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ABSTRACT

This work investigates the vortex-induced vibra-

tion of a circular cylinder placed perpendicular to a

uniform oscillatory flow at the Keulegan-Carpenter

number values of 500, i.e. in the drag-dominated re-

gime. The cylinder was allowed to vibrate in the

direction transverse to the oscillatory flow. The

non-dimensional forms of the governing equations

for fluid flow and cylinder motion were solved in a

non-inertial reference frame using an in-house finite-

difference code. Simulations were conducted for

a system with mass ratio of 2 with zero structural

damping. The maximum Reynolds number and max-

imum reduced velocity are set to 150 and 5, re-

spectively. It is shown that the cylinder response

comprises high-frequency vortex-induced vibrations

and low-frequency wave-induced oscillations. Plots

of the phase-averaged vibration amplitude and fluid

force as functions of the time-dependent reduced ve-

locity display strong hysteresis. It is further shown

that the phase-averaged amplitude over the deceler-

ation stage follows quite closely the path traced by

data points from steady-flow tests. However, the fluid

forces that drive the motion are markedly different

over a large part of the time-dependent reduced velo-

city domain for oscillatory and steady flows.

Keywords: drag-dominated range, Keulegan-

Carpenter number, oscillatory flow, vortex-

induced vibration

NOMENCLATURE

D [−] dilation, non-dimensionalised

by Um/D
A∗ [−] vibration amplitude non-

dimensionalised by D

Cx,y [−] magnitudes of non-

dimensional fluid forces in

x and y directions
D [m] cylinder diameter

F∗x,y [−] fluid forces in x and y direc-

tions non-dimensionalised by
1
2
ρU2

mD

KC [−] Keulegan-Carpenter number,

KC = Um/( foD)
R [−] radius non-dimensionalised

by D
Re [−] Reynolds number, UmD/ν

U [−] velocity of the uniform stream

non-dimensionalised by Um

Um [−] magnitude of the stream velo-

city
Ur [−] reduced velocity, Um/( fnD)

c [kg/s] structural damping

fn [s−1] natural frequency of the cylin-

der in vacuum
fo [s−1] frequency of the uniform

stream
f ∗y [−] vibration frequency non-

dimensionalised by Um/d
f ∗
Cx,y

[−] frequencies of fluid forces

in x and y directions non-

dimensionalised by Um/d
k [N/m] spring stiffness

m [kg/m] mass of the cylinder per unit

length
p [−] pressure non-dimensionalised

by ρU2
m

t [−] time non-dimensionalised by

D/Um

u, v [−] velocities in x and y directions

non-dimensionalised by Um

x, y [−] Cartesian coordinates non-

dimensionalised by D
yc [−] cylinder displacement non-

dimensionalised by D
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µ [−] mass ratio, 4m/(ρD2π)

ν [m2/s] kinematic viscosity of the

fluid
ρ [kg/m3] fluid density

ζ [−] structural damping ratio,

c/(2
√

km)

Subscripts and Superscripts

1, 2 on the cylinder surface, at the outer

boundary of the domain
c refers to cylinder response (yc)

x, y streamwise, transverse

.̃ . . dimensional quantity (Ũ)

1. INTRODUCTION

Vortex-induced vibration (VIV) of bluff structural

elements is a practical fluid-structure interaction

(FSI) mechanism playing a significant role for ex-

ample in offshore platforms, risers, offshore wind tur-

bines or high slender buildings. Due to its import-

ance, this phenomenon has been thoroughly invest-

igated in the past decades using both laboratory ex-

periments and numerical simulations; the most sig-

nificant review papers are Bearman [1, 2], Sarpkaya

[3] and Williamson and Govardhan [4].

The majority of the FSI researches have invest-

igated the case of an elastically supported circular

cylinder placed into a uniform free stream [5, 6, 7].

However, engineering structures are often exposed

to waves; FSI studies on waves include [8, 9, 10].

Waves are usually modelled using a uniform oscil-

latory flow, where the velocity of the stream can

be written as Ũ(t) = Um sin(2π fot), where t is the

time, Um and fo are the magnitude and frequency

of the stream velocity, respectively. The Keulegan-

Carpenter number KC = Um/( foD) and the Reynolds

number Re = UmD/ν are the dimensionless groups

used to characterise the incoming stream, where D is

the cylinder diameter and ν is the kinematic viscosity

of the fluid.

In VIV, generally the cylinder can move in two

directions, i.e. streamwise with and transverse to the

free stream [10, 11]. However, researchers often con-

sider one-degree-of-freedom cylinder motion. Willi-

amson [8] constructed an analytical approach to pre-

dict streamwise-only VIV of a circular cylinder. The

author solved the equation of cylinder motion to-

gether with Morison et al. [12]’s formulation for the

streamwise fluid force. Williamson [8] found that the

predicted response compares well with experimental

results. Anagnostopulos and Illiadis [13] and Ta-

heri et al. [14] investigated a similar problem using

two-dimensional (2D) computational fluid dynamics

(CFD) simulations.

Transverse-only vortex-induced vibrations have

been found to be more important, because the oscil-

lation amplitudes are higher in this directions than

those in the streamwise direction. Sumer and Fred-

søe [9] experimentally investigated the VIV of a

circular cylinder in the Keulegan-Carpenter number

range of KC = 5 − 100. They showed that when

increasing KC above 5 the cylinder undergoes high-

amplitude vibrations with the amplitude depending

on the value of the reduced velocity Ur = Um/( fnD),

where fn is the natural frequency of the cylinder in

vacuum. In contrast to the VIV response in a uniform

free stream, lock-in/synchronisation occurs over sev-

eral ‘sections’ in the Ur domain. McConnel and Jiao

[15] observed similar characteristics in their experi-

mental results. Zhao et al. [16] carried out extensive

2D simulations for KC = 10 and 20. They found

that in the reduced velocity domain of Ur < 8 the

frequency spectra of cylinder displacement contains

one dominant peak at twice the flow oscillation fre-

quency. However, above Ur = 8 Zhao et al. [16]

identified multiple peaks, which are the whole num-

ber multiples of the frequency of the main stream.

Zhao et al. [17] found similar features, i.e. mul-

tiple frequency peaks in the cylinder response, using

three-dimensional computations.

The studies mentioned above have been lim-

ited to low Keulegan-Carpenter number values, i.e.

KC < 100; no results exist at high KC values. In

this study transverse-only VIV of a circular cylin-

der placed into an oscillatory flow is investigated at

the high Keulegan-Carpenter number value of KC =

500 by means of 2D finite-difference computations.

The maximum reduced velocity, maximum Reynolds

number, mass ratio and structural damping ratio val-

ues are fixed at Ur = 5,Re = 150, µ = 2 and ζ = 0,

respectively. Since the difference between KC and

Ur is large, the cylinder response might be expec-

ted to be strongly modulated. The main objective of

this study is to develop a methodology to analyse the

oscillation amplitude and frequency and fluid forces

acting on the cylinder.

2. METHODOLOGY

The two-dimensional flow of the Newtonian incom-

pressible constant property fluid is governed by the

two components of the Navier-Stokes equations writ-

ten in a non-inertial reference frame attached to the

vibrating cylinder, the continuity equation and the

pressure Poisson equation. The non-dimensional

forms of these equations are written as follows:

∂u

∂t
+ u
∂u

∂x
+ v
∂u

∂y
= −∂p

∂x
+

1

Re
∇2u + U̇, (1)

∂v

∂t
+ u
∂v

∂x
+ v
∂v

∂y
= −
∂p

∂y
+

1

Re
∇2v − ÿc, (2)

D =
∂u

∂x
+
∂v

∂y
= 0, (3)

∇2 p = 2

(
∂u

∂x

∂v

∂y
− ∂u
∂y

∂v

∂x

)
− ∂D
∂t
, (4)

where t is the dimensionless time, x and y are

the non-dimensional Cartesian coordinates in the

streamwise and transverse directions, respectively, u

and v are the non-dimensional streamwise and trans-

verse velocity components of the fluid, p is the non-
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dimensional pressure, D is the dilation and ÿc is the

non-dimensional acceleration of the cylinder in the

transverse direction. In this study the cylinder dia-

meter D and the magnitude of the stream velocity Um

are used as length and velocity scales, respectively.

Although the dilation is zero by Eq. (3), ∂D/∂t is

kept in Eq. (4) to reduce numerical errors [18]. In Eq.

(1) U = sin(2πt/KC) is the non-dimensional velo-

city of the fluid stream, where KC = Um/( foD) is the

Keulegan-Carpenter number based on the flow oscil-

lation frequency fo. In Eqs. (1) and (2) Re = UmD/ν

is the maximum Reynolds number, where ν is the

kinematic viscosity of the fluid, and in these equa-

tions the overdot represents differentiation with re-

spect to time. The transverse acceleration compon-

ent of the cylinder in Eq. (2) is obtained by solving

Newton’s second law of cylinder motion. This equa-

tion in non-dimensional form is written as follows:

ÿc +
4πζ

Ur

ẏc +

(
2π

Ur

)2

yc =
2

πµ
F∗y (t), (5)

where yc, ẏc and ÿc are the non-dimensional cylin-

der displacement, velocity and acceleration, respect-

ively, Ur = Um/( fnD) is the maximum reduced velo-

city, where fn is the natural frequency of the cylinder

in vacuum, ζ and µ are the structural damping ra-

tio and the mass ratio, respectively, and F∗y (t) is the

non-dimensional sectional fluid force acting on the

cylinder.

The physical domain of the computations is con-

sidered to be an area confined between two concent-

ric circles: R1 is the non-dimensional radius of the

cylinder surface, while R2 is that of the outer surface.

On R = R1 no-slip boundary conditions are applied

for u and v, while for the fluid pressure a Neumann-

type condition is used. On R = R2, the pressure

gradient is set to zero, while the two velocity com-

ponents are chosen to be u = U(t) and v = −ẏc(t).

In order to achieve high degree of accuracy the

physical domain is transformed to a computational

domain on which an equidistant grid is generated; the

mesh is boundary-fitted on the physical plane [19].

The transformed governing equations with boundary

conditions are solved using an in-house CFD code

based on the finite difference method [19, 7, 20]. The

spatial derivatives are approximated using fourth-

order accurate central difference schemes except for

the convective terms, which are discretised by apply-

ing a modified third-order upwind difference scheme.

Eqs. (1) and (2) are integrated with respect to time

using the explicit Euler approach, while the fourth-

order explicit Runge-Kutta method is implemented

for the time discretisation of Eq. (5). The success-

ive over-relaxation method is used to solve the linear

system resulting from the discretisation of the pres-

sure Poisson equation while satisfying the continuity

equation in each time step.

The number of grid points in the peripheral and

radial directions are set to 361 and 314, respectively,
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Figure 1. Time histories of (a) cylinder displace-

ment yc, (b) amplitude A∗ and (c) frequency f ∗y of

cylinder oscillation

the radius ratio R2/R1 is chosen to be 240 and the di-

mensionless time step is fixed at ∆t = 0.0005. The

currently applied CFD code has been extensively val-

idated against data in the literature for stationary cyl-

inder, forced cylinder oscillation and vortex-induced

vibration cases [19, 7, 20].

3. RESULTS AND DISCUSSION

In this study two-dimensional CFD computations are

carried out in order to investigate vortex-induced

vibrations of a circular cylinder placed into the

high-Keulegan-Carpenter-number (and thus slowly-

varying) oscillatory flow of KC = 500. The max-

imum Reynolds number, maximum reduced velocity

and mass and structural damping ratio values are

fixed at Re = 150, Ur = 5 µ = 2 and ζ = 0, respect-

ively. Figure 1 shows the non-dimensional cylinder

displacement yc and its amplitude A∗ and frequency

f ∗y against time. Note that time histories in this and

subsequent figures correspond to the time interval

t/KC = 50 − 54, i.e. over 4 periods of the oscillatory

flow. The cylinder displacement displays intervals of

high-amplitude between intervals of low-oscillation

amplitude in each flow cycle (see Fig. 1a). By apply-

ing the Hilbert transform [6] to the displacement sig-

nal it is possible to obtain the time-dependent amp-

litude and frequency of the cylinder, shown in Fig.

1b and 1c, respectively. As can be seen in Fig. 1b

the time-dependent amplitude varies approximately

between zero and 0.6. The maximum value is close
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Figure 2. Time histories of (a) transverse fluid

force F∗y , (b) and magnitude Cy and (c) frequency

f ∗
Cy

of F∗y

to the peak amplitude of transverse response in uni-

form free stream at low Reynolds numbers in the un-

steady laminar regime [21, 22]. As shown in Fig. 1c,

the time-dependent vibration frequency varies from

a minimum value of approximately 0.05 up to 0.20.

The maximum value (i.e. 0.2) corresponds to the re-

ciprocal of the maximum reduced velocity U−1
r . It is

interesting to note that neither A∗(t) nor f ∗y (t) displays

smooth harmonic-like variations (see discussion of

phase-averaging below).

Figure 2 shows the time histories of the trans-

verse fluid force F∗y , i.e. the motion-driving force,

and the magnitude Cy and frequency f ∗
Cy

of the force

signal obtained using the Hilbert transform. As can

be seen Fig. 2b, the time-dependent magnitude of

F∗y fluctuates between a minimum value of approx-

imately zero and a maximum value slightly above

1.0. It might be noted that fluctuations in the time-

dependent force magnitude occur at four times the

frequency of flow oscillation due to peaking twice

each time the flow speed increases either in the pos-

itive or the negative direction. Despite being es-

sentially periodic, fluctuations in Cy(t) have rather

stochastic cycle-to-cycle variations, which are also

evident in the time history of its frequency f ∗
Cy

(t) (see

Fig. 2c).

Figure 3 shows the frequency of the driving force

against the frequency of cylinder vibration in the time

interval 50KC ≤ t ≤ 54KC , i.e. the period analysed

0 0.05 0.1 0.15 0.2 0.25
0

0.05

0.1

0.15

0.2

0.25

f∗y

f∗Cy

Figure 3. Time-dependent frequency of cylin-

der vibration against the frequency of transverse

fluid force within the non-dimensional time inter-

val 50KC ≤ t ≤ 54KC

in Figs. 1 and 2. It can be seen that the driving force

and the cylinder have the same frequency over part

of the flow oscillation. However, f ∗
Cy

(t) and f ∗y (t) are

different over another part of the flow oscillation; the

elliptical-like trajectory suggests that there is a def-

inite relationship between them. In addition, there

also exist deviations from the elliptical-like traject-

ory, which might be attributed to the stochastic cycle-

to-cycle variations in the behaviour of the system.

Figure 4a shows the time history of the fluid

force acting in the direction of the main flow. The

streamwise fluid force F∗x displays fluctuations in

the period of flow oscillation and overriding high-

frequency fluctuations that appear at intervals near its

peak magnitude. The low- and high-frequency fluc-

tuations are separated from each other using a low-

pass filter in order to analyse the streamwise force

more thoroughly. The low-frequency force compon-

ent F∗
x f

shown in Fig. 4b displays very repeatable

oscillations. This component can be modelled very

accurately using Morison et al.’s equation [12] but

this is not explored further here.

The high-frequency component is obtained by

subtracting the low-frequency component from the

total force F∗x − F∗
x f

and the resulting signal is shown

in Fig. 4c (black line). Then, the time-dependent

magnitude Cx(t) and frequency f ∗
Cx

(t) of the stream-

wise force are obtained by applying the Hilbert trans-

form to the high-frequency signal. The resulting time

histories are plotted in Fig. 4c (red line) and 4d, re-

spectively. It can be seen in Fig. 4c that Cx(t) dis-

plays a variation similar to that of A∗(t), i.e. inter-

vals of high amplitudes interspersed intervals of low-

amplitude. As can be seen in Fig. 4d, the maximum

of f ∗
Cx

is approximately 0.4, which is roughly the

twice the peaks of f ∗y or f ∗
Cy

(see Figs. 1c and 2c).

This finding is consistent with the results from VIV

in uniform free stream; in those cases the frequency

of the F∗x is always twice the frequency of F∗y [21].
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Figure 4. Time histories of (a) streamwise fluid

force F∗x, (b) low-frequency component of force

F∗
x f

, (c) high-frequency component of F∗x and

its magnitude Cx and (d) frequency of the high-

frequency force component f ∗
Cx

In addition, it is interesting to note that the minimum

value of f ∗
Cx

is approximately zero; this contrasts with

the variation of f ∗
Cy

(see Fig. 2c).

The displacement and force signals over 100

flow cycles were phase averaged using 200 non-

overlapping bins, each containing 5000 data points.

Phase-averaged results for the response amplitude

〈A∗〉 are shown in Fig. 5a. It can be seen that the

amplitude response is high during the part of high-

speed flow. Remarkably, 〈A∗〉 increases and de-

creases much more abruptly than the flow speed and

attains two local maxima; one during the flow de-

celeration stage (t/KC = 0 − 0.25) and another dur-

ing the flow acceleration stage (t/KC = 0.25 − 0.5).

These local maxima are accompanied by marked in-

creases in the phase-averaged magnitude of the trans-

verse force 〈Cy〉, as can be seen in Fig. 5b. During

the deceleration stage the driving force leads the mo-

tion, whereas force and motion are almost in phase

during the acceleration stage. Furthermore, the local

0

0.5

1

〈A∗〉

(a)

0

0.5

1

1.5

〈Cy〉

(b)

0 0.2 0.4 0.6 0.8 1
0

0.5

1

t/KC

〈Cx〉

(c)

Figure 5. Phase-averaged (a) amplitude of cylin-

der displacement, (b) transverse fluid force and (c)

streamwise fluid force. The red dashed line rep-

resents |U(t)|.

peak in 〈Cy〉 is much higher (nearly double) during

the acceleration stage than during the deceleration

stage. These observations signify fundamental dif-

ferences in the mechanisms related to flow-induced

vibration during different parts of the flow-oscillation

cycle. On the other hand, the variation of the phase-

averaged magnitude of the streamwise force 〈Cx〉 is

very similar to that of 〈A∗〉, as can be seen in Fig. 5c.

Additional simulations are conducted for the

case when the cylinder is placed into a uniform free

stream. For simplicity we will refer to this case as

‘steady-VIV’. The parameters of these computations

(i.e. the Reynolds number and reduced velocity) are

chosen so as to correspond to the conditions at selec-

ted points of the oscillatory flow. Figure 6 provides

comparisons of the phase-averaged results in oscil-

latory flow against steady-VIV data. It can be seen

that the time-dependent amplitude response over the

deceleration stage in oscillatory flow (see red curves

in Fig. 6) follows quite closely the path traced by

the steady-VIV amplitude as a function of the time-

dependent reduced velocity U∗r (t) = Ũ/( fnD). At

the peak reduced velocity (i.e. U∗r (t) = Ur), results

for both oscillatory-VIV and steady-VIV almost co-

incide, including the magnitude of the fluid forces.

However, during the acceleration stage (blue), the re-

sponse amplitude is markedly higher in oscillatory-

VIV than in steady-VIV and a hysteresis loop is

formed in the plot of 〈A∗〉 as a function of U∗r (t).
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Figure 6. Comparison of results for oscillatory-

VIV (coloured lines) with corresponding steady-

VIV data (black circles+lines). The insert shows

the stages of flow acceleration (blue) and deceler-

ation (red) in absolute values for oscillatory-VIV

Similar trends can be observed in the variation of

the magnitude of the unsteady fluid forces (high-

frequency components). Furthermore, it is interest-

ing to observe the marked differences in the mag-

nitude of the transverse force near U∗r (t) = 4, where

〈Cy〉 for steady-VIV is more than twice its value for

oscillatory-VIV, despite the fact that the amplitude is

almost the same for both cases.

4. CONCLUSIONS

In this study vortex-induced vibrations of a circu-

lar cylinder placed into a high-Keulegan-Carpenter-

number (i.e. KC = 500) oscillatory flow is invest-

igated by means of two-dimensional finite-difference

simulations. The maximum Reynolds number, the

maximum reduced velocity and the mass and struc-

tural damping ratios are fixed at the values of Re =

150, Ur = 5, µ = 2 and ζ = 0, respectively.

The time-dependent magnitude and frequency

of the signals (i.e. cylinder displacement and fluid

forces) are obtained from Hilbert transform of the

high-frequency (filtered) signals. The oscillation

amplitude and the magnitude of the streamwise fluid

force follow similar trends: in each flow oscillation

cycle a time interval of high amplitudes is between

intervals of low-amplitudes. In contrast, the mag-

nitude of the transverse fluid force fluctuates at twice

the frequency of the oscillation amplitude. The max-

imum frequency of the cylinder displacement and

transverse fluid force are approximately 0.2, which

is identical to the reciprocal value of the maximum

reduced velocity U−1
r . However, the peak frequency

of the streamwise fluid force is approximately 0.4,

i.e. close to the value of 2U−1
r .

Plots of the phase-averaged vibration amplitude

and fluid forces (calculated based on 100 flow os-

cillation cycles) display strong hysteresis behaviour,

which is unexpected given the very slow variation of

the flow speed. This highlights the strongly non-

linear dynamics of vortex-induced vibration. The

simulation results from the oscillatory flow are com-

pared with the corresponding steady-VIV results (i.e.

cases when the cylinder is placed into a uniform

free stream). Although the amplitude of cylinder vi-

bration and the magnitude of the streamwise fluid

force compare relatively well, higher discrepancies

are found in the magnitude of the transverse fluid

force.
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