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ABSTRACT
We investigate the heat transfer and flow
characteristics for an electroosmotic flow of Carreau
fluid through a wavy microchannel, considering the
finite size of ions i.e., steric effect. The flow of
electrolytic liquid is considered steady, twodimensional and incompressible. The modified
Poisson-Boltzmann equation, Laplace equation,
continuity equation, momentum equation, and
energy equation are solved numerically using a finite
element method-based solver. The computed flow
and temperature fields are validated by comparison
with published results. The flow and temperature
fields and average Nusselt number are computed by
varying the steric factor, Weissenberg number and
Brinkman number in the following ranges: 0≤ υ ≤0.3,
0.01≤Wi ≤1, 10-5≤ Br ≤10-3. We found the locations
of the local maxima and minima of Nusselt number
at the convex and concave surfaces of the channel for
a lower Brinkman number (=10-5). In contrast, the
corresponding locations are swapped at higher
Brinkman number (=10-3). The value of average
Nusselt number increases with the increase in
Weissenberg number and decreases with the steric
factor for the smaller Brinkman number (=10-5).
Whereas, it decreases with Wi for non-zero values
the of steric factor with higher Brinkman number
(=10-3).
Keywords: Electroosmosis; heat transfer; steric
effect; viscous heating, wavy microchannel.

NOMENCLATURE
Br
E

*
ref

[-]

Brinkman number

[V/m]

Reference
field

external

electric

G
H

[-]
[m]

Nu
Nu
q
u
Wi

[-]
[-]
[W/m2]
[-]
[-]
[-]



Joule heating parameter
Inlet
half
height
of
microchannel
Nusselt number
Average Nusselt number
Heat flux
Dimensionless velocity vector
Weissenberg number
Steric factor

1. INTRODUCTION
In recent times, analysis of transport phenomena
in microfluidic channels has received serious
attention due to its wide range of engineering
applications, such as biomedical and pharmaceutical
industries. For microfluidic transport of electrolyte,
flow actuated by an external electrical forcing also
known as electroosmotic flow (EOF) is one of the
suitable flow actuation mechanism widely used due
to better flow control and simplicity of the system [18]. Further, the micro-level heat exchanging systems
using EOF is getting significant attention because of
its applications in electronics cooling [9].
Using wavy surfaces, the fluid-solid interfacial
area for heat transfer can be enhanced and
accordingly channel with wavy walls wall is one of
the effective methods for heat transfer enhancement
[10-15]. Cho et al. [16] investigated the heat transfer
characteristics for the combined electroosmotic and
pressure-driven flow through a complex wavy
microchannel considering the Joule heating effect.
They found that the value of maxima of Nusselt
number increases with the increase in the amplitude
of the complex wavy wall.
For several microfluidic applications, fluid is
non-Newtonian in nature [3]. Researchers have
developed and employed several models, namely,
power-law model [17], Carreau model [3], Casson
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model [18], moldflow second-order model [19] to
describe the constitutive behaviour of nonNewtonian fluids. Moghadam [20] investigated the
heat transfer characteristics for electrokinetic-driven
flow of non-Newtonian power-law fluid through a
circular microtube and found that the trend of fully
developed Nusselt number is either increasing or
decreasing with the increase in flow behaviour index
and the length scale ratio. Noreen et al. [21] studied
the heat transfer characteristics for electroosmotic
flow of Carreau fluid through a wavy microchannel
and reported that the increase in Weissenberg
number increases the Nusselt number.
The classical Poisson-Boltzmann model overpredicts the ionic concentration in electric doublelayer (EDL) by neglecting the effect of finite ion
size. However, the effect of ions size cannot be
ignored for the higher surface charge density.
Accordingly, several researchers have used the
modified Poisson-Boltzmann equation duly
incorporating the effect of finite size of ions by
introducing steric factor to find the EDL potential
[22, 23]. Dey et al. [24] investigated the effect of
finite size of ions on the heat transfer characteristics
for combined electroosmotic and pressure-driven
flow through the microchannel. They reported that
the point charge assumption overestimates the
Nusselt number.
This brief literature survey reveals that no work
has been reported investigating the effect of finite
size of ions on the heat transfer characteristics for
flow of Carreau fluid in a wavy microchannel, which
is the main focus of the present work.

smaller than unity. The governing equations
(modified Poisson-Boltzmann equation, Laplace
equation, continuity equation, momentum equation
and energy equation) in dimensionless form relevant
to the present work are as follows [3, 21]:

2. THEORETICAL FORMULATION

* =

We consider an electroosmotic flow of Carreau
fluid through a wavy microchannel with inlet halfheight, 2H, as shown in Fig. 1. Both walls of the
channel at the inlet and outlet are planar having an
axial length of 5H each and in the intermediate part
having an axial length of 20H, the walls are wavy,
the sinusoidal profiles of which are taken as [3, 8,
16]:
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The amplitude of the wavy walls is taken as 0.3 times
of the inlet half-height [3, 8, 16], such that the
curvature effect on the ionic distribution can be
neglected as the radius of curvature (
2
( H w / 4 ) A = 5.2 H H ) is large compared to the
inlet half-height [3], where, H w ( = 5H ) is the
wavelength. The planar walls are insulated, while the
wavy walls are imposed with constant heat flux q. It
is assumed that flow of electrolytic liquid is steady,
two-dimensional
and
incompressible.
The
temperature-independent thermo-physical properties
are taken into consideration. Moreover, the ionic
distribution is static as the ionic Peclet number is

Figure 1. Physical domain.
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 is

defined as  =  o the value of which is taken as
*
H o )
0.0616 [3]. Here,  ,  ( = H D ) and Re ( =  uHS
are the steric factor, Debye parameter, Reynolds
*
*
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 ref
H ) ,  ( = ref
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),
*
k ) are the Weissenberg number,
and Pe ( =  c p HuHS

ratio of reference applied to EDL potential, thermal
Peclet number, respectively;
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and then the resulting equations are solved iteratively
until the pre-defined residual value of 10-6 is reached.
An exhaustive grid independence test was performed
by calculating the average Nusselt number as
depicted in Table 1; the relative difference of the
value for the mesh system with 130144 elements and
the next level finer mesh was less than 1%.
Accordingly, the mesh with 130144 elements was
used for all the simulations.

) are the Brinkman number, and

Joule heating parameter, respectively. Note that
−0.5
D = ( 2no z 2e2  kBT )
, V ,  , c p , k ,  ,

)
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*
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, no , T and  are the Debye length,

applied external potential difference, density,
specific heat capacity, thermal conductivity,
electrical permittivity of the liquid, reference
external electric field, bulk ionic concentration,
reference absolute temperature, and electrical
conductivity of the liquid, respectively.
The boundary conditions employed are follows:
At inlet:
n  (  ) = 0 ,  = 30 , P = Patm ,  = 0 .
(8a)
At wavy walls:
 =  = 4 , n  (  ) = 0 , u = 0 ,  n = 1 .
(8b)
At planar walls:
 = 4 , n  (  ) = 0 , u = 0 ,  n = 0 .
(8c)
At outlet:
n  (  ) = 0 ,  = 0 , P = Patm ,  x = 0 .
(8d)
Here n is the unit vector normal to wavy wall.
The heat transfer rate is presented in terms of
local Nusselt number (Nu) as [1, 7]:
Nu = 1 (wall − mean )
(9)
Here
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 y
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y2

is the bulk mean temperature of the fluid [7].
The average Nusselt number ( Nu ) is calculated
as [11, 12, 14]:
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Here S is the normalised axial length of the wavy
walls.

Figure 2.
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Table 1. Grid independence test at different mesh
system (M) calculating average Nuselt number
when υ =0.3, n=0.4, Wi=1, Br=10-3 and κ=30.
Number
of
elements
20206

Average
Nusselt
number
3.5294

Percentage
error w r t
M4
24.586

M2

51869

3.0219

6.671

M3

130144

2.8376

0.166

M4

218108

2.8329

0

Mesh
type
M1

We validate the solver by comparing the
electroosmotic flow velocity profile with the results
of Zhao et al. [5] for parallel plate channel shown in
Fig. 3(a) for n=1, κ=10, υ=0 and ζ=1. The second
validation is presented in Fig. 3(b) by comparing the
dimensionless wall temperature for EOF in a plane
microchannel with the results of Horiuchi and Dutta
[25]. For this validation, the values of different
parameters considered are as follows: Pe=100,
κ=100, Br=0, n=1 and υ=0. The comparisons show a
good agreement of the present result with the
published works [5, 25].

4. RESULTS AND DISCUSSION
3. NUMERICAL METHODOLOGY AND
MODEL BENCHMARKING
We employ a finite element method based
numerical solver to obtain the flow and temperature
fields. The computational domain is divided into
large number of small sub-domains in non-uniform
manner with denser mesh near the walls. The mesh
used for the present computational investigation is
presented in Fig. 2. Using Galerkin weighted
method, the governing equations are first discretised

We analyse the heat transfer and flow
characteristics for an ionic size dependent
electroosmotic flow of Carreau fluid through a wavy
microchannel. The results are presented in terms of
flow and temperature fields, local Nusselt number
̅̅̅̅ ) by varying
(Nu) and average Nusselt number (𝑁𝑢
the steric factor (υ), Weissenberg number (Wi) and
Brinkman number (Br) in the range of 0≤ υ ≤0.3,
0.01≤Wi ≤1, [3, 21, 26], and 10-5≤ Br ≤10-3,
respectively [1, 5]. The value of n and Re is kept
fixed at 0.4 and 0.001, respectively [3, 26].
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The streamlines and dimensionless flow
velocity contours at different Wi are presented in Fig.
5 at υ=0.3. It is observed that the streamlines near the
wall follow the profile of the wavy walls and
accordingly they become a wavy. Further, the
minima and maxima of velocity exist near the
concave and convex surfaces due to the smaller and
higher electric field intensity, respectively.
Moreover, the flow velocity is enhanced with Wi due
to the decrease in the apparent viscosity of the fluid.
u [-]
(a)
(a) Wi=0.01
u [-]

(b) Wi=0.1
u [-]

(b)
Figure 3. (a) Comparison of dimensionless
electroosmotic flow velocity in a parallel plate
channel κ=10, υ=0 and ζ=1 at the limiting case,
n=1, (b) Comparison of non-dimensional wall
temperature for EOF through a plane
microchannel for different G values with the
results of Horiuchi and Dutta [25] for Pe=100,
κ=100, Br=0, n=1 and υ=0.
Figure 4 shows the transverse variation of
dimensionless flow velocity at x=10.5 for different
values of Wi and υ. It is observed that the increase in
υ from 0 to 0.3 decreases the flow velocity due to the
increase in flow resistance caused by the electrostatic
pull inside the EDL by the finite size of ions [3]. It is
also seen that the decrement is higher near the walls
as the flow resistance is only within the EDL.
Furthermore, the flow velocity at any transverse
location increases as Wi increases which is attributed
to the decreases in apparent viscosity of the fluid.

Figure 4. Variation of transverse dimensionless
velocity profile at x=10.5 for different values of
steric factor and Wi.

(c) Wi=1
Figure 5. Streamlines and dimensionless flow
velocity contours at different Wi for υ =0.3, n=0.4
and κ=30.
Figures 6(a) and (b) show the contours of
dimensionless isotherms at different Wi and Br for
υ=0 and 0.3, respectively. It is seen that the increase
in Wi from 0.01 to 1 decreases the temperature in the
domain due to the increase in convective heat
transfer (see Fig. 4). Further, the decrease in
convection strength with the increase in steric factor
from 0 to 0.3 (see Fig. 4) increases the isotherms
values for υ=0.3 compared to υ=0. It is also noted that
the increase in Br augments the temperature of fluid
due to the increase in viscous dissipation effect. The
increment is significantly higher for the higher Wi
(=1) values, which is attributed to the higher velocity
gradient (see Fig. 4).
Figure 7(a) and (b) shows the variation of local
Nusselt number (Nu) at the top wall for different υ
values with Br=10-5 and 10-3 at Wi=1. It is observed
that the locations of the local maxima and minima of
Nu are at the convex and concave surfaces,
respectively due to higher and smaller velocity
gradient for the smaller Br (=10-5). In contrast, these
minima and maxima locations are shifted to convex
and concave surface, respectively at Br =10-3. It is
attributed to the higher velocity near the convex
surface causing very high viscous dissipation effect
at higher Br. Furthermore, the increase in  decreases
the value of Nu for Br=10-5 and the trend is opposite
for Br =10-3. These observations can be explained as
follows. For smaller Br (=10-5) values the significant
increase in wall temperature compared to the core
temperature (see Fig. 6) due to the decrease in flow
velocity (see Fig. 4) increases the difference of (θwall
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- θmean) with υ. Whereas, for higher Br (=10-3), the
decrease in velocity gradient with υ (see Fig. 4) near
the walls significantly reduces the viscous heating
and augments the heat transfer rate with υ.

Br=10-5, Wi=0.01

Br=10-3, Wi=0.01

Br=10-5, Wi=1

Br=10-3, Wi=1
(a) υ=0

(b)
Figure 7. Variation of local Nusselt number at
different υ values for (a) Br=10-5 and (b) Br=10-3
when ζ=4, κ=30, Pe=5, n=0.4 and G=1.
̅̅̅̅)
The variation of average Nusselt number (𝑁𝑢
with Wi for different υ values is shown in Fig. 8(a)
and (b) for Br=10-5 and 10-3, respectively. It is

Br=10-5, Wi=0.01

Br=10-3, Wi=0.01

Br=10-5, Wi=1

Br=10-3, Wi=1
(b) υ=0.3
Figure 6. Contours of dimensionless isotherms for
different Br and Wi values at (a) υ=0 and (b)
υ=0.3, when ζ=4, κ=30, Pe=5, n=0.4 and G=1. The
colour legends represent the dimensionless
temperature, θ.

(a)

(b)
Figure 8. Variation of average Nusselt number
with Wi at different υ values for (a) Br=10-5 and
(b) Br=10-3 when ζ=4, κ=30, Pe=5, n=0.4 and G=1.

(a)

observed that the value of ̅̅̅̅
𝑁𝑢 increases with Wi for
Br =10-5. It is attributed to fact that the increase in
flow velocity with Wi (see Fig. 4) significantly
reduces the wall temperature compared to the bulk
temperature and the decrease in (θwall - θmean) with Wi
increases the value of ̅̅̅̅
𝑁𝑢. Also, it is seen in Fig. 8(a)
̅̅̅̅ decreases with  for smaller (Br =10-5)
that 𝑁𝑢
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which can be explained from the variation of local
Nusselt number with υ. The value of ̅̅̅̅
𝑁𝑢 decreases
with Wi for υ=0.15 and 0.3, and it follows the
increasing-decreasing trend with Wi for the point
charge case (υ=0), and a critical Wi (WiCri) is found
for Br =10-3. The decrease in ̅̅̅̅
𝑁𝑢 with Wi is attributed
to the augmentation in viscous heating (see Fig. 4),
which decreases the heat transfer rate. Whereas, for
higher Wi values (>WiCri), the enhanced convective
strength decreases the core region temperature and
hence the value of (θwall - θmean). Furthermore, it is
seen in Fig. 8(b) that the value of ̅̅̅̅
𝑁𝑢 increases with
υ which can be explained from the variation of local
Nusselt number. The values of the decrease and
increase in ̅̅̅̅
𝑁𝑢 are obtained as 23.49% and 40.51%
for change in υ from 0 to 0.3 for Br=10-5 and 10-3,
respectively, when Wi=1.

5. CONCLUSIONS
In the present study we investigate the heat
transfer and flow characteristics for an ionic size
dependent electroosmotic flow of non-Newtonian
Carreau fluid through a wavy microchannel. The
results are presented in terms of flow and
temperature fields, local Nusselt number (Nu) and
̅̅̅̅) by varying the steric
average Nusselt number (𝑁𝑢
factor (υ), Weissenberg number (Wi) and Brinkman
number (Br) in the following range: 0≤ υ ≤0.3,
0.01≤Wi ≤1, [3, 21, 26], and 10-5≤ Br ≤10-3. The
important findings are summarised as follows:
• The flow velocity increases with Wi and
decreases with υ.
• The locations of the local maxima and minima of
Nusselt number are at the convex and concave
surfaces for smaller Br (=10-5). In contrast, the
locations are swapped at higher Br (=10-3).
̅̅̅̅ increases with Wi and decreases
• The value of 𝑁𝑢
with υ for smaller Br (=10-5) values. Whereas the
̅̅̅̅ decreases with Wi for υ=0.15 and
value of 𝑁𝑢
0.3, and it follows the increasing-decreasing
trend with Wi for point charge case (υ=0), and a
critical Wi is found for higher Br (=10-3).
̅̅̅̅ increases with υ for higher Br
Moreover, 𝑁𝑢
-3
(=10 ).
̅̅̅̅ are
• The values of the decrease and increase in 𝑁𝑢
obtained as 23.49% and 40.51% for the change in
υ from 0 to 0.3 for Br=10-5 and Br=10-3,
respectively, when Wi=1.
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