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ABSTRACT

The presence of solid particles in a Newtonian

liquid flow will affect the properties of the flow.

For small particles these effects are fairly well un-

derstood. However, the behaviour of liquids laden

with large particles are less well understood and even

more so if the carrier liquid is a non-Newtonian fluid.

In the present study we consider large particles of

spherical shape. By large is here meant particles that

are of the same size as the large scale length scales of

the flow and larger. We are considering how particles

volume fraction affects parameters such as pressure

drop and velocity distribution in the pipe flow. The

simulations are performed using a finite difference

based in-house software and the particles are repres-

ented using an virtual boundary method. The size of

the spherical particles is about 1/6 of the pipe dia-

meter and the volume fraction is varied between 5

and 20%. The fluid is either Newtonian or shear thin-

ning modelled using a power law expression.

Keywords: non-Newtonian, particles, pipe flow,

virtual boundary method

NOMENCLATURE

U [−] particle linear velocity

C [−] a constant

D [m] pipe diameter

Fr [−] Froude number

K [kg/(ms2−n]consistency index

R [−] pipe radius

Re [−] Reynolds number

t [−] time

UB [m/s] bulk velocity

V [−] volume

ψ [−] distance function

u [−] velocity vector

d [m] particle diameter

f [−] Darcy friction factor

k [−] spring coefficient

n [−] power-law index

p [−] pressure

r [−] radial coordinate

x [−] coordinate

v [−] boundary target velocity

S [−] strain rate tensor

α [−] shape coefficient

β [−] shape coefficient

γ̇ [−] absolute value of strain rate

ε [−] Levi-Civita symbol

η [−] damping coefficient

µ [−] viscosity factor

Φ [−] source term

φ [−] particle volume fraction

ρ [kg/m3] density

τw [Pa] wall shear stress

δ [−] particle overlap

ω [−] particle angular velocity

ξ [−] distance vector

F [−] particle force

T [−] particle torque

Subscripts and Superscripts

MR Metzner-Reed

B bulk

s single phase

rel relative

c contact

f fluid

h hydrodynamic

i, j, k Cartesian tensor indices

p particle

INTRODUCTION

Introducing solid particles to a Newtonian liquid

flow will alter the properties of the flow compared to

a pure the liquid. For small particles these effects are

fairly well understood and models, for example for

the pressure drop in particle laden pipe flows have

been present for a long time. In terms of modelling

the effects are often represented in terms of a modi-

fied viscosity. This approach to modelling dates back
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to the work of Einstein [1, 2] who formulated the

viscosity of particle suspension as a function of the

volume fraction of particles. Einstein’s formulation

is, however, only valid for dilute suspensions con-

taining small particles. An extension of this, which

is valid for larger volume fractions was proposed by

Eilers [3]. Again, Eilers’ correlation fits well for

small particles which have been confirmed by sev-

eral studies. Essentially, considering laminar flow,

the Darcy friction factor for this type of flow would

vary with Reynolds number in a similar way as a

flow without particles. Hence, formulating a Reyn-

olds number based on the viscosity from the Eilers

formula the curves would collapse on top of each

other and the normal Moody chart could be used to

predict the pressure drop. This works well for small

particles and is also surprisingly accurate for fairly

large particles provided the volume fraction is low.

However, liquid flows laden with large particles

are less well understood and even less so if the car-

rier liquid is non-Newtonian. By large is here meant

particles that are of the same size as the large scale

length scales of the flow and larger. For pipe flows

(which is the focus of this study) this would mean

particle with hydraulic diameters of about 15 to 20%

of the pipe diameter and larger. In such flows several

factors influence the flow behaviour. For example,

one can find that the pressure drop is not just depend-

ent on particle volume fraction but also on particle

shape and size distribution. There are also indica-

tions that the presence of particles has a strong influ-

ence on the heat transfer in a pipe, either amplifying

or attenuating it depending on several parameters.

Although, the influence of larger particles has

been less well studied some investigations, both ex-

perimental and numerical, can be found in the liter-

ature. In a fairly extensive experimental study Matas

et al [4] considered particle laden pipe flows with

particle volume fractions up to about 35%. They also

considered a wide range of particle sizes, particle

diameter to pipe diameter (d/D) in the range 0.1 to

about 0.003. The focus of their study was how the

transition to turbulence is affected by particle con-

tent. Two distinct behaviours were observed depend-

ing on particle size. For smaller particles the trans-

ition was delayed, while for larger particles the trans-

ition occurred at a lower Reynolds number that for

a single phase flow. Turbulence transition was also

studied by Agrawal et al [5]. They considered a

particle size ratio d/D of 0.05 and volume fractions

up to 24%. Measuring the pressure drop and then

considering the Darcy friction factor, they found that

even at low volume fractions (about 2%) the friction

factor switched from the laminar behaviour, to a tur-

bulent behaviour with friction faction values some-

what higher than for single phase flow, at a lower

Reynolds number than for a liquid without particles.

Lashgari et al [6] considered numerically a channel

flow with particle volume fractions up to 30% with

a channel height to particle diameter (H/d) of 10.

They found that depending on Reynolds number and

volume fraction the flow could be divided into three

regimes: laminar like (small Re and volume fraction

(φ)), turbulent like (large Re and small φ) and inertial

shear thickening (large φ). The turbulent structures

of particle laden pipe flows were studied numeric-

ally by Wu et al [7]. Also in this studied, a relative

particle size of 10 was used and the Reynolds number

was fixed to 4900. The results show that the pres-

ence of particles attenuated the maximum stream-

wise fluctuations close to the wall while fluctuations

in the radial and tangential directions were increase

in the same region and that these effects increased at

higher volume fractions. The reason for the increase

in radial and tangential fluctuations, according to Wu

et al [7], is the small vortices induced by the particles

in the region close to the wall. Also, the position of

maximum radial fluctuation was shifted slightly to-

wards the wall.

Our focus will be on laminar and moderately tur-

bulent flows considering both Newtonian and non-

Newtonian carrier fluids. The overall aim of this

study is to further increase the understanding of

particle laden flows, in particular pipe flows with

large particles.

MATHEMATICAL DESCRIPTION

The momentum equation governing the incom-

pressible flow of a non-Newtonian (shear thinning

or shear thickening) fluid can on non-dimensional be

written as

∂ui

∂t
+ u j

∂ui

∂x j

= −
∂p

∂xi

+ µ










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∂2ui

∂x2
j















+

[

∂µ

∂x j

(

∂ui

∂x j

+
∂u j

∂xi

)]

+ Φi. (1)

The rheology of the fluid is modelled using a

power-law expression and the viscosity coefficient in

eq. (1) can then be described as

µ =
1

Re
γ̇n−1 (2)

where n is the power law index and with shear

rate, γ, formulated using an isotropic expression, i.e.

γ̇ =
√

S i jS i j (3)

The Reynolds number for a power law fluid in a

pipe flow, based on the bulk velocity, UB, pipe dia-

meter, D and the consistency index of the fluid may

be written as

Re =
ρ f U

2−n
B

Dn

K
(4)

Turbulence modelling

In the present study both laminar and turbulent

flows are considered. Turbulence is handled using an

implicit large eddy simulation (LES) method. The

sub-grid scale stresses are handled using the dissip-
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ative nature of the truncation error in the discretisa-

tion of the convective terms. Here we use the third

order upwind scheme of Kawamura and Kuwahara

[8]. This approach has been successfully used in sev-

eral previous studies, e.g. [9] and, as is shown below

works well also in this case.

Virtual boundary method

The source terms Φi are introduced to represent

solid boundaries, i.e. they replace the boundary con-

ditions on the solid body surface. In this case the

sources Φi are computed so as to satisfy the local

boundary conditions. Hence, the source terms will

only be non-zero at the location of the boundary.

However, discretising the computational domain will

in general lead to that the presence of the bound-

ary must be represented by source terms in positions

away from the actual boundary location. This can be

achieved in different ways, for example by approx-

imating the Dirac function by a normalised Gaussian

distribution [10] or by assuming a certain distribution

of the velocity field normal to the boundary [11]. In

this work we employ the method developed by Revs-

tedt [9] in which the source term is accumulated over

the time steps and iterations within each time step.

Hence, the following expression for the contribution

to the discretised source terms in the mth iteration is

written as:

∆Φ
m

i = C1

vi − ui

∆t
e−C2ψ

2

(5)

where C1 and C2 are positive constants, vi is the

target velocity of the solid surface and ψ is a positive

function which should increase rapidly with increas-

ing distance from the solid boundary. Hence, inside

the body ψ will be set to zero and far away from the

body it will have a large positive value, typically 106.

Several strategies for setting the ψ-function may be

used but here a step function is employed. Finally

the magnitude of the source terms in the mth itera-

tion is given by

Φ
m

i = Φ
m−1

i + ∆Φ
m

i (6)

Numerical method

The incompressible Navier-Stokes equations are

discretised on a system of locally refined staggered

Cartesian grids (e.g. Fuchs and Zhao [12]). The

terms of the momentum and continuity equations are

approximated by finite-differences. Basically, one

may use finite-differences of any order. Here, we

use upwind finite-differences of first- or third-order

accuracy. The lower order scheme (first order for the

convective terms and second order for the others) im-

plies that the low order terms dominate, leading to a

high level of numerical dissipation. Using directly

higher order (third and fourth order approximations,

respectively), leads to a less robust solver with con-

siderably slower convergence rate. To combine nu-

merical efficiency with higher order accuracy, we in-

troduce the higher order terms as a “single-step” de-

fect correction [13].

The time integration is done by a three level im-

plicit scheme. In each time step, the system of equa-

tions is solved iteratively using a Multi-grid solver.

Local grid refinements are a part of the multi-grid

structure and the boundary conditions are interpol-

ated from the next coarser level using fourth order

linear interpolation.The relaxation scheme within the

Multi-grid solver comprises of point wise relaxation

of the momentum equations coupled with a point

wise smoothing of the continuity equation. At the

latter step, both the velocity vector and the pres-

sure are corrected so that the residuals of the mo-

mentum equations shall not be changed as the con-

tinuity equation is satisfied. This approach is equival-

ent to an approximate diagonalisation of the system

of equations [12].

Particle motion and interaction

The linear and angular velocities of each indi-

vidual particle are governed by the following equa-

tions:

dUi

dt
=

(

1 −
ρ f

ρp

)

1

Fr2
i

− α
ρ f

ρp

(

F
(h)

i
− F

(c)

i

)

(7)

dωi

dt
= β

ρ f

ρp

(

T
(h)

i
− T

(c)

i

)

(8)

where (h) and (c) denotes the hydrodynamic and

contact forces, respectively, and α and β are coeffi-

cients dependent on the particle shape. For a sphere

α = 6/π and β = 10α. The hydrodynamic force is

determined by integrating the discretised source term

Φi from eq. (5) in a volume around the particle.

F
(h)

i
=

∫

ΦidV. (9)

The hydrodynamic torque is calculated in a similar

way

T
(h)

i
=

∫

εi jkΦkξ jdV. (10)

To find the contact forces we use a soft sphere

approach similar to the one developed by Costa et al

[14]. One can then on non-dimensional form write

the force for each particle contact as

F
(c)

i
= −kδi − ηu

i, rel (11)

Hence, each contact is modelled as a spring and

a damper mounted in parallel, with the spring and

damping coefficients being evaluated based on the ef-

fective particle mass, restitution coefficient and the

allowed contact time. The torque generated by a col-

lision is calculated as

T
(c)

i
= εi jkF

(c)

k
ξ j (12)
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COMPUTATIONAL SET-UP

The computational domain consists of a circular

pipe created in a rectangular domain using an virtual

boundary method. The length of the pipe is about 6

pipe diameters (D). However, due to how the domain

decomposition is done the length to diameter ratio

of the pipe may vary somewhat. At the inflow and

outflow of the pipe cyclic boundary conditions are

used both for the continuous phase and the particles.

In the simulations we consider spherical particles of

size d/D = 0.171. The density ratio is set to unity,

i.e. the particles are neutrally buoyant. The computa-

tional mesh is Cartesian and structured. Two levels of

resolution have been used depending on particle size

and flow situation. For the laminar flow the resolu-

tion is set to ∆x = 0.0625 which corresponds to about

94 cells over the pipe diameter. For turbulent flow

the resolution is ∆x = 0.03125 which corresponds to

about 188 cells over the pipe diameter. The temporal

resolution in the laminar cases is ∆t = 0.01 and in

the turbulent cases ∆t = 0.005. Initially the liquid

velocity is set equal to the bulk velocity in the whole

pipe. Particles are initially ordered in rows and their

velocity is set equal to the liquid velocity. All sim-

ulations have been run for 40000 time steps before

sampling of data is initiated in order to let the solu-

tion develop sufficiently. Sampling was done over an

additional 100000 time steps.

Four fluids with different degrees of shear thin-

ning are considered, the power-law index ranging

from 0.4 to 1.0. For all fluids flows with Reynolds

numbers in the range 250 to 2000 are studied and for

n = 0.4 and n = 1.0 also turbulent flows are con-

sidered, i.e. 4000 ≤ Re ≤ 16000.

Throughout the study a modified Reynolds num-

ber is used

ReMR =
ρ f U

2−n
B

Dn

K
(

3n+1
4n

)n
81−n

(13)

This Reynolds number was first presented by Met-

zner and Reed [15] in order to fit friction factor data

for non-Newtonian fluids to the Moody chart.

Code validation

Figure 1 the average velocity and Reynolds nor-

mal stresses in a pipe flow at Re=11700 compared

to direct numerical simulation (DNS) data from El

Khoury et al [16]. As can be seen, our results agree

very well with the DNS data indicating that our resol-

ution is sufficient for the turbulent cases considered,

event hough the viscous sublayer is not fully re-

solved in our simulations. Also, our simulation un-

derpredicts the friction losses, in terms of Darcy fric-

tion factor, by about 10%.

To further show the capability of the code to pre-

dict the resistance in a pipe flow the Darcy friction

factor as a function of the Metzner-Reed Reynolds

number is depicted in Figure 2 for the range 250 ≤

ReMR ≤ 16000 for the Newtonian fluid. However,

the friction factor for a shear-thinning fluid (n = 0.4)

Figure 1. RMS of velocity fluctuations in a pipe

flow with Re=11700 compared to DNS data by El

Khoury et al [16]

at ReMR = 4000 is also shown. The solid line in Fig.

2 is the classical f = 64/Re line in the laminar re-

gime. The dashed line is the Haaland equation for a

smooth pipe and the dot-dashed line is the extension

of the turbulent friction factor by Wilson and Thomas

[17] to a power-law fluid with n = 0.4. As can be

seen, the friction factor is slightly underpredicted in

the whole range which is most probably caused by

the virtual boundary method introducing a small er-

ror in the description of the pipe wall, i.e. the pipe

appears slightly larger it should be.

Figure 2. Darcy friction factor without particles

The two grid resolutions used in this study cor-

responds to 16 or 32 cells over the particle diameter.

A previous study on free falling cubical particles

[18] shows that 16 cells is sufficient to describe the

particle with reasonable accuracy.

RESULTS

Introducing particles to a pipe flow one expects

flow resistance to increase, which is indeed the case.

Figure 3 depicts the Darcy friction factor ( f =
8τw

ρ f U2
B

)

as a function of the Reynolds number for a New-
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tonian fluid. Already at a particle volume fraction

φB = 0.05 the friction factor is noticeably higher

than without particles in a laminar flow. Increasing

the volume fraction of particles will further increase

the resistance. One may note that in the laminar re-

gime the decrease in friction factor with increasing

Reynolds number is still linear in the Moody chart,

although with a slope that is dependant on volume

fraction. For the turbulent regime the behaviour is

somewhat different. For the lowest volume fraction

the particles seem to only have a minor influence

on the resistance and the friction factor is decreas-

ing with increasing Reynolds number, as it would

for a flow without particles. However, increasing

the volume fraction to 10 and 20% a different be-

haviour emerges. Not only is the resistance much

higher for a given Reynolds number but the fric-

tion factor is now constant or even slightly increas-

ing with Reynolds number. We believe the explan-

ation for this to be that at φB = 0.05 the interac-

tion between particles is negligible while for higher

volume fractions the particles are more often in con-

tact which strongly increases the resistance. Com-

paring to the the experimental results of Agrawal et

al [5] we find that the friction factors in their col-

lapses nicely on the Hagen-Poiseuille solution in the

laminar regime with the proper scaling of the Reyn-

olds number while our results deviates significantly

from that. The reason for that is that they use much

smaller particles for which effective viscosity mod-

els, such as Eilers’ model [3], are appropriate, which

is not the case for larger particles.

Figure 3. Darcy friction factor as a function of

Reynolds number for spherical particles in a fluid

with n=1

Comparing the Newtonian results with the resist-

ance of the shear thinning fluid, depicted in Figure 4,

the behaviour in the laminar regime is the same in the

sense that increasing the volume fraction increases

the resistance. Also the behaviour with increasing

Reynolds is similar. In the turbulent regime the fric-

tion factor falls below the minimum limit for a New-

tonian fluid, which would be expected since friction

factor is a function of the degree of shear thinning

in this range even when using the Metzner & Reed

Reynolds number. However, in this case the almost

constant friction factor for Re=8000 and beyond ap-

pears already at φB = 0.05.

Figure 4. Darcy friction factor as a function of

Reynolds number for spherical particles in a fluid

with n=0.4

As could be seen from Figs. 3 and 4 there is a

difference in friction factor between the Newtonian

case and n = 0.4. Taking a closer look at how the

friction factor varies with degree of shear thinning

and Reynolds number, which is shown in Figure 5,

one can see that for a low Reynolds number (350)

the effect on the friction factor is quite moderate, es-

pecially for φ = 0.05 where the value at n = 0.4 is

about 95% of the Newtonian value. However, the ef-

fect of shear thinning seems to get more pronounced

with increasing volume fraction and at φ = 0.20 the

value at n = 0.4 is about 80% of the Newtonian

one. The influence of Reynolds number is also very

strong leading to a substantial difference in resist-

ance at Re=2000. Comparing the velocity profiles

for n = 0.4, depicted in Figure 6, one finds for the

lowest volume fraction that the maximum velocity

decreases as the Reynolds number increases. This

also means that the velocity profile in the centre part

of the pipe (r/R ≤ 0.5) gets flatter while the portion

of the pipe with a higher velocity gradient gets lar-

ger. A interesting observation is that up to Re = 1000

the velocity gradient close to the wall is unchanged,

meaning that the resistance should be dependant on a

constant to the power n divided by Reynolds number

in this regime. Increasing the Reynolds number to

2000 results in a change in the velocity distribution

such that the shear rate close to the wall increases

and one would therefore expect that for this case the

friction factor would not fall on the same line in the

Moody chart as the lower Reynolds numbers, which

is indeed the case considering Fig. 4. It also in-

dicates that the at Re = 2000 is, if not fully turbu-

lent, at least in a transition state. Considering instead

the case φ = 0.20 the trend is the same concern-

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



ing the centre line velocity. However, the shapes of

the velocity distributions are distinctly different com-

pared to φ = 0.05. For Reynolds number up to 700

one observes to separate behaviours in the inner and

outer half of the pipe. In the inner part (r/R < 0.5)

the velocity profile is fairly flat, much like for lower

particle volume fraction, but there is also a plateau in

the outer part of the pipe, which is most pronounced

at Re = 700. Again one observes that Re = 2000

differs from the other cases with an almost constant

velocity for r/R < 0.8. Once more, even though there

is a significant Reynolds number effect on the velo-

city distribution, close to the wall the velocity gradi-

ent shows only a minor Reynolds number depend-

ence. This is consistent with what is found in Fig.

4. Further insight in the differences in velocity distri-

bution may be gained by considering the distribution

of particle volume fraction along the radius. This is

depicted in Figure 7 for n = 0.4 at φ = 0.05 and

φ = 0.2. For φ = 0.05 at Re = 1000 and below

the particles are mainly located in the outer part of

the pipe with the peak of volume fraction gradually

moving towards lower radius with increasing Reyn-

olds number as can be seen in the upper graph of

Fig. 7. Again the Re = 2000 deviates significantly

from this pattern and instead the particles are almost

evenly distributed over the pipe radius. Turning the

attention to the cases with φ = 0.20 a totally different

pattern emerges. Here particles tend to cluster close

to the centre line with a secondary peak at about the

same position as for the lower volume fraction. How-

ever, this situation is drastically altered at Re = 700

where most of the particles a located closer to the

pipe wall. It is also interesting to note that there is no

drastic change at Re = 2000 instead the distribution

of particle volume is qualitatively similar to the one

at Re = 700 put shifted to a lower radius.

Turbulent regime

For the turbulent regime Re > 2000 it is evid-

ent from Fig. 3 that the flow behaves differently. For

the Newtonian case a decrease in friction factor is

seen going from Re = 2000 to Re = 4000 for all

volume fractions and for φ = 0.05 this decrease con-

tinues up to Re = 8000. The particle here have only a

minor influence on the resistance. However, increas-

ing the volume fraction a significant influence on the

resistance from the presence of particles is seen and

also that the friction factor stops decreasing already

beyond Re = 4000. For the shear thinning fluid

(n = 0.4) a large increase in resistance compared to a

flow without particles is seen already at Re = 4000.

The relative increase in friction factor compared to

the case without particles is summarised in Table 1.

From Table 1 it is evident that even a moder-

ate amount of particles will have a substantial influ-

ence on the resistance also in a pipe flow. However,

the increase is still less than in the laminar regime,

where for φ = 0.05 the increase due to particles is

about 50% at Re = 700 and 100% for φ = 0.20 at

Figure 5. Friction factor normalised with the

value for n = 1 as a function of as a function of

degree of shear thinning for some Reynolds num-

bers in the laminar regime for φ = 0.05 (upper)

and φ = 0.20 (lower)

the same Reynolds number. Furthermore, the influ-

ence increases for a shear thinning fluid. Some in-

sight on this matter can be achieved by considering

the radial distribution of the particle phase. Figure

8 depicts the local particle volume fraction normal-

ised with the bulk value along the radius for Reyn-

olds numbers 4000 and 8000 for the Newtonian fluid.

At Re = 4000 the particles tend to be located more

towards the centre of the pipe but with a tendency

for increased volume fraction close to the wall as

the overall volume fraction is increased. This will

of course influence the flow close to the wall and in

turn also the resistance. At Re = 8000 the effect is

less pronounced and the distribution of the pipe more

even especially for φ = 0.02 and still there is a tend-

ency for the particles to locate themselves closer to

the wall with increasing φ

SUMMARY

Simulations of pipe flow containing relatively

large particles have been performed for both laminar

and turbulent flow. It can be concluded that the pres-

ence of particles will increase the flow resistance for

both shear thinning and Newtonian fluids. The level

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



Figure 6. Velocity distribution along the pipe ra-

dius at n = 0.4 for some Reynolds numbers in the

laminar regime for φ = 0.05 (upper) and φ = 0.20

(lower)

of increase in resistance depends on the volume frac-

tion as well as the Reynolds number and the degree

of shear thinning. In general the effect of volume

fraction is larger for a laminar flow with increases in

friction factor of up to 100% for 20% particle volume

fraction in a Newtonian fluid. A shear thinning fluid

will give a smaller resistance than a Newtonian fluid

at a given Reynolds number and in the laminar re-

gime this difference increases with increasing Reyn-

olds number. In the turbulent regime there seems to

be a threshold effect in as much as a low volume frac-

tion (5%) has no significant effect on the resistance

while increasing to 10% increases the resistance sig-

nificantly. However, at a sufficiently high Reynolds

number a low volume fraction will also have a signi-

ficant effect. Furthermore, it seems that the Reynolds

number where this change occurs is lower for a shear

thinning fluid. In conclusion, adding large particles

to a pipe flow will increase the level of complexity in

how that flow behaves. Also, there is a very distinct

difference in how the particles alter the flow in the

laminar and turbulent regimes, respectively.

Figure 7. Distribution of particle volume fraction

along the pipe radius at n = 0.4 for some Reyn-

olds numbers in the laminar regime for φ = 0.05

(upper) and φ = 0.20 (lower)
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