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ABSTRACT

We study the effect of frozen mixture (constant

mass fraction) flow through a pressure relief valve

with upstream piping. DIER’s omega technique is

employed to cope with the mixture parameters, not-

able sonic velocity and choked/non-choked flow via

the nozzle. By means of one-dimensional simulation,

we show that the change in sonic velocity play a fun-

damental role in both the valve opening time and the

its stability. Due to the extremely low sonic velocit-

ies e.g. in the case of water-air mixture, such valves

will have a poor response time (slow opening) and

will also chatter even for short inlet pipings.

Keywords: safety vale, frozen mixture, sonic velo-

city, valve chatter, valve opening time

NOMENCLATURE

G [−] dimensionless mass flux

As [m2] seat area

Cd [−] discharge coefficient

f [Hz] frequency

k [Ns/m] viscous damping coefficient

m [kg] mass of the valve

p [Pa] pressure

R [J/(kgK)] specific gas constant

s [N/m] spring stiffness

T [K] temperature

V [m3] volume

x [m] valve displacement

x0 [m] spring pre-compression

ṁ [kg/s] mass flow rate

c [m/s] speed of sound

p [Pa] pressure

x [−] mass fraction

α [−] volume fraction

ω [rad/s] eigenfrequency

ρ [kg/m3] density

Subscripts and Superscripts

a ambient

b back (pressure)

f t flow-through (area)

g gas

l liquid

m mixture

r reservoir

re f reference

set set (pressure)

u upstream

v valve

1. INTRODUCTION

Pressure relief valves (PRV) are devices that pro-

tect the pipeline system and reservoirs from excess

pressure by venting the unnecessary amount of fluid

if needed. As such, they are safety-critical devices;

inadequate operation (such as insufficient venting ca-

pacity, vibration, the inability of opening due to stuck

parts) leads to catastrophic consequences.

These valves are essentially 1 DoF oscillators

coupled with the fluid dynamics inside the piping

system, resulting in a surprisingly rich dynamical be-

haviour, see e.g. [1] for an overview. It is well-known

that such valves are prone to self-excited oscillations

([2, 3, 4, 5, 6]) and a significant effort was devoted

to predicting such oscillations in the phase of design

(see [7, 8, 9, 10]). One of the cornerstones of such an

analysis is the high-fidelity, yet relatively simple de-

scription of the flow force on the valve body and the

mass flow rate through the PRV. Although there are

standard approaches of describing these forces – e.g.

the ’effective area’ technique introduced in [11] or

the use of the jet angle as in [7, 12] – mostly single-

phase cases (either pure gas or liquid) are addressed.

[13, 14, 15, 12, 16] report on the effect of the two-

phase flow on the static characteristics (flow force

and mass flux) of the valve, however, the authors

are unaware of any study trying to capture the effect

of multiphase flow on the dynamic behaviour of the

PRV, notably opening and closing characteristics.
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This paper addresses the problem of predicting

the dynamic behaviour of a PRV in the presence of

two-phase flow of constant mass fraction. As such,

we do not consider phase change and the model will

not be (directly) applicable for systems where in-

terphase mass transfer is present (e.g. flashing flows).

However, for multicomponent applications, in the

absence of mass transfer between the components,

our model will provide a possible description of the

dynamics, for example in the case of bubbly flows

[17, 18, 19], where, even though the void fraction

changes if pressure changes, the mass fraction re-

mains constant. Another example with constant mass

fraction would be applications in which the humidity

content of air is important, see e.g. [20] or [21], es-

pecially Figure 8 therein.

In what follows, we start by providing a brief lit-

erature overview in section 2, then present our model

in section 3. Next, we present our simulation results

on the estimation of valve opening time in section 4

and valve stability in section 5. Finally, in section 6

concludes the study.

2. LITERATURE OVERVIEW

Industrial pressure relief valves are sized and

chosen based on their capacity, that is the vented

mass flow rate at full opening and 110% of the

set (opening) pressure. For simple cases such as

ideal gas or incompressible liquid, it is straightfor-

ward to compute the mass flow rate if the valve lift

(flow-through area) and the pressure difference (or,

in the case of choked flow, the upstream pressure)

are known, together with the discharge coefficient

(provided by the manufacturer). However, in the case

of wet steam, non-ideal gases or mixtures, or flashing

(partial evaporation of saturated liquid due to pres-

sure drop via the valve), predicting the mass flow

rate is challenging. DIER’s ω technique is one at-

tempt to cope with this problem, that assumes both

thermal and mechanical homogeneous case and also

neglects the velocity difference between the phases

(no slip). Due to its popularity, we will employ this

model, even though there are other, more accurate

(and complex) models, such as TPHEM, HNE, and

HDI methods (see [22] for details).

In contrast to the single-phase flow, the two-

phase case has one additional degree of freedom, that

is the mass fraction of one of the phases; that is gas

mass fraction xg = mg/(mg +ml) and the liquid mass

fraction xl = ṁl/(ṁg + ṁl).

Leung published a series of papers on the devel-

opment and use of theω technique. In [23] he presen-

ted the generalised correlation for one-component

homogeneous equilibrium model (HEM) for flash-

ing choked flow validated against measurement res-

ults for eleven fluids with different properties. The

key idea was that the flashing two-phase mixture was

considered as a single-phase compressible fluid, and

then the use of the ω parameter already defined by

Epstein at al. in [24] for all-liquid mixtures. In [25]

the same author with Grolmes extended the previous

correlation for the flashing choked flow of an initially

sub-cooled liquid (for both high and low sub-cooling

regions), neglecting the effects of non-equilibrium

effects and obtained design charts that were useful

for practical applications. Leung discussed similarit-

ies between flashing and non-flashing two-phase flow

in [26] and showed that, by simply redefining the di-

mensionless ω parameter, a unified treatment could

be obtained.

In another study ([27]), Leung and Nazario re-

viewed three methods; (a) DIERS’ ω method, (b) a

technique used by the American Petroleum Institute

(API) and (c) an ASME method, to compare the two-

phase flashing flow prediction tools, which are highly

used in various engineering applications. Their com-

parison showed that the ASME and DIERS (homo-

geneous equilibrium) models are in close agreement

(these approaches assume isentropic expansion in the

nozzles). Moreover, the API method gives signific-

antly higher theoretical mass flux values since it neg-

lects momentum, heat and mass transfer during the

flashing process.

Leung summarised his previous work in [28],

covering the ω method for mass flux estimation

both for ideal nozzle flow and pipe flow with differ-

ent orientations (horizontal and inclined pipe flows),

for flashing, non-flashing, inlet sub-cooled and non-

condensible gas. Nine years later, in 2004, Leung

applied the ω method for safety relief valves in [29].

It was also shown how the discharge coefficient var-

ies depending on the flow regime, and it was re-

vealed that for the non-flashing flow case, the dis-

charge coefficient lies between the liquid coefficient

and the gas coefficient. Moreover, he also observed a

higher discharge coefficient value in the case of flash-

ing flow, compared to the single-gas case. In [30], the

same author proposed techniques for employing the

ω model based on the stagnation conditions of fluid

in the vessel and discussed four main cases; satur-

ated liquid, two-phase (gas-liquid mixture), low sub-

cooled liquid, and high sub-cooled liquid.

In [31], Lenzing et al. studied the effect of two-

phase flow (flashing and non-flashing) on the capa-

city (i.e. at maximum lift) of safety relief valve

experimentally. They compared the measured data

against several theoretical predictions; namely the Is-

entropic Homogeneous Equilibrium Model, DIERS’

ω technique, Nastoll’s Homogeneous Frozen Flow

model and the Goßlau-Weyl model. One of the

outcomes of this work is that for non-flashing two-

component air/water flow Leung’s, extended by the

weighted discharge coefficient, can be used (see Fig-

ure 1. in [31] and the corresponding text).

Another experimental validation of the tech-

nique was reported by Gino Boccardi et al. in [32].

The authors compared the test data for steam-water

flow in a safety relief valve against three prediction

techniques, namely HEM (homogeneous equilibrium

model), HNE (thermodynamic non-equilibrium) and

Copyright© Department of Fluid Mechanics, Budapest University of Technology and Economics and the Authors



HNE-DS (proposed by the ISO working group), to

predict the theoretical mass flux. The results revealed

that, even though the HNE-DS method provided the

best results, it was not conservative in the sense that

in some cases, it predicted higher flow rates com-

pared to the measurements. In contrast, the HEM

technique gave poor accuracy, but it was conservat-

ive. The same author in a later work [13] discussed

another set of experimental data on (steam/water)

flashing system through a PRV with a wide range

of the operating parameters (such as vapour qual-

ity, inlet pressure, mass flow rate, and backpres-

sure). These measurements were also tested against

the predictions of the HEM ωmethod, and the results

showed that the mass flow rates provided by the the-

oretical model and the actual (measured) flow rates

correlated reasonably.

Based on the theoretical and experimental work

published in the above reports, Leung’s ω technique

provides a reasonable compromise between model-

ling complexity and prediction accuracy and we will

employ this approach in this paper.

3. MODELLING

3.1. Frozen mixture model

Consider the frozen mixture of an ideal gas and

a liquid, that is the gas mass fraction xg =
mg

mm
=

ṁg

ṁm
is

constant, where ṁm = ṁg+ṁl and, clearly, xl = 1−xg.

We assume that the gas obeys the ideal gas law,

that is p/ρg = RT . For an isentropic change of

state, the sonic velocity for pure gas (xg = 1) is

cg =
√
κRT . The equation of state of the liquid phase

is

ρl = ρre f +
1

c2
l

(

p − pre f

)

, (1)

where the reference values are pre f = 1bar and ρre f =

1000 kg/m3 and cl is the sonic velocity measured in

pure liquid.

The α volume fraction is

αg =
Vg

Vg + Vm

=
mg

mg + ml
ρg

ρl

=
xg

xg + (1 − xg)
ρg

ρl

,

(2)

with which the mixture density ρm(p,T, xg) becomes

ρm =
mm

Vm

=
ρgVg + ρlVl

Vg + Vl

= αρg + (1 − α)ρl

=
p
(

p − pre f + c2
l
ρre f

)

(pre f − p)RT xg + c2
l

(

p(xg − 1) − RT xgρre f

)

(3)

It is easy to check that ρm(xg = 0) =
p

RT
and setting

xg = 1 recovers (1). We will also need the pressure

as a function of temperature, (mixture) density and

gas mass fraction p(ρm,T, xg), which is

p =
1

4

(

−b +
√

b2 − 4c
)

, width

b = −
(

pre f + RT xgρm + c2
l

(

ρm(1 − xg) − ρre f

))

and

c = RT xgρm

(

pre f − c2
l ρre f

)

. (4)

Now we are in the position of computing the

mixture sonic velocity, that will play a central role

in our later analyses. First, we eliminate the tem-

perature dependence from (3) by assuming isentropic

change of state for the gas, and then compute

c2
m =

(

dρm(p, xg)

dp

)−1
∣

∣

∣

∣

∣

∣

∣

isentropic

=
κ (a0 + a1)2

b0 + b1 + b2 + b3

where

p = pre f ,g

(

T

Tre f ,g

)
κ
κ−1

a0 = (p − pre f )RT xg

a1 = c2
l

(

p(1 − xg) + RT xgρre f

)

b0 = −p2RT xg

b1 = c2
l p2(xg − 1)

b2 = 2pRT xg

(

pre f − c2
l ρre f

)

b3 = −RT xg

(

pre f − c2
l ρre f

)2

(5)

It straightforward again to check that c2
s(xg =

0) = c2
l

and c2
s(xg = 1) = κRT . Figure 1 de-

picts the change of sonic velocity (solid line) and gas

void fraction αg (dashed line) as a function of gas

mass fraction. These results are in good agreement

with the literature data, see [33] for example. The

sonic velocity will a play a central role in our further

analysis, hence we highlight two well-known facts,

namely that (a) it can be as low as 20-50 m/s and

(b) a relatively small amount of air (say, xg = 10−6,

αg = 8.3 × 10−4) changes the sonic velocity drastic-

ally.

3.2. Pipe flow modelling

The governing equations for the 1D, unsteady

flow of an arbitrary fluid in a tube of constant cross

section (that is, a pipe) can be written as

∂U
∂t
+
∂F
∂x
= S, (6)

with

U =



















ρm

ρmv

ρmvetot



















, F =



















ρmv

ρmv2 + p

ρmvetot + pv



















, and (7)

S =



















0

− λ
2d

v|v|
0



















. (8)
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Figure 1. Sonic velocity (left axis) and gas void

fraction (right axis) as a function of gas mass frac-

tion.

where etot = e+ v2

2
and the mixture internal energy is

em = eg + el = cV,gT xg + clT (1 − xg) = cV,mT , where

the mixture specific heat capacity at constant volume

is cV,m = xgcV,g + cl(1 − xg).

3.3. Valve model

The valve is modelled by a simple 1 DoF oscil-

latory system, whose governing equation is given by

mv ẍ + kẋ + s (x + x0) = Ãe f f (x)As (pu − pb) . (9)

Ãe f f is the dimensionless effective area curve, which

models the force component due to the momentum of

the fluid (see [34, 35] for more details). The pressure

difference pu− pb contains the upstream pressure and

the backpressure, which does not necessarily equal

the ambient pressure pa. By adjusting the x0 spring

pre-compression, one can change the opening or set

pressure pset, which, by definition, is a gauge pres-

sure: pset =
sx0

As
− pa. Pressure relief valves in oil and

gas industry typically contain no artificial damping

mechanism but only natural damping, hence we will

set k = 0.01kcrit = 0.01 × 2
√

sm.

The mass flow rate through the valve is ṁ =

CdA f t(x)
√

puρuG(η). The dimensionless mass flux

G is (η = pd/pu)

for an incompressible fluid:
√

2 (1 − η) (10)

for an un-chooked, single-phase ideal gas:
√

2
κ

κ − 1

(

η2/κ − η(κ+1)/κ
)

(11)

for a choked, single-phase ideal gas:
√

κ

(

2

κ + 1

)
κ+1
κ−1

(12)

for an un-choked frozen mixture fluid:

(−2(ω ln η + (ω − 1)(1 − η))1/2

ω( 1
η
− 1) + 1

(13)

for a choked frozen mixture fluid:
ηc√
ω
, (14)

where the critical pressure ratio ηc =
pc

p0
can be cal-

culated by solving the following implicit equation:

η2
c+(ω2−2ω)(1−ηc)2+2ω2 ln ηc+2ω2(1−ηc) = 0.

(15)

and ω = αg/κ, see [28].

3.4. Reservoir model

The rate of change of pressure inside a reservoir

is

ṗt =
a2

r

V
(ṁin − ṁout) . (16)

We shall assume constant inlet flow rate ṁin and vari-

able outlet flow rate, typically, through a pipeline.

The reservoir sonic velocity ar depends on the reser-

voir temperature, which is connected to the reservoir

pressure pr by an arbitrary, user-defined change of

state (e.g. isentropic, isotherm, etc).

3.5. Numerical solution procedure

We use a standard Lax-Wendroff scheme for up-

dating the pipe. The boundary conditions are imple-

mented with the help of Method of Characteristics

(MoC, see [36]), the details can be found in [37]. The

valve and reservoir model are integrated by a stand-

ard 5th-order adaptive Runge-Kutta solver. Special

care is devoted to the proper handling of the valve

impingement on the seat or upper stopper. The time

step is chosen by the CFL criteria, with a CFL num-

ber of 0.7-0.9. The whole framework is implemented

in Matlab 2021b.

4. VALVE OPENING TIME

In [34], an approximate formula was derived for

’fast’ valves. Let the timescale of the valve be tvalve =

2π/ωv = 2π
√

m/s. We define the opening time top as

the time needed for a closed valve to reach the 95%

of the equilibrium lift xe for a prescribed mass flow

rate ṁin. If top ≪ tvalve, we have

top ≈ 2 × 0.95xeω
2
v

m
∑

V

Asa2ṁin

. (17)

(The condition top ≪ tvalve or, equivalently, ωvtop ≪
2π must be checked a posteriori.) The above equa-

tion was derived by assuming a valve mounted dir-

ectly to the reservoir. Intuitively, a pipe between the

valve and reservoir would add addition volume and,

if long enough, it will give rise to wave phenomena

that also increases the valve opening time, hence we

have
∑

V = Vr + ApLp.
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Figure 2. Valve openings with different pipe

lengths, for pure water. The dashed line repres-

ents the equilibrium lift, the asterisk depict the

opening time estimates by (17).

We have run several computations to analyse the

effect of mass fraction on the valve opening time with

the parameter values provided in Table 1. For the wa-

ter case, we have set V = 2m3 and the equilibrium

position was xe = 0.33mm and pe = 4.11 bara. This

gives (by virtue of (17)) top = 0.0278 s for opening

time. Figure 2 depicts the first 0.05 s of the opening

process with three different pipe lengths. The dashed

horizontal line represents the equilibrium valve lift

and the asterisk is the estimates opening time. We

observe a slightly increasing opening time due to

the increasing pipe length, which changes the overall

volume (capacity) in the system. The change in the

opening time ((17)) due to the increasing pipe length

is less than 1%. We also experienced "opening in-

stability" (see [11] for details). From the mechanical

point of view, this case is underdamped as the max-

imum of the valve lift is 50% higher than the equilib-

rium position.

Table 1. Parameters

valve mass m 0.2 kg

spring stiffness s 47.3 kN/m

valve eigenfreq. fv 77 Hz

valve timescale tv 0.013 s

set pressure pset 3 barg

pipe diameter Dp 45.5 mm

pipe friction coeff. λ 0.02

inlet mass flow rate ṁin 0.77 kg/s

In the case of pure air, we have V = 0.02m3,

xe = 5.97mm and pe = 5.9bara. This case is over-

damped, even though the viscous damping parameter

was unchanged and the reservoir volume is smal-

ler. Again, the dashed line represents the equilibrium

lift, the asterisk depict the opening time estimates by

(17). In this case, we do not experience opening in-

Figure 3. Valve openings with different pipe

lengths, for pure air. The dashed line represents

the equilibrium lift, the asteriks depict the open-

ing time estimates by (17).

stability.

In both cases, the simulations with longer pipe

lengths resulted in unstable valve motion, leads us to

our next section.

5. STABILITY AND VALVE CHATTER

In [38], the authors derived an analytical criteria

for computing the critical inlet pipe length, that is

Lcrit =
πa

2ωv

1
√

2
Av pe

xe s
+ 1

, (18)

where xe and pe are the equilibrium valve lift and (ab-

solute) pressure at the valve inlet. Beyond the crit-

ical pipelength defined by the above equation, self-

excited oscillations will be born, whose dominant

frequency will coincide with the pipe’s first natural

’organ-mode’ eigenfrequency, fp = a/(4L).

Izuchi in [9] provided a similar equation, that is

L∗crit =
πa

2ωv

1
√

xe+x0

xe

. (19)

We notice that due to the force equilibrium of

the valve, we have s (xe + x0) = Av (pu − pb), hence,

if pu is measured as a relative (gauge) pressure above

pb (which is often the ambient pressure), and the mo-

mentum forces can be neglected (Ae f f = 1 in (9)), we

have
Av pe

xe s
=

xe+x0

xe
, which is similar to Izuchi’s equa-

tion, but still, the factor of 2 and the +1 terms are

missing.

We have run simulations with two set pressure,

that is pset = 3 barg and 10 barg. Figures 4 and 5

depict the result. As it can be seen by virtue of (18),

the critical pipe length depends on the equilibrium

lift and pressure (xe and pe) and the sonic velocity.

The uppermost panels show the equilibrium lift: it

remains constant up to xg ≈ 0.01, beyond which it
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Figure 4. Equilibrium lift, pressure and critical

pipe length for pset = 3 barg and ṁin = 0.77 kg/s.

Figure 5. Equilibrium lift, pressure and critical

pipe length for pset = 10 barg and ṁin = 0.77 kg/s.

increases due to the fact that the density of the mix-

ture decreases but the overall vented mass flow rate

is kept constant. We observe a similar trend in the

case of the equilibrium pressure.

However, the shape of the critical pipe length

(bottom panels) resembles on the shape of the sonic

velocity, see Figure 1. More importantly, in the range

of xg < 10−2, the equilibrium lift and pressure are

constant yet the critical pipe length changes. This is

another observation supporting the importance of the

sonic velocity. Again, in the range of the low sonic

velocity, the valve will be unstable basically for any

(small) pipe length.

6. SUMMARY AND CONCLUSION

We have shown the importance of sonic velocity

on valve stability and opening time. Lower sonic ve-

locities will result in slow valve motions and highly

unstable valve operation. Our numerical tests has

shown that both formulae (opening time (17) and

critical pipe length (18)) provide simple means for

an order-of-magnitude estimation even in the case of

mixture flow. This study was the precursor of fur-

ther investigation towards exploring the possibility of

predicting valve dynamics and stability in the case of

non-ideal and/or flashing fluids.

REFERENCES
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