cells are
partly solid and partly fluid.

2.2. Clustering
To perform clustering, we must carefully se-

lect the features that represent the underlying phys-
ics of the system. These features are derived from
CFD simulations and typically include flow-relevant
quantities such as velocity, residence time, or turbu-
lence intensity. It is recommended not to use con-
centration as a feature, since we simulate only until
the flow reaches a quasi-steady state, long before the
concentration field has fully evolved. This is particu-
larly relevant in bioreactors, where bio-reactions in-
volving bacteria often take several days to produce
measurable outputs due to the inherently slow bio-
logical processes. Simulating such long timescales
with CFD alone would be computationally prohibit-
ive. Instead, we simulate the flow dynamics until a
statistically steady state is reached and then use the
compartment model (CM) to predict long-term con-
centration behaviour. This approach maintains accur-
acy while reducing computational cost. To enhance
the clustering, it is also useful to include statistical
measures such as the mean and standard deviation of

time-dependent features, allowing the method to cap-
ture the unsteady or turbulent characteristics of the
flow.

The core clustering step uses the k-means al-
gorithm, which partitions the dataset into nk distinct,
non-overlapping clusters. The dataset consists of
nx feature vectors X = {x1, . . . , xnx

}. Each cluster
Ci ⊆ X, with i = 1, . . . , nk, is a subset of the data.
The algorithm assigns each feature vector x j to one
of the clusters via the mapping x j 7→ Ci. Each cluster
has a centroid µ

i
, defined as the mean of all feature

vectors in that cluster µ
i
= 1
|Ci |

∑
x j∈Ci

x j. where |Ci|

denotes the number of elements in Ci.
Each vector is then assigned to the cluster with

the nearest centroid (in terms of Euclidean distance).
The centroids are recalculated iteratively until the as-
signments no longer change, indicating convergence.
The k-means algorithm minimizes the following ob-
jective function:

JC =

nk∑
i=1

∑
x j∈Ci

∥x j − µi
∥2. (1)

To ensure cluster connectivity, a graph reassign-
ment algorithm is applied. This algorithm checks
each cluster for disconnected components and reas-
signs them based on a connectivity criteria (e.g. spa-
tially next cluster). Additionally, thresholds can be
defined to trigger reassignment. For example, a com-
partment must contain a minimum number of CFD
cells (see Eq. 2) or a minimum volume (see Eq. 3).
The reassignment conditions are:

reassign(Ci) ⇐⇒ |Ci| < ncells,min (2)

reassign(Ci) ⇐⇒
∑
x j∈Ci

V(x j) < νthresh ·Vtotal (3)

After clustering is completed, each cluster is
converted into a compartment, as compartments can
hold additional attributes. The number of clusters nk
is therefore equal to the number of compartments nc.

2.2.1. Mass Conservation and Flow Balance

For a network of compartments, the flow rate
matrix V̇ represents the flow rates between the com-
partments via a two-dimensional matrix. These flow
rates are derived by summing the volume flows ex-
tracted from the simulation data. Let V̇

in
and V̇

out
represent the external inflows and outflows, respect-
ively, for each compartment. The system must satisfy
mass conservation, which is expressed mathematic-
ally in Eq. 4:

nc∑
j=1

V̇i j −

nc∑
j=1

V̇ ji + V̇ini − V̇outi = 0 ∀i (4)

In this equation, V̇i j represents the flow rate from
compartment i to compartment j, while V̇ ji denotes

3
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the flow rate from compartment j to compartment i.
The terms V̇ini and V̇outi correspond to the external
inflow and outflow rates for compartment i, respect-
ively. Finally, nc is the total number of clusters in
the system. This equation ensures that the net flow
into each compartment, considering both internal and
external flows, is zero. It is important to note that
for two-phase systems, achieving mass conservation
can be challenging, as the mass transfer between the
phases must be considered.

2.2.2. Optimisation of Flow Rates

To address inconsistencies in flow rates, an op-
timisation process is applied. The objective is to ad-
just the flow rate matrix V̇ to minimise deviations
from the initial values while ensuring mass conser-
vation. The optimisation problem is defined by the
objective function in Eq. 5:

JV̇ =

nc∑
i, j

(V̇ ′i j − V̇i j)2 + λ

nc∑
i, j

V̇ ′2i j (5)

In this equation, V̇ ′i j represents the optimised flow
rates, which are adjusted to satisfy mass conserva-
tion while minimising deviations from the initial flow
rates V̇i j. The parameter λ is a regularization term
that penalizes large flow rates, thereby preventing ex-
cessive deviations and ensuring a more stable solu-
tion. A rule of thumb for estimating this regulariz-
ation term is λ ≈ 1

∥V̇∥2 . This approach ensures that

the optimisation process maintains the integrity of
the flow distribution across the clusters.

The optimisation is subject to the mass balance
constraint, as shown in Eq. 6:

nc∑
j=1

V̇ ′i j −

nc∑
j=1

V̇ ′ ji + V̇ini − V̇outi = 0 ∀i (6)

This constraint ensures that the optimised flow rates
satisfy mass conservation for each cluster. The terms
in Eq. 6 are defined similarly to those in Eq. 4.

The optimisation problem is solved using Se-
quential Least Squares Quadratic Programming
(SLSQP), an iterative method suitable for con-
strained optimisation. The solution is bounded to
ensure positive flow rates. Additionally, flow rates
which are under a certain threshold will be kept/set
to zero, so that it is ensured that spatially not connec-
ted compartments remain not connected. This ap-
proach ensures minimal adjustments to the flow rates
while maintaining the integrity of the flow distribu-
tion across the clusters.

2.3. Compartment attributes

The next step is to calculate the compartment at-
tributes like volume, temperature, and also for a mul-
tiphase system the kLa value. For a two phase system
the volume of the phase is used as the compartment
volume (αφ · V).

2.4. Compartment Model Equations
In the context of a bioreactor, k-Means can

be used to cluster different regions based on cer-
tain characteristics, such as concentration or reaction
rates, to form different compartments which can then
be solved. This is very similar to a Chemical Reactor
Network (CRN), or as we call it, the compartment
model.

The compartment model (CM) simplifies a com-
plex system by dividing it into compartments, each
representing a distinct region or phase. The CM
equations describe the mass balance of species within
each compartment, accounting for inflows, outflows,
reactions, and other processes. The governing equa-
tion for the liquid phase is given in Eq. 7:

dcφ,i, j
dt
=

∑nc
k V̇φ,i,k→ jcφ,i,k −

∑nc
k V̇φ,i, j→kcφ,i, j

VR,φ, j

+
V̇inφ,i, j cinφ,i, j − V̇outφ,i, j coutφ,i, j

VR,φ, j
+ rφ,i, j + S φ,i, j

(7)

In this equation, cφ,i, j represents the concentration of
species i in compartment j. The terms V̇φ,i,k→ j and
V̇φ,i, j→k denote the flow rates of species i into and out
of compartment j, respectively. These flow rates ac-
count for the transport of species between compart-
ments. The external inflow and outflow rates of spe-
cies i for compartment j are represented by V̇inφ,i, j and
V̇outφ,i, j , respectively. The volume of compartment j
is denoted by VR,φ, j, which is used to normalize the
mass balance equation. The reaction rate of species i
in compartment j is represented by rφ,i, j, which ac-
counts for the chemical reactions occurring within
the compartment. Finally, S φ represents additional
sources or sinks, such as mass transfer from other
phases. This term ensures that all external contribu-
tions to the species concentration are included in the
model.

The CM equations are solved numerically using
standard ODE solvers provided by the SciPy Python
library. This approach allows for an accurate approx-
imation of the system’s dynamic behavior and sup-
ports efficient integration of the compartment model
under various flow and reaction conditions.

2.5. Verification
To test the implementation and results of the

compartment model, we verify it against an analyt-
ical solution. This analytical solution represents flow
between two infinite plates with a simple first-order
chemical reaction. The verification process ensures
that the CM accurately predicts the concentration
profiles and flow dynamics under controlled condi-
tions.

The analytical solutions for plug flow, Couette
flow, and Poiseuille flow provide benchmarks for
evaluating the CM’s performance. These solutions
are derived based on non diffusive steady-state as-
sumptions and specific velocity profiles. By com-
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paring the CM results to these analytical solutions,
we can assess the accuracy and reliability of the
model. Additionally, the verification process helps
to identify potential limitations or areas for improve-
ment in the CM implementation.

2.5.1. Analytical Solution for Plug Flow

For a first-order chemical reaction in a plug flow
between two infinite plates, the concentration profile
can be derived under steady-state conditions. The
velocity profile is uniform (v1 = vmax, v2 = 0), and
the concentration decreases exponentially along the
flow direction. Specifically, the resulting concentra-
tion profile is given by:

c∗(ξ∗1) = e−Daξ∗1 (8)

where Da = kL
vmax

is the Damköhler number, and
ξ∗1 =

ξ1
L is a dimensionless axial coordinate.

2.5.2. Analytical Solution for Couette Flow

In Couette flow, the velocity profile is linear and
given by v1 = vmax

ξ2
L , v2 = 0, where vmax is the ve-

locity of the moving top wall, ξ2 is the dimension-
less transverse coordinate, and L is the characteristic
length. The mean residence time can be approxim-
ated as τR =

L
v , and for a linear velocity profile we

get v = vmax
2 . Substituting this, the mean residence

time becomes τR =
L

2vmax
. Therefore, the Damköhler

number is calculated as Da = 2kL
vmax

. The concentra-
tion profile for a first-order reaction is expressed as:

c∗(ξ∗1, ξ
∗
2) = e

−Da
ξ∗1
ξ∗2 (9)

where ξ∗1 = ξ1/L and ξ∗2 = ξ2/H are the dimension-
less axial and transverse coordinate, respectively.

2.5.3. Analytical Solution for Poiseuille Flow

In a Poiseuille flow, the velocity profile is para-

bolic and given by v1 = vmax

(
1 −
(
ξ2

H/2

)2)
, v2 = 0,

where vmax is the maximum velocity at the centerline,
ξ2 is the dimensionless transverse coordinate, and H
is the channel height. The mean velocity for this pro-
file is v1 = 2/3vmax. Using this, the Damköhler num-
ber is evaluated as Da = k 3L

2vmax
. The concentration

profile for a first-order reaction is given by:

c∗(ξ∗1, ξ
∗
2) = e

−Da
ξ∗1

1−ξ∗2
2 (10)

where ξ∗1 and ξ∗2 are the dimensionless axial and
transverse coordinate, respectively.

3. RESULTS
The results of this study demonstrate the capab-

ility of the compartment model (CM) to accurately
reproduce the reaction dynamics of a simple tubular
reactor. The Fig. 1 shows the concentration profile
of a reactor with Poiseuille flow and a Darmköhler
number of 1.
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Figure 1. Analytical concentration profile for
Poiseuille flow for a simple first-order chemical
reaction.

3.1. Importance of Feature Selection
Feature selection plays a crucial role in the clus-

tering process, as it directly determines how the com-
partments are formed and how well they capture the
relevant dynamics of the system. To illustrate this,
we compare two clustering results, each using six
compartments: one based on concentration as the
feature, see Fig. 2, and the other based on velocity,
see Fig. 3. The clustering based on concentration
yields a significantly lower error of 16% compared to
29% when using velocity, indicating that it provides a
better representation of the system in this case. How-
ever, while the performance is better, concentration
is very difficult to obtain from the simulation. In
practical CFD setups, especially those limited to the
flow field, the full concentration profile may not be
available or may require prohibitively long simula-
tion times to resolve accurately. This highlights a
key trade-off: the most informative features may not
be accessible in realistic scenarios. Moreover, in this
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Figure 2. Clustering solution with six clusters and
the concentration as feature vector.

simplified analytical test case, only a limited number
of features are available, which further complicates
the selection process. The lack of diverse or rich fea-
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ture data restricts the clustering performance and the
ability to tailor compartments to specific physical be-
haviours. Therefore, while the example shows that
using concentration leads to better clustering quality,
it also underlines the challenges in feature availab-
ility and extraction, particularly when applying this
method to more complex or computationally expens-
ive systems.
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Figure 3. Clustering solution with six clusters and
the velocity as feature vector.

3.2. Compartment Model Performance
Fig. 4 illustrates the absolute error of the pre-

dicted total mole flow compared to the analytical
solutions for three different flow profiles: plug flow,
Couette flow, and Poiseuille flow. These profiles
serve as benchmarks for evaluating the CM’s per-
formance. For this comparison, the feature vectors
used in the clustering included both the velocity and
the concentration field.
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Figure 4. Absolute error of the CM solution com-
pared to the analytical solution for plug flow, Cou-
ette flow, and Poiseuille flow.

The results show that as the number of compart-
ments increases, the CM solution converges to the
analytical solution, i.e., the error vanishes. This con-
vergence highlights the ability of the CM to capture

the essential flow and reaction characteristics of the
system. For all three flow profiles, the error decreases
significantly with an increasing number of compart-
ments, demonstrating the robustness of the CM ap-
proach.

The plug flow results exhibit the lowest error,
as the uniform velocity profile simplifies the flow
dynamics. In contrast, the Couette and Poiseuille
flows, which involve more complex velocity profiles,
show slightly higher errors. These results were ob-
tained without any advanced feature selection for
clustering, meaning the compartments were gener-
ated based solely on basic flow properties. Despite
this, the CM performed well, suggesting that even a
straightforward clustering approach can yield mean-
ingful results. Future work could explore the impact
of incorporating additional features, such as turbu-
lence intensity or residence time, to further enhance
the accuracy and efficiency of the CM.

4. CONCLUSION
The results presented in our paper demonstrate

the effectiveness of the compartment model (CM).
We established a seamless, automated workflow by
integrating the OpenFOAM® and SimVantage® flow
solvers with our in-house tool called CLARA (CLus-
tering AlgoRithm Austria). These CFD tools provide
flow field data, which CLARA uses for unsuper-
vised clustering via k-means and graph-based reas-
signment to identify spatially coherent compartments
that mechanistically represent the reactor’s flow char-
acteristics. Based on these compartments, CLARA
calculates compartment volumes, in- and outflows,
and inter-compartment flow rates to generate the
CM. An optimization step ensures mass conserva-
tion. This enables an efficient and mechanistic pre-
diction of concentration fields and reactor behaviour
using reduced-order models.

The verification of the CM against analytical
solutions for plug flow, Couette flow, and Poiseuille
flow confirmed its accuracy and reliability. The cor-
responding CMs successfully captured the concen-
tration profiles and flow dynamics under various con-
ditions, with errors below 1% for all flow profiles.
These results highlight the potential of the CM as a
fast and reliable tool for optimising reactor design
and performance.

Future work will focus on extending the CM to
handle more complex two phase system and com-
plex chemical reactions. Additionally, efforts will
be made to improve the feature selection with intelli-
gent systems, enabling its application to larger-scale
systems. The development of a physical-informed
model for reactor control will also be explored, with
the goal of optimising reactor performance under dy-
namic operating conditions.
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ABSTRACT  

Electrostatic interactions in compressible 

particle-laden flows are relevant for applications 

ranging from lithium-ion batteries to industrial dust 

explosions. Currently, their simulation remains 

challenging because charge transport must be 

resolved alongside steep gas density gradients and 

turbulence. Our present contribution augments an 

existing compressible two-fluid framework in 

OpenFOAM® with a function object that predicts 

net particle charge. The model’s fidelity is 

demonstrated in two unit tests: unit test 1 isolates 

diffusive and conductive terms in a planar channel, 

and shows good agreement with corresponding 

analytical solutions. Unit test 2 benchmarks the 

enhanced two-fluid solver against a single-phase 

reference solution in a converging-diverging nozzle. 

A showcase simulation then tracks charge build-up 

and electric-field hotspots in a turbulent particle 

plume. 

The resulting function object enables predictive 

studies of potentially arc-triggering charge 

accumulation in relevant flow scenarios, e.g., during 

thermal runaway of batteries. Also, ignition risks in 

pneumatic powder transport, volcanic-ash 

electrification, or other safety-relevant 

configurations can be assessed with our tool. 

Keywords: CFD, compressible flow, 

triboelectrification, two-fluid model, gas-particle 

flow 

NOMENCLATURE 

Latin symbols 

d [𝑚]  diameter 

E [
𝑘𝑔 𝑚

𝑠3 𝐴
]  electric field 

e [𝐶 = 𝐴 ∙ 𝑠] electron charge 

L [𝑚]  characteristic system 

  length 

m [𝑘𝑔]  mass 

M [
𝑘𝑔

𝑘𝑚𝑜𝑙
]  molar mass 

n [−]  inward normal of the 

  wall 

p [𝑃𝑎]  pressure 

Q [𝐴 ⋅ 𝑠]  mean charge of particles  

r [𝑚]  radius 

R [
𝐽

𝑘𝑚𝑜𝑙 𝐾
]  universal gas constant 

T [𝐾]  temperature 

t [𝑠]  time 

u  [
𝑚

𝑠
]  velocity vector 

V [𝑚3]  volume 

x [𝑚]  axial position  

Greek symbols 

𝛼 [-]  volume fraction 

δ [m]  electron tunnelling 

   distance  

∆φ [𝑒𝑉]  work function difference 

ε0 [
𝐹

𝑚
]  vacuum permittivity 

θ [
𝑚2

𝑆2 ]  granular temperature 

κp [
𝑚2

𝑠
]  thermal diffusivity 

κq [
1

𝑚𝑠
]  triboelectric diffusivity 

ρ [
𝑘𝑔

𝑚3]  density 

σ [
𝑆

𝑚
]  triboelectric conductivity 

Subscripts and Superscripts 

 

c contact point 

e exit (nozzle outlet) 

g gas phase 

p particle (solid) phase 

q triboelectric (charge-related) 
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t total 

w wall 

e exit (nozzle outlet) 

0 stagnation/total condition 

* (i) non-dimensionalised variable (e.g x*,t*) 

(ii) effective quantity (e.g r*) 

1 INTRODUCTION 

 

Triboelectrification occurs in gas–particle 

systems when collisions and frictional contacts 

transfer charge between solid surfaces, resulting in 

additional cohesive forces and localized electric 

fields. When gas is released rapidly, these fields can 

initiate arcing events that damage equipment or 

ignite flammable mixtures [1], [2]. In addition, at 

speeds above Mach 0.3, the compressibility of the 

gas phase may lead to shock formation and rapid 

expansions that drive transient variations in density 

and enthalpy, amplify pressure and temperature 

peaks, and produce nonlinear wave interactions. 

Resolving these phenomena therefore requires 

considering the full compressible flow equations. 

Such charging behavior under high-speed, 

compressible conditions has been observed in 

lithium-ion battery venting [3], volcanic ash plumes 

[4], planetary dust storms [5], and pneumatic powder 

conveying [2], [6]. 

To predict net charge generation in these flows, 

particle-resolved CFD–DEM simulations resolve 

every contact. However, they are impractical for a 

high amount of particles due to the cost of collision 

resolution [7]. Continuum Euler–Euler two-fluid 

models address this limitation by treating gas and 

particles as interpenetrating continua, and simulate 

net particle charge transport with an additional scalar 

transport equation. This approach lowers the 

computational expense for large particle counts 

while retaining the essential coupling of flow 

dynamics, charge transport and cohesive forces [8]. 

Experimental efforts have quantified 

triboelectric charging under flow conditions using 

both single-particle rigs and bulk powder 

measurements. Xu and Grosshans measured peak net 

charges at intermediate humidity in a PMMA duct 

[9], Cruise et al. demonstrated that air breakdown 

limits surface-charge saturation in pressure-chamber 

tests [10], and Liu et al. employed a contact–

separation triboelectric nanogenerator in high 

vacuum to isolate intrinsic surface-charge densities 

free of gas-phase losses [11]. 

Building on these findings, CFD–DEM 

frameworks now allow incorporating triboelectric 

contact models with turbulent powder flows. For 

example, Alfano et al. coupled DEM collision 

models to a compressible RANS solver in an 

aerodynamic powder disperser and confirmed 

material-specific charge-to-area ratios against 

experiments [12]. Grosshans applied four-way 

coupled Euler–Lagrange simulations to show that 

even weak electrostatic charges markedly enhance 

near-wall particle clustering in pneumatic 

conveying, with secondary vortices modulating 

rather than negating this effect [13]. 

More recently, Euler–Euler models have 

advanced continuum tribocharging modeling by 

including charge–momentum coupling, 

polydispersity, and compressible effects. For 

example, Zeybek and Grosshans proposed a 

DQMOM-based scheme that discretizes the joint 

size–velocity–charge distribution, closes wall-

contact and particle-particle charge-transfer terms 

with kinetic theory-based models, and solves 

Poisson’s equation for the volumetric charge field, 

reproducing the formation and diffusion of a sharp 

charge boundary layer whose characteristics depend 

on particle-size distribution and charge diffusivity 

[14]. Montilla et al. derived second-order moment 

equations for the charge–velocity covariance and 

charge variance, as well as demonstrated that 

including the covariance transport improves 

predictions of charge diffusion in unsteady flows 

[15]. Ray et al. developed mean-charge transport 

equations for bi-disperse systems and showed in one-

dimensional simulations that size disparity alone can 

induce spontaneous bipolar charging for identical 

materials [16]. 

While recent advances in CFD–DEM and Euler–

Euler models have enabled triboelectric simulations 

under turbulent and compressible conditions, critical 

gaps remain in the field of open-source, 

compressible two-fluid simulation frameworks: 

existing implementations often rely on in-house 

codes or lack integration with finite-volume 

solvers for reactive multiphase flows, limiting 

accessibility and scalability. Moreover, the interplay 

between compressibility effects (e.g., shocks, rapid 

expansions) and tribocharging dynamics – expected 

to be of key importance in applications like battery 

venting or volcanic plumes - has not been rigorously 

investigated with continuum-based solvers.  

To address these challenges, we present a 

generalized charge transport function object for 

OpenFOAM®’s „reactingTwoPhaseEulerFoam” 

solver, verified for conductive/diffusive limits and in 

compressible nozzle flow. Also, we showcase the 

solver in a forward-facing step flow. Thereby, our 

work bridges the gap between high-fidelity 

triboelectric models and open-source multiphase 

CFD, enabling studies of charge-momentum 

coupling in industrially relevant geometries. 

The remainder of our contribution is organised 

as follows: Section 2 details the governing equations, 

numerical implementation, and boundary conditions. 

Section 3 verifies the charge-transport with 

conductive and diffusive benchmarks, while in 

Section 4, a showcase is presented. Section 5 

summarises the main conclusions and outlines future 

work. 
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2 METHODOLOGY 

This section summarizes the governing 

compressible two-fluid and charge-transport 

equations, their implementation in OpenFOAM®, 

and the boundary-condition in this study. We note in 

passing that in our present study 𝑥∗ and 𝑡∗ denote 

non-dimensional variables, whereas 𝑟∗ indicates the 

effective particle radius. 

2.1 Flow 

The Eulerian-Eulerian approach was applied in 

the present study to simulate a gas-particle flow 

system in OpenFOAM®. Two-Fluid Model (TFM) 

is also termed „Eulerian-Eulerian” approach since 

different phases are treated mathematically as 

interpenetrating continua. In this approach, 

conservation equations are solved for each phase, 

and these equations are linked by an interphase 

momentum transfer coefficient and the gas pressure. 

The interphase momentum exchange was modeled 

using the drag law proposed by Wen and Yu [17]. 

Besides this, the kinetic theory of granular flow, as 

well as a frictional model, was adopted to close the 

solid-phase stress tensor. Finally, the no-slip 

boundary condition was used for the gas phase, and 

the solid-phase transport equations are closed using 

the Johnson & Jackson boundary condition [18]. The 

full governing equations - including those for  

thermal energy – are standard, and will be shared by 

the authors upon reasonable request. 

2.2 Charge transport equations  

The following equation has been implemented in 

the form of a function object in the OpenFOAM® 

software environment to solve the charge transport 

equation: 

𝜕𝑡 (
𝛼𝑝

𝑉𝑝

𝑄𝑝) + 𝛁 ⋅ (
𝛼𝑝

𝑉𝑝

𝑄𝑝𝐮𝐩)

= −𝜎𝑞

𝛼𝑝𝑄𝑝

𝜀0𝑉𝑝

 

                         +𝛁 ⋅ ( 𝜅𝑡𝑜𝑡𝑎𝑙𝛁𝑄𝑝)  

 

(1) 

Here the following definitions have been used: 

𝜎𝑞 = 𝛾𝑞2
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5

5𝜋√𝜋

21
𝜀0𝑔0𝑑𝑝

3 (
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2

 

∙ Γ (
12

5
) 𝑟∗ (

15𝑚∗

16𝑌∗√𝑟∗
)
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5

Θ𝑝

9
10   

(2) 

𝜅𝑡𝑜𝑡𝑎𝑙

=
𝑑𝑝√Θp

9√𝜋𝑔0𝑉𝑝

+ 𝛾𝑞2
14
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2 (
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Γ (
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) 
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)
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5

Θ𝑝
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(3) 

2.3 Boundary Conditions for Charge 

The boundary condition, as stated in [19], is 

given by 

𝜎𝑞,𝑤 (
Δφ

𝛿𝑐𝑒
−

2𝑄𝑝

𝜋𝜀0𝑑𝑝
2

) + κq𝐧w ⋅ ∇𝑄𝑝

− (σq − σq,w)E ⋅ 𝐧w

= 0 

 

(4) 

The first term represents the role of the work 

function difference at the boundary. Additionally, 

the second and third terms stand for diffusion and 

conduction contribution. As reported by 

Kolehmainen et al. [19], the nature of the solution to 

this problem is determined by the ratio of two 

timescales, one associated with tribo-charging, 𝜏𝑒, 

and the other representative of charge diffusion, 𝜏𝑑: 

𝜏𝑒 =
𝜀0

𝜎𝑞

 (5) 

𝜏𝑑 =
𝛼𝑝𝐿2

𝜅𝑞𝑉𝑝

 (6) 

 

In the above equations, L stands for a 

characteristic length of the system. If 𝜏𝑒 is much 

smaller than 𝜏𝑑, the diffusion term can be neglected 

(as the latter effects will affect the charge distribution 

insignificantly). 

3 RESULTS 

3.1 Unit test 1: Tribocharging Solver 
Testing 

The correctness of the implemented code was 

tested for fixed physical properties (i.e. particle 

density, volume, diameter, heat capacity and thermal 

conductivity), solid volume fraction (𝛼𝑝) and 

granular temperature (Θ𝑝). Therefore, the 

coefficients for the charge transport equation can be 

considered as fixed (i.e. 𝜎𝑞 , 𝜅𝑡𝑜𝑡𝑎𝑙 are constant). With 

this assumption, one can rearrange Eqn. (1) as 

follows: 
𝛼𝑝

𝑉𝑝

𝜕𝑡𝑄𝑝 +
𝛼𝑝

𝑉𝑝

∇ ⋅ (𝑄𝑝𝐮𝐩)

= − (𝜎𝑞

𝛼𝑝𝑄𝑝

𝜀0𝑉𝑝

)

+ 𝜅𝑡𝑜𝑡𝑎𝑙Δ𝑄𝑝 

(7) 

The above equation contains a transient term and 

a convective term on the left-hand side, while the 

right-hand side comprises a conductive contribution 

caused by tribo-electrification and a diffusive 

contribution. To check the correctness of our 

implementation of this balance equation, we 

simulate two limiting cases: (i) pure conduction and 

(ii) pure diffusion inside a rectangular channel that 

spans −96 𝑑ₚ <  𝑥 <  96 𝑑ₚ, −6 𝑑ₚ <  𝑦 <  6 𝑑ₚ 

and −6 𝑑ₚ <  𝑧 <  6 𝑑ₚ. The channel is resolved by 
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a 50 ×  4 ×  4 cartesian mesh and the equations are 

advanced with a constant time step of ∆𝑡 = 0.001 𝑠. 

During all runs the granular temperature Θₚ, the solid 

volume fraction αₚ and the particle material 

properties are kept constant. In the conductive case, 

convection is suppressed (𝑈ₓ =  0), electrical 

conductivity is finite (𝜎𝑞 ≠  0) and electrical 

diffusivity is set to zero (𝜅𝑞 =  0). In the diffusive 

case the opposite holds (𝜎𝑞 =  0, 𝜅𝑞 ≠  0). Both 

scenarios start from an identical step-wise initial 

charge distribution, 𝑄𝑝(𝑡 = 0) = 10−14 𝐶 𝑚−3 with 

−1 for 𝑥 <  0 and +1 for 𝑥 ≥  0. 

The diffusive case can be also verified by 

considering charge diffusion in a semi-infinite 

medium whose surface is maintained at a constant 

charge (i.e. 𝑄0). The charge is initially zero in this 

medium. The analytical solution for this case is given 

in Eq. (3.13) of Crank [20]. 

Table 1. Physical properties of the particles. 

Name Value Unit 

Particle diam. (𝑑𝑝) 250 [µm] 

Particle density (𝜌𝑝) 
2500 [

𝑘𝑔

𝑚3
] 

Granular temperature 

(Θ𝑝) 
0.01 [

m2

s2
] 

Volume frac. (α𝑝) 0.15 [−] 

3.1.1 Conductive case 

In this case we just consider the conductive 

contribution, meaning that electrical diffusivity is 

ignored (i.e. 𝜅𝑡𝑜𝑡𝑎𝑙 = 0) and no convection is present 

(𝐮𝐩 = 0) We can  hence simplify to: 

𝜕𝑡𝑄𝑝 = − (
𝜎𝑞

𝜀0

𝑄𝑝) (8) 

With the analytical solution becoming: 

𝑄𝑝(𝑡, 𝑥) = 𝑄0(𝑥)𝑒
−

𝜎𝑞

𝜀0
𝑡
 (9) 

Figure 1 shows that, for the pure-conduction 

benchmark, the dimensionless charge profile 
𝑄

𝑄0
⁄  

keeps its initial top-hat shape along the normalised 

coordinate 𝑥∗ while its plateau levels decrease 

uniformly with time (𝑡∗ = 10 − 60). This is in line 

with the analytical solution of Eqn. (9) for a 

conduction-only process. Notably, the jump at 𝑥∗ =
0  remains sharp and the plateaus do not spread, 

indicating that the solver adds virtually no numerical 

diffusion. 

 

Figure 1  Dimensionless charge (𝑸/𝑸𝟎) for 

the case with 𝝈𝒒 calculated from physical 

properties from Table 1. The dimensionless time 

is defined as 𝒕∗ = 𝒕/
𝑳

√𝜣
. 

Figure 2 represents an extreme case in which the 

electrical conductivity 𝜎𝑞 was deliberately increased 

by three orders of magnitude. As a result, the 

characteristic relaxation time becomes much shorter 

than in the reference run, and the positive-and-

negative charge plateaus level out almost 

immediately. While the charge step at 𝑥∗ = 0 

remains sharp, its amplitude collapses within a very 

brief period.  

 
Figure 2.  Dimensionless charge distribution 

(𝑸/𝑸𝟎) for the case with 𝟏𝟎𝟎𝟎𝝈𝒒 (with  𝝈𝒒 

calculated from the physical properties from 

Table 1). The dimensionless time is defined as 

𝒕∗ = 𝒕/
𝑳

√𝜣
. 

3.1.2 Diffusive case 

In this case, just the diffusion contribution is 

considered, meaning that the electrical conduction 

term is ignored (i.e. 𝜎𝑞 = 0) and no convection is 

considered (i.e,. 𝐮𝐩 = 0). In such circumstances, we 

can write: 

𝜕𝑡𝑄𝑝 = 𝜅𝑡𝑜𝑡𝑎𝑙

𝑉𝑝

𝛼𝑝

𝚫𝑄𝑝 ( 10 ) 
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Figure 3. Dimensionless charge (𝑸/𝑸𝟎) for 

the case with 𝜿𝒕𝒐𝒕𝒂𝒍 calculated from physical 

properties of Table 1. The dimensionless time is 

defined as 𝒕∗ = 𝒕/
𝑳

√𝜣
. 

Figure 3 shows that, for the pure-diffusion 

benchmark, the dimensionless charge profile 
𝑄

𝑄0
⁄  

evolves as expected: starting from the same top-hat 

distribution as before, the plateau values remain 

essentially constant while the step at 𝑥∗ = 0  spreads 

symmetrically with increasing time 𝑡∗producing the 

S-shaped curves that follow the error-function form 

expected for a diffusion-controlled process. 

 

Figure 4. Comparison of dimensionless 

charge distribution to the analytical solution for 

initial charge 𝑸𝟎 = 𝟏𝟎−𝟏𝟒 and a fixed charge 

𝑸𝟏 = 𝟓𝒆−𝟏𝟓 at the left boundary in an semi-

infinite box, The dimensionless time is defined as 

𝒕∗ = 𝒕/
𝑳

√𝜣
. 

Figure 4 compares the simulated dimensionless 

charge profiles 
𝑄

𝑄0
⁄  (symbols) with the analytical 

solution (solid lines) for the one–dimensional semi-

infinite medium whose boundary at 𝑥 = 0 is held at 

a constant charge 𝑄0. Results are shown for three 

dimensionless time coordinates. As can be seen, the 

diffusion front penetrates into the domain, and the 

simulation tracks the theoretical curves almost 

perfectly. 

 

Figure 5. Relative error of dimensionless 

charge 𝑸/𝑸𝟎 for the case of an semi-infinite half 

plane, The dimensionless time is defined as 𝒕∗ =

𝒕/
𝑳

√𝜣
. 

Figure 5 presents the corresponding relative 

error along the axial direction. The error peaks close 

to the charged wall, but decays rapidly with distance 

and time, falling below 1 % in the bulk of the 

domain. Together the two plots confirm that the 

solver reproduces the analytical solution with high 

accuracy. 

3.2 Unit Test 2: Nozzle flow 

Unit test 2 benchmarks the flow through a 

canonical converging–diverging nozzle (with 

geometric parameters 𝛩 = 5.7 °, 𝐷𝑏 = 40 𝑚𝑚, 
𝐷ℎ = 28 𝑚𝑚, 𝐷𝑒 = 37.46 𝑚𝑚, and 𝐿 = 47.4 𝑚𝑚, 

as well as simulation parameters 𝛾 = 1.4, 𝑅𝑠 =

286.71 
𝐽

𝑘𝑔 ∙ 𝐾⁄ , and 𝑝𝑡 = 6𝑒5 𝑃𝑎) to compare the 

performance of two different OpenFOAM® solvers. 

Figure 6 contrasts the temperature and velocity fields 

generated by the single-phase compressible solver 

„rhoReactingBuoyantFoam” (upper row) with those 

from the „two-phase-capable 

reactingTwoPhaseEulerFoam” (bottom row). 

 

Figure 6. Simulated gas flow through a 

converging–diverging nozzle (flow direction is left 

to  right). (a, c) gas temperature 𝑻𝒈𝒂𝒔 [𝑲]; (b, d) 

gas velocity magnitude 𝑼𝒈𝒂𝒔 [
𝒎

𝒔
]. 

Results in the top row (a, b) were obtained with 

the compressible solver 

rhoReactingBuoyantFoam (RRBF), while the 

bottom row (c, d) employs the solver 

reactingTwoPhaseEulerFoam (RTPEF).  
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In both solutions predicted by the solvers the gas 

accelerates from sub-sonic conditions upstream of 

the throat to a supersonic jet at the exit: the colour 

maps show a smooth rise in velocity to about 

543 𝑚/𝑠 for the solver RRBF and 533 𝑚/𝑠 for 

RTPEF. The core flow cools down to  158 𝐾 for both 

cases. These outlet values match the one-

dimensional analytical estimates listed in Table 2 

within a few percent, while any discrepancies 

between the two numerical approaches are most 

likely confined to the wall regions. The unit test thus 

confirms that the „reactingTwoPhaseEulerFoam” 

reproduces compressible-flow behaviour with the 

same level of accuracy as the established single-

phase solver, providing a reliable foundation for 

subsequent gas–particle simulations. 

 

Table 2. Analytical results for nozzle flow 

according to the model of Kong et al. [21]. 

Name Unit Value 

Gas temperature at the 

outlet 𝑇𝑔,𝑒 
[𝐾] 161.6 

Gas velocity at the 

outlet 𝑈𝑔,𝑒 [
𝑚

𝑠
] 527.1 

 

4 BENCHMARK: FORWARD-FACING 
STEP 

 

Figure 7. The geometry of the forward facing 

showcase. 

We now shift our attention to a show case that 

illustrates the combined use of the flow and 

tribocharging solver. As shown in Figure 7, the air 

and particles would enter the domain from the inlet 

patch and would leave it via the outlet patch. The 

flow is confined by an obstacle which is defined as a 

wall. The top and bottom patches are symmetry 

planes, and the front and back faces were defined as 

“empty”. The particles and the gas enter the domain 

with a fixed velocity of (50,0,0) 
𝑚

𝑠
  with a volume 

fraction of 𝛼𝑝 =  4.8 ⋅ 10−4, as well as a temperature 

of 1000 𝐾. The particle diameter is 𝑑𝑝 = 136 𝜇𝑚. 

The particle will get charged when hitting the 

obstacle surface with a work function difference of 

1 𝑒𝑉. Figure 8 shows the results after a flowtime of 

1 𝑠. As it can be seen, the particles just above the 

obstacle’s surface have a substantially higher-charge 

than the particles in other regions. However, the 

particle volume fraction in this high charge region is 

much smaller than at other locations. This can be 

explained by the flow condition affected by the 

obstacle’s shape.  

 

Figure 8. Results for the forward facing 

showcase: a) dimensionless charge, b) particle 

volume fraction contour plots. 

5 CONCLUSIONS 

We demonstrated the functionality of a newly 

implemented triboelectrification solver in the 

popular open-source environment OpenFOAM®. 

Also, appropriate boundary conditions were 

implemented. Specifically, this was done for two sets 

of unit test scenarios, as well as a showcase. 

The latter case highlights a strongly 

heterogeneous net particle charge distribution. This 

may lead to the development of strong electric fields, 

and hence the danger of local arcing phenomena in 

practical applications. 

For the unit test cases, a 𝑘– 𝜀 turbulence model 

was applied to ensure robustness of the solver under 

weakly fluctuating conditions. In contrast, the 

nozzle-flow simulation employed a 𝑘– 𝜔 SST 

model, while the showcase simulation was 

conducted under laminar assumptions. 

In future studies, it would be potentially beneficial to 

apply high-fidelity turbulence-resolving approaches, 

such as Large Eddy Simulation (LES) or Direct 

Numerical Simulation (DNS), to better assess the 

interaction between turbulent fluctuations and 

triboelectric charge transport: the recent study of 

Croquer et al. [22] showed that LES does not offer 

advantages with repect to time averaged quantaties 

(compared to RANS data) for a similar flow 

situation. However, at turbulent fluctuations can be 

directly predicted by LES, which is not the case for 

RANS. Hence, using LES potentially is better suited 

to predict particle-wall collisions and hence 

triboelectrification.  
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Future work will (and has partially already) 

apply the solvers to relevant industry-scale problems 

in the field of battery venting channel design. 
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ABSTRACT 

     To model the calcination of limestone in a moving 

particle bed, a radiation model based on the Discrete 

Ordinates Method (DOM) is incorporated into 

Computational Fluid Dynamics (CFD) and coupled 

with the Discrete Element Method (DEM). By 

accounting for local porosity, the radiation model 

adjusts the net radiative heat flux over the packing 

density accordingly.  

     The endothermic calcination reaction converts 

limestone (CaCO₃) into quicklime (CaO). The paper 

evaluates radiation penetration, temperature 

distributions, calcination degree, and CO₂ mass 

fraction in a system where limestone particles are 

heated by a gas in crossflow and a radiative 

enclosure. In addition to convection and radiation, 

conductive heat transfer among particles is 

accounted for. Three different packing conditions—

dilute, moderate, and dense—are investigated. 

     Results highlight the significant role of radiation 

in driving the calcination process, as well as the 

dependence of radiation—and consequently 

calcination—on packing density. The study shows 

that the calcination degree decreases with increasing 

packing density. The simulation results yield average 

calcination degrees of 98%, 80%, and 60% for 

particles at the outlet in the dilute, moderate, and 

dense configurations, respectively. 

Keywords: Lime Production, DEM, CFD, 

Calcination, DOM Radiation, AVM 

NOMENCLATURE 

𝑎 [1 m-1]  absorption coefficient 

Ea [kJ mol-1] activation energy 

𝑘′𝑟,𝑠 [m s-1]               reaction rate 

𝐼 [W m-2 sr-1] radiative intensity 

𝑟𝑝𝑠 [-]  reaction progress 

𝑉𝑚 [m3 mol -1] solid molar volumes 

𝑌𝐶𝑂2
 [-]  CO2 mass fraction 

Subscripts and Superscripts 

𝐶𝑉   control volume 

𝑒𝑓𝑓   effective 

𝑓   fluid 

𝑃𝑟𝑜𝑗                                   projected 

1. INTRODUCTION 

     Quicklime (CaO) plays a crucial role in various 

industrial applications, including steel 

manufacturing, wastewater treatment and flue gas 

desulfurization. Its production is based on the 

thermal decomposition of limestone (CaCO₃) 

through calcination, which is commonly carried out 

in shaft kilns. Calcination is a thermally driven 

endothermic reaction, which requires 178 kJ/mol, 

that decomposes calcium carbonate into calcium 

oxide and carbon dioxide (CaCO₃(s) → CaO(s) + 

CO₂(g)).  

     In recent years, significant research efforts have 

been dedicated to modelling and simulating the 

internal environment of lime shaft kilns to gain a 

clearer understanding of the complex mechanisms 

governing thermochemistry and material transport. 

Conventional methods often utilize one-dimensional 

(1D) heat and mass balance techniques or 

Computational Fluid Dynamics (CFD) models that 

tend to simplify the representation of solid particles. 

A more advanced approach integrates a particle-

scale calcination model at a sub-grid resolution to 

offer deeper insights into shaft kiln behaviour [1]. 

     To achieve a more realistic description of the 

calcination phenomena, researchers have 

investigated the application of the Discrete Element 

Method (DEM). This approach solves the motion 

and interactions among individual particles 

according to Newton's laws of motion [2]. DEM is a 

highly effective tool for studying the dynamics of 

particle-based systems due to its ability to easily 

access information at the individual particle level [3]. 

It enables a more precise description of the limestone 

bed's granular structure within the kiln. When 

mailto:Abdi@leat.rub.de


2 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

coupled with CFD, a comprehensive analysis of 

thermochemical processes by modelling both 

particle dynamics and gas-phase interactions is 

feasible. However, due to the computational 

challenges posed by the large number of particles in 

industrial-scale kilns, DEM-based simulations 

remain relatively scarce. 

     Several studies have successfully integrated DEM 

and CFD to investigate different kiln configurations, 

including single-shaft kilns [4-5] and regenerative 

two-shaft kilns [6]. Additionally, simulations of 

oxyfuel calcination have been conducted in [7]. 

     Intra-particle heat and mass transfer adds another 

layer of complexity to kiln modelling. The particles 

in lime production are thermally thick and hence 

gradients of temperature and species must be 

resolved in the interior of the particle. In previous 

work [1], the particles are modelled as spheres and 

the calcination process is simulated using a shrinking 

core model, where the outer layer of the particle 

reacts first, gradually transitioning to the core as the 

reaction progresses. In another approach [6-7], 

thermally thick particles are modelled by discretizing 

the particle into concentric shells. Each shell is 

assumed to have a uniform temperature and heat 

conduction and mass transfer are solved radially 

through the particle. The same approach is used in 

this study.  

     A notable gap in current research is the absence 

of detailed 3D DEM-CFD studies for lime 

production that accurately incorporate radiation 

effects using the Discrete Ordinates Method (DOM). 

To the best of the authors' knowledge, this aspect has 

not been extensively explored in the literature. This 

study utilizes the DOM method, which is particularly 

effective for handling directional variability in 

radiation. This technique discretizes the radiation 

field into a set of fixed directions in the Cartesian 

system, solving the Radiative Transfer Equation 

(RTE) for each direction [8]. 

     In DEM-CFD simulations involving large 

numbers of particles, the bulk can be efficiently 

represented within the Eulerian CFD framework 

using the Average Volume Method (AVM). Instead 

of individually resolving the particles and the voids 

between them [2], this method represents particles 

through a porosity field and all relevant properties 

are volume-averaged. The transfer of mass, energy, 

and species is computed for each particle and then 

distributed across the CFD domain accordingly. As a 

result, the precise shape of individual particles is not 

resolved during the CFD simulation. 

     In this study, to enable efficient computation, 

AVM is utilized by deriving a time-resolved porosity 

distribution from DEM. This strategy allows for 

multiple particles to be contained within a single 

CFD control volume, enabling the modelling of 

solid-fluid interactions at subgrid interfaces. The 

AVM model used here considers radiation 

shadowing between ‘particle layers’ in adjacent fluid 

cells [8].  

     A major contribution of this study is the detailed 

investigation of heat transfer mechanisms—

including convection, contact conduction, and 

radiation—within a moving packed particle system. 

By adjusting absorption and emission coefficients in 

the DOM for varying packing densities, the study 

ensures accurate distribution of radiative heat in fluid 

cells. The accuracy of this adjustment is validated 

through comparison with experimental and 

numerical data, which were presented in our 

previous publication [8]. Additionally, for cases 

where only the overall effect of radiation shadowing 

is of interest, this approach may eliminate the 

necessity of particle-particle radiation modelling. 

This study is an extension of our previous work [8], 

in which calcination was not considered, and the 

results were obtained at much smaller particle 

residence times. 

     The proposed model has been integrated into an 

in-house DEM software, developed within the Bulk-

Reaction research centre [9], supported by funding 

from the German Research Foundation. The DEM 

software is coupled with OpenFOAM [10] to solve 

for the energy, species, and mass transport in the gas 

phase. Section 2 introduces the calcination and 

radiation modelling approach, followed by a 

comparative analysis of scenarios with and without 

calcination in Section 3, and a summary of key 

findings in Section 4. 

2. MODEL DESCRIPTION 

2.1. Discrete Element Method (DEM) 

Each particle is represented as an isotropic, 

homogeneous porous material. The motion of 

spherical limestone particles is tracked using the 

Discrete Element Method (DEM). For brevity, the 

details of the equations are referred to in [7]. 

2.2. Computational Fluid Dynamics 
(CFD) 

The CFD component ensures mass, momentum 

and energy conservation in the fluid phase by solving 

the following transport equations: 

 
𝜕𝜙𝜌𝑓

𝜕𝑡
+ ∇ ⋅ (𝜙𝜌𝑓𝑢𝑓) = 𝑆𝑔𝑎𝑠 (1) 

 
𝜕(𝜙𝜌𝑓𝑢𝑓)

𝜕𝑡
+ ∇ ∙ (𝜙𝜌𝑓𝑢𝑓𝑢𝑓)

= −𝜙∇𝑝 + 𝜙∇ ∙ 𝜏𝑓

+ 𝜙𝜌𝑓𝑔 + 𝑆𝑀 

(2) 

 
𝜕(𝜙𝜌𝑓ℎ𝑓)

𝜕𝑡
+ 𝛻 ∙ (𝜙𝜌𝑓𝑢𝑓ℎ𝑓)

= 𝛻 ∙ (𝜙 𝑘𝑓 𝛻𝑇) + 𝑆𝐸 

(3) 
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     The fluid phase is characterized by its velocity 𝑢𝑓, 

density 𝜌𝑓, porosity 𝜙 and specific enthalpy ℎ𝑓.  In 

these fluid equations, the local bed porosity 

(provided by the DEM model for each fluid cell) is 

used. 𝑆𝑔𝑎𝑠 is the mass (air and CO₂) exchanged with 

the solid phase. The momentum source terms include 

the pressure gradient 𝛻𝑝, the stress tensor 𝜏𝑓 

(assuming laminar flow), the gravitational 

acceleration 𝑔 and the momentum exchanged with 

the particles 𝑆𝑀. In this formulation, 𝑆𝑀 is 

determined using the Ergun equation [11]. 

Regarding the energy equation, the fluid’s thermal 

conductivity is represented by 𝑘𝑓 while the enthalpy 

exchange with the solid phase corresponds to 𝑆𝐸. 

     The transport equation for chemical species is 

expressed as: 

 
𝜕(𝜙𝜌𝑓𝑌CO₂)

𝜕𝑡
+ 𝛻 ∙ (𝜙𝜌𝑓𝑢𝑓𝑌CO₂)

= 𝛻 ∙ (𝜙𝜌𝑓𝐷CO₂ 𝛻𝑌CO₂)

+ 𝑆CO₂ 

(4) 

      

     The gas phase comprises the components H2O, 

CO2, N2 and O2. To simplify the modelling process, 

the species transport equation is solved only for the 

mass fraction 𝑌CO₂, as it significantly influences the 

calcination rate of lime particles. Additionally, the 

source term 𝑆CO₂ and the term including the diffusion 

coefficient 𝐷CO₂ model the release and transport of 

CO₂ from the particles during the calcination 

reaction, respectively. 

2.3. Convective and Conductive Heat 
Transfer 

The convective heat transferred, 𝑄̇𝑐𝑜𝑛𝑣 [W], is 

given by:  

 

𝑄̇𝑐𝑜𝑛𝑣 = 𝛼 𝐴𝑝 (𝑇𝑓 − 𝑇𝑝,𝑠𝑢𝑟𝑓) (5) 

 

where T is the temperature, 𝐴𝑝 represents the 

particle's surface area, and 𝛼 denotes the convective 

heat transfer coefficient. Further details on the 

calculation of the 𝛼 can be found in [7]. 

The contact heat transfer among particles is 

influenced by two main mechanisms: heat 

conduction through particle contact points and the 

gas layer in the vicinity of the contact points. Details 

of the equations can be found in Hilse et al. [12].   

2.4. Radiation Model 

Equation (6) provides a simplified form of the 

Radiative Transfer Equation (RTE), which 

characterizes the propagation of radiation along a 

specific direction 𝑠 through a medium. The term 
𝐼(𝑠,𝑟) denotes the radiation intensity [W/(m2sr)] at 

position 𝑟 and along direction 𝑠. To determine 𝐼(𝑠,𝑟), 

the Discrete Ordinates Method (DOM) solves a 

predetermined set of RTEs. The radiation balance for 

an individual CFD cell results in the discretised 

formulation of the RTE (Eq. (7)). In addition, the net 

radiative heat flux to the particles within the system 

is expressed in Eq. (8).  

 

(∇ ⋅ 𝐼)(𝑠,𝑟) ⋅ 𝑠 = −𝑎𝑝 𝐼(𝑠,𝑟) +
𝐸𝑝

4𝜋
 (6) 

 

∑ ∑ 𝐼𝑓𝑎𝑐𝑒,𝑖
𝑓𝑎𝑐𝑒

𝑆𝑖

𝑁𝑟𝑎𝑦

𝑖

𝐴𝑓𝑎𝑐𝑒

= −𝑎𝑝 𝜔𝑖𝐼𝑐𝑒𝑙𝑙,𝑖

+
𝐸𝑝

4𝜋
𝜔𝑖  

(7) 

 

𝑄̇𝑛𝑒𝑡 𝑟𝑎𝑑.  𝐷− 𝑃 = 𝑄̇𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑑 𝑟𝑎𝑑.  𝑝.

− 𝑄̇𝑒𝑚𝑖𝑡𝑡𝑒𝑑 𝑟𝑎𝑑.  𝑝.

=  𝜖𝑟𝑎𝑑,𝑝𝜙𝐴𝑝(
𝐺𝑐𝑒𝑙𝑙

4
 

−  𝜎𝑇𝑝
4) 

(8) 

 

where 𝑆𝑖 =  𝑠𝑖𝜔𝑖, 𝜔𝑖 is the discrete solid angle 

associated to a specific direction i, 𝜙 is the local bed 

porosity, 𝜖𝑟𝑎𝑑,𝑝 is the emissivity of the particle, 𝐺 is 

incident radiation, σ is Stefan-Boltzmann constant. 

𝑎𝑝 is the particle absorption and 𝐸𝑝 is the particle 

emission which is computed based on: 

 

𝑎𝑝 =
1

𝑉𝑐𝑒𝑙𝑙

𝜙 ∑ 𝜖𝑟𝑎𝑑,𝑝

𝑁

𝑖=1

𝐴𝑃𝑟𝑜𝑗,𝑖 (9) 

 

𝐸𝑝 =
1

𝑉𝑐𝑒𝑙𝑙

𝜙 ∑ 𝜖𝑟𝑎𝑑,𝑝𝐴𝑝,𝑖𝜎

𝑁

𝑖=1

𝑇𝑝,𝑖
4  (10) 

 

where 𝑉𝑐𝑒𝑙𝑙  is the CFD cell volume and 𝐴𝑃𝑟𝑜𝑗,𝑖 

denotes the area of the particle projected in the i-th 

direction. 

     As shown in the equations above, incorporating 

local bed porosity 𝜙 into the modelling of particle 

emission, absorption, and radiation propagation 

enables the model to account for the effects of 

varying packing densities. Further details on the 

DOM model, and its validation are available in our 

earlier publication [8].  

2.5. Model for Intraparticle Calcination 

     A radially resolved model is used to track the 

conversion of limestone to quicklime. By 

discretizing a spherical particle into 40 radial control 

volumes (shells), the internal temperature 

distribution and reaction kinetics are solved. The 

particle's outer diameter remains constant, which is a 

reasonable assumption for limestone. The 

calcination degree is the ratio of the CO2 released to 

the initial amount of CO2 bound in CaCO3. 
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𝐷𝑐𝑎𝑙𝑐𝑖𝑛𝑎𝑡𝑖𝑜𝑛,𝑝 =
𝑚𝐶𝑎𝐶𝑂3

− 𝑚(𝑡)

𝑚𝐶𝑎𝐶𝑂3
− 𝑚𝐶𝑎𝑂

 (11) 

 

where 𝑚𝐶𝑎𝐶𝑂3
 is the initial mass of 𝐶𝑎𝐶𝑂3, 𝑚(𝑡) is 

the time-varying particle mass and 𝑚𝐶𝑎𝑂 is the mass 

of 𝐶𝑎𝑂 corresponding to fully calcined particles. The 

porosity of each shell, 𝜀𝑠, is determined by 

considering the solid molar volumes 𝑉𝑚, the initial 

porosity of the limestone 𝜀𝐶𝑎𝐶𝑂3
, and reaction 

progress 𝑟𝑝𝑠: 

 

𝜀𝑠 = 𝜀𝐶𝑎𝐶𝑂3
+ (1 −

𝑉𝑚,𝐶𝑎𝑂

𝑉𝑚,𝐶𝑎𝐶𝑂3

) (1

− 𝜀𝐶𝑎𝐶𝑂3
) 𝑟𝑝𝑠  

(12) 

     The reaction progress ranges from zero to one, 

indicating the extent of the calcination. It is 

mathematically defined as the ratio of the mass of 

calcium oxide (𝑚𝑠,𝐶𝑎𝑂) formed at any given stage to 

the total mass of calcium oxide that would be 

produced upon complete calcination:  

 

𝑟𝑝𝑠 =
𝑚𝑠,𝐶𝑎𝑂

(1−𝜀𝐶𝑎𝑂) 𝜌𝐶𝑎𝑂 𝑉𝑠 
                                             (13) 

 

where 𝑉𝑠 is the shell volume, 𝜌𝐶𝑎𝑂  is the lime density 

and 𝜀𝐶𝑎𝑂 is the lime porosity. The porosity of lime 

(𝜀𝐶𝑎𝑂) is calculated from equation (13) by setting the 

reaction progress (𝑟𝑝𝑠) to 1, ensuring that it 

corresponds to the fully reacted state of the material.  

     At this stage, it is considered that the shell's solid 

temperature is in thermal equilibrium with the gas 

temperature within its pores, primarily due to the 

large surface area. It is also crucial to highlight that 

heat sources from convection, surface contact, and 

radiation are only applied to the outermost shell 

(control volume, CV). 

 

 𝑉𝑠  𝜌𝑠𝑐𝑝,𝑠
𝜕𝑇𝑠

𝜕𝑡
= 𝐴𝑗𝑘𝑗∇𝑇𝑠 + 𝑄̇𝑐𝑜𝑛𝑣 +

𝑄̇𝑛𝑒𝑡 𝑟𝑎𝑑 𝐷− 𝑃 + 𝑄̇𝑐𝑜𝑛𝑡𝑎𝑐𝑡 + 𝑄̇𝑟,𝑠                                               
(14) 

 

     Here, 𝑐𝑝,𝑠 is the shell specific heat capacity, 𝑄̇𝑟,𝑠  

represents the heat generated by the reaction in each 

shell, and the subscript 𝑗 denotes the boundary 

separating two adjacent control volumes (CVs), 

where interpolation based on CV values is utilized, 

with the exception of the area 𝐴𝑗. The rate of CO₂ 

release in each shell is obtained based on: 

 
𝑑𝑛CO₂,𝑠

𝑑𝑡
= 𝐴𝑟,𝑠 𝑘′

𝑟,𝑠
(𝑐𝐶𝑂2,𝑠 − 𝑐𝐶𝑂2,𝑒𝑞)                                             (15) 

 

where 𝐴𝑟,𝑠 is the shell area of reaction and 𝑘′𝑟,𝑠 is the 

reaction rate. The CO₂ concentration, 𝑐𝐶𝑂2,𝑠, is: 

𝑐𝐶𝑂2,𝑠 =
𝜌𝑔𝑎𝑠,𝑠 ⋅ 𝑌CO₂ ,𝑠

𝑀𝐶𝑂2

                                             (16) 

      

The equilibrium CO₂ concentration, 𝑐𝐶𝑂2,𝑒𝑞 , is also 

temperature-dependent: 

 

𝑐𝐶𝑂2,𝑒𝑞 =
1

𝑅𝑚𝑇𝑠
 (101325 ⋅ exp (17.74 −

0.00108 𝑇𝑠 + 0.332 ln(𝑇𝑠) −
22020

𝑇𝑠
))                                             

(17) 

 

where 𝑅𝑚 is the universal gas constant. The 

associated reaction rate is defined by an Arrhenius-

type expression: 

 

𝑘′𝑟,𝑠 = 𝐾0 𝑇𝑠
𝑏 𝑒

−
𝐸𝑎

𝑅𝑚 𝑇𝑠  𝐾𝑇,𝑐                                                 (18) 

 

where the activation energy is 𝐸𝑎 = 33.474 [kJ/
mol], the temperature exponent is 𝑏 = 1 and the pre-

exponential factor is 𝐾0 = 10−4 [
m

sK
]. The term 𝐾𝑇,𝑐 

represents a correction factor, as described in 

reference [7]. 

     Hence, higher T accelerates reaction rate via the 

Arrhenius term and higher CO₂ concentrations slows 

down calcination by reducing the driving force for 

CO₂ to diffuse from within the particle and by 

shifting the equilibrium toward CaCO₃ formation. 

Assuming that air and carbon dioxide are the only 

gaseous components present inside the particle, the 

transport equations, in their spatially discretized 

form are then expressed as: 

 

𝜀𝑠 𝑉𝑠
𝜕𝜌𝑔𝑎𝑠,𝑠

𝜕𝑡
= − ∑(𝜌𝑔𝑎𝑠,𝑗   𝐴𝑗 𝑣𝑗

′) +

𝑀𝐶𝑂2

𝑑𝑛𝐶𝑂2,𝑠

𝑑𝑡
+ 𝑆𝑔𝑎𝑠                                                

(19) 

 

𝜀𝑠 𝑉𝑠

𝜕(𝜌𝑔𝑎𝑠,𝑠 𝑌CO₂,𝑠)

𝜕𝑡

= − ∑ (𝜀𝑠𝜌𝑔𝑎𝑠,𝑗 𝐴𝑗 (𝑣𝑗
′ 𝑌𝐶𝑂2,𝑠

− 𝐷𝐶𝑂2
 ∇𝑌𝐶𝑂2,𝑠)) + 𝑀𝐶𝑂2

𝑑𝑛𝐶𝑂2,𝑠

𝑑𝑡
+ 𝑆𝐶𝑂2

 

(20) 

 

where 𝑀𝐶𝑂2
 is the molecular weight of CO₂, 

𝑛𝐶𝑂2,𝑠 is the number of moles of CO₂ in shell s. The 

advection velocity 𝑣𝑗
′ is calculated based on Darcy’s 

law for flow through porous media, as described in 

reference [7]. 

     The diffusion term governs the transport of the 

generated CO₂ both inward and outward. The 

diffusion coefficient is evaluated at the interface 

between two adjacent shells, considering the 

effective diffusion coefficient 𝐷𝑒𝑓𝑓,𝑘 for the 

components 𝑘 = {CaCO3, CaO} within the porous 

structure and the reaction progress [7]. 

     The model has been validated in our previous 

paper [7] using experimental measurements for a 

single spherical particle. 

2.6. DEM-CFD Coupling Routine 

     A one-way coupling approach is used for 

momentum exchange, meaning that while the 

particle bed influences the gas flow, the motion of 

the particles remains unaffected by drag or buoyancy 

forces. For the exchange of energy and species, a 
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two-way coupling method is applied, where fluid 

properties are transferred from the gas to the particles 

as boundary conditions and source terms are 

transferred from the solid phase to the fluid phase. 

More information on DEM-CFD coupling can be 

found in [13].  

3. SIMULATION SETUP 

The computational domain employed in this 

study is adapted from our previous work [8]. It 

consists of a box with dimensions 0.4 × 0.3 × 0.1 

[m³], as illustrated in Figure 1, and is discretized into 

6200 hexahedral elements. Mesh size in the bulk 

region is 0.02×0.02×0.02 [m3]. Finer mesh elements 

are applied in the upper section of the domain. 

 

Figure 1. The meshed domain and boundary 

conditions. Reproduced from Abdi et al., 2025 [8], 

under CC BY 4.0 

 Air (comprising 23% O₂ and 77% N₂ by mass) 

enters the system through the bottom surface with a 

velocity of 0.3 m/s and temperature of 1373.15 K and 

exits via a small outlet (0.02 × 0.02 [m2], positioned 

at the top right boundary of the box), highlighted in 

red in Fig. 1. Particles flow through the left boundary 

(0.1 × 0.1 m) at 298.15 K and exit via the right outlet. 

The outlet boundary has a zero-gradient condition for 

both velocity and temperature, and the outlet 

pressure is set to atmospheric (zero relative gauge 

pressure). A no-slip condition is applied to all walls, 

which are assumed to be adiabatic with respect to 

convection. Additionally, the top wall is maintained 

at a fixed temperature of 2573.15 K (𝑇𝑟𝑎𝑑), while the 

remaining walls are kept at 298.15 K for radiation 

purposes. The absorption coefficient 𝑎𝑤 and the 

emissivity of the top wall 𝜀′𝑤 are both 0.7, while for 

all other walls, the values are 1. 

Three random particle arrangements—dilute 

(540-spheres), moderate (2560-spheres), and dense 

(5000-spheres)—were studied. The corresponding 

packing porosities within the particle zone (not for 

the entire box) are 93%, 66.5%, and 34.5% for the 

dilute, moderate, and dense cases, respectively. 

These values represent averages; in the fluid 

simulations, the local porosity in each computational 

cell is used. 

The particle arrangements are created as 

follows: Initially, 5000 spheres are randomly 

introduced into the domain through a DEM 

simulation by dropping them from the top. To 

generate the moderate and dilute cases, 

approximately half and then another 2000 spheres 

are randomly removed, respectively. On average, 

each fluid cell contains 10, 5.12, and 1.08 spheres for 

the dense, moderate, and dilute cases. 

Each case maintains similar particle velocities 

and residence times but differs in solid mass flow 

rates. For all cases, particles are assigned a constant 

velocity of 0.0002 m/s along the x-axis. Their 

trajectories are prescribed, meaning that the DEM 

mechanical motion equations are not solved—only 

the thermo-chemical behavior is computed. The 

residence time for a particle to travel from the left to 

the right boundary, 𝑡𝑟𝑒𝑠𝑖𝑑𝑒𝑛𝑐𝑒 , is 2000 seconds. The 

working fluid is air, with a thermal conductivity of 

0.04 W/(m·K). Table 1 presents the general 

parameters used in the DEM-CFD simulations. 

Table 1. Simulation parameters 

parameter unit value 

CFD time step [s] 0.0002 

DEM time step [s] 0.001 

gas absorption coefficient [m−1] 0 

gas emissivity [-] 0 

gas inlet velocity [m/s] 0.3 

gas thermal conductivity [W/m·K] 0.04 

particle diameter [mm] 10 

particle emissivity [-] 0.85 

particle initial mass [g] 1.413 

particle Poisson's ratio [-] 0.35 

particles residence time [s] 2000 

particle velocity [m/s] 0.0002 

particle Young’s modulus [Pa] 1×10⁹ 

CaCO3 properties   

density (without pore) [kg/m3] 2812 

heat capacity  [J/kg K] 836.8 

molar mass  [kg/mol] 0.1  

porosity  [-] 0.04 

solid conductivity  [W/mK] 2.26 

specific surface area  [m2/ kg] 16000 

tortuosity  [-] 1.4142                              

permeability [m2] 5×10-15 

CaO properties   

density (without pore) [kg/m3] 3310 

heat capacity  [J/kg K] 753.1 

molar mass  [kg/mol] 0.056 

porosity  [-] 0.543  

solid conductivity  [W/mK] 0.7 

specific surface area  [m2/ kg] 7000 

tortuosity  [-] 1.4142                         

permeability [m2] 5×10-15 
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4. RESULTS 

4.1. Radiation Field 

Figure 2 illustrates the distribution of incident 

radiation 𝐺 within the domain in [W/m²]. Fig. 2a 

presents the results for cases without calcination, 

while Fig. 2b corresponds to cases with calcination.  

 

Figure 2: Incident radiation 𝑮 [W/m2] contour in 

the case of 540 (top), 2560 (middle), and 5000 

(bottom) spheres. a) without calcination. b) with 

calcination (𝑮 clipped above 200000 [W/m2]). 

The local values of 𝐺 indicate the extent to 

which radiation penetrates the particle bed. The 

particle-filled region is marked in green, so radiation 

reaches the lowest particle layer across all three 

packing densities. Notably, the radiation penetration 

depth is greater in the 2560- and 5000-sphere cases 

compared to the 540-sphere case. In the 2560 and 

5000-sphere scenarios, the densely packed top layer 

absorbs more radiation from the upper wall. Over 

time, these top-layer particles emit more radiation 

toward the underlying layers, resulting in an 

increased radiation penetration depth.   

As will be discussed in Figure 3, calcination 

causes a drop in particle temperature. Consequently, 

the top particle layers emit less radiation toward the 

lower layers, leading to a reduced radiation 

penetration depth. Therefore, the calcined cases 

exhibit lower values of 𝐺 compared to the uncalcined 

cases. 

4.2. Temperature Field 

As the particles move through the system, they 

gradually absorb heat—primarily through 

convection from the bottom and radiation from the 

top. However, particles near the top layer, close to 

the outlet, are an exception—they are already heated 

due to high radiation absorption and lose heat via 

convection. Calcination begins as soon as the particle 

temperatures reach the threshold for this 

endothermic reaction which is around 800-900 °C. 

According to Eqs. (15) and (18), the reaction rate 

of lime particles is governed by the local temperature 

and CO₂ mass fraction. In Fig. 3, the temperature 

field for both particles and fluid is shown for the two 

scenarios with and without consideration of 

calcination. 

 

Figure 3: Surface temperature of particles in the 

case of 540 (top), 2560 (middle), and 5000 

(bottom) spheres. a) without calcination. b) with 

calcination (clipped at 300 K and 1500 K). 

The highest particle surface temperatures are 

observed in the upper region of the bulk, primarily 

due to radiation from the top. As expected, particle 

temperatures are slightly higher in the absence of 

calcination. 

The maximum particle surface temperatures 

reach 1451 K, 1568 K, and 1568 K in the uncalcined 

cases. In the calcined cases, the maximum 

temperatures decrease to 1438 K, 1529 K, and 1503 

K for the 540, 2560, and 5000 sphere cases, 

respectively. This difference is attributed to the 

temperature drop resulting from the endothermic 

nature of the calcination process. The temperature 

reduction occurs not only in regions with a high 

degree of calcination (see Figure 4a), but also 
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throughout the entire bulk region. This is because 

calcined particles at the top layers are colder than in 

the non-reacting case and therefore they emit less 

radiative heat to the lower layers. 

Regarding the gas phase, the temperature above 

the bulk region is higher in the uncalcined case 

compared to the calcined cases. This is primarily 

because the hot particles at the top receive radiation 

heat from the top wall, and, without undergoing 

calcination, they retain more heat and transfer it to 

the gas through convection. 

Radiation dominates heat transfer in all cases. In 

the calcined cases, average radiative transfer is 

632 W, 3727 W, and 5922 W for the 540-, 2560-, and 

5000-sphere cases, respectively, while convective 

transfer is lower at 360 W, 184 W, and 170 W. These 

are particle-averaged values; some particles gain 

heat by convection, others lose it. 

4.3. Calcination Degree of the Lime 
Particles 

     Figure 4a shows the average calcination degree of 

lime particles across all radial shells for each case. 

The overall trends in the reacted particles are similar 

for all cases, with a high calcination degree observed 

near the upper section of the particle bed. This is 

primarily due to the radiation emitted by the hot top 

wall, which raises the particle temperatures 

significantly above the calcination threshold. 

Although the 540-particle case achieves a high 

overall calcination degree, some patches of 

uncalcined material remain, indicating non-uniform 

calcination. In fact, non-uniform calcination is 

observed across all three cases, with unreacted zones 

consistently appearing in the middle layers of the 

particle bed and near the particle inlet. This uneven 

calcination arises because particles in the middle 

layers receive neither sufficient radiation from the 

top wall nor adequate convective heat transfer from 

the bottom, preventing them from reaching the 

calcination temperature. 

     Notably, all three cases also show significant 

calcination at the lower part of the bed, attributed to 

the convective heat transfer from the incoming high 

temperature gas. Energy is transferred from the gas 

phase to supply the endothermic calcination reaction. 

     The key difference lies in the extent of the 

calcination zones: the 5000 case exhibits a smaller 

region with the highest calcination degree (red 

particles in Fig. 4a) compared to the 2560 case, 

which in turn shows a smaller high-calcination zone 

than the 540-sphere case. The simulation results 

yield average calcination degrees of 98%, 80%, and 

60% for particles at the outlet in the dilute, moderate, 

and dense configurations, respectively, while the 

average calcination degrees for all particles are 65%, 

48%, and 33%. These results demonstrate that the 

average calcination degree decreases with increasing 

packing density. 

4.4. CO2 Mass Fraction 

     Figure 4b illustrates the CO₂ mass fraction in both 

fluid and solid domain for each simulation case. 

Since the particles start with a uniform initial 

temperature of 298.15 K, there is no CO₂ production 

inside the particles at the inlet.  

Particles gradually absorb heat, leading to the 

onset of calcination. Near the inlet, some top-layer 

particles appear red. As these particles move toward 

the outlet, they gradually change to orange and then 

blue as their internal CO₂ is released and transferred 

to the gas phase. Hence, the red top-layer particles in 

Fig. 4a have become orange (partially calcined 

particles) and blue (fully calcined particles with no 

remaining CO₂) in Fig. 4b.  

 

Figure 4: a) Calcination degree of lime particles 

b) Mass fraction of CO2 (clipped to 0.3) in 540 

(top), 2560 (middle), and 5000 (bottom) sphere 

cases. 

Also, Fig. 4b shows the accumulation of CO₂ in 

the gas phase, resulting from the decomposition of 

limestone. Hence, the CO₂ concentration increases in 

alignment with the direction of the fluid flow. The 

amount of CO₂ in the fluid domain is highest in the 

5000-sphere case due to the higher number of 

particles and, consequently, a greater amount of CO₂ 

released on the upper side of the bed. This is higher 

than in the 2560-sphere case, which in turn is higher 

than in the 540-sphere case. Therefore, although the 

overall calcination degree is lower in the 5000-

sphere case, the influence of particle number is the 

dominant factor. 
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5. SUMMARY AND CONCLUSIONS 

     This study investigates the calcination behaviour 

of limestone particles, comparing results to cases 

where calcination is not considered. A Discrete 

Ordinates Method (DOM) is used in the coupled 

Discrete Element Method–Computational Fluid 

Dynamics (DEM-CFD) framework to model 

radiative heat transfer within systems of granular 

particles. The Averaged Volume Method was 

employed, introducing time-dependent source terms 

and a porosity field into the Navier-Stokes equations 

to account for the presence of particles. By 

incorporating local bed porosity in the modelling of 

particle emission and absorption, the effects of 

varying packing densities were captured. 

     A numerical test case has been simulated to 

analyse the interaction of heated walls, a moving 

particle bed with prescribed velocity, and a cross-

flow of hot air. Spherical limestone particles were 

heated by a top wall at 2573.15 K and by cross-

flowing air at 1373.15 K, with a constant inlet 

velocity of 0.3 m/s. Thermal conduction between 

particles has also been modelled. Three granular 

assemblies, with varying packing densities—dilute 

(93% porosity), moderate (66.5% porosity), and 

dense (34.5% porosity)—were considered, 

comprising 540, 2560, and 5000 particles, 

respectively. All scenarios shared the same residence 

time of 2000 seconds. 

     This work successfully demonstrates the 

influence of particle packing density and radiative 

heat transfer on the calcination process within 

moving particle beds. It was observed that as the 

particle number increased, the highest calcination 

degrees are concentrated in the upper and lower 

particle layers of the bed. Furthermore, the 

calcination degree distributions showed regions, 

particularly near the inlet and between densely 

packed lower and upper layers, where almost no 

calcination occurred. The average calcination degree 

decreases with increasing packing density. The 

simulation results yield average calcination degrees 

of 98%, 80%, and 60% for outlet particles in the 

dilute, moderate, and dense configurations, 

respectively.  

     Although the academic case studied here cannot 

be directly scaled to industrial kilns, the importance 

of granular packing, and radiation effects is 

highlighted. 
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ABSTRACT 

Multiphase reactive flows are essential in energy, 

chemical, and environmental systems. This paper 

reviews and compares several multiscale modeling 

methods for simulating reactive multiphase flows, 

including particle-resolved direct numerical 

simulation (PR-DNS), computational fluid 

dynamics-discrete element method (CFD-DEM), 

coarse-grained CFD-DEM, multi-phase particle-in-

cell (MP-PIC), and coarse-grained computational 

fluid dynamics -direct simulation Monte Carlo 

(CFD-DSMC). These methods are assessed for their 

accuracy, scalability, and computational efficiency 

in simulating dense gas-solid flows. The developed 

multiscale models are comprehensively validated 

against experimental measurements and applied 

across various scales: microscale simulations of char 

combustion, mesoscale simulations of particle 

clusters in coal gasification, macroscale simulations 

of biomass chemical looping gasification, and 

industrial-scale applications for coal pyrolysis and 

combustion staged conversion. This work 

emphasizes the importance of selecting appropriate 

modeling strategies for different scales and explores 

the potential integration of high-performance 

computing and artificial intelligence to enhance 

multiscale simulation tools. 

Keywords: Multiphase flow, multiscale 

simulation, computational fluid dynamics, flow 

and reaction coupling  

1. INTRODUCTION 

The dense gas-solid reactive systems are widely 

present in energy, chemical, and environmental 

systems (e.g., combustors, gasifiers, reactors, etc.), 

where complex gas-solid flow, heat and mass 

transfer, and chemical reactions occur. With the 

rapid development of computer technology, 

computational fluid dynamics (CFD) has become an 

increasingly important complement to both 

theoretical analysis and experimental research. It 

effectively addresses the limitations of these two 

approaches and comprehensively and accurately 

reproduces the flow, heat transfer, and reactive 

characteristics of dense gas-solid flows. However, 

the complex multi-scale nature of dense gas-solid 

flows, both spatially and temporally, places stringent 

demands on numerical simulation and necessitates 

the adoption of appropriate multi-scale solving 

strategies[1–4].  

Depending on the resolution and scale of interest, 

dense gas-solid reactive systems are commonly 

modeled by three classic approaches:  particle-

resolved direct numerical simulation (PR-DNS), 

computational fluid dynamics-discrete element 

method (CFD-DEM) under Euler-Lagrange 

framework, and two-fluid model (TFM) under Euler-

Euler framework. In PR-DNS, every particle and the 

surrounding fluid field are fully resolved, so no 

closure models are needed to capture fluid motion; 

this yields outstanding accuracy but comes at the cost 

of extremely fine grids and correspondingly massive 

computational resources, which confines PR-DNS to 

small domains and modest particle counts [5,6]. The 

conventional CFD-DEM approach within the Euler-

Lagrange framework alleviates this burden by 

allowing grid cells that are roughly three to five times 

larger than the particles they contain. [7–9]. The gas 

phase is solved within the Eulerian framework, while 

the solid-phase particle motion is solved in the 

Lagrangian framework. The reduction in grid 

quantity leads to a decrease in computational load. 

However, the accuracy of gas-phase motion 

predictions is slightly lower than that of PR-DNS. 

This method can track each particle individually, 

providing accurate particle-scale information, which 

is then interpolated and fed back into the gas-phase 

grid for further computations. This approach is 

constrained by particle collision models and grid size 

requirements and is still mainly applied in 

laboratory-scale simulations with a limited number 

of particles[10,11]. By contrast, the two-fluid model 

(TFM) under Euler-Euler framework adopts the 

continuous medium assumption, treating the solid 

phase as a fluid ("pseudo fluid") and solving its 

motion in the Eulerian framework. The key 
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challenge of this method lies in modeling the 

viscosity and pressure of the solid phase, often 

achieved through the kinetic theory of granular flow 

(KTGF) [12]. Generally speaking, the can 

significantly reduce computational load and has been 

widely used in predicting gas-solid flow within 

large-scale industrial equipment[13–15]. However, the 

Euler-Euler method has notable drawbacks: the 

accuracy of the solid-phase motion is limited to the 

computational grid scale, preventing the capture of 

rich particle-scale information. As a result, it is not 

well-suited for investigating the transport 

mechanisms of particles in fluidized bed equipment. 

In the simulation of multiphase reactive flows, 

traditional single-scale methods often fail to 

effectively capture the complex interactions between 

fluids, particles, and reactions. Multi-scale 

simulation methods, by considering physical 

phenomena at different scales, can overcome the 

limitations of single-scale approaches, significantly 

improving prediction accuracy and computational 

efficiency. Specifically, multi-scale simulation 

methods not only focus on macroscopic flow 

characteristics but also allow for an in-depth 

exploration of microscopic particle behavior and 

chemical reaction mechanisms. This study 

comprehensively reviews and compares the 

applicability, accuracy, and scalability of the 

multiscale numerical simulation methods we have 

developed in recent years within the Euler-Lagrange 

framework for modeling multiphase reactive flows, 

providing essential tools for studying and optimizing 

these systems. 

2. MODEL DESCRIPTION 

2.1 Particle-resolved direct numerical 
simulation 

In PR-DNS, the gas phase is solved within an 

Eulerian framework, while the solid phase is tracked 

using an Lagrangian framework. This approach 

requires enforcing no-penetration and no-slip 

boundary conditions on particle surfaces within the 

computational domain, along with the corresponding 

heat and mass transfer boundaries. The immersed 

boundary method with virtual points introduces the 

effect of particles without requiring mesh 

reconstruction, instead constructing a virtual 

embedded boundary through interpolation. The mass 

conservation equation, momentum conservation 

equation, energy conservation equation, and species 

conservation equation for the gas phase are 

expressed as follows: 
∂𝜌

∂𝑡
+ ∇ ⋅ (𝜌𝐮) = 0 (1) 

𝜌
∂𝐮

∂𝑡
+ 𝜌𝐮 ⋅ ∇𝐮 = −∇𝑝 + ∇ ⋅ 𝜏 (2) 

𝜌
∂𝑇

∂𝑡
+ 𝜌𝐮 ⋅ ∇𝑇 = ∑(𝜔

˙

𝑘 − ∇ ⋅ 𝕁𝑘)

𝑘

(
𝑇𝑅

𝑐𝑦𝑀𝑘

−
ℎ𝑘

𝑐𝑣

) −
𝜌𝑇𝑅

𝑐𝑣𝑀
∇ ⋅ 𝐮

+
𝜏2

2𝜇𝑐𝑣

−
∇ ⋅ 𝐪

𝑐𝑣

 

(3) 

𝜌
∂𝑌𝑘

∂𝑡
+ 𝜌𝐮 ⋅ ∇𝑌𝑘 = −∇ ⋅ 𝕁𝑘 + 𝜔

˙

𝑘 (4) 

where ρf, uf, and pf represent the gas phase density, 

velocity, and pressure, respectively. τf denotes the 

viscous stress tensor. T represents temperature. cv  is 

the specific heat at constant volume. R denotes the 

universal gas constant. M is the molar mass of the gas 

mixture. hk  denotes the enthalpy of the individual 

species. Yk denotes the mass fraction of species k. 𝜔
˙

𝑘 

represents the gas-phase reaction source term for 

species k, and 𝕁𝑘 is the diffusion flux of species k. 

The principle of the immersed boundary method 

with virtual points is to designate several layers of 

grid points near the particle boundary as virtual 

points (the number of layers is determined by the 

spatial discretization scheme; in this study, three 

layers are used). These virtual points are assigned 

values artificially through interpolation, ensuring 

that the fluid outside the particle satisfies the 

corresponding boundary conditions at the particle 

surface during spatial discretization. At each sub-

time step, the assignment of values to the virtual 

points precedes the solution of the flow field. Mirror 

points symmetric to the virtual points across the 

boundary, along with additional auxiliary points on 

the same side of the interface, are selected to 

construct interpolation formulas for various 

boundary conditions, through which the values of the 

virtual points are determined. The construction of 

Dirichlet boundary conditions requires only a single 

mirror point, whereas Neumann and Robin boundary 

conditions necessitate, in addition to the mirror point, 

an auxiliary point. Depending on the dimensionality 

of the case study, the mirror and auxiliary points are 

obtained using bilinear or trilinear interpolation 

based on neighbouring grid points. Based on the 

boundary condition formulation, by specifying 

appropriate boundary conditions for species balance, 

velocity, and temperature, accurate simulation of 

particles can be achieved. 

 

 

Figure 1. Schematic diagram of the immersed 

boundary method with virtual points. 

2.2 Euler-Lagrange method 

This section introduces the computational fluid 

dynamics-discrete element method (CFD-DEM) 

method, coarse-grained CFD-DEM method, the 
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multi-phase particle-in-cell method (MP-PIC) 

method, and the coarse-grained computational fluid 

dynamics-direct simulation Monte-Carlo (CFD-

DSMC) method within the Euler-Lagrange 

framework, focusing on the governing equations for 

the gas phase and solid phase, as well as sub-models 

for particle collisions, heat and mass transfer, and 

chemical reactions. 

2.2.1 Gas-phase control equations 

The mass conservation equation and momentum 

conservation equation for the gas phase are 

expressed as follows: 
𝜕(𝜀𝑓𝜌𝑓)

𝜕𝑡
+ 𝛻 ⋅ (𝜀𝑓𝜌𝑓𝒖𝑓) = 𝑅𝑓 (5) 

𝜕

𝜕𝑡
(𝜀𝑓𝜌𝑓𝒖𝑓,𝑖) + 𝛻 ⋅ (𝜀𝑓𝜌𝑓𝒖𝑓𝒖𝑓)

= −𝜀𝑓𝛻𝑝 + 𝜌𝑓𝜀𝑓𝑔 + 𝛻 ⋅ (𝜀𝑓𝜏𝑓) − 𝐼𝑝𝑓 
(6) 

𝜕(𝜀𝑓𝜌𝑓𝐶𝑝,𝑓𝑇𝑓)

𝜕𝑡
+ 𝛻 ⋅ (𝜀𝑓𝜌𝑓𝑢𝑓𝐶𝑝,𝑓𝑇𝑓) 

= 𝛻 ⋅ [𝜀𝑓(𝜅𝑓 +
𝐶𝑝,𝑓𝑣𝑓,𝑡

𝑃𝑟𝑓,𝑡
)𝛻𝑇𝑓] − 𝑄𝑓𝑝 − 𝛥𝐻𝑟𝑓 + 𝛾𝑅𝑓(𝑇𝑅𝑓

4 − 𝑇𝑓
4) 

(7) 

𝜕(𝜀𝑓𝜌𝑓𝑋𝑛)

𝜕𝑡
+ 𝛻 ⋅ (𝜀𝑓𝜌𝑓𝑢𝑓𝑋𝑛) = 𝛻 ⋅ (𝜀𝑓𝜌𝑓𝐷𝑛𝛻𝑋𝑛) + 𝑅𝑓𝑛 (8) 

where εf represents the gas phase void fraction. Rf  

and Ipf correspond to the mass change source term 

due to chemical reactions and the interphase 

momentum exchange source term. Cp,f， Tf，κf, and 

Prf,t represent the specific heat capacity at constant 

pressure, temperature, thermal conductivity, and 

Prandtl number of the gas phase, respectively. Qfp 

denotes the convective heat transfer between the gas 

and solid phases, ΔHrf is the heat of reaction, γRf is 

the radiative heat transfer coefficient, and TRf is the 

radiative temperature of the gas phase. Xn and Dn 

represent the mass fraction and diffusion coefficient 

of gas component n, respectively. Rfn denotes the 

mass change due to the chemical reactions involving 

component n. 

2.2.2 Solid-phase control equations 

In the Lagrangian framework, the motion of 

particles in the gas-solid flow is obtained by solving 

Newton's second law. The external forces acting on 

the particles in the flow field mainly include drag 

forces induced by fluid-particle interactions, 

pressure gradient forces, viscous forces, and other 

forces such as collision forces, viscous forces, and 

electrostatic forces arising from particle-particle and 

particle-wall interactions. These external forces 

allow the determination of particle position, velocity, 

acceleration, and other related quantities. The 

equation of motion for the particles can be expressed 

as: 

𝑚𝑝

𝑑𝑣𝑝

𝑑𝑡
= 𝑚𝑝𝑔 + 𝐹𝑓𝑝 + 𝐹𝑑𝑟𝑎𝑔 + 𝐹𝑐 + 𝐹𝑎𝑓 (9) 

𝐼𝑝

𝑑𝜔𝑝

𝑑𝑡
= 𝑇𝑝 (10) 

where mp and vp represent the particle mass and 

velocity, respectively, while mpg, Ffp, Fdrag, Fc, and 

Faf correspond to the gravitational force on the 

particle, pressure gradient force, drag force, collision 

force, and additional forces. Ip, ωp, and Tp represent 

the particle moment of inertia, angular velocity, and 

torque, respectively. In the CFD-DEM and coarse-

grained CFD-DEM method, the collision force can 

be resolved by decomposing it into the normal ( 𝐹𝑖𝑗
𝑛) 

and tangential ( 𝐹𝑖𝑗
𝑡 ) components. In the MP-PIC and 

CFD-DSMC methods, the collision force is not 

directly solved but rather modeled through a 

submodel. The particle collision models for the three 

methods will be discussed in detail in the following 

sections. 

2.2.2.1 Interphase drag model 

The drag force is primarily caused by the 

velocity difference between the particles and the 

fluid, and it is the main mechanism for momentum 

exchange between the particle and gas phases. 

Therefore, an accurate drag force model is crucial for 

predicting gas-solid flow processes. For a single 

particle within a particle group, the drag force it 

experiences can be calculated as: 

𝐹𝑑𝑟𝑎𝑔 =
𝛽𝑉𝑝

1 − 𝜀𝑓

(𝑢𝑓 − 𝑣𝑝) (11) 

where β is the interphase momentum exchange 

coefficient, also known as the drag coefficient, and 

Vp represents the particle volume. Currently, 

commonly used drag force models can be broadly 

classified into the following categories: (i) 

experimental and empirical models such as the 

Gidaspow model[16]  and the Syamlal-O'Brien 

model[17]; (ii) models derived from lattice-

Boltzmann (LB) and direct numerical simulation 

(DNS) methods, such as the BVK drag model[18] and 

the Koch & Hill model[19]; (iii) models based on 

energy minimization multiscale (EMMS) theory, 

such as the EMMS drag model[20]. In this study, we 

primarily use the Gidaspow drag model, which 

applies to most fluidization calculations, the EMMS 

drag model that accounts for gas-solid  flow 

heterogeneity, and the BVK drag model with particle 

size corrections. 

2.2.2.2 Particle collision model 

In gas-solid flow within a fluidized bed, frequent 

particle collisions significantly influence particle 

motion and the flow field distribution. Therefore, 

accurately calculating particle collisions in 

numerical simulations is crucial for predicting gas-

solid flow behavior in the fluidized bed. Currently, 

depending on the method used to handle the 

interparticle interactions, collision models can be 

broadly classified into two main categories. The first 

is deterministic methods, which directly compute 

each particle collision in the computational domain 

during the simulation process, such as the soft sphere 

model used in the CFD-DEM and the coarse-grained 

CFD-DEM method. The second is stochastic 

methods, which do not directly calculate the particle 

collisions but instead introduce the concept of 

collision probability to model them, including the 

solid-phase stress model applied in the MP-PIC 

method and the DSMC method. 
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(1) Soft-sphere model for CFD-DEM and 

coarse-grained CFD-DEM 

The soft-sphere model accounts for inter-particle 

forces during collisions and updates particle 

positions by computing acceleration, velocity, and 

displacement based on these forces. Interactions 

between particles are modeled by incorporating 

elasticity, damping, and tangential sliding 

mechanisms. Elasticity captures particle deformation 

during collisions, damping reflects energy 

dissipation, and sliding models tangential 

interactions. In the DEM, the contact force between 

particles is decomposed into a normal component 

(Fij
n ) and a tangential component (Fij

t ): 

𝐹𝑐 = ∑ (𝐹𝑖𝑗
𝑛 + 𝐹𝑖𝑗

𝑡 )

𝑁

𝑗=1,𝑗≠𝑖

 (12) 

𝐹𝑖𝑗
𝑛 = −(𝑘𝑛𝛿𝑛 + 𝜂𝑛𝛿̇𝑛)𝑛𝑖𝑗 (13) 

𝐹𝑖𝑗
𝑡 = {

−(𝑘𝑡𝛿𝑡 + 𝜂𝑡𝛿̇𝑡)𝑡𝑖𝑗      |𝐹𝑖𝑗
𝑡 | ≤ 𝜇|𝐹𝑖𝑗

𝑛|                       

−𝜇|𝐹𝑖𝑗
𝑛|𝑡𝑖𝑗               |𝐹𝑖𝑗

𝑡 | > 𝜇|𝐹𝑖𝑗
𝑛|                 

 (14) 

where k, η, and δ represent the elastic stiffness, 

damping coefficient, and particle deformation 

displacement, respectively. The subscripts n and t 

denote the normal and tangential directions. The 

tangential contact force is constrained by the product 

of the particle-particle sliding friction coefficient μ 

and the normal contact force. If the tangential force 

exceeds this maximum static friction threshold, 

sliding occurs between the particles, and the 

tangential force is subsequently determined based on 

the sliding friction coefficient. 

In traditional CFD-DEM methods, simulating 

large-scale fluidized bed is often challenging due to 

the large number of particles in the system, leading 

to excessive computational load and difficulties in 

solving the problem. To address this issue, the 

coarse-graining method is introduced to reduce the 

number of particles being computed. In the coarse-

grained CFD-DEM method, multiple real particles 

with identical properties are grouped into a single 

computational particle with an equivalent coarse 

diameter, thereby reducing the number of particles in 

the computational domain by a factor of the cube, 

significantly lowering the computational 

complexity. The core framework of the coarse-

grained CFD-DEM method is the same as that of the 

traditional CFD-DEM method, still using the soft-

sphere model to directly solve the collision process 

between particles, but in the simulation, coarse 

particles are used to replace real particles for more 

efficient computation. The diameter of the coarse 

particle, dcgp, is given by: 
𝑑𝑐𝑔𝑝 = 𝑘𝑑𝑝 (15) 

where k is the coarse-graining coefficient, and dp is 

the diameter of the real particles. 

(2) Solid stress model for MP-PIC 

In the MP-PIC method, a distribution function 

f(xp, vp, mp, Tp, t) is used to describe the distribution 

of particles in the flow field. This equation is a 

function of the particle's spatial position, velocity, 

mass, temperature, and time. The equation is 

expressed as follows: 
𝜕𝑓

𝜕𝑡
+

𝜕(𝑓𝑣𝑝)

𝜕𝑡
+

𝜕(𝑓𝐴)

𝜕𝑣𝑝

=
𝑓𝐷 − 𝑓

𝜏𝐷

+
𝑓𝐺 − 𝑓

𝜏𝐺

 (16) 

where fD and τD represent the particle distribution 

function and the particle collision relaxation time 

under local equilibrium conditions, respectively. 

After a collision, the particle velocity tends to follow 

an isotropic Gaussian distribution. In this state, τG 

and fG denote the relaxation time and the particle 

distribution function, respectively. A is the particle 

acceleration, which is expressed as follows: 

𝐴 =
𝑑𝑣𝑝

𝑑𝑡
= 𝛽(𝑢𝑓 − 𝑣𝑝) −

𝛻𝑝

𝜌𝑝

−
𝛻𝜏𝑝

𝜌𝑝𝜀𝑝

+ 𝑔 +
𝑣̄𝑝 − 𝑣𝑝

2𝜏𝐷

 (17) 

where v̄𝑝 represents the local mass-averaged particle 

velocity, and τp is the solid-phase stress. 

(3) Collision probability model for coarse-

grained CFD-DSMC 

The DSMC method, based on gas molecular 

kinetics[21], does not directly track the motion of each 

particle. Instead, it uses probabilistic methods to 

determine whether collisions occur between particles 

and employs a relatively small number of sampled 

particles to represent a large number of real particles. 

Over a time interval Δtp, the collision probability Pij 

between particle i and particle j within the same grid 

is given by[21,22]: 

𝑃𝑖𝑗 =
𝑤𝜋𝑔0(𝑑𝑝,𝑖 + 𝑑𝑝,𝑗)2|𝐺𝑖𝑗|𝛥𝑡𝑝

4𝑉𝑐

 (18) 

where w is the sampling coefficient; Gij is the relative 

velocity between particle i and particle j; and g0 is the 

equilibrium spherical radial distribution function at 

particle contact. 

This study proposes the coarsed-grained CFD-

DSMC method by coupling the coarse-grained 

model with the DSMC model. While using collision 

probability to model the collision process, the 

method also employs larger computational particles 

in terms of particle size to further reduce the number 

of simulated particles. Additionally, the collision 

probability is modified as follows: 

𝑃𝑖𝑗 =
𝑤𝜋𝑔0(𝑑cg𝑝,𝑖 + 𝑑𝑐𝑔𝑝,𝑗)2|𝐺𝑖𝑗|𝛥𝑡𝑝

4𝑘3𝑉𝑐

 (19) 

2.2.2.3 Particle heat transfer model 

Complex heat transfer between the gas and solid 

phases includes four types of heat transfer: particle-

particle conduction, particle-fluid convective heat 

transfer, radiation heat transfer between particles and 

their surrounding environment, and the heat of 

reaction generated by chemical reactions. Particle-

particle conduction primarily occurs in regions with 

high particle concentration and frequent collisions, 

and, compared to the other types of heat transfer, it 

accounts for a relatively small portion, often being 

neglected. Therefore, this study considers only 

particle-fluid convective heat transfer, radiation heat 

transfer between particles and their surrounding 

environment, and the heat of reaction generated by 

chemical reactions. Under these conditions, the 
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energy conservation equation for particle i is 

expressed as: 

𝑚𝑝,𝑖𝐶𝑝,𝑖

𝑑𝑇𝑝,𝑖

𝑑𝑡
=  𝑄𝑝𝑓,𝑖 + 𝑄𝑟𝑎𝑑,𝑖 − 𝛥𝐻𝑟,𝑖 (20) 

where Cp,i is the specific heat capacity of particle i, 

Tp,i is the temperature of particle i, Qpf,i and Qrad,i 

represent the convective heat transfer between the 

particle and the fluid, and the radiative heat transfer 

between the particle and its surrounding 

environment, respectively. ΔHr,i is the heat of 

reaction. 

2.2.2.4 Chemical reaction model 

The heterogeneous reactions mainly include 

evaporation, pyrolysis, gasification, as well as 

carbonation and calcination reactions of adsorbents. 

For a specific computational particle, the mass 

conservation equation considering the mass changes 

caused by chemical reactions is given by: 

𝑑𝑚𝑝

𝑑𝑡
= ∑ 𝑅𝑠𝑛

𝑁𝑠

𝑛=1

 (21) 

where Ns is the total number of chemical components, 

and Rsn is the mass change rate of component 𝑛 in the 

particle due to chemical reactions. 

3. DISCUSSION AND RESULT 

3.1 PR-DNS modeling of char 
combustion at the microscale 

3.1.1 PR-DNS method validation 

To verify the reliability of the PR-DNS method, 

we compared the drag coefficients of cold particles 

obtained from PR-DNS simulations with the 

empirical correlation proposed by Schiller and 

Naumann[16]. The simulation results show good 

agreement with the empirical formula in Figure 2 (a). 

Regarding char combustion, simulation results were 

validated against experimental data from Makino et 

al.[23] using their experimental configuration, as 

illustrated in Figure 2 (b). The simulations 

demonstrate satisfactory agreement with 

experimental measurements and notably reproduce 

the important phenomenon observed experimentally: 

As temperature increases, the dominant reaction 

shifts. When the CO₂-char reaction becomes 

predominant, it leads to a stepwise decrease in char 

consumption rate. In conclusion, the PR-DNS 

method achieves high precision in resolving forces, 

heat transfer, and mass transfer on particle surfaces, 

rendering it suitable for the full-scale particle direct 

numerical simulations conducted in this study. 

  
(a) (b) 

Figure 2. PR-DNS method validation: (a) drag coefficient, (b) reaction rate. 

3.1.2 PR-DNS on interaction during the 
combustion of two char particles 

This subsection investigates the mechanistic 

effects of interactions between burning particles on 

reaction rates and drag forces. The interparticle 

interactions are decomposed into three components: 

wake effects, direct flame interactions between 

particles, and the nozzle effect arising from 

interparticle convective flow.  

Figure 3 (a) shows the dimensionless drag force 

at different particle center distances and relative 

angles. This drag force is normalized by the drag on 

a single cold-flow particle. Overall, both cold and 

burning char particles show similar trends when 

influenced by neighboring particles. The nozzle 

effect becomes strong only when the line connecting 

the two particles is near 90 degrees to the flow 

direction. This causes the drag force to exceed that 

on a single isolated particle. Figure 3 (b) shows the 

char reaction rates at different angular positions. 

These are for center-to-center distances of l = 1.5, 

2.0, and 3.0 particle diameters (Dp). The reaction 

rates are normalized by the single particle 

combustion rate. This normalization uses identical 

inflow conditions. In all cases except the side-by-

side case at l = 3.0Dp, the carbon consumption rate is 

lower than for an isolated particle. As particle 

separation increases, the particles move from dense 

to sparse arrangements. During this process, the 

reaction rates gradually increase. Meanwhile, the 
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effects of wake flow and trailing flames 

progressively decrease. 

 

  
(a) (b) 

Figure 3. The interaction during the combustion of two char particles: (a) drag coefficient distribution, (b) 

reaction rate distribution. 

When studying how two-particle interactions 

affect reaction rates, we find that the nozzle effect 

has little influence on char reaction rates. Convection 

contributes almost nothing to species transport 

around particles. This is shown in Figure 4 and 

Figure 5. These figures display O₂ and CO transport 

budgets along the axis between side-by-side particles. 

Flame interaction is confined to boundary layers. 

Therefore, no direct flame interaction occurs when 

particle separation exceeds 2Dp. The interactions 

between particles mainly affect forces through 

nozzle effects and wake flows. We also compared the 

drag coefficients of burning and cold-flow particles. 

This comparison shows that particle interaction 

effects on reaction rates cannot be directly applied to 

correct drag coefficients. Particle interactions remain 

dominant in controlling these forces. 

 

 

Figure 4. O₂ transport budget analysis between two char particles 

 

Figure 5. CO transport budget analysis between two char particles 
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3.2 CFD-DEM and coarse-grained CFD-
DEM simulation of particle cluster 
behavior in coal gasification at the 
mesoscale  

The presence of particle clusters in the riser of a 

circulating fluidized bed significantly affects the 

overall performance of the reactor. This study 

conducts in-depth investigations into the behavior of 

particle agglomerates in a riser adopting CFD-DEM 

and coarse-grained CFD-DEM simulations based on 

the Euler-Lagrange framework. 

First, CFD-DEM simulations were performed on 

the characterization of particle clusters in laboratory-

scale risers referring to Carlos Varas et al. [24] and 

compared with the longitudinal distribution curves of 

time-averaged particle concentrations, as shown in 

Figure 6 (a). The simulation results are in good 

agreement with the experimental data. It was 

observed that the overall particle concentration 

within the riser increases, and particles primarily 

accumulating in the lower region of the riser. Figure 

6 (b) further compares the horizontal distribution of 

particle concentration at a gas velocity of 5.95 m/s, 

showing that the predicted results closely match the 

experimental values in both trends and magnitudes. 

 

 

(a) (b) 

Figure 6. (a) Comparison between the predicted particle volume concentration and time-averaged 

measured values; (b) Horizontal distribution of particle volume concentration. 

Furthermore, coarse-grained CFD-DEM is 

adopted to simulate a larger-scale fluidized bed 

reactor. The molar ratios of gas products at the riser 

outlet were statistically analyzed over 15s-30s, as 

shown in Figure 7 (a). It is observed that, although 

there are slight fluctuations in the CO to CO2 ratio, 

the overall gasification product ratio remains 

relatively stable after 15s. Moreover, the outlet 

component data was time-averaged and compared 

with experimental data, as shown in Figure 7 (b). It 

was found that the particle size distribution of the bed 

material and fuel had relatively little impact on the 

component distribution at the outlet. Under all 

operating conditions, the simulated predictions 

closely match the experimental measurements, 

demonstrating that the coarse-grained CFD-DEM 

method can accurately predict the component 

distribution at the outlet. 

  

(a) (b) 
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Figure 7. (a) Temporal variation of gas product ratios at the outlet; (b) Comparison of gas product ratios 

at the outlet under different operating conditions. 

To gain a fundamental understanding of the 

fluidization characteristics within the riser, time-

averaged results are presented in Figure 8. It is 

observed that the horizontal solid-phase 

concentration distribution within the bed exhibits a 

typical ring-core structure. In the vertical direction, 

as the height increases, the particle concentration 

decreases, and the high-concentration region near the 

wall accordingly shrinks. 

 

Figure 8. Time-averaged gas-solid flow 

characteristics: (a) fluid voidage; (b) solid 

horizontal velocity; (c) solid vertical velocity; (d) 

solid velocity vector distribution. 

Figure 9 provides a comprehensive summary of 

the intrinsic mechanisms underlying the temporal 

evolution of particle clusters. The analysis highlights 

the influence of the tail effect of the particle cluster 

on its formation. By tracking the dynamic evolution 

of a typical particle cluster, it was found that the 

characteristics of the cluster exhibit a quasi-periodic 

variation pattern. The changes in the properties of the 

particle cluster are primarily attributed to the 

interactions between the cluster and its surrounding 

environment. The competition and coordination 

between the growth and fragmentation mechanisms 

of the particle cluster lead to a strong correlation 

between its various characteristics (such as area, 

width, and falling velocity). 

 

  

(a) (b) 

Figure 9. Particle cluster behavior: (a) evolution of flow pattern; (b) temporal evolution curve. 

3.3 Multiphase CFD-DSMC simulations 
of biomass chemical looping 
gasification at the macroscale 

To simultaneously meet the requirements of 

both computational time and accuracy, a CG CFD-

DSMC model was developed by coupling the coarse-

graining method with the DSMC method. This 

model enhances computational efficiency while 

ensuring accuracy by employing collision 

probabilities and reducing the number of 

computational particles. The gasifier reactor from the 

dual-fluidized bed gasification system at Zhejiang 

University was selected as the simulation object. 

Figure 10 presents the gas product component 

concentrations at the gasifier outlet, as predicted by 

different simulation methods, alongside 

experimental results. It can be observed that CO and 

H2 account for the majority of the gas composition at 

the gasifier outlet. The relative error between the 

simulated outlet gas concentrations and the 

experimental results is less than 20%, indicating that 

the errors in both methods are within an acceptable 

range. Compared to the MP-PIC method, the CG 

CFD-DSMC method demonstrates superior control 

of both the average and maximum errors in the 

prediction of gas component concentrations at the 

outlet. 
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Figure 10. Concentration of gas product 

components at the outlet simulated by different 

methods. 

Furthermore, based on the 1 MWth pilot-scale 

BFB-CFB dual-fluidized bed system, a comparative 

simulation analysis of the biomass chemical-looping 

gasification process was conducted using the CG 

CFD-DSMC method proposed in this study and the 

traditional MP-PIC method. Figure 11 presents the 

average gas product component concentrations at the 

gasifier outlet. It can be observed that the 

computational accuracy and efficiency of the two 

models are approximately equivalent. 

 

Figure 11. Gas product component 

concentrations at the gasifier outlet simulated by 

MP-PIC and CG CFD-DSMC method. 

After ensuring the accuracy and efficiency of the 

model, a simulation study on the operational 

optimization of the structurally optimized biomass 

chemical-looping gasification system was 

conducted. Figure 12 presents the axial distribution 

characteristics of the biomass particle heat transfer 

coefficient (HTC) under different average particle 

sizes. The results indicate that the HTC of biomass 

particles is relatively high near the feed inlet and 

gradually decreases along the axial direction. This is 

primarily due to the continuous reduction in the 

temperature gradient between the biomass particles 

and the surrounding environment during the heat 

exchange process after the particles enter the 

gasifier. It is noteworthy that although the 

distribution trend of HTC is similar across different 

particle size conditions, the average absolute value 

of HTC decreases as the absorber's average particle 

size increases, suggesting a negative impact on the 

heat transfer process. 

 

Figure 12. Effect of the average particle size on 

the heat transfer coefficient of biomass particles. 

Figure 13 (a) illustrates the effect of biomass 

feed inlet height on the gas product composition. As 

the feed inlet height increases, the concentrations of 

CO and CO2 in the outlet gas gradually increase, 

while the H2 concentration significantly decreases. 

Simultaneously, the height of the gas-solid reaction 

zone increases with the feed inlet height, leading to 

reduced contact efficiency between CO2 and bed 

material particles, thus affecting the carbonation 

reaction. After entering the gasifier, biomass 

particles undergo a series of physical and chemical 

transformations, causing a reduction in their mass. 

Some biomass particles are carried away by the gas 

flow after staying in the gasifier for a certain period. 

Therefore, a lower feed inlet height can extend the 

residence time of biomass particles in the gasifier, 

enhancing the gas-solid mixing effect and improving 

carbon conversion efficiency. Figure 13 (b) shows 

the effect of feed inlet height on LHV and CGC, 

where both LHV and CGC decrease as the feed inlet 

height increases, negatively impacting gasification 

efficiency. 
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(a) (b) 

Figure 13. Effect of biomass feed inlet height on gasification performance: (a) gas product components at 

the outlet; (b) LHV and CGC. 

3.4 Industrial-scale MP-PIC simulation 
of coal pyrolysis and combustion 
staged conversion 

The numerical model is extended to 150 MWe 

industrial-scale equipment and verifies the 

applicability of the model at industrial scale by 

simulating the cold and hot states of large existing 

equipment at Shanxi Power Plant. Figure 14 presents 

a comparison between the numerical simulation 

results and experimental data for the time-averaged 

normalized molar fractions of each gas component at 

the cyclone separator outlet of the pyrolysis furnace. 

The error between the simulation results and 

experimental data for CH4 and H2 is within 5%, while 

for CO2, CO, and C2H6, the error is within 20%, 

which is acceptable in engineering applications.  

 

Figure 14. Comparison of simulated results and 

experimental data for the molar fractions of each 

gas component at the cyclone separator outlet of 

the pyrolysis furnace over time. 

Figure 15 presents the simulation results, 

experimental data, and relative errors for the time-

averaged syngas density at the cyclone separator 

outlet of the pyrolysis furnace at different operating 

temperatures. The trend of gas component content 

variation with temperature is consistent with 

engineering practice, and the simulation results 

closely match the experimental data. Monitoring the 

time-averaged syngas density at the pyrolysis 

furnace outlet and converting it to the density under 

standard conditions, the error in syngas density is 

within 3% at all temperatures. Overall, the model is 

reliable for predicting the flow regime and thermo-

chemical properties of the circulating fluidized bed 

coal classification pyrolysis combustion integrated 

multi-product system. 

 

Figure 15. Comparison of time-averaged syngas 

density at the cyclone separator outlet of the 

pyrolysis furnace at different operating 

temperatures. 

Based on the 150 MWe large-scale coal 

pyrolysis combustion classification conversion dual 

fluidized bed system at the Shanxi Pinglu Power 

Plant, the gas-solid flow field information inside the 

furnace was obtained using a cold-state model. 

Figure 16 shows the transient particle distribution in 

the system at different primary air velocities in the 

combustion furnace, with particle residence time 

represented by color. It can be observed that as the 

primary air velocity in the combustion furnace 

increases, the load on the four cyclone separators of 

the combustion furnace intensifies. Particularly at 15 

m/s, a large number of particles clog the return feed 

pipes connecting the cyclone separators to the 

combustion furnace's bottom, which will impact the 

normal operation of the system. In contrast, the 

particle amount in the two small cyclone separators 

on the combustion furnace side connected to the 

pyrolysis furnace shows minimal variation. 

Therefore, changes in the primary air velocity of the 
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combustion furnace have a relatively small effect on 

the operation of the pyrolysis furnace side. 

   

(a) (b) (c) 

Figure 16. Transient particle distribution in the system at different primary air velocities in the combustion 

furnace: (a) 5 m/s; (b) 10 m/s; (c) 15 m/s. 

Next, the temperature, gas composition, and 

particle distribution were obtained using a hot-state 

model to provide theoretical support for the system’s 

design modifications. After the hot-state model 

reached dynamic stability, the distribution of particle 

volume fraction in the system was obtained, as 

shown in Figure 17 (a). It can be seen that the particle 

accumulation at the inclined surface of the feed leg, 

which was difficult to avoid in the cold-state model, 

has disappeared in the hot-state model, and the height 

of the high particle volume fraction area in the feed 

leg has decreased. The operation of the return feeders 

is stable, with sufficient particle accumulation 

effectively isolating the gas environments of the two 

furnaces, enabling material circulation between the 

furnaces while preventing gas backflow. The mass 

flow rates of syngas components at the pyrolysis 

furnace cyclone separator outlet were extracted, and 

the time-averaged molar fractions of the stable 

pyrolysis furnace circulating syngas components are 

shown in Figure 17 (b). The highest proportion is 

CH4, close to 50%, followed by H2 at about 25%, and 

then CO2, CO, and C2H6 in decreasing order. 

Compared to the 1 MWth coal dual fluidized bed 

pyrolysis combustion classification conversion pilot 

plant, changes in the circulating syngas components 

were observed after the pyrolysis furnace stabilized. 

This suggests that compared to the pyrolysis furnace 

with single-sided coal feeding and sand as bed 

material, the system in this chapter involves some 

coal being fed directly from the combustion furnace 

and using coal particles generated ash as bed 

material, which led to significant changes in several 

characteristics. 

  

(a) (b) 

Figure 17. (a) The distribution of the time-averaged particle volume fraction at each central cross-section; 

(b) the time-averaged molar fractions of each gas component at the cyclone separator outlet of the pyrolysis 

furnace.

4. CHALLENGES AND OUTLOOK 

The various multiscale modeling methods 

reviewed in this paper each have distinct advantages 

and limitations depending on the scale and 

complexity of the system. At the microscale, the PR-

DNS delivers unparalleled accuracy in resolving 

particle–fluid interactions and surface transport 

phenomena, yet its exorbitant mesh requirements 

confine it  to small domains. Moreover, methods 

such as traditional CFD-DEM and its coarse-grained 

variant alleviate this burden by coupling continuum 

fluid solvers with discrete particle tracking, 

achieving reasonable precision while remaining 
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computationally tractable. For systems dominated by 

gas-phase transport, the coarse-grained CFD-DSMC 

and MP-PIC approaches scale efficiently to larger 

volumes, enabling practicale engineering 

simulations where computational efficiency 

becomes paramount. 

A key challenge lies in the trade-off between 

model accuracy and computational efficiency. As the 

complexity of the simulations increases, the 

computational demand grows significantly. High-

performance computing (HPC) and artificial 

intelligence (AI) integration offer great potential to 

accelerate multiscale simulations. AI can assist in 

optimizing models, improving computational 

strategies, and automating parameter adjustments. 

However, integrating AI with traditional physical 

models remains a challenge. 

Looking ahead, a unified framework for 

multiscale coupling is essential. Such a framework 

would facilitate seamless integration across different 

scales, enhancing both accuracy and efficiency. 

Additionally, building a platform that combines 

data-driven approaches with physical modeling will 

be critical in advancing the next generation of 

simulation tools. This unified approach will offer 

more accurate, scalable, and efficient simulations, 

crucial for tackling complex engineering systems in 

the future. 
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ABSTRACT 

The visualization and quantification of thermal 

mixing in turbulent fluid flows is key to the 

development of accurate turbulence modelling. 

These models are needed to predict the behaviour of 

flows in industrially relevant applications as well as 

geophysical flows (ocean, atmosphere, earth’s 

mantle, etc.). This talk will describe thermometry 

techniques based on luminescent tracer particles 

which can be combined with particle-based 

velocimetry to image both temperature and velocity 

in laboratory flows. The emphasis will be mostly on 

inorganic luminescent crystals, typically referred to 

as thermographic phosphors. These particles exhibit 

a wide range of luminescence properties and can be 

chosen to match the application needs, e.g., for use 

in cryogenic flows, at physiological temperatures, or 

up to 1000 K. There are also various 

implementations of this measurement concept. We 

can exploit the temperature dependence of the 

luminescence emission spectrum or the decay time 

of the particles to measure the temperature. The 

velocity can be measured simultaneously using 

temporally separated images of the particles using 

light scattering as in traditional Particle Image 

Velocimetry (PIV), using luminescence light or even 

single images of phosphorescence streaks caused by 

the motion of the particles during their luminescence 

decay. 

Recent developments include high-resolution 

measurements in submillimeter boundary layers, a 

proof-of-concept study of 3D temperature and 

velocity measurements in gas flows, and 2D 

thermometry in water with sub-°C precision.  

INTRODUCTION 

The ubiquitous presence of thermometers in daily 

life is indicative of the significant influence 

temperature has on thermodynamical, 

thermomechanical and thermochemical variables. 

As examples, we can mention the diffusive 

properties of fluids, the chemical reactions rates, the 

saturation pressure of fluids or the solubility of gas 

such as oxygen in liquids. Common thermometers 

typically provide “absolute” temperature value, 

within a system: the human body, the oil in the pan 

or in a car engine, the water in the swimming pool 

because this value informs on the temperature-

sensitive variables of interest, such as physiological 

activity, viscosity, decomposition rate. Properties are 

rarely insensitive to temperature, so a large part of 

temperature sensing applications are concerned with 

correcting the reading of other sensors, for example 

for pH, pressure, velocity, flow rates. In that case 

temperature accuracy is critical.  

In fluid flow research, we are generally more 

interested in spatial or temporal derivatives of the 

temperature, which serve to detect the location and 

power density of heat sources, to estimate density 

variations resulting in buoyancy forces, or to 

quantify heat transfer. We can therefore tolerate 

larger error in the absolute temperature value that for 

the cases of the previous paragraph, as long as we 

can detect small relative temperature variations. Here 

we aim rather at achieving high spatial, temporal and 

temperature resolution (or precision), since they 

dictate together the uncertainty in spatial or temporal 

derivatives. Optical imaging techniques, can provide 

two- or sometimes three-dimensional information, 

and can rely on laser illumination to probe only a 

“thin” spatial or temporal slice of the flow.   

Accurately predicting mass or heat transport in 

turbulent flows requires turbulence models with 

various levels of complexity. They necessitate 

calibration or validation step by “ground truth” 

reference data, either provided by direct numerical 

simulation (DNS) or experiments. As DNS is limited 

to low turbulent Reynolds number and/or small 

domain size, experiments remain necessary. An 

experimental data which would be crucial for 

turbulence model development are the so-called 

turbulent diffusion terms, which quantify the 

correlation between fluctuations of the velocity and 
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of a scalar quantity such as temperature, or 

concentration. Imaging of temperature alone is no 

longer sufficient, and velocity must be measured at 

the same location and at the same time. In this talk, 

we will cover optical techniques based on 

luminescent particles, which can act both as local 

thermometers and as flow tracers, therefore being 

able to provide correlated velocity and temperature 

information 

PHOSPHOR PARTICLES  

Phosphors are inorganic solid materials, which 

function is to convert light. They are generally in the 

form of polycrystalline ceramic particles. Note that 

most phosphors do not contain the element 

phosphorus, but phosphors and phosphorus share the 

property of luminescence, which is in their common 

greek root „phosphoros” – which means light bearer. 

Phosphor crystals are doped with luminescent ions, 

that means that a small fraction of the elements in the 

crystal are replaced with elements with specific 

electronic configurations. These dopants confer to 

the crystal its light absorbing and light converting 

properties. The light re-emission or luminescence, is 

as many physical processes sensitive to temperature. 

Unlike fluorescence, or phosphorescent molecules, 

the luminescence from phosphors is generally 

insensitive to the gas composition, in particular 

oxygen concentration and to the pressure. The 

ceramic nature of phosphors also provide their 

excellent thermochemical stability. Finally, various 

elements can be doped in a wide range of crystal 

phases, so that phosphor luminescent properties can 

be very varied, with emission from the UV to the 

mid-wave infrared, and temperature sensitive range 

which can be for example in the  cryogenic range or 

around 1500 K.  

Thermometry using these temperature sensitive 

particles, is refered to as phosphor thermometry. 

Often particles are applied onto a surface, using a 

binder material, to infer the surface temperature. This 

technique is often applied in combustion: on 

combustor wall, injector tip. It is then used to derive 

flame to wall heat transfer rates or to provide thermal 

boundary conditions for simulations of the fluid 

domain. However, there are also many other 

applications, e.g. to measure the surface of 

discharging batteries, that of rotating objects, or in 

biological media to name a few.  

PHOSPHOR PARTICLES IN PRESSURE 
SENSITIVE PAINTS 

As an example for the need of temperature 

measurements to correct another sensor, we mention 

here one of our recent study on pressure sensitive 

paints. These paints incorporate phosphorescent 

molecules, which emission can be extinguished by 

collision with oxygen molecules. When operating in 

wind tunnel with constant oxygen mole fraction, 

these paints which detect the oxygen partial pressure 

can be used as total static pressure measurements. 

Unfortunately, the luminescence is not only 

extinguished by oxygen molecules, but also by 

temperature. State of the art pressure sensitive paints, 

which are able to track pressure fluctuations at kHz 

rate over a wing model have very high temperature 

sensitivity on the order of 2%/°C, while their 

pressure sensitivity is below 1%/kPa. That means a 

variation of 1K in temperature, relates to at least a 2 

kPa error. In wind tunnel experiments, the 

temperature continuously varies, sometimes by tens 

of degree, so that if not corrected for, temperature 

variations would lead to very wrong results. 

Correction is often done by integrating pressure taps 

to account for the temperature variations, but this is 

not possible for thin and/or rotating models. Since 

inorganic phosphors are insensitive to oxygen 

concentration, they can be integrated into a pressure 

sensitive paint to indicate the paint temperature 

without having to know the pressure. The 

temperature information can then be used to remove 

the contribution of the temperature variations on the 

pressure signal.   

FLUID THERMOMETRY METHODS 
USING PHOSPHORS 

To measure the fluid temperature, micron size 

particles are introduced into the flow. The approach 

relies on the assumption of thermal equilibrium 

between the fluid and the particle. Heat transfer for 

this size of particles is mainly by conduction. The 

particle thermal conductivity being large compared 

to that of the fluid, heat transfer is limited by thermal 

diffusion through the fluid and the particle 

temperature can be considered uniform. To derive 

temperature response times, we also consider that for 

gases, the thermal diffusivity of the fluid is high, 

leading to a very simple expression of a exponential 

decay response to a step-change variation in fluid 

temperature, with a time constant 𝜏𝑇 = 𝑑𝑝
2 𝜌𝑝𝐶𝑝𝑝

12𝑘𝑓
 . 

Here 𝑑𝑝 is the particle diameter,  𝜌𝑝 the particle 

density, 𝐶𝑝𝑝 the particle heat capacity and 𝑘𝑓 the 

thermal conductivity of the fluid. Phosphor particles 

are typically produced as micron size powder. 

Considering a 2 micron diameter particle, the 

thermal relaxation time constant is about 100 µs in 

air at 300 K. Across a flame front, the relaxation time 

constant gets significantly shorter, as the thermal 

conductivity increases.  

The most obvious temperature sensitive response of 

luminescence sensors, is that of the emission 

intensity. Due to thermal quenching, when the 

temperature increases above a certain value (which 

greatly varies depending on the different dopant/host 

crystal phase combinations), the luminescence 

quenching rates become significant, which results in 

a drop in emission intensity. However this response 

cannot be exploited for reliable measurements, as the 
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detected signal intensity on a camera also scales with 

the particle concentration, and the distribution in 

excitation light. Those two quantities can vary 

significantly in time and space in a practical 

experiment due for example to light refraction at 

interfaces, or mixing of particle streams. Instead we 

exploit temporal or spectral variations of 

luminescence with temperature, to make the 

measurements independent of absolute light level. 

Either it is the persistence time or decay time of the 

luminescence after the end of the excitation, which is 

used as a measure of temperature, or the shift in 

emission spectrum or apparent colour.  

 
Fig. 1 Temperature and velocity field measured 

in the airflow in the wake of a heated cylinder [1] 

 

To measure the velocity of the particles together with 

their temperature, we can simply exploit the shift in 

the particle position over time. In general we use 

lasers capable of delivery two shorts pulses of light 

during a short time, so that the particles only move 

by a few pixels between the two images. An example 

of combined temperature and velocity measurement 

obtained in the wake of a heated cylinder by this 

combined approach is shown in Fig. 1. Counter 

rotating eddies are alternatively shed from the 

cylinder on either side, and shear apart pockets of 

warm fluid which had formed near the rear 

stagnation point of the cylinder. This shearing 

process increase the surface area for heat exchange 

with the cooler surrounding fluid, leading to thin 

regions at intermediate temperatures between the 

two warm pockets.  

 

While the spatial and temporal resolution is 

determined mainly by the laser and imaging system, 

the temperature range and temperature resolution is 

directly linked to the choice of phosphor and 

temperature sensitive response. We provide here two 

examples.  

 

 
Fig. 2 ZnO emission spectrum and spectral 

filters [2] 

 

 

The first is ZnO which can be used for a range of 

about 200 K with a precision in the order of 5 K. The 

range can start anywhere between 100 and 300 K. 

This depends on the choice of spectral filters used to 

detect with high sensitivity the change in emission 

colour. The ZnO emission spectrum in the range 

20°C to 215°C is shown in Fig. 2. It is normalised to 

the emission maximum for each temperature. As the 

temperature increases, the emission band shifts 

towards higher wavelengths. Two filters are chosen, 

so that the area under the red curve increase with 

temperature and that area under the blue curve 

decreases. The ratio of the intensities collected by the 

two filters is therefore a monotonic function of 

temperature which can be calibrated against a 

reference sensor.  

 
Fig. 3 Temporal diagram for rapid lifetime 

determination using a double frame camera and a 

pulse laser [3] 

 

Instead of relying on emission spectrum changes, we 

can also image changes in the decay time. For this 

we can use a rapid lifetime determination approach 

with a double frame camera, as described in Fig. 3. 

Those cameras are able to take two exposure 

separated by only a short time delay (on the order of 

100’s of nanosecond), and are therefore used in PIV 

to capture the images of the particles during the two 

subsequent laser pulses. Here we place the excitation 

laser pulse during the first frame, so that the second 

exposure starts about 1 microsecond after the laser 

pulse. At the temperature increases, the decay time 

shortens so that the intensity collected by the second 

image relative to the first image is lower.  
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For this approach to work, the decay time of the 

phosphor needs to be sufficiently short, so that the 

particles do not move significantly during the second 

image, but also sufficiently long otherwise the 

second image is too late to detect any luminescence 

signal. An ideal range is 1-5 microseconds. For this 

approach to work, we need phoshors with decay time 

in that range, but that are also sensitive around the 

temperature of interest. Some phosphors such as 

BaMgAl10O17:Eu2+, shows this behaviour but only at 

500°C which is only of use to very specific 

applications. Many laboratory flows can study heat 

transfer around room temperature. We identified 

from some physics studies from the 70s, a material 

which has the right decay time and sensitivity. The 

composition is ScVO4:Bi, which has a short decay 

time of around 4 microseconds at 0°C and which 

rapidly changes with temperature around 20°C. The 

rate of change or temperature sensitivity is 2% per 

°C. We therefore synthesised, caracterised and 

applied this phosphor in a demonstration experiment 

shown in Fig. 4. Here the a cold liquid (30°C) is 

injected into a warm cuvette (50°C). Both hot and 

cold fluids are dispersion of water and phosphor 

particles. Based on a region unaffected by the jet, we 

can determine the temperature resolution of the 

approach as the standard deviation between pixels 

which are supposed to be at the same temperature. 

Here this single shot precision is 0.3 K.  

 
Fig. 4 Temperature fields in a water filled 

cuvette shortly after cold water injection [3]. Time 

separation (0.5 s) 

 

3D MEASUREMENTS 

 
Fig. 5 Scatter plot of velocity and temperature 

data measured in a turbulent jet [4] 

 

Using luminescent particle tracers, we showed that 

we can derive velocity and temperature information 

from the same particles. We can also exploit the fact 

the particles are distinct luminescence emitter in 

space, to make local temperature measurement in 

three dimensions. For this, we seed the particles in 

the flow, and take several views of the cameras to 

triangulate the position of each particle. We therefore 

imagined a system combining a 3D particle tracking 

velocimetry approach with a 2D two colour imaging 

approach. The 3D system determines the position of 

all the particles in the 3D space. The 2D two colour 

imaging approach capture luminescence particle 

image containing the temperature information for 

one view. If we isolate the signal from individual 

particles then the signal from that particle can be 

associated with its 3D position, and the ratio of 

luminescence intensity to its temperature. A 

demonstration of the concept is shown in Fig. 5, 

where one can see a scatter plot of velocity and 

temperature datapoints in the 3D space. Here 

particles are seeded in a turbulent heated jet 

surrounding by a coflowing stream. The aim is now 

to increase the density of temperature measurement 

using higher particle seeding concentration.  

CONCLUSIONS 

Luminescent particles make it possible to measure 

temperature and velocity simultaneously in a 

turbulent fluid flow using a single tracer. There are a 

variety of phosphors which can cover different 

temperature range, yet using the same 

instrumentation. The rapid lifetime system, which 

uses a single camera for temperature detection is 

particularly attractive for newcomers into the field.  
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ABSTRACT 

This paper highlights some of the advancements 

enabled by computational physics in the field of 

cardiovascular biomechanics. We briefly introduce 

the numerical methods of the YALES2BIO platform 

before delving into two ongoing studies. The first 

study exemplifies macroscopic scenarios where 

blood is modelled as a continuous fluid. Specifically, 

we examine intracardiac hemodynamics, exploring 

how the design of the mitral valve can alter turbulent 

dissipation. This study demonstrates how such 

simulations can enhance a medical imaging 

technique used routinely in clinical settings. The 

second example addresses situations where the 

physical phenomena occur at such small scales that 

the suspension nature of blood must be considered. 

We discuss the results of a numerical pipeline 

designed to simulate the operation of an industrial 

blood cytometer, illustrating how computational 

physics can provide access to data that is 

experimentally unattainable and useful for 

improving system performance.  

Keywords: cardiovascular biomechanics, 

computational physics, cardiac efficiency, red 

blood cells, cytometry  

1. INTRODUCTION 

The ability to predict blood flow characteristics 

could significantly enhance diagnostic and treatment 

capabilities, given that many cardiovascular diseases 

are related to blood flow features. In this respect, 

computational physics serves as a natural 

complement to theoretical, experimental, and 

medical imaging techniques used to address 

questions related to both microscopic and 

macroscopic blood flows. 

Many medical questions related to blood flow 

pertain to the largest arteries and veins in the 

cardiovascular system. Typical length scales range 

from 1 mm to a few centimeters, and the Reynolds 

number can be as high as several thousand. At these 

scales, blood is often considered a homogeneous 

fluid with either constant viscosity (typically 𝜇 =
3 × 10−3 Pa.s) or characterized by shear-thinning 

behavior. Key challenges include managing the 

highly complex and deformable geometry of the 

blood flow domain, the transitional nature of wall-

bounded blood flow, interactions with thin and 

highly deformable membranes (e.g., valve leaflets), 

thrombus formation due to biomedical materials, and 

validation. 

In reality, blood is not homogeneous but a dense 

suspension (volume fraction ranging from 20-50%) 

of particles sized from 2 𝜇𝑚 (platelets) to 20 𝜇𝑚 

(white blood cells). Over 95% of the cells flowing in 

plasma are red blood cells, which are non-spherical 

particles (equivalent diameter of 6 𝜇𝑚). Given their 

reduced volume of only 0.65, red blood cells are 

highly deformable, with their dynamics resulting 

from the coupling between the inner fluid (cytosol), 

the cell membrane, and the outer fluid (plasma). In 

flow regimes typical of the microcirculation, 

hemodynamics is dominated by suspension-related 

phenomena, such as the non-inertial migration of red 

blood cells towards the center of vessels. 

This paper outlines some of the 

accomplishments and ongoing modelling efforts 

utilizing the YALES2BIO solver 

(imag.umontpellier.fr/~yales2bio/), developed at 

Institut Montpelliérain Alexander Grothendieck 

(IMAG) in Montpellier, France. Section 2 provides a 

brief overview of the numerical strategy employed. 

Section 3 illustrates how macroscopic simulations of 

intracardiac flow can enhance a medical imaging 

technique, specifically echocardiography, and 

deepen the overall understanding of cardiac function. 

Section 4 presents the results of a numerical pipeline 

designed to simulate the dynamics of red blood cells 

flowing through a Coulter-based cytometer, 



2 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

demonstrating its potential to improve the 

cytometer's performance. 

2. NUMERICAL METHOD 

YALES2BIO is a highly parallelized 

multiphysics solver, derived from the YALES2 

solver developed at CORIA in Rouen, France. It is 

specifically designed for simulating blood flows at 

both macroscopic and microscopic scales. At its 

core, YALES2BIO solves the incompressible 

Navier-Stokes equations using a finite-volume 

approach with a fourth-order discretization scheme, 

suitable for unstructured meshes [1]. To maintain the 

divergence-free property of the velocity field, the 

solver employs the projection method introduced by 

Chorin [2]. Namely, the velocity field is first 

advanced in time using a low-storage, fourth-order 

Runge-Kutta scheme [3] during a prediction step. 

This predicted velocity field is then corrected by 

applying a pressure gradient, which is obtained by 

solving a Poisson equation for pressure. The Poisson 

equation is solved using the Deflated Preconditioned 

Conjugate Gradient algorithm [4]. For turbulence 

modeling, YALES2BIO performs large-eddy 

simulations using the sigma subgrid scale model [5, 

6]. This model ensures that no eddy viscosity is 

applied in canonical laminar flows and is well-suited 

for wall-bounded and transitional flows [7, 8]. 

Additionally, the solver can handle computations 

with moving meshes by employing an Arbitrary 

Lagrangian-Eulerian formulation [9, 10]. 

YALES2BIO conducts various simulations 

involving fluid-structure interactions at both 

macroscopic [11] and microscopic scales [12-14]. 

For fluid-structure coupling, the solver utilizes 

Peskin's immersed boundary method (IBM) for 

massless structures [15]. In this approach, the fluid 

perceives the structure's action as a force density 

applied during the prediction step. The forced 

Navier-Stokes equations are then solved as 

previously described. Once the flow velocity is 

computed, the structure is convected by the flow 

after interpolating the fluid velocity onto the 

structure. 

Since the deformed structure is massless, it 

remains in equilibrium, allowing for the calculation 

of forces at the nodes of the structure mesh. These 

forces are then regularized, or spread, over the fluid 

mesh. As YALES2BIO employs unstructured 

meshes, the original IBM, designed for Cartesian 

meshes, has been adapted using the Reproducing 

Kernel Particle Method. This method ensures that 

force regularization and velocity interpolation 

impose several mathematical moments of the 

regularization/interpolation function [16-18]. For red 

blood cells (RBCs), the membrane mechanics are 

modeled by combining different models that 

represent either the in-plane [19] or out-of-plane 

resistances of the membrane [20]. More details may 

be found in Mendez and Abkarian [14]. The method, 

initially developed for infinitely thin membranes, has 

also been extended to finite-size yet thin structures 

[11, 21].  

Numerous validation test cases have been 

presented in both 2D [18] and 3D [21], particularly 

for fluid-structure interaction coupling. The 

remainder of this paper describes two ongoing 

applications to illustrate how computational physics 

can address academic, medical, or industrial 

questions relevant to either macroscopic (Section 3) 

or microscopic (Section 4) scales.  

3. INTRACARDIAC BLOOD FLOW 

Chnafa et al. utilized YALES2BIO to simulate 

intracardiac flow that aligns with the time-evolving 

geometry observed through computed tomography 

of an actual patient [9] or magnetic resonance 

imaging of a normal volunteer [10]. In both 

scenarios, the computational domain spans from the 

four pulmonary veins to the root of the aorta, 

encompassing the left atrium and ventricles, as well 

as simplified models of the mitral and aortic valves. 

The simulations employed Large Eddy 

Simulations based on a subgrid scale model well-

suited for representing wall-bounded transitional 

flows [5, 22], and were conducted over more than 50 

cardiac cycles. The analysis revealed that turbulence 

is periodically generated in the left ventricle at the 

end of diastole and dissipates during systole [23]. 

Moreover, the large vortex observed from advanced 

medical imaging techniques [24] during late diastole 

is accurately captured in the phase-averaged 

computational results. This particular flow feature is 

of significant medical interest, as it is believed to aid 

in redirecting blood momentum towards the 

ventricle's outlet, thereby facilitating ejection. For 

cardiologists, the ability to characterize this feature 

using routine echocardiography would be highly 

beneficial. 

To achieve this, it is essential to reconstruct the 

intraventricular velocity field based on the radial 

component measured in colour Doppler mode. The 

numerical database for intraventricular flow [9] has 

been instrumental in developing a reconstruction 

algorithm based on an optimization procedure [25]. 

As illustrated in Figure 1, the Computational Fluid 

Dynamics (CFD) recirculation zone is well retrieved 

by the so-called intraventricular Vector Flow 

Mapping (iVFM) technique. Several enhancements 

to the original algorithm have been proposed to 

better incorporate the divergence-free constraint [26] 

and to represent the three-dimensional structures of 

the flow more accurately [27]. Recently, a 

methodology based on machine learning has proven 

to be both robust and efficient in retrieving 

intraventricular flow features from 

echocardiography [28]; a physics-guided neural 

network was trained using a database produced at 

IMAG, which included a variety of sizes, heart rates, 

and mitral valve designs [29].   
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Figure 1. Top: A virtual echocardiography exam 

is performed on the numerical intracardiac flow. 

Bottom: The flow structure reconstructed from 

the virtual echocardiography image (top) is 

compared to the exact flow structure from the 

numerical database (bottom) at three different 

time points. 

In addition to supporting the development of 

reconstruction methods for echocardiography, 

detailed simulations of intracardiac flow can enhance 

the overall understanding of heart function. As 

previously mentioned, the large vortex observed 

through advanced medical imaging techniques [24] 

during late diastole is of particular medical interest. 

It is believed to help redirect blood momentum 

toward the ventricle's outlet, thereby facilitating 

ejection [30]. This mechanism and its implications 

for the heart's pumping efficiency were recently 

studied computationally using simulations similar to 

those conducted by Chnafa et al. [9] enriched by a 

parameterized model, allowing for the investigation 

of the mitral valve shape's effect on intraventricular 

flow. Four cases considered are illustrated in Figure 

2, which displays the vortical structure of the 

intraventricular flow at late diastole. 

 

 

 

 

 Figure 2. Phase-averaged velocity field at mid-

diastole, the phase during which a large vortex, 

supposedly favourable for blood ejection through 

the aorta, is expected to be present. Green regions 

denote the different vortices within the ventricle, 

while red markers indicate their respective 

centres. The red lines depict the intersection 

between the mitral valve and the plane of view. 

Top left (C01): Physiological mitral valve with 

normal opening and orientation. Top right (C02): 

Normal opening with anterior orientation. 

Bottom left (C03): Normal orientation with wider 

opening. Bottom right (C04): Posterior 

orientation with smaller opening. 

The expected large vortical structure is 

accurately captured in the reference case (top left), 

where the mitral valve opening and orientation are 

physiological. In cases where the valve opening is 

enlarged (bottom left) or reduced (bottom right), a 

vortical structure is still present, although its size and 

position are altered. The modifications are even more 

pronounced when the orientation of the mitral valve 

is changed (top right). In this scenario, the expected 

clockwise-rotating vortex (top left) is replaced by a 

pair of counter-rotating vortices. It is evident that the 

details of the mitral valve geometry significantly 

impact the flow organization within the ventricle. 

To determine whether these modifications result 

in a significant change in cardiac pumping 

efficiency, the balance of ventricular kinetic energy 

has been recently studied [29]. This balance is 

obtained by integrating the kinetic energy equation 

over the time-dependent ventricular domain and 

applying the Reynolds transport theorem. The 

different contributions are displayed in Figure 3, 

which provides a physical interpretation of each 

term. In all the cases considered, the contributions 

sum up to approximately zero within a small fraction 

(approximately 3%) of the ventricle's power. This 

indicates that the simulations can be reliably used to 

further analyse the energy balance within the 

ventricle. As illustrated in Figure 4, this balance is 

dominated by the three pressure terms 𝑃𝐴𝑃 , 𝑃𝑀𝑃 and 

𝑃𝑚𝑢𝑠𝑐𝑙𝑒  (see Fig. 3), regardless of the specifics of the 

mitral valve. 
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Figure 3. Main contributions to the balance of 

kinetic energy within the control volume defined 

by the cardiac muscle (blue) and two fixed planes 

located near the mitral annulus (red) and the 

aortic valve (green). In addition to energy storage 

(which cancels out after time integration due to 

time periodicity of the cardiac cycle), the two 

volume terms include the power of the mitral 

valve leaflets (violet) and the viscous dissipation 

(black). The latter accounts for turbulent effects 

through subgrid scale viscosity 𝝁𝑺𝑮𝑺.  

However, the dissipation term is highly 

dependent on the valve opening, reaching a value 

three times larger when the valve opens less (case 

C04) compared to the wider opening (case C03) — 

see Figure 4. Despite this variation, the amount of 

energy dissipated over one cardiac cycle remains a 

small fraction (1-2%) of the energy involved in 

pumping blood from the atrium to the aorta. From 

this perspective, the energy efficiency of the 

pumping mechanism remains very high (greater than 

98%), independent of the mitral valve design and 

flow structure within the ventricle. Note that this 

conclusion may not hold in cases where valve 

leakage is present, causing some blood to flow back 

into the atrium during systole. 

 

         

Figure 4. The top plot illustrates the time 

evolution of the main contributors to the kinetic 

energy balance for the normal case C01. The 

acronyms are defined in Figure 3. Very similar 

evolutions are obtained for the other cases 

displayed in Figure 2 (not shown). The bottom 

plot shows the time evolution of the dissipation 

term.  

4. COMPUTATIONAL CYTOMETRY 
IMAGING 

Taraconat et al. [31] examined the impedance 

measurement of red blood cells (RBCs) in an 

industrial hematology analyzer. The setup consists of 

a polarized micro-orifice through which red blood 

cells are aspirated one at a time, as illustrated in 

Figure 5. This constriction ensures a high electrical 

field in the aperture, such that the presence of an 

RBC increases the electrical resistance, detectable as 

a voltage pulse. Counting these electrical signals 

provides a tally of cells passing through the micro-

orifice, and the amplitudes of these perturbations are 

assumed to be proportional to the particle sizes [32]. 

Commonly known as ‘Coulter counter’ [33], this 

system measures RBC volumes and concentrations. 

Although Coulter counters have been integral to 

blood analyzers for decades, some measurement 

artifacts remain poorly understood. Near the aperture 

walls, inhomogeneities in the electrical field and 

complex RBC dynamics lead to measurement errors. 

Investigating particle dynamics in the detection area 

to understand these edge effects is challenging due to 

accessibility issues in industrial systems. 

Consequently, numerical simulation was chosen as 

the preferred method for these investigations. 
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Figure 5. Principle of counting and sizing (red 

blood) cells using a Coulter counter. The diluted 

blood sample flows into the tank through the inlet, 

and each circulating cell generates an electrical 

perturbation, supposedly proportional to its 

volume, as it passes through the aperture. The 

cells then exit the system through the outlet. Note 

the significant separation of scales between the 

tank (𝒄𝒎) and the cell (𝝁𝒎) size. 

 

Simulating deforming cells in a Coulter counter 

presents a multi-scale challenge that has been 

addressed through a specific sequence of simulations 

[31]. Essentially, the flow domain is conceptually 

divided into three distinct parts, each requiring a 

different type of simulation to accurately represent 

the physical phenomena occurring within them. 

1. Passive Transport Region: In the largest 

part of the domain, red blood cells (RBCs) 

behave like passive tracers. They are 

transported by the flow without undergoing 

deformation. 

2. Stretching Region: In an intermediate 

region, the RBCs continue to follow the 

streamlines of the baseline flow but begin to 

stretch as they move. 

3. Deformation and Rotation Region: 

Finally, as the RBCs flow through the 

micro-orifice, they experience deformation 

and may rotate, thereby disturbing the 

electrical field. 

The varying durations of these phases—on the 

order of 50 seconds, 20 milliseconds, and 20 

microseconds, respectively—highlight the multi-

scale complexity inherent in this type of analysis. 

The numerical simulation of the electrical pulse, 

which corresponds to the experimental 

measurements taken during each cell passage, is 

computed under static conditions. This involves 

solving the Laplace equation for the electrical 

potential across a series of cell positions and shapes. 

The proposed simulation method was 

benchmarked against experimental data derived 

from both healthy blood samples and latex bead 

samples. Figure 6 demonstrates that the numerical 

results not only replicate the experimental findings 

but also offer deeper insights into the complex 

behaviors observed when particles traverse near the 

wall regions. 

Specifically, the analysis reveals two distinct 

types of edge effects: 

1. Electrical Edge Effects: These occur when 

particles pass through areas with highly 

non-uniform electrical fields, particularly 

near the corners of the aperture. This 

phenomenon is visually indicated by blue 

circles in Figure 6. The non-uniformity in 

the electrical field leads to variations in the 

electrical signals detected. 

2. Dynamical Edge Effects: These involve 

the rotation of cells induced by significant 

velocity gradients near the aperture walls, as 

shown by black arrows in Figure 6. The 

shear forces in these regions cause the cells 

to rotate, which in turn affects their 

orientation and the resulting electrical 

signatures. 

The simulations effectively distinguish between 

these two types of artifacts, providing a clearer 

understanding of their individual impacts on the 

electrical measurements. This separation is crucial 

for accurately interpreting the data obtained from 

Coulter counters and improving the precision of 

blood analysis techniques. 

. 

 

 

 

 

 

 

Figure 6. The left column illustrates the simulated 

dynamics of red blood cells (RBCs) in the micro-

orifice, while the right column displays the 

associated electrical perturbations. In the right 

column, electrical pulses derived from 

simulations are superimposed with experimental 

observations. The top, middle, and bottom rows 

correspond to an RBC on a centred trajectory, an 

RBC on a near-wall trajectory, and a rigid sphere 

on a near-wall trajectory, respectively. Electrical 

field isolines are shown over the cut view of the 

fluid domain in the particle dynamics images of 

the left column. Electrical and dynamical edge 

effects (EE) are highlighted by blue circles and 

black arrows, respectively. 
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The cell rotation that occurs for cells flowing 

close to the wall of the aperture artificially increases 

the shape factor of the cell and thus the amplitude of 

the electrical perturbation [32]. This explains the 

right-skewed probability density function of the cells 

volume often observed in practice. Leveraging this 

knowledge and a numerical database built from the 

numerical pipeline developed in [31], two strategies 

were recently proposed [34] and patented [35] to 

correct the sizing error in Coulter-based cytometry. 

These strategies are based either on signal processing 

of the electrical pulse or on a neural network capable 

of detecting whether the cell has experienced 

rotation. Detecting and rejecting rotation-associated 

pulses have been shown to provide results 

comparable to hydrodynamic focusing [36], which 

forces cells to flow in the centre of the orifice, the 

gold standard implementation of the Coulter 

principle. 

In the computational studies cited above, the 

membrane of red blood cells was modeled as purely 

hyperelastic, despite experimental evidence 

indicating viscoelastic behavior. Enhancing the 

physical description of membrane rheology  [37] 

provides an even more accurate description of cell 

dynamics as they flow through the apparatus [38]. 

This improvement paves the way for Coulter-based 

detection of cellular pathologies. 

5. DISCUSSION 

Computational physics is now recognized as a 

complementary tool that, alongside experimental and 

theoretical approaches, can provide relevant answers 

to practical blood-related questions. This paper has 

discussed two examples, focusing on macroscopic 

intracardiac flow and the counting and sizing of red 

blood cells.  

Over the past years, many other applications and 

scientific questions have been addressed at IMAG. 

On the macroscopic side, notable studies include the 

interaction between turbulent flow and aortic  [21] or 

venous [39] valves, he robustness of computational 

representations of jet-like flows such as in the Food 

and Drug Administration cannula test case [40], and 

the modelling of intra-vascular medical devices like 

flow diverters or WEBs [41, 42]. Regarding the 

microscopic scales, successful studies have been 

conducted on the dynamics of a single red blood cell 

in shear flow [13], which have been compared to 

theoretical [43] and experimental [44] data, as well 

as the self-organization of cells in a microfluidic 

channel [45]. Modelling the thrombosis phenomenon 

requires both macroscopic [46, 47] and microscopic 

[48] computational capabilities, as well as a reliable 

and efficient description of the biochemical reactions 

involved in the coagulation cascade [49-51].  As a 

final note, let us mention a recent and active research 

topic at IMAG where computational physics is used 

to mimic the medical images obtained from actual 

Magnetic Resonance Imaging systems [52]. This 

aims to better understand the limitations and 

optimize the sequences used in clinical routines [53]. 
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ABSTRACT 

This document aims to give a personal and 

therefore partial view of what has been learned, 

performed and achieved during the past 30 years in 

rotating machinery research fields and what are the 

possible new research targets in this specific domain. 

Numerical techniques will not be addressed here; the 

present paper comes from a CFD end-user and not 

from a CFD expert. This is the reason why physical 

aspects are rather highlighted here. 

It does not claim to cover all aspects of the work 

carried out in all types of rotating machinery, but to 

look at specific research aspects that have 

contributed to a better understanding of 

turbomachinery aerodynamic features thanks to 

basic configuration studies, advanced experimental 

techniques and powerful data acquisition treatments.  

At the end of the present document, the use of 

artificial intelligence to improve decision-making is 

put into perspective. 

Keywords: experimental, numerical, research, 

turbomachinery. 
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1. INTRODUCTION 

It is obvious to say that the way 

turbomachinery’s aerodynamic research has evolved 

during the past 30 years is strongly related to the 

emergence of improved numerical simulations 

starting from the 1980’s and the development of 

advanced experimental techniques, data acquisition 

and reduction procedures. 

The analysis procedure deduced from CFD flow 

capturing in single and multistage row 

configurations including unsteady behavior has been 

strongly transformed compared with steady 2D 

thinking that generally took place before the 90’s. 

With the development of high-performance 

computing resource and commercial or in house 

software, full 3D calculations in 2D straight and 

annular cascades, single stage and multistage 

configurations of increasingly complex architectures 

have been made possible both for ground and 

aerospace applications.  

However, the use of numerical and experimental 

means has been carried out differently depending on 

the application and market needs. Single stage 

configurations like low-speed fans, hydraulic 

machines, wind and marine turbines, propellers have 

different design and mechanical requirements than 
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high speeds multistage compressors and turbines, 

turbochargers and space propulsion systems. Thus, 

different priority strategies and research targets have 

been set up for high-speed multistage machines (with 

high temperature and pressure levels with strong 

gradients, cooling systems and controls) and for 

hydraulic machineries subject to phase modification 

in stage components. 

Nevertheless, similar attempts and achievements 

aiming at robust design concepts have been forced 

because of increasing end-users demands and 

expectations, manufacturing evolutions and political 

and economic constraints.  

 

2. CONTEXT 

Tasks chairing between those involved in 

fundamental research and those in applied research 

was significantly modified starting around the 

1980’s, a period for which people have essentially 

sought to obtain a good restitution of global or local 

performances from CFD without correctly check the 

validity and the limitations of their approaches or 

naturally preferred to only show their best results. 

Later, comparisons with experiments have made it 

possible to detect the importance of certain 

phenomena hitherto considered negligible in terms 

of their consequences. This was performed in 

association with extended close collaborations with 

research institutions, manufacturers and end-users, 

better CFD’s accuracy and modelling re-enforced by 

new machine architectures and manufacturing 

techniques evolutions.  

This was greatly facilitated by proactive actions 

of partnerships and exchanges promoted by the 

European Commission Research Programs including 

sustainable development policies. Competition 

between machine manufacturers was evolving 

towards closer collaboration in view of the increase 

in costs and the duration of research and 

development activities. 

As emphasized by Cumpsty, [1]: “It was an 

exceptional period of intellectual competition 

carried out with great openness and courtesy. Those 

involved recall it as a stimulating and enjoyable 

episode a quarter century later”. 

3. TECHNICAL AND SCIENTIFIC 
PUBLICATIONS IN EUROPE 

A rapid statistical overview on turbomachinery 

field publications per country, given on figure 1, can 

be seen as reflecting most of manufacturers’ 

implantations in each European country. Significant 

differences can be noticed if scientific publications 

are classified into categories (figures 2a to 2f). These 

differences should be related to the energy policies 

and resources of each country as shown in figure 3.  

     Note. Publications for wind turbine are not 

involved in the present document (Main wind turbine 

manufacturers are in Denmark-Nordex SE and 

Vestas Wind Systems S/A and in Spain Siemens 

Gamesa Renewable Energy, S.A). 

        

 
 

Figure 1. Turbomachinery aerodynamic 

publications’ distribution per countries (1995-

2025). 

  

 

 

 
 

 

Figure 2a. Distribution for axial compressors 
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Figure 2c. Distribution for steam turbines 

      
 

Figure 2d. Distribution for fans.    

   

 
 

Figure 2e.  Distribution for hydraulic machines         

 

 
 

Figure 2f. Distribution for radial machines 

 

Figures 2a to 2f. Research publications per topics. 

 
Figure 3. Main energy sources by country. 

 

4. TURBOMACHINERY DESIGN 
PROCEDURE. 

From the beginning, rotating machinery 

development is strongly based on a well-organized 

relationship between geometry definition, internal 

flow modelling, flow behavior understanding and 

performance analysis. Each step used models that 

can be classified according to the degree of 

complexity involved in the flow description. They 

can be divided into four distinct categories: 

statistical, one-dimensional (1D), two-dimensional 

(2D), and three-dimensional (3D) models. 

During the last 25 years, thanks to larger 

computer resources and CFD improvements, 

inviscid and viscous approaches have been 

successfully used to analyse specific geometry 

components along with experimental validation both 

in 2D and 3D cases.  One of the best way to analyse 

existing geometry concerns the pressure distribution 

in the blade to blade (tangential) and meridional 

directions either for single component designs and 

for the complete machine. Figure 4 shows the 

classical design chart for such purpose. The dates 

appearing on figures 4 and 5 indicate the most 

relevant CFD design steps associated to the accurate 

disposal of physical models related to 

turbomachinery aerodynamics research that are also 

recalled below: 

  

a) Integrations of experimental results: up to 

the 70’s 

b) Model derivations: 1970-1990 

c) Simulations 

Up to 80’s: 2D inviscid steady and Q3D  

1990: 3D NS Steady multistage. Mixing plane 

assumption.  

1995-2000: 3D Unsteady multistage. 

d) Data science                                   

2010: Optimization- Robust designs               

2020:  Artificial Intelligence (AI). 
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Figure 4. Turbomachinery design/analysis 

procedure  

 

 

 
 

  Figure 5. Design approach evolution along with 

increasing CFD modelling. 

 

 

4.1. 3D flows in 2D cascades. 
 

One of the most well-known phenomena that 

encountered numerous experimental and numerical 

studies, is related to what is commonly called 

“passage secondary flows” and “tip leakage flows” 

both for low-speed machines and transonic or 

supersonic ones. Basic research aiming at deep 

understanding on physical phenomena were initially 

performed in 2D cascades, then in annular cascades 

(see reference list [2] to [15)] for some contributions 

on this topic both for turbines and compressors.  

 

   

Tip leakage vortex 

    
  Reference [2].      Reference [3].      Reference [4]. 

 

Figure 6.  3D flow description in 2D cascades from 

different authors. 

 

 

Starting with such an old story is directly linked 

to the fact that 2D blade-to blade surface remains 

relevant for the analysis for the turbomachinery 

community both in direct and inverse modes.  

 

3D effects that were initially called “secondary 

flows” making some confusions about their real 

relative impact on what was supposed to be the main 

core flow in terms of pressure change and turning  

- Secondary flows effects cannot be  

considered a kind of small perturbation for 

low aspect ratio for example. 

- High loadings are responsible for greater 

interactions between main core flow and 

viscous flow developments. 

- Vortex generation and development creates 

unsteady phenomena which strength and 

spreading are associated with specific 

frequencies (Strouhal number) and time-

frequency patterns. 

- Specific local flow features like, corner 

separation, corner stall and resulting 

mixing must be involved in design criteria 

and loading limitations. 

- They can be affected by additional forced 

phenomena by adjacent steady or rotating 

components.  

Several experimental and 3D numerical 

investigations continue to be performed in such basic 

2D linear or annular cascades including passive and 

active flow control, vortex generators, tandem 

configuration, wall flow injection, film cooling, heat 

transfer measurements and so on…. 

 

4.2. Throughflow approach. 
One must remember that, between 1970 and 

1990, throughflow methods were currently used 

because they provide a reasonable trade-off between 

speed and accuracy. They remain still   useful for 

performing parametric studies early in the 
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conceptual and preliminary design phases of 

multistage compressor and turbines.  

 The throughflow methods initially rely on the 

“quasi-three dimensional (Q3D) “simplification that 

solves azimuth-averaged flow in the meridional 

plane as first proposed by Wu in 1952 [16]. 

When steady state assumption is chosen, 

important flow aspects like the span-wise transport 

within the flow path (also called “radial mixing”) is 

strongly under-predicted because of the 

circumferential averaging operation of flow 

properties at row interfaces (some aspects related to 

these effects are presented in section 7.2). The only 

way to correctly evaluate this key point is to perform 

an unsteady calculation. However, due to the high 

blade number and stages, such an approach has a 

computational cost not always suitable for industrial 

purposes. Currently, only the steady-state simulation 

can fit in a frequently used design chain.  A “radial 

mixing” prediction, enhancing turbulent viscosity 

can promote span-wise diffusion and improve the 

radial mixing prediction of the steady approach. In 

this respect, large amount of modelling set-ups and 

improvements has been proposed by numerous 

researchers to recover part of the information that 

had been neglected and/or lost using the two-surfaces 

(meridional and blade-to-blade) coupling procedure. 

Some of the pioneers’ work achievements are listed 

here after, mainly because their results can be still 

used to enrich data-based links for future analysis:    

Smith 1969 [17], Kerrebrock and Mikolajczak 1970 

[18],  Bosman and Marsh 1974 [19], Hirsch and 

Warzee 1976  [20], Denton 1978 [21], Denton and 

Singh 1979 [22],  Adamczyk [23] 1985  and  

Jennions and Stow 1986 [24] 

 

Extension to 3D simulations in rotor-stator and 

sub-systems components took place progressively, 

as shown on figure 7, when boundary conditions 

treatments and flow property transfers between 

single element, stages or sub-systems became more 

rigorous including unsteady effects that cannot be 

separated from turbomachinery applications (see 

section 7). 

 

In case of multistage configurations, one the 

most challenging task for designers is to stick with 

stage matching or even between blade rows. This 

matching is based on corrected mass flow evaluation 

which depends on pressure rise and on blockage that 

are themselves depending on the 3D flow 

characteristics. This must be evaluated and modelled 

not only for design point, but for the whole flow 

range and rotational speeds when compressibility 

effects are important. This was clearly addressed by 

Dawes [25] and Cumpsty [1]. 

 

 

 

 

. 

 
 

Figure 7. Numerical design and analysis 

evolutions. 

   

Annulus gaps and corresponding leakage effects 

may strongly modify redial equilibrium, not only 

locally but in the entire radial flow path as 

demonstrated by Shabbir et al [26], in a high-speed 

rotor and Welborn et al. [27] for a shroud stator 

cavity. Their effects cannot be included just through 

a local mean additional flow rate or blockage 

coefficient but need to be studied by fully 3D 

calculation.  Local geometrical mismatch can also 

make wrong experimental interpretation (see Escuret 

et al [28]). Because of increasing blade loading, 

strong radial gradients, increasing inlet temperatures 

and cooling effects, new engine architectures and so 

on, key points have been addressed by several 

authors like radial mixing evaluation (see [29] for a 

low aspect ratio rotor), tip clearances, leakages, wall 

boundary layer and interstage interactions 

(Adamczyk [30]).  They have contributed to include 

more efficient methods by setting up tuning models, 

with the help of steady and unsteady simulation 

results starting from the early 80’s. However, one 

must always be aware of errors that still may arise 

from different approximations as explained by 

Denton [31] because full 3D URANS calculations 

were too time consuming during this period. 

Blade loading is a consequence of wall pressure 

distribution that depends on 3D effects which may be 

approached either by inviscid simplified hypothesis 

or viscous modelling.  The control of the defined 

aerodynamic limitations was possible through the 

development of optimisation techniques that offers 

better capability to designers to: 

- explore and determine the relative 

influence between several geometrical 

and flow parameters in single and 

multi-stage configurations. 

- explore the effects and consequences 

due to leaning, bending and sweeping 

for the whole range of operation for 

single components 
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Some examples are given in the next section to 

illustrate how design procedures have evolved 

during this period.  

 

 

5. EXAMPLES OF 2D/3D BASED 
APPROACH AND THEIR LIMITS. 

 

These cases have been initially studied mainly 

based on inviscid considerations even before the 

80’s. The designs were then improved thanks to 

viscous steady analysis that took place in the 90’s. 

5.1. Example 1. 3D shaped of intake 
elbow and volute designs for pumps 
and compressors. 

 

Early in1965, Pinckney, S. [32] tried to redesign 

both non-rotating intake volute to improve overall 

performances through a non symertic inlet fixed nose 

to overcome the swirling flow created by the elbow 

shape (see Figure 8a). Other ideas on the same topic 

were proposed by  Neumann [33] for a tangential 

volute and by Flathers et al. [34] by introducing fixed 

non axisymmetric blades (see respectively Figures 

8b and 8c). 

 

  
 

Figure 8a.  Non axisymetric inlet with optimized 

impeller nose. 

 

 

    
 

Figure 8b   Bladeless tangential inler volute. 

Extracted from [33],                                                                                                            

                  
Figure 8c. Inlet volute with inlet guide vanes. 

Extracted from [34], 

                                                                       

  

During the  90’s and in early 2000’s, specific 

analysis on flow in volutes were performed and 

published  by  Ayder and Van den Braembussche 

[35] to [37] and Van den braembussche   et al. [38]. 

A complete revue on  volute flow analysis can be also 

found from the same author in [39]. 

 

 

 
 

Figure 9. Examples of  optimized geometries of 

inlet and outlet volutes and inlet chamber of a 

double suction pump.. 

 

  

Because inlet and outlet volute analysis cannot 

be dissociated from the rotating parts, inverse 

approach techniques were implemented  both for 

fixed and rotating parts designs in mixed and 

centrifugal pumps and compressors by taking, for 

example, non uniform inlet conditions (Zangeneh 

[40], [41], [42] and Demeulenaere and Van den 

Braembussche [43]). 
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5.2. Example 2. Centrifugal Impeller 
blade lean effects. 

 
This example concerns single stage centrifugal/ 

mixed flow configurations. The reason for such a 

choice is guided by the fact that, for a fairly long 

period, the research carried out on flows in radial 

machines was considered too difficult to handle 

compared with axial machines.  

In 1960, Dean and Senoo [44] developed a loss 

model in the vaneless part downstream of a radial 

impeller coming from the development of low 

momentum flows transport along the span-wise 

meridional path that forms the so-called “jet and 

wake” structure. It has been first experimentally 

identified by Eckardt in 1976 [45] and numerically 

modelled by Moore and Moore [46] in 1980 

assuming integral turbulent flow hypothesis. and 

later in 1993 by Hirsch et al [47-48] through a 3D 

Navier-Stokes simulation.   

Before these 3D viscous simulations, in the 80’s, 

it has been qualitatively demonstrated that blade 

leaning may have some effects on the wall boundary 

layer developments as examined by Van den 

Braembussche [49] simply performed on a 2D basic 

inviscid physical analysis as shown in figure 10. 

 

 

 
Pressure gradients in a crosswise plane with zero 

lean. Left: hub to shroud, middle: blade to blade, 

right: combined resulting effect. 

 

    
Influence of positive blade lean on pressure 

distribution 

                                                                  

 
Influence of negative blade lean on pressure 

distribution   

                                     

Figure 10. Qualitative effects of different leans on 

the blade-to-blade pressure gradients. 

 

Around 2010, inverse technique results applied 

to an industrial mixed flow machine obtained by 

Goto et al. [50] based on previous Zangeneh’s work 

[51] (see figure 11), quantitively gave what have 

been initially proposed to reduce the wake at the 

impeller outlet section. 

 

 
 

Figure 11. Results of an inverse design 

approach applied on a mixed-flow impeller pump 

at design conditions. Adapted from [50]. 

 

Recently, in 2019, Merli and Gaetani [52] 

proposed an extended study including vaneless 

diffuser performances for 3 different flow rates in a 

similar geometry including the consequences inside 

the vaneless diffuser. The study confirmed that 

negative lean is generally favourable to reduce losses 

in the complete stage. 
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5.3. Example 3: Non-axisymmetric 

turbine end wall profiling 

In the early 2000’s, end wall contouring attempts 

have been developed by D G Gregory-Smith et al. 

[53] in a two-dimensional linear turbine cascade. 

Spanwise secondary vorticity distribution was 

successfully improved but not loss coefficient.  

 

 

  P1                 

P2 

 

The present concept was tested on a 2D cascade, 

based on inviscid blade-to-blade pressure gradient 

results. However, when applied to real cases as for a 

complete stage, overall results were not so good as 

expected because the rotor placed behind the 

modified stator was not redesigned. In other 

configurations, cooling effects coming from the hub 

platforms completely modify the initial flow inlet 

conditions entering the end wall region, destroying 

the initial beneficial effects.  

  

With the implementation of inverse design 

techniques coupled with cooling injection effects in 

high pressure turbine stages as shown on figure 13, 

new end wall designs have been proposed by 

Burigana et al. [54], with an integration on local 

purge flow injection in low aspect ratio rotors.   

 

 

 

 
 

Figure 12. End-wall contouring applied in a 

turbine cascade. Adapted from [53]. 

 

 

 
 

Figure 13. Inverse approach including non-

axisymmetric end-wall designs. Adapted from 

ref. [54]. 

 

 

These last examples, taken for turbine blade 

rows, show that initial boundary conditions related to 

flow injection effects strongly modify the end wall 

design compared with 2D axisymetric inlet boundary 

layer. This is also the case for axial compressor 

components as can be seen below. 

 

 

5.4 Example 4. Inlet leakage effects 

on performances. 

 

A numerical sensitivity analysis of the hub 

leakage amount performed by Shabbir et al. [55]   

shows that induced local deviation angle and loss 

distribution differences strongly modify the whole 
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spanwise flow distribution especially when the inlet 

relative Mach number is higher than 1. 

 

 
 

 

Figure 14. Effect of increasing hub leakage 

downstream of transonic rotor 37. Hub leakage 

flow cannot be considered axisymmetric along the 

blade channel. Adapted from [55].  

 

 

5.5 Example 5. Cavitation onset and 

control. 

Note: Only pump overall steady performances 

are here presented without hydraulic turbine cases 

that must be not forgotten. Unsteady cavitation 

problems will be discussed in section 7.3 

 
Starting from the 60’s up to the 90’s, lots of 

experimental investigations have been carried out in 

Germany, Switzerland, Italy and France to analyze 

pumps performance variations under cavitation such 

as Barrand et al. [56] and Stoffel et al. using noise 

detection technique [57]     among others. Numerical 

comparisons took place later with experimental 

comparisons such as Hofmann et al. et al. [58] in a 

radial pump and by Pelz et al. [59]   in which erosion 

aspects have been introduced. 

 

.  

 
 

Figure 15.  Numerical prediction of the head 

degradation due to cavitation. Adapted from [58] 

 

Particular attention was also devoted to 

inducers’ designs and performances. They are often 

used in front of centrifugal pumps to extend working 

operations when cavitation is present. In this respect, 

effects on cavitating performances have been also 

experimentally studied to enlarge single axial 

inducer performance in the early 2000’s by Bakir et 

al. [60]. 

 

     

 
 

Figure 16. Cavitation visualisation for several 

inducer designs Adapted from [60]. 

 

More recently, an interesting investigation on 

performances including Inducer coupled with a 

radial impeller with contra-rotative shafts has been 

proposed by Dehnavi et al. [61].  

 

These simplified approaches cannot reproduce 

the whole flow patterns and loss distributions. 

However, they can explain why quite efficient design 

improvements have been possible in the past.  The 

implementation of complete 3D viscous softwares  

allowed  to evaluate the relative importance of the 

missing terms between 2D and 3D inviscid 

approaches. This will lead to the implementation of 

multi-objective optimization techniques. 
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6. MULTIOBJECTIVES 
OPTIMIZATIONS. 

 

Inverse design methods and optimization techniques 

brought important Improvements on flow pattern 

deliveries and, consequently on design 

improvements. They do help existing basic and 

acquired knowledge on flow physics, including noise 

level predictions, exploring large experimental 

databases and great deal of experience to free oneself 

from the lack of complete evaluation of several 

effects coming from technological aspects and other 

constraints.  

 

However, this served as a basis for setting up a series 

of adequate design variables to speed up multi-

objective optimization procedures including viscous 

effects that took place along with numerical 

technique improvements. Figure 17 illustrates how 

leading-edge modification can improve the 

cavitation onset in a centrifugal pump (Zhang et al. 

[62]). Other attempts applied in specific inducers’ 

shape were also proposed like Parikh et al. [63] for 

example. 

 

At the end, and for validation decision, one has be 

sure the chosen solution is well adapted to the related 

application or might be the best one not only for the 

design point but for the entire flow rate. For example, 

hydraulic low and medium specific speed machines 

that are used in land, sea and space applications are 

supposed to work within large flow rate operations, 

from shutt-off to high flow coefficients. These 

constraints lead to a trade-off decision as illustrated 

in figure 18. 

 

 

 
 

Figure 17. Multi-objectives optimisatio for inlet 

cavitation control. Adapted from [62]. 

 

 
 

Figure 18.  Multi-objectives achievements applied 

in a mixteflow pump. (Adapted from [50]). 

 

 

In the same context, the case of high-speed 

machines has been strongly investigated with more 

variables due to high Mach numbers, thermal effects 

and multiple interactions. The choice of the adequate 

design space to perform efficient muti-objective 

optimisations becomes a crucial point.  

Three separated examples, respectively 

published in 2001, 2013 and 2024, represent 

different design parametrisation that have been 

performed using 3D RANS approaches. The first and 

last ones are related to blade lean and sweep effects, 

respectively obtained for a stator blade downstream 

a high by-pass fan and for a single fan blade can be 

found in [64] and [65]; the second one concerns end 

wall and fillet optimisation attempts [66]. 

 

 

 
 

 

Figure 19. Sweep effects for a stator blade 

with strong meridional curvatures. Adapted 

from [64] 
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Figure 20.  Representation of sweep, lean and 

skew in a compressor rotor. Adapted from [65] 

 

 

 
 

Figure 21. Parametrization of groove and fillet in 

a compressor blading. Extracted from [66]. 

 

More generally, robust designs techniques bring 

to enforce the following issues: 

 

- check and found possible ultimate 

performance improvements in a specified 

design space, 

- make possible innovative product 

development challenge by combining 

multi-objective and multi-disciplinary 

design aspects linked to real problems. 

- allow to use physical aspects-based design 

optimization for flow control and 

systematize design knowledge, which 

possibly comprehends empirical design 

practice and /or know-how.  

-  the innovation design approach should be 

in close collaboration advance with 

manufacturing technology innovation. This 

is because numerically optimized shape 

can be very complex and difficult to 

manufacture accurately by conventional or 

innovative manufacturing technologies. 

Using fast 3-D printers for example, will 

expand design space and bring new 

possibility in product innovation. 

- Visualization of multi-dimensional 

objective space is also important to make 

efficient trade-off design selection. 

Continuous challenges can be foreseen, 

employing numerical optimization, 

especially by young generations familiar 

with the digital engineering. 

 

7. MULTI-STAGE UNSTEADY 

PHENOMENA. 

 

7.1. Unsteady flow classification. 

 

The deterministic and non-deterministic sources 

identification, listed from Leboeuf [67] (figure 22) 

and their consequences have been successfully 

treated when 3D URANS methods start to be used in 

the early 90’s. They allow to perform more complete 

flow analysis avoiding the needs for additional 

models that are necessary to overcome the lost 

information coming from RANS hypothesis as 

pointed in the above paragraph. 

• Note: Unsteady sources evaluation also 

contribute to predict vibration, flutter and 

aerodynamic noise. For the last item, fast 

running, approximate analytical 

approaches and high-fidelity numerical 

simulations have now reached quite 

matured tools to meet the needs of the 

coming decades. These aspects are not 

treated in the present document. A 

complete review on turbomachinery noise 

can be found in the recent paper published 

by Moreau and Roger in 2024 [68], 

including key points related to blade 

passing frequency, vortex shedding and 

flow separation. 
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Figure 22. Unsteady flow classification. 
Extracted from Leboeuf [67]. 

 

 

7.2. Forced phenomena. 
 
Gas turbines have numerous stages, low aspect 

ratio blades with large clearances especially in hot 

gas stages. Intense secondary flows enhance span-

wise transport phenomena. These issues induce 

different mean flow blockage along the blade span 

that affects pressure recovery and can produce quite 

important misunderstanding and wrong data 

reduction analysis. Taking them at an early-stage 

design procedure through 3D RANS approach for 

example, ensure a correct evaluation and a good 

interstage matching through controlled 

circumferential flow averaging techniques especially 

for high-speed machines as already pointed just 

before.  

Before 2000’s, URANS methods were generally 

used both for in single stage configuration to 

evaluate the lost information coming from through 

flow methods. An example is given in Figure 23 

about entropy contour differences using 2D steady 

approach and 3D unsteady one in a turbine stage 

[69]. When fully 3D URANS is performed as for the 

case of a multistage compressor, presented on Figure 

24 which comes from Courtiade’s PhD report [70]. 

 

 

 
 

Figure 23. Differences on entropy contours 

resulting from steady and unsteady assumption. 

Adapted from [69]. 

 
 

Figure 24. Mid-span wake (visualized from 

entropy values through fully unsteady 

calculation) in a 3.5 stage axial flow compressor 

CREATE. Extracted from [70]. 

 

 

The related major fluid mechanics issues that 

can be extracted from full 3D URANS results can be 

listed as follow: 

 

a) Effects of spanwise and  

circumferential transport of wakes. 

 Three main phenomena are responsible for 

wakes’ decay: 

-  Viscous mixing, which reduces the 

velocity deficit of the wakes regarding to 

the free stream. This is associated with 

dissipation due to the wake stretching 

when traversing the downstream rotating 

and/or fixed rows. In 1990, Poensgen and 

Gallus [71]. had already noticed that the 

presence of a downstream stator induced a 

decay of the wakes of a rotor twice faster 

than an isolated rotor configuration 

- Circumferential redistribution involving 

interactions of incoming wakes on 

transitional or turbulent blade BL. 

- Wake straining and wake recovery process 

due to blade passage transport. Different 

consequences for compressor (decelerating 

mean flow) and turbine (accelerating mean 

flow) cases have been explained and 

modelled.  

The velocity deficit of the wake in comparison 

with the free stream, also called “negative jet”. This 

produces a fluid accumulation on the pressure sides 

of the blades, as visible on Figure 25, extracted from 

Mailach et al. (2008, [72]). The velocity triangle at 

rotor inlet shows indeed that the local velocity deficit 

is responsible for the accumulation of the wakes on 

the pressure sides. Therefore, the wakes get locally 

thinner in the blade passages near suction side and 

thicker near pressure side which thickens the 

boundary layers on the blade pressure side. This is 

reinforced at tip sections when tip leakage flows are 

present. 



13 

 

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors 

    
Figure 25a. Wake transport inside a rotor 

channel without tip leakage.Adapted from [72].                                                                   

 

 
 

 

Figure 25b. Wake transport inside a rotor 

channel with tip leakage.Adapted from [72]. 

 

 

         b)  Misinterpretation of experimental 

results 

-  After a rotor, depending on the location of the 

measuring plane, interpretation of results may be 

confusing due to time and/or mass averages 

techniques and unsteady effects. 

 

 

 
 

Figure 26. Axial evolution of the hub to shroud 

radial total temperature profile identified by 

Adamczyk [30]. 

 

c) Spanwise redistribution of total 

temperature and momentum that may 

produce hot spot temperature impacting 

turbine blade life. 

d) Detection and identification of several 

modes that can be compared with fast 

response wall pressure transducers 

explained in the works performed by Ernst 

et al. [73] and Courtiade and Ottavy [74], 

both in 2011.  

e) Unforced phenomena simulations as 

detailed below. 

 

7.3. Unforced phenomena. 
 

Throughout the last 30 years, several sources of 

unforced phenomena have been identified mainly 

from experimental investigations, long before the use 

of unsteady numerical tools. 

 

Some particular phenomena are listed below: 

- Wake instabilities as discussed before 

- Vortex shedding.  Vortex shedding effects 

on pressure loss (see Roberts and Denton 

[75]) and fluctuations behind turbine 

blades (see Cicatelli and Sieverding [76]).  

- Aerodynamic interactions between core 

flow and shroud cavity as explored by 

Tanga et al. [77]. On figure 28, a clear 

peak at the blade passing frequency is 

detected, but the spectrum is dominated by 

several other peaks over a range at low 

frequencies between 0.35 and 0.8 times 

BPFs. Thus, the passing of the blades is 

not the only source of oscillations. 

- Other coupling effects like blade flutter, 

shock instability, rotating stall and surge.  

 

 
 

 

Figure 27. Unforced phenomena associated with a 

rotor should cavity in an axial turbine stage [77]. 
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- Corner separation and corner stall. 

These flow features were studied by 

Schulz et al.  in the 90’s ([78], [79], 

[83]), followed by the attempt of Lei et 

al. [81], who propose an interesting 

simple 1D criteria for its onset. 

   

 
 

Figure 28. Flow topology of the corner 

separation and corner stall and the 

aerodynamic performance for the end wall 

corner flows.  Adapted from [78] (Left) and 

from [81](Right). 

 

 

7.3.1. Rotating stall. 

     In most cases, at low flow rates, the axisymmetric 

initial flow becomes unstable (Note that a non-

axisymmetric flow can be highly stable). In the 

circumferential direction, the flow divides into 

regions of low flow rate called “stall cell patterns” 

and un-stalled regions in which the flow rate is larger 

than the mean flow rate just before critical stall point 

of operation. 

This point has been an active research field, both 

in axial and radial machines, aiming to understand 

and predict its onset then try to control its effects.  

Rotating stall onset arises in different ways in 

radial and axial machines and this is mainly due to 

different performance characteristics curves and 

different machine length-volume  and mean velocity 

flow scales (time scales) 

 

 
 

Figure 29. Typical curves of head coefficient 

versus flow coefficient in axial and centrifugal 

compressors. 

a) Vaneless diffuser rotating stall. 

This phenomenon was identified in the 60’s 

by Jansen [83]. Many other experimental and 

numerical investigations were performed 

mainly after 1990, thanks to advanced 

experimental techniques like PIV and numerical 

simulation both in 2D and 3D approaches such 

as Fring and Van den Braembbusche   

[84](1985), Moore [85] (1989), Ferrara et al. 

[86] (2004) , Ljevar et al. [87] (2006) , Dazin et 

al. [88] [89] (2008 and 2011). 

 

 
 

Figure 30. Rotating stall cells identification in a 

vaneless diffuser from PIV results. Adapted from 

[89]. 

 

 

b) Axial flow compressors. 

 

 
 

Figure 31. Secondary flow visualization in a 2D 

compressor cascade with tip leakage. Adapted 

from [9]. 

 

In axial flow machinery, it is generally 

recognised that transition to axial compressor 

rotating stall can develop in two different ways, the 

so-called spike type and modal type route to rotating 

stall. Figure 31 shows the visualisation of  limiting 

streamlines that occur at high incidence angles in a 

2D compressor rotor cascade including tip-leakage 

(from [9]). 
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An exhaustive review paper has been published 

by Day. [90] on this topic where only aerodynamic 

sources are present.  

In some cases, acoustic resonance can trigger 

rotating stall or surge as detected by Hellmich and 

Seume [91]. 

 

More research insights are in progress about the 

combined effects of incidence, tip leakage and low 

momentum radial migration along the blades during 

the rotating stall route. Stall precursor detection for 

flow control activation is still an important topic to 

solve.  

Recent works (Romano et al. [92]) looking at 

distinct type routes due to passive and active flow 

control and inlet distortions, brought new insights for 

better understanding on such phenomena. 

In case of forced inlet inhomogeneities, an 

analysis of unsteady pressures measured at the casing 

shows that in the baseline case (with no injector and 

no grid), the transition to stall is of spike-type 

whereas, if the intensity of the inhomogeneity is 

increased, the stall can be of modal type or a mix 

between spike and modal. 

 

 
 

Figure 32. Time frequency charts in an axial flow 

compressor stage. Rotating stall inception for 

uniform axi-symetric inlet conditions. 

 

 

 
 

Figure 33. Time frequency charts in an axial flow 

compressor stage. Rotating stall inception for 

uniform axi-symetric inlet conditions with tip 

injection. 

 

 

 
 

Figure 34. Time frequency charts in an axial flow 

compressor stage. Rotating stall inception for 

non-uniform inlet conditions. 

 

7.3.2. Cavitation 

Cavitation occurrence not only influences 

overall pump performances like already seen in 

section 5 (example 5) but can also produce unsteady 

phenomena especially in hydrofoils and axial pump 

inducers’ parts. 

Their designs are strongly related to the 

application since strong rotating pressure 

fluctuations at frequencies that can be coupled with 

the whole system (in the draft tube of Francis 

hydraulic turbine or POGO effects in cryogenic 

pump rocket propulsion systems for which an 

example is given on Figure 35a and 35b. 

 

 

     
           

Figure 35a. Cryogenic pump for space 

application.  
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Figure 35b. New compact pump design. 

 

   

It is so mandatory to improve existing flow 

unsteady models to better capture the re-entrant jet 

description which is strongly related to the local two-

phase mixture density distribution. As pointed out in 

the published works referred in [93] to [97], it is 

responsible for unsteady pressure distribution along 

the blade chord related to the Strouhal number linked 

to the bubble detachment sequences that are 

transported in the main flow. 

 

 
 

Figure 36. Blade pressure distribution with sheet 

cavitation (left). Unsteady sheet cavitation on the 

suction surface of a blade profile (right). 

 

 

8. TOWARDS ROBUST DESIGN TOOLS. 
MACHINE LEARNING (ML). 

 

During the last 20 years, more and more 

knowledge and strong experience has been acquired 

from basic experimental analysis to model 

derivations and numerical simulation packages. 

They have had strong consequences for better flow 

descriptions and design integrations and lead to 

important efforts to implement a robust design 

concept.  

Robust design concept is based on good 

evaluation and calibration of performances for the 

whole range of operation whatever the accuracy of 

the model is, if it has been well calibrated according 

to the desired objectives. This should be inserted at 

an early stage in the design procedures  

For this purpose, the need for detailed and well 

documented information on realistic test rigs is more 

and more recommended and even mandatory.  There 

are still many existing experimental results that are 

available but with a lack of detailed information 

about inlet turbulent scales or inlet boundary layers 

for example.  

 

 

 
 

Figure 37. Design paradigm involving accuracy 

and simulation speed [98]. 

 

 

Robust design mainly depends on CFD overall 

accuracy that can be considered as a function of 

models and settings accuracy as shown on figure 37 

extracted from Vasquez and Adami [98]. 

 

 Reducing the sources of inaccuracies require 

precise information on: 

1. Detailed geometry description: non-

axisymmetric casings and blades, 

blade settings, hubs and shroud 

cavities and gaps, rotor tip clearance, 

stator hub clearance, geometry 

variations, buttons, blade fillet and 

surface finish, manufacturing 

tolerances, 

2. Numerical errors due to mesh and/or 

finite difference approximations 
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3. Settings: geometry fidelity, real 

geometry discrepancy, impact of 

manufacturing variability on 

performances. 

 

 

4. Models:  

- trusting CFD’s physics and mathematics 

according to the level of approximation,  

- evaluate the aleatory uncertainty due to 

boundary conditions,  

- inserting correct inflow and outflow 

boundary conditions: all leakage flows, 

bleed flow, purge and cooling flows 

(mainly for turbines) 

- Steady flow assumption consequences.  

 

Below, one can find 3 different examples that 

can illustrate different ways to evaluate existing 

empirical laws and built robust design tools 

depending on the level of approximation with an 

adequate design space choice. This corresponds to 

the so-called “machine learning” techniques that 

speed up prediction times, analyse and manage 

uncertainty and reconcile simulations with available 

data with better prediction accuracy. “Such 

techniques facilitate faster and more robust searches 

of the design space, with or without the help of 

optimization methods” as pointed out by the review 

paper proposed by Hammond et al. [99]. 

 

8.1. Example 1.  
Even if it may seem paradoxical, it turns out that 

for some cases, a resumption of the analysis of 

isolated phenomena can enrich robust design 

approaches.  The following research works from 

Raina et al. [100] [101] give some answers the two 

following questions:  

- how to properly extract individual loss 

levels when strong interactions occur 

between vortices and wakes? 

- to what extend is it possible to use 

independent loss models’ assumption to 

predict overall losses? 

 

 

 

 
Figure 38. Evaluation of loss mechanism in an 

axial turbine stage. Outlet Mach number effect. 

Adapted from [100]. 

 

 
 

Figure 39. Evaluation of loss mechanism in an 

axial turbine stage. Aspect ratio effect. Adapted 

from [100]. 

 

 

 

 

8.2. Example 2.  
 How to use the differences between low and 

high-fidelity numerical simulations for a 2D case, 

under low Reynolds number like for high altitude 

flight conditions (see Bergmann et al. [102]). 

- Uncertainties issued from RANS 

simulations do not produce constant 

offset of results compared with LES 

ones. They are flow dependant 

especially for off-design conditions. 

- High fidelity scale-resolving 

simulations at low Reynolds number 

offer powerful tools for early design 

prediction processing at challenging 

operating points 

- Evaluation and analysis on the 

differences between RANS and LES 

can enhance design reliability. 
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Figure 40. Comparison between RANS and LES 

in a compressor blade at low inlet Reynolds 

number condition. Adapted from [102]. 

 

 

 
 

Figure 41. LES results in a compressor blade at 

low inlet Reynolds number condition. Effect of 

the inlet turbulence level. Adapted from [102]. 

 

 

 
 

Figure 42. Comparison of total loss coefficient 

with incidence angle between RANS and LES in a 

compressor blade at low inlet Reynolds number 

condition. Adapted from [102]. 

 

        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8.3. Example 3.  
    What are the necessary conditions for the 

detection of pump sump submerged vortex onset? 

(Kato [103]). 

 

 

 
 

Figure 43. Experimental observation of 

submerged and air-entrained vortices. 

 

 

 
 

Figure 44. CFD LES results for vortex detection 

simulations in a pump sump. Adapted from [103]. 

 

 

One can observe that, in recent years, scale 

resolving simulations such as Large Eddy Simulation 

(LES) and Direct Numerical Simulation (DNS), as 

opposed to time-averaging methods like (U)RANS, 

are more frequently used for design aid. Figure 45 

shows where each method lies on the trade-off 

between accuracy and computational expense and 

the correlation of these methods to the energy 

spectrum. Despite their undeniable superiority to 

(U)RANS, LES with appropriate grid resolution is 

still computationally prohibitive, while it is more 

common for the wall-bounded and statistically 

steady flows. Scale resolving simulations offer 

superior resolution allowing designers to determine 

not only what is happening in the fluid flow, but also 

why it is happening. They produce accurate 

numerical datasets to benchmark and improve 

(U)RANS models. 
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Figure 45. Computational expense against 

accuracy depending on the approach (left) and 

capability of each method to model or resolve 

energy spectrum (right). 

 

9. ARTIFICIAL INTELLIGENGE (AI). 

 

Artificial intelligence is asserting itself as a 

powerful tool for amplifying human decision-

making capabilities and overcome difficult to solve 

problems in all aerodynamic fields. 

Presently, the application of AI in 

turbomachinery field is at an early stage of 

exploration We are still far from fully mastering the 

extent and consequences of confrontation and 

mastery of this new paradigm. 

Many investigations have still to be explored in 

several areas like real 3D inverse design, 

experimental testing, intelligent control systems and 

maintenance. 

Take advantage of previous works and models to 

build improved and reliable rules extracted from 

experiments and CFD. This needs important 

background and clear knowledge of the relative 

importance of each isolated phenomena and 

interactions. 

For any kind of turbomachinery applications, AI 

can be integrated into any step of the complete 

conception procedure, starting from the design step 

up to the validation and the maintenance. 

AI can be employed for autonomous decision-

making capability in aerodynamic optimization 

procedure and active flow control of turbomachines, 

generating optimal aerodynamic solutions and 

complex control strategies that surpass human 

capabilities. 

AI uses machine learning data to perform most 

aerodynamic tasks whatever the level of 

approximation is. 

 An example of specific work devoted to 

centrifugal compressor families using AI-based fast 

design method can be found in [104].  

It can be considered as an upgrade of up-to-date 

aerodynamic design systems allowing to replace the 

need for additional empirical expertise and 

numerical results. 

It must allow to gather and share several kinds 

of data and information between the different fields 

of specialization, enforcing interactive 3D design 

optimization and real-time prognosis including in-

situ control and global maintenance analysis. 

For numerical simulations, AI can help to 

extracts knowledge from high-fidelity data in DNS 

simulations and experimental measurements to 

improve transition models for RANS and URANS 

simulations and consequently improve the 

simulation accuracy.  

For experimental tests, AI can help to clean, 

complete, reconstitute or restore missing or 

incomplete or limited measuring data sets by 

incorporating physical constraints. AI could help to 

reconstruct overall flow fields from limited 

measurement data by physics-informed neural 

networks. 

When validation is required, AI only acts as a 

supplement to classical methods that use numerical 

simulations and/or experimental tests.  

The question is: what should be the researcher’s 

involvement to produce results for AI data base 

mining? 

 

10. CONCLUSIONS. 

 

Whatever the evolution of future needs related to 

energy transition, drastic and rapid changes in 

demand are expected in many sectors, including the 

one for turbomachinery applications. In this context, 

new aerodynamic design processes exploiting the 

existing know-how and enriched by efficient multi-

disciplinary techniques could quickly react to 

demand variations and ensure technical innovation 

and end-users’ success. 

Many of CFD approached are now mature and 

well advanced even if further improvements can be 

expected in near future as for laminar-transition 

evaluation accuracy and turbulence modelling. For 

such problems, machine learning have already a 

specific impact on CFD within the space of 

turbomachines specifically, where data from higher-

fidelity simulations are used to train models issued 

from lower fidelity calculations. 

Additionally, CFD assessments need extensive 

well documented experimental investigations and 

data base elaboration for a large multidisciplinary 

design space and in realistic geometries including all 

physical aspects including noise levels predictions 

.  

- For high-speed machines, there is still 

research needs to analyse 3D shock-

structures interactions, coupled with 

deformation, blade flutter, vibration modes 

detection, off-design aspects including stall 

and surge, fast transient phenomena for 

safety problems in adiabatic and diabatic 

conditions, purge and leakage flow 

interactions with thermal effects, fouling 

and cleaning assessments. All these 

different aspects that involve different 

engineering fields must be integrated to 
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produce new architectures like the ones 

shown in figure 46 for air-breathing 

engines. 

 

      

 
 

Figure 46. CFM-RISE Program (mid 2030).       

RR UltraFan (for narrow and wide body 

aircrafts) 

 

- For hydraulic machines, extended 

estimation for high fluid viscosity and non-

Newtonian behaviour should be foreseen, 

pump as turbine configurations should be 

more explored including better predictions 

on multiphase flow and cavitation 

instabilities. 

 A recent example of the open test case 

CATANA for a high-speed fan [105], provided by 

the Fluid Mechanics and Acoustic laboratory in Lyon 

illustrates what could be done for the whole 

turbomachinery community. 

However, many flow and heat transfer processes 

cannot be easily tested. CFD provides the ability to 

theoretically simulate any physical conditions. It 

allows great control over the physical process and 

provides the ability to isolate specific phenomena 

that can be also tested experimentally for comparison 

and validation.  

It may happen that, for some cases, initial and 

boundary conditions may be sufficient to run a 

computational simulation but does not guarantee 

agreement with measured data and design 

experience. Recent developments based on Physics-

Informed Neural Networks (PINNs) offer a very 

interesting potential to combine all sources of 

available information in a single constrained 

optimisation network. Measured data, data from 

high-fidelity sources, theoretical physical laws and 

tried and tested empirical relationships can all be 

considered simultaneously by incorporating them in 

the loss function of a learning machine.  

Today, producing a very good design for a 

turbomachinery component is not any more the main 

target. Compromise must be checked due to 

increasing technical constraints. For example, 

evolutions to new architectures, simplified 

geometries, compact designs, fast machining, long 

life targets, gain on weight and time of repairs, life 

duration, modelling of other fluids, new cycles, 

electric powering, energy distribution for safe 

operations and so on…. This will change the future 

to partially or completely solve each related task 

facing numerous multidisciplinary interactions. 

Past knowledge cannot be ignored and must be 

stored for machine learning capability and efficient 

data base elaboration. In this respect, it is very 

important that a designer using CFD appreciates the 

underlying assumptions and limitations of the 

numerical techniques that are available to him. It is 

consequently very important to present all the 

predictions coming from future advanced developed 

models with uncertainty evaluations helping 

engineers for confidence in the results obtained and 

justify the design decisions taken as a result. 
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